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We explore the manipulation of gray-ring dark solitons in a two-component Bose gas with tunable soft-core inter-
actions through numerical simulations of the time-dependent Gross–Pitaevskii equation. Our results demonstrate that the
lifetime of gray solitons with periodically modulated soft-core interactions significantly depends on their initial depth.
Specifically, shallower initial depths lead to longer lifetimes when exceeding a critical depth threshold. Furthermore, the
soliton depth also governs the number and dynamic of vortex pairs resulting from the collapse of the ring dark soliton.
These depth-dependent topological transformations open new perspectives for quantum manipulation.
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1. Introduction
In recent years, significant breakthroughs have been made

in the study of the control mechanisms of nonlinear excited
states in ultracold quantum systems,[1–4] among which Bose–
Einstein condensates (BECs) based on Rydberg interactions
exhibit unique dynamic characteristics.[5–8] As a typical lo-
calized wave solution, the soliton’s ability to maintain stable
propagation of its waveform has been systematically explained
through the nonlinear Schrödinger equation in uniform BEC
systems, revealing the rich physical implications of the nonlin-
ear Schrödinger equation.[9–13] However, the soliton dynam-
ics in traditional short-range interaction systems are limited
by the inability to tune interaction strength, making it difficult
to explore nonequilibrium behaviors under complex geometric
configurations.[14–17] The stability of solitons in ring potential
fields is often difficult to maintain due to the dynamic instabil-
ity induced by quantum fluctuations. This issue has prompted
researchers to shift towards new quantum systems with higher
degrees of control freedom.[18–20]

Crucially, the implementation of Rydberg-dressed inter-
actions has emerged as a critical pathway to realizing soft-core
interactions, which differ fundamentally from conventional
short-range contact interactions. Unlike the hard-core inter-
actions in traditional systems, soft-core interactions exhibit
tunable nonlocal characteristics, enabling unprecedented con-
trol over soliton dynamics. Rydberg interacting Bose gases,
due to their unique nonlocal interaction characteristics, have
become an important platform for studying the dynamics of
topological excitation states in quantum fluids.[21–24] Exper-

iments have confirmed that electromagnetic field control can
realize long-range interactions on the micrometer scale.[25–27]

This mechanism not only reshapes the collective excitation
spectrum of the system but also provides a unique advantage
for the precise control of the dynamics of nonlinear structures
such as solitons and vortices.[28,29]

Previous experiments have successfully observed a se-
ries of nonlinear phenomena in BEC, including dark solitons
(referred to as black solitons when the minimum density at
their center is zero, and gray solitons when the minimum
density is non-zero),[30] bright solitons,[31] and vortices.[32]

These discoveries have made the study of matter-wave soli-
tons one of the research hotspots in the field of BECs.[33] No-
tably, gray-ring dark solitons (RDSs), as topological excita-
tion states carrying nontrivial phase structures, exhibit non-
trivial phase transition properties, with substantial research al-
ready conducted in short-range interaction systems.[34,35] Re-
search on black solitons is also extensive; however, the im-
pact of the initial depth of RDSs on system dynamics in Ry-
dberg systems remains an important issue that requires fur-
ther investigation.[36–38] The gray RDSs exhibits a unique an-
gular momentum-topological coupling effect in a rotation-
ally symmetric potential due to its closed phase boundary
conditions.[39] Theoretical studies suggest that in conventional
short-range interaction systems, the lifetime of solitons is
typically limited by dynamic instability induced by quantum
fluctuations.[40,41] However, Rydberg interactions, by intro-
ducing spatially correlated nonlinear potential barriers, can ef-
fectively suppress the radial dispersion of solitons and enhance
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their topological stability.[42–45] Recent experimental studies
show that the Rydberg dressing technique can dynamically
control the shape of the interaction potential, enabling control
over the soliton’s trajectory.[46] Nevertheless, most existing re-
search focuses on the propagation characteristics of solitons
in homogeneous or linear potential fields.[47,48] There is rela-
tively little research on the dynamics of gray RDSs evolution
under ring-shaped confinement and non-local Rydberg inter-
actions, and further exploration is needed.

The main purpose of this work is to study the effect of ini-
tial depth on the dynamics and lifetime of gray RDSs. The or-
ganizational structure of this work is as follows. In Section 2,
we describe the theoretical model of the system. In Section 3,
we discuss in detail the effect of initial depth on the dynamics
of gray RDSs and the effect on the solitons’ lifetimes. Finally,
the main achievements of this paper are summarized in the
Section 4.

2. Theoretical model
We study a two-component BEC with both contact in-

teractions and nonlocal Rydberg interactions. Within the
mean-field approximation, the dynamics of the system are
described by the following coupled Gross–Pitaevskii (GP)
equations[20,49,50]

ih̄
∂Ψ1

∂ t
=

(
− h̄2

∇2

2m
+V (𝑟,z)+G11|Ψ1|2

+G12|Ψ2|2 +U11|Ψ1|2 +U12|Ψ2|2
)

Ψ1,

ih̄
∂Ψ2

∂ t
=

(
− h̄2

∇2

2m
+V (𝑟,z)+G22|Ψ1|2

+G21|Ψ2|2 +U22|Ψ2|2 +U21|Ψ1|2
)

Ψ2, (1)

where Ψi is the wave function of the i-th component, which
must satisfy the following normalization condition Ni =∫
|Ψi|2 d𝑟dz. Here ∇2 = ∂ 2/∂x2 + ∂ 2/∂y2 + ∂ 2/∂ z2 and

m denotes the mass of the atoms, Gii = 4πaiih̄2/m and
Gi j = 4πai jh̄2/m represents the intra- and inter-component
contact interactions, which are related to s-wave scattering
lengths aii and ai j, and can be tuned using Feshbach reso-
nance techniques. Uii(𝑟,𝑟

′) =
∫
[Cii

6/(R
6
c + |𝑟−𝑟′|6)]d𝑟′, and

Ui j(𝑟,𝑟
′) =

∫
[Ci j

6 /(R
6
c + |𝑟−𝑟′|6)]d𝑟′ represents the intra-

and inter-component nonlocal Rydberg interactions, which Rc,
Cii

6 , and Ci j
6 represent the Rydberg blockade radius and the

strengths of the nonlocal Rydberg interactions, respectively.
The external potential is a harmonic potential, denoted by
V (𝑟,z) = m(ω2

r 𝑟
2 +ω2

z z2)/2, where ωr and ωz represent the
radial and axial constraint frequencies, respectively. Next, we
explore the quasi-two-dimensional (Q2D) system that can be
realized by applying a very strong confinement along the z
axis, i.e., when h̄ωz is much larger than any other energy scale,

the order parameter can be separated into the following form:
Ψi(𝑟) = Z(z)ψi(x,y), where Z(z) = e−z2/2a2

z /(πa2
z )

1/4 is the
ground state of a harmonic oscillator with frequency ωz, and
az = [h̄/(mωz)]

1/2. After integrating over the axial coordi-
nates, the following dimensionless coupled GP equations can
be used to describe the radial wave function:[51,52]

i
∂ψ1

∂ t
=

(
− 1

2
∇

2 +
1
2

Ω
2r2 +g11|ψ1|2

+g12|ψ2|2 +A11|ψ1|2 +A12|ψ2|2
)

ψ1,

i
∂ψ2

∂ t
=

(
− 1

2
∇

2 +
1
2

Ω
2r2 +g22|ψ2|2

+g21|ψ1|2 +A22|ψ2|2 +A21|ψ1|2
)

ψ2, (2)

where the aspect ratio of the potential well is Ω = ωr/ωz, and
the units of length and time are az =

√
h̄/mωz and 1/ωz, re-

spectively. The Q2D contact interactions are re-expressed us-
ing gii = 2

√
2π h̄2aii/(maz), gi j = 2

√
2π h̄2ai j/(maz), and the

Q2D Rydberg interactions are re-expressed using C(ii)
6 /R4

c and

C(i j)
6 /R4

c . In the following content, the nonlocal Rydberg in-
teractions are simplified to Aii and Ai j. We mainly discuss the
cases of A11 = A22 ≡ A, g11 = g22 = g12 = g21 ≡ 1, which are
closely related to the 87Rb system.

As mentioned earlier, the concept of RDS was first intro-
duced in the field of nonlinear optics and was later applied to
BEC systems. We choose an initial state in which each com-
ponent contains an RDS with an initial radius, and replace the
exact solution of the RDS with an appropriate approximate so-
lution

ψi(x,y,0) =

(
1− Ω 2r2

4

)
×
[

cosφi(0) tanhZ(r1)+ i sinφi(0)
]
, (3)

where cosφi(0) is proportional to the depth of the input soli-
ton, and ec = 0 is the eccentricity of the ring, and Z(r1) =

(r1 − Ri0)cosφi(0) with r1 =
√

(1− e2
c)x2 + y2. The initial

radius is represented by Ri0, where R10 = 27.9, R20 = 28.9,
and ∆R = R20−R10 denotes the difference in radius. We set
it as ∆R = 1 in our work. To achieve periodic modulation
of the Rydberg interactions, we can vary the intra- and inter-
component nonlocal Rydberg interactions. We set the periodic
modulation inter-component nonlocal Rydberg interactions as
Ai j(t) = 0.08+ k sin(ωt). The modulation frequency is ω , so
the modulation period is 2π/ω , and k is the modulation am-
plitude, satisfying 0 ≤ k ≤ 1. Here, we set ω = Ω = 0.028
and k = 0.02. Meanwhile we fix the intra-component Rydberg
interaction Aii = 0.08 to explore the impact of different initial
depths on the soliton lifetime and dynamics.

In the subsequent numerical simulation, we used alternat-
ing direction implicit method and time-split Fourier spectrum
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method respectively, and cross-checked the obtained results,
and found that the results were in good agreement.[53,54]

3. Results and discussion

In what follows we will perform a detailed study of the
effects of the initial depth on the lifetime and dynamics of
gray RDSs in a BEC system with tunable Rydberg interac-
tions, where the lifetime of gray RDSs refers to the time in-
terval between the start and the time point when broken sets
in. Through numerical simulations, we find that the lifetime

of the solitons increase with decreasing depth when exceed-
ing a critical depth threshold. Figure 1 shows the moment
of RDSs broken of component-1 at different initial depths
cosφ1(0) = cosφ2(0) = cosφ(0) = 0.95, 0.75, 0.63, while re-
flecting the lifetime of the gray RDSs. This indicates that
shallow solitons exhibit stronger dynamical stability, and this
finding provides an important theoretical basis for achieving
long-lived topological excitations through Rydberg dressing
techniques. Next, we discuss in detail the dynamics of gray
RDSs at these three different initial depths with periodically
modulated Rydberg interactions.

t/

(a) (b) (c)

cosφi=.cosφi=. cosφi=.

t/t/

Fig. 1. The lifetime diagram of the gray RDSs at different initial depths. The eccentricity is ec = 0, the initial radii are R10 = 27.9 and R20 = 28.9,
the modulation amplitude is k = 0.02, the modulation frequency is ω = 0.028, and the aspect ratio of the harmonic trap is Ω = ω = 0.028. The
intra-component Rydberg interaction in the components is A11 = A22 = A = 0.08. The field of view is 150×150 in dimensionless units.

t/ t/ t/ t/ t/

-60
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0
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y

(a) (b) (c) (d) (e) (f)

t/

Ψ12

Ψ22

0 40−40

Fig. 2. The typical time evolution diagram of the gray RDSs with an initial depth of cosφ1(0) = cosφ2(0) = 0.95. (a) t = 1, (b) t = 102,
(c) t = 109, (d) t = 146, (e) t = 200, and (f) t = 230. The top row is for component 1, while the bottom row is for component 2. The eccentricity
is ec = 0, the initial radii are R10 = 27.9 and R20 = 28.9, the modulation amplitude is k = 0.02, the modulation frequency is ω = 0.028, and
the aspect ratio of the harmonic trap is Ω = ω = 0.028. The intra-component Rydberg interaction in the components is A11 = A22 = A = 0.08.
The field of view is 150×150 in dimensionless units.

Figures 2 and 3 illustrate the typical time evolution of the
gray RDSs with the initial depth of cosφ1(0) = cosφ2(0) =
0.95 for the case with the deeper initial depth, where the top
row is for component 1 and the bottom one is for component
2. Here only discussed the detailed dynamics of component-
1, since component-2 has similar dynamics behavior, but with
different time scales. Starting from the initial moment, the
gray RDSs exhibits oscillations outward, and then gradually
contracts. Over time, the soliton undergoes significant de-
formation due to snake instability, as shown in Fig. 2(b) for
t = 102. With instability further develops, the symmetry of
the deformed circular is soon broken, which eventually forms

a vortex necklace structure composed of 28 pairs of vortex and
antivortex, as shown in Fig. 2(c) for t = 109. As the evolution
progresses, some vortex pairs begin to move toward the center
of the condensate, with 4 pairs moving each time, and after
gathering at the center, they expand outward along the x direc-
tion. More notably, we observed that vortex pairs annihilated
in symmetric groups of four during their motion, governed by
collective decay dynamics tied to their spatial and topologi-
cal order.[55] As predicted by symmetry-breaking theories, the
number of vortex pairs of the vortex chain is reduced to 16
pairs, as shown in Fig. 2(d) for t = 146. When the time reaches
t = 200, as shown in Fig. 2(e), 4 pairs of vortices meet at the
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center of the condensate, and the other 8 pairs are arranged
from a circle shape to a square structure. Although the rectan-
gular vortex necklace-like structure is likely due to effects of
periodic boundary conditions, such the pattern of vortex chain
is markedly different from previous studies.[20,56,57]

After that, the dynamics of the vortices can be divided
into three layers of concentric ring trajectories which are the
central, the middle, and the outermost layer, as shown in
Fig. 2(f) for t = 230. The vortex–antivortex pairs in the central
layer move toward each other due to mutual attraction, the vor-
tex pairs in the middle and outer layers will undergo complex
dynamical behavior of splitting and recombination. With time
going on, the quartets of vortex and antivortex in the middle

layer move away each other while pairs toward the periphery
of condensate in the x shape direction. The vortices recom-
bine with another antivortices to form a new topological defect
pairs, and then move inward to the center of the condensate in
the + shape direction, as shown in Figs. 3(a)–3(e). The 4 vor-
tex pairs split into vortices and antivortices in the outermost
layer while moving in opposite directions along the edge, as
shown in Fig. 3(a) for t = 285. In this process, the outermost
vortex (antivortex) and the antivortex (vortex) of the middle
layer approach each other, as shown in Fig. 3(c) for t = 490.
The outermost vortices are the first to be annihilated, and the
other vortex pairs repeat similar previous motion until annihi-
lated, as shown in Figs. 3(e)–3(f).

t/

(a) (b) (c) (d) (e)

t/ t/ t/ t/ t/

(f)

-60

-40

-20
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20

40

60 x

y

0 40−40

Ψ12

Ψ22

Fig. 3. The typical time evolution diagram of the gray RDSs with an initial depth of cosφ1(0) = cosφ2(0) = 0.95. (a) t = 285, (b) t = 367,
(c) t = 490, (d) t = 688, (e) t = 783, and (f) t = 800. Parameters are chosen as the same as those in Fig. 2.

t/ t/ t/ t/ t/

(a) (b) (c) (d) (e)
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Ψ22

Ψ22

Fig. 4. The typical time evolution diagram of the gray RDSs with an initial depth of cosφ1(0) = cosφ2(0) = 0.75. (a) t = 1, (b) t = 111,
(c) t = 117, (d) t = 135, and (e) t = 155. The top row is for component 1, while the bottom row is for component 2. The eccentricity is ec = 0,
the initial radii are R10 = 27.9 and R20 = 28.9, the modulation amplitude is k = 0.02, the modulation frequency is ω = 0.028, and the aspect
ratio of the harmonic trap is Ω = ω = 0.028. The intra-component Rydberg interaction in the components is A11 = A22 = A = 0.08. The field
of view is 150×150 in dimensionless units.

Figures 4 and 5 exhibit the typical time evolution of the
gray RDSs and vortices formed after these collapse for the ini-
tial depth to cosφ1(0) = cosφ2(0) = 0.75. The initial gray
RDSs oscillates along the radial direction until the snake in-
stability sets in, as shown in Fig. 4(b) for t = 111. Afterwards,
the deformed gray soliton decays into a necklace-like struc-
ture with 16 pairs of vortices arranged in a ring, as shown in

Fig. 4(c) at t = 117. The necklace vortex array maintains its
radially inward contraction dynamics, replicating the behav-
ior observed in the previous case. This convergent motion
induces successive mergers between adjacent vortices, with
the system’s topological configuration undergoing a remark-
able transformation. The coalescence process progressively
reduces the number of vortex pairs from the initial 16 to 8,
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accompanied by the emergence of a defined petal shaped mor-
phology, as shown in Fig. 4(d) for t = 135. The convergent
motion is held until a loop with a smaller radius is created,
as shown in Fig. 4(e). The mini RDS collapse rapidly into
new lump solitons that return outward subsequently along the
+ shape direction, as shown in Fig. 5(a) for t = 178. Dur-
ing the motion towards the periphery of the condensate, the
lump solitons transform into vortex pairs, which split at into

vortices and antivortices moving in opposite directions, subse-

quently recombining the quartets of new vortex pairs along the

x-direction that propagates back toward the center, as shown

in Figs. 5(b)–5(e). These vortices will repeat similar oscilla-

tory motion including periodic splitting, recombination, and

rebound until annihilation occurs due to energy dissipation or

topological charge cancellation.

t/

(a) (b) (c) (d) (e)

t/ t/ t/ t/

-60
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0
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0 40−40

Ψ12

Ψ22

Fig. 5. The typical time evolution diagram of the gray RDSs with an initial depth of cosφ1(0) = cosφ2(0) = 0.75. (a) t = 178, (b) t = 245,
(c) t = 410, (d) t = 592, and (e) t = 680. Parameters are chosen as the same as those in Fig. 4.

t/ t/ t/ t/ t/
(a) (b) (c) (d) (e) (f)

t/
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Ψ12

Ψ22

Fig. 6. The typical time evolution diagram of the deep gray RDSs with an initial depth of cosφ1(0) = cosφ2(0) = 0.63. (a) t = 1, (b) t = 114,
(c) t = 129, (d) t = 142, (e) t = 225, and (f) t = 352. The top row is for component 1, while the bottom row is for component 2. The eccentricity
is ec = 0, the initial radii are R10 = 27.9 and R20 = 28.9, the modulation amplitude is k = 0.02, the modulation frequency is ω = 0.028, and
the aspect ratio of the harmonic trap is Ω = ω = 0.028. The intra-component Rydberg interaction in the components is A11 = A22 = A = 0.08.
The field of view is 150×150 in dimensionless units.

Finally, we continuously reduced the initial depth of the
gray RDSs, thus theirs nonlinear localization properties are
significantly weakened, rendering the soliton increasingly vul-
nerable to snake instability. Our numerical results confirm this
that the collapse of shallower gray RDSs lead to a obvious re-
duction in the number of formed vortices. Even when the ini-
tial depth of gray RDSs is reduced to cosφ1(0) = cosφ2(0) =
0.63, it still undergoes distortion and decays into four pairs
of vortex, as shown in Fig. 6. The dynamical behavior of the
quartets of pairs is similar to the process described in Fig. 5. It
is worthy mentioning that quadruple vortex pairs are formed if
the initial depth of gray RDSs exceeds a critical threshold of

cosφ(0)> 0.54 with periodically modulated Rydberg-dressed
interaction systems. This critical depth is slightly lower than
the previously reported values for generating typical topolog-
ical defect.[30] The findings provide new insights for manipu-
lating gray solitons or vortices in experiments.

We also provide an experimental protocol for observing
the above dynamical phenomena. The physical system con-
sidered here can be realized by a two-component system of
BECs, e.g., in the |F = 1,m f =−1〉 and |F = 1,m f = 0〉 spin
states of 87Rb. The Rydberg interaction can be realized by
using the Rydberg dressing technique,[58–60] and its strength
can be changed within a wide range by tuning the two-photon
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Rabi frequency and detuning.[29] Consequently, the parameter
space considered in this work is within the reach of the current
experimental technology.

4. Conclusion
In summary, we have investigated the dynamics of gray

RDSs in a binary BECs with periodically modulated Rydberg
interactions. It is found that the lifetime of gray RDSs with
periodically modulated soft-core interactions significantly de-
pends on their initial depth. Specifically, shallower initial
depths lead to longer lifetimes when exceeding a critical depth
threshold of cosφ(0)> 0.54. And the deeper the initial depth
of the gray RDSs generate the more vortex pairs after col-
lapse, which dynamic behavior becomes more complex. These
depth-dependent topological transformations open new per-
spectives for quantum manipulation. We hope that these re-
sults can serve as a valuable reference for further research on
the dynamics of gray RDSs.
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[21] Barredo D, De Léséleuc S, Lienhard V and Browaeys A 2016 Science

354 1021
[22] Zhong Y, Triki H and Zhou Q 2024 Chin. Phys. Lett. 41 070501
[23] Pupillo G, Micheli A, Boninsegni M and Zoller P 2010 Phys. Rev. Lett.

104 223002
[24] Saffman M, Walker T G and Mølmer K 2010 Phys. Rev. Lett. 82 2313
[25] Kanamoto R, Saito H and Ueda M 2005 Phys. Rev. Lett. 94 090404
[26] Zeiher J, Van Bijnen, R, Schauß P, Hild S, Choi J Y, Pohl T, Bloch I

and Gross C 2016 Chaos, Solitons and Fractals 12 1095
[27] Wright K C, Blakestad R B, Lobb C J, Phillips C J, Phillips W D and

Campbell G K 2013 Phys. Rev. Lett. 110 025302
[28] Henkel N, Nath R and Pohl T 2010 Phys. Rev. Lett. 104 195302
[29] Balewski J B, Krupp A T, Gaj A, Hofferberth S, Löw R and Pfau T
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