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Topological phases featuring non-Abelian charges have garnered significant attention in recent years. In parallel, the
study of multiband exceptional topology in non-Hermitian systems has emerged as a prominent research direction. In this
study, we investigate a parity—time (PT) symmetric Hamiltonian, which hosts both conventional non-Abelian topological
phases (NATPs) and hybrid phases. We propose an experimental scheme using spin-1 atoms with spin—orbit coupling
trapped in two-dimensional (2D) lattices. Before adding a non-Hermitian term, we find the emergence of distinct topo-
logical phases mixed by two NATPs and establish their connection with NATPs theory. When a non-Hermitian term that
preserves PT symmetry protection was introduced, stable second-order exceptional rings and third-order exceptional points
emerge and they drive the edge states to manifest as discontinuous Fermi arcs in the surface Brillouin zone. However, with
the variation of the non-Hermitian term, it is rather intriguing that two types of exceptional rings here transition from be-
ing internally tangent to externally tangent, transforming into a new topological phase equivalent to the Hermitian case.
This research provides deeper insights into the nature of NATPs and the topological implications of exceptional structures,

contributing to the field of topological physics.
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1. Introduction

The field of topological physics has seen remarkable
progress and the topological band theory developed from this
has become one of the cornerstones in the search for novel
quantum states of matter.!!= Topological states of matter pos-
sess non-trivial and robust properties, enabling breakthroughs
across disciplines, from condensed matter physics/®®! to
quantum information processing.>-!%! Besides solid-state sys-
tems, topological states have also been validated in a variety of
simulated systems such as cold atom systems, !'-2°] photonic

[21-25) and superconducting quantum circuits.[2¢-281

crystals,
The prominent hallmark of topological phases is their topo-
logical invariants. Several approaches have been applied
for classifying topological phases and establishing classifica-
tion frameworks, such as Altland—Zirnbauer (AZ) symmetry

51729311 and symmetry indicator theory.3?! In this clas-

classe
sification, the focus lies on Abelian topological invariants,
such as Z (integer-valued) and Z, (binary-valued) types of
invariants. 33331

As research on topological phases has become increas-
ingly comprehensive, in the tangled multi-gap scenario, the
conventional Abelian characterization becomes insufficient.
To address this, the concept of non-Abelian topology has

d.136-40

emerge | For instance, in the presence of PT symme-

try, multiband gaps can carry non-Abelian topological charges
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(NATCs) 36411 and have richer topological phases.3%#?~44] In
the topological semimetal with NATCs, the annihilation of
degenerate points depends on the braiding path, and this be-
havior cannot be described by Abelian topological charges.
Therefore, the quaternion, a non-Abelian topological charge,
is introduced.*-32! In non-Abelian topological insulators, ex-
otic edge states emerge at the domain wall, determined by the
non-Abelian topological charges on both sides of the system.
This unique statistical behavior makes NATPs a promising

9,53-55

platform for topological quantum computing.! I Recent

experiments have successfully realized NATPs and their braid-
ing dynamics across various platforms. [13-39:43:45,46,51,56-59] 1
most cases, NATPs are protected by PT symmetry, mak-
ing them particularly suitable for implementation in artificial
quantum systems.

The PT symmetry also plays a central role in the re-
The PT

symmetry ensures real eigenenergies within the PT-unbroken

cently emerging field of non-Hermitian physics.

phase, thereby maintaining a balance between gain and loss
and ensuring probability conservation.[®*-631 And PT symme-
try has significantly advanced the study of exceptional points
(EPs),[2464751 where the eigenvalues and eigenstates coa-
lesce. Recent studies have further revealed that PT symmetry,
along with additional symmetries, can effectively reduce the
codimension of EPs.[7%-801 For example, while a second-order

© 2025 Chinese Physical Society and IOP Publishing Ltd. All rights, including for text and data mining, Al training, and similar technologies, are reserved.
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exceptional point is generally stable in two-dimensional (2D)
systems, it can exist in a one-dimensional (1D) system with
PT symmetry as a boundary of PT symmetry breaking. The
PT symmetry-protected real spectrum also prevents the oc-
currence of the non-Hermitian skin effect (NHSE)[!7-0:81-93]
in the bulk states, a phenomenon in which all eigenstates ac-
cumulate exponentially to the boundary due to the breakdown
of conventional bulk—edge correspondence, providing a con-
venient platform for studying properties such as EPs in lattice
systems.

In this study, we systematically explore PT symmetry-
protected NATPs and the impact of exceptional structures
based on high-spin ultracold atoms in 2D lattices. When the
fundamental gap term of the system approaches zero, indi-
cating proximity to NATPs boundary in the 1D limit,!*!! the
system becomes highly susceptible to external perturbations.
So we observe a distinct critical behavior in the topological
phase transition, where protected edge states are determined
by NATCs arising from both the intrinsic system and spin—
vector-momentum coupling perturbations in the other direc-
tion. And we also confirm the stability of the multiband bulk—
edge correspondence in the non-critical regime, where the sys-
tem’s topological properties remain robust against perturba-
tions.

In the 2D system, the PT symmetry can reduce the codi-
mension of EPs, thereby enabling the observation of third-
order exceptional points (EP3s) and exceptional rings (ERs).
So when a non-Hermitian term that preserves PT symmetry
protection was introduced, the ERs emerge in the system un-
der two distinct energy gaps, and their intersection points are
identified as EP3s. In other words, the system lacks point-
gap topology but retains traditional line-gap topology. The
disappearance of the NHSE also ensures that the observa-
tion of topological features, including degenerate points and
edge states, remains free from interference. When the non-
Hermitian (non-reciprocal hopping) strength is small, the two
exceptional rings are tangent internally, and part of the topo-
logical phases transition into a trivial state, which is distinct
from the Hermitian case. As the non-Hermitian strength in-
creases, the two exceptional rings become tangent externally,
surprisingly restores topological equivalence to the Hermitian
case. Finally, we discovered discontinuous Fermi arcs linking
different exceptional points across distinct exceptional rings.

This paper is organized as follows. Section 2 introduces
the symmetrically protected model with a Raman-assisted
spin—tensor-momentum coupling (STMC) term and derives
the system Hamiltonian. Section 3 delves into the topological
states, investigates the topological states, analyzes the prop-
erties of edge states, and presents a distinct bulk—edge corre-
spondence. Section 4 introduces the symmetrically protected
non-Hermitian term and examines the exceptional structures

that can form, along with their influence on the bulk—edge cor-
respondence. Finally, Section 5 provides a concise summary
of our findings.

2. Model and Hamiltonian

In recent studies, the multi-band spin-tensor—

momentum-coupled (STMC) ultracold atoms have been used
to realize an unpaired triply degenerate point.!!3169-991 1
the process of studying its 2D model, we have incorporated
PT symmetric protection and a non-Hermitian term. We con-
sider an ultracold gas of N fermionic atoms subjected to a bias
magnetic field B along the quantization z axis. The atomic
energy levels here involve three energy levels with spin-1 and
excited states with |0) and [1). Then the fermionic atoms are
deeply confined by the red-detuned 2D square optical lattices
U(r) = —Ug[cos? (kpx) +cos? (ky)]. Here Uy is the depth of
the optical lattice, and ki is the wave vector of the laser for the
optical lattice with a = 7/k;, being the lattice constant. The
atomic transition from the ground state |6(c = {1,0})) to the
excited state |es) is driven by a pair of z-polarized stand-
ing wave lasers with Rabi frequencies €7 sin(kpx — k.y) and
iQ/ sin(kLx + kLy), corresponding the atom-light detuning
A = @, — . So the spatially dependent total Rabi frequency
is Q(r) = Qg[sin(kpx)cos(kLy) + icos(kpx)sin(kLx)] with
Qp =+/2e%/ 4Q! . To generate spin—orbit (SO) coupling, the
atomic transitions |0) <+ |e;) and ||) <+ |eg) are driven by two
o-polarized plane-wave lasers propagating along z direction
with the same Rabi frequency Q) (r) = Q3(r) = Qgeivihz
as shown in Fig. 1(a), where the laser frequency is o, + Awr,
and o, — Ao .

For large atom-light detuning A, two excited states can be
adiabatically eliminated to yield a pseudospin-1 system. When
the lattice potential is sufficiently strong, the system enters the
tight-binding regime. By only considering the lowest s orbits
and nearest-neighbor hopping as shown in Figs. 1(b) and 1(c),
the lattice Hamiltonian is given by

Ho = — Y, [itoWjFaWjsiq+10) F =Dy, +Hel
J,o=xy
+Y 18+ &) 4 — (8 — &)y ), )
J

where li/j = [clAj.T,djp,aAj’dT and ﬁj,(j = d;_]ca’\jvg with ClAjTG
being the annihilation operator for spin-c compoment in
the j site, #p is Raman-assisted spin-flip hopping, ¢ is spin-
independent hopping and &(&;) is the effective tunable linear
(quadratic) Zeeman shift. Here the unit vectors along two di-
rections are defined by 1, = (1,0) and 1, = (0, 1).

We consider constructing the entire Hamiltonian satis-
fies PT symmetry, which transforms the F, term into Q,, =
F,F, + F,F,, and introduce a non-Hermitian term to investigate

the exceptional structures. Under periodic boundary condition
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with translational invariance, the Hamiltonian (1) in momen-
tum space takes the form

H(k) = dx(k)Ferdy(k)QszJFaﬁz
+d(k)EX + e(k)I +ivF, )

where dy(k) = 21psin(kea), dy(k) = 2tgsin(kya), di(k) =
(6 — 4rcos(kea) — 4tcos(kya)), and e(k) = 2t(cos(kca) +
cos(kya)). Obviously, the first term dy(k)Fy represents the
conventional spin—vector-momentum-coupled (SVMC) term,
and the term d.(k)F? represents the interesting STMC for our
high-spin system. Only when the non-Hermitian term is iyFy,
is the PT symmetry satisfied and it is the nonreciprocal hop-
ping term between |0) and |1,).

()

2,

Clearly, this Hamiltonian possesses PT symmetry, ex-
pressed as (PT)H (ky,ky)(PT)~! = H*(ky,ky) where PT = kI
with k being the complex-conjugate operator. When the non-
Hermitian term is zero, it additionally exhibits both time-
reversal symmetry and spatial inversion symmetry, with their
operators represented as etk However, the introduction
of the non-Hermitian term breaks time-reversal (7") symme-
try and spatial inversion (P) symmetry while preserving their
combined PT symmetry. For simplicity, we set #y = ¢, since
the non-Abelian topological phase boundary is independent of
nonzero fy/t. Thus the free parameters in our model reduce to
the tunable linear Zeeman shift 8, quadratic Zeeman shift &,

and the non-Hermitian term 7.
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Fig. 1. (a) Involved level structure for creating STMC for ultracold atoms, (b) the lattice model along x direction, (c) the lattice model along y direction.

3. Non-Abelian topology and edge states

To further characterize the non-Abelian topology of
the system, we first calculate the energy spectrum in mo-
mentum space and the NATCs in the absence of the non-
Hermitian term. There we calculate the energy spectrum in
momentum space via H (k)| (k)) = Eq(k)|to(k)), where
Eq(k)[|1ta(k))] denotes the eigenenergies (eigenstates) with
o = {—,0,+} indexing the {lowest, middle, highest}-helicity
branches, respectively. Due to its interband degeneracy, the
system must be described by at least three topological charges,
each associated with every two bands. These charges are
braided with each other, representing a concept that is funda-
mentally distinct from the Berry phase typically used to char-
acterize the topology of a single bandgap. And guaranteed by
PT symmetry, the eigenvectors of this system are purely real
under a specific basis, satisfying one of the conditions for non-
Abelian charges. However, for the 1D non-Abelian charges,
the tunable linear Zeeman shift term 6 = 0 corresponds to the
junction of different non-Abelian charges. Therefore, we se-
lect a smaller value to study the critical behavior and choose an
appropriate value to investigate the bulk—edge correspondence

of the non-Abelian charge. We use the non-Abelian charges to
simplify them into four forms of topological charges!*!43! and
is described by

Q:exp[ Fak)- dkx} 3)

where A(k,) =Y, B/[—(i/2)0;] with o; as the Pauli matrix,
which is from the affine Berry—Wilczek—Zee (BWZ) con-
nection, B = ¥ ,,(p(ky) |0k, [y (kr)) €1pg /2 calculated from
bands p and ¢, €;p, being the antisymmetric tensor. The bar
over the exponent indicates path ordering, which denotes that
the integration is time-ordered, and during discrete numerical
treatment each discretized point should be right-multiplied by
QO by order. This essentially describes the generalized Wil-
son operator as an s0(N)-valued 1-form transforming into a
spin(N)-valued 1-form.!>*3] Here the results of quaternion
group elements are represented as Pauli matrix 1 — 6p,i —
ioy,j — ioy, and k — io;, where op is the 2 x 2 identity
matrix. And the signs & only have the relative meaning for
NATCs, i, j, and k. Only 1 represents the trivial phase and
has no edge states. The charge of i(k) indicates the second
(first) gap is nontrivial and supports one edge state on each
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end of a finite-length lattice. The charge of j indicates that
there are left and right local edge states in the middle of the
second band, or there are two left and right local edge states
in the first and second energy gaps. By contrast, the charge
of —1 supports two edge states on each edge and the locations
of the edge states are fickle. This phase transition is often ac-
companied by the exchange of energy bands, which closes and
reopens the energy gap. +i(+j,+k) can only be distinguished
to a basepoint, which means that a pair of conjugate charges
cannot be distinguished by observing them separately. They
only show differences at the boundaries. [36-39-41:43-43]
Specifically, in two (three)-dimensional systems, non-
Abelian topological charges can be understood as degeneracy
points (lines) in momentum space, with their topology char-
acterized by 1D loops encircling these points (lines). Here,
the charge +i signifies the non-trivial topology of the second
bandgap (corresponding to a degeneracy point between the
second and third bands), while +k represents the non-trivial
topology of the first energy gap (associated with a degeneracy
between the first and second bands). When some parameter
is varied, these two points may form trajectories that cross
each other corresponding to two exchanges between +i and
~+k, leading to transformations such as +k — iki—! = —k. This
process resembles the braiding of strands in a rope, so we topo-
logically call it braiding with each other. Therefore, their non-
Abelian nature manifests as non-commutativity (k X i # i X k)
and path-dependent outcomes. Compared to Abelian charges,
which only exhibit simple annihilation/creation processes, the
non-Abelian topological charge greatly enriches and describes
the more complex winding relationship and more complex
bulk—edge correspondence rules of the multi-band system. It
not only records the geometry of band crossing, but also deter-
mines the global history of quantum state evolution. [43-?]
Here we can calculate the NATCs in the 1D x-direction
from our model. When we remove the momentum-coupling
term dy(k)sz in the y-direction as a perturbation term, the en-
tire Hamiltonian is Hy(k,) in the form of a 1D system in the x-
direction. This Hamiltonian H, (k,) precisely matches the form
required to calculate NATCs, similar to the standard 1D non-
Abelian model.[*!! This model directly satisfies the 1D non-
Abelian bulk—edge correspondence, with 6 = 0 marking the
transition boundary between different non-Abelian charges.
Therefore, we choose & as a very small value to obtain the dis-
tribution of its NATCs under the parameters kya/m and &, /1,
as shown in Fig. 2(a). The middle wave-like region in the
figure corresponds to the topologically nontrivial phase char-
acterized by the non-Abelian charge —j. The analytic bound-
ary for the NATPs is given by &,/t = 4cos(kya) =4, where
a band inversion occurs between energy bands 1 and 3. This
result reflects the undisturbed distribution of NATCs in the x-
direction for the parameters kya/7 and &, /¢. Furthermore, the
distribution of edge states is fully consistent with this result.

However, when we introduce the SVMC perturbation in the y-
direction, the original distribution is partially disrupted, lead-
ing to the partial disappearance of the edge states as shown in
Fig. 2(b). When § is non-zero, the region distribution corre-
sponding to the —j charge exhibits robustness against varia-
tions in 8. An increase in 0 only alters the i(k) charge region,
while the —j region remains largely unchanged, still concen-
trated in the ranges of (0,0-8) and (£1,—8-0). The combi-
nation of these two results ultimately establishes the model’s
bulk—edge correspondence.

kya/m

—1.0 -

—-16 -8

0 8
(52/t

Fig. 2. NATCs and edge states result on the kya—8, plane, (a) the NATCs

result of Hy(ky), (b) the NATCs result with y-direction perturbation added,

(c) the distribution of Sy, under all kya and &, parameters, (d) the distribution

of § g’;) along x direction with parameters 8, /t = 2. The other parameters are
6/t=0.2and y=0.

Assuming that the system has N lattice along the x direc-
tion, we can determine the corresponding lattice energy and

eigenstate distributions under different parameters. We use the
(m)
In >
of the squared amplitudes of the eigenstate wavefunctions at

maximum value Sy, of the sum S, “, which represents the sum
the two boundaries (1 and n) corresponding to the m-th of 3N
energy levels under the parameters &/t and kya/m, as quan-
titative measures of the edge states. In the end, we obtain the
map of Sy, as shown in Fig. 2(c), which reflects the combined
result of these NATCs results. As & increases from zero, it
progressively compresses all regions except the robust ones
(0,0-8) and (41, —8-0), which gradually diminish. Crucially,
the strip-shaped i(k) region here is due to computational errors
caused by the critical region, which has no effect on the edge
states. Here, the —j charge in the robust regions indicates that
the edge states merge into the second continuum band, form-
ing bound-states-in-continuum (BICs). Specifically, the edge
states are localized at the center of the lattice’s energy spec-
trum. And the —j charge in other regions corresponds to the
generic bulk—edge result of the aforementioned j case. It rep-
resents the metastable existence of — j charges near the § =0
critical point in the absence of y-direction perturbations. These
—j charges gradually annihilate as & increases. Therefore, the
critical behavior emerges from the interplay between these two
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competing topological charges. When we fix the parameter
0,/t =2, we observe the — j phase, where edge states emerge
in two energy gaps, with the — j phase transitions into BICs in
the intermediate region, as illustrated in Fig. 2(d).

When § is sufficiently large (e.g., 6 /¢ = 2), the influence
of NATCs induced by the perturbation term becomes signif-
icant. Consequently, the edge states in the unperturbed x-
direction disappear, and the results align with the bulk—edge
correspondence of NATCs. These finding are illustrated in
the Fig. 3. We calculate NATCs and find that they transi-
tion through the —i, —j, and k phases as the parameter 6, /t
varies. Additionally, the NATCs depends on &, /¢ and change
with the parameter kya/7. By setting k, = 0, we identify the
topological phase transitions through the three phases —i, —J,
and k as shown in Fig. 3(c). Here, the —i charge indicates that
the second energy gap is topologically nontrivial and supports
one edge state an each end of a finite-length lattice, while the
k charge corresponds to a nontrivial first energy gap with the
edge states localized within the first energy gap. However, for
the j charge, the edge states are located in both the first and
second energy gaps. This represents a general case that is dis-
tinct from the behavior of BICs. The non-Abelian topological
phases —i, —j, and k are illustrated in Fig. 3(a). When we fix
the parameter &, /r = 0, we also observe the distribution of the
corresponding topological edge states, as shown in Fig. 3(d).
This distribution is fully consistent with the NATCs mapping.

—-1.0 —-05 O 0.5 1.0
0y /t kya/m

Fig. 3. NATCs and edge states result on the kya—0; plane: (a) the non-Abelian
topological phases, (b) the distribution of locality under all kya and &, /¢ pa-
rameters, (c) edge states along x direction through the —i, —j, k phases with
parameters kya/m = 0 of all edge states, (d) edge states along x direction
through the k, —i, k phases with parameters &, /¢t = 0 of all edge states. The
other parameters are 6/t =2 and y = 0.

4. Exceptional structures protected by PT sym-
metry

When we introduce the non-Hermitian term (y # 0) that
preserves PT symmetry protection, the line gap remains open
in the PT unbroken region, so we can still use NATCs to de-
termine the topological charge based on the position of edge

states. And the system exhibits EP3s and ERs due to the influ-
ence of symmetry protection. Their distribution is symmetric
about the origin. To investigate the distribution of exceptional
structures, we calculate the energy spectrum by analyzing the
Hamiltonian in Eq. (2). Under PT symmetry, the system may
exhibit EP3s. To ensure the inevitable occurrence of EP3s,
we must verify that additional symmetry protection exists un-
der specific parameters. Here, we set § = 0 and remove the
STMC term, leaving the entire model protected by chiral sym-
metry, represented by the operator e~ i Under this sym-
metry, a third-order ER emerges at the position d2 + d)z, =7
From this analysis, we conclude that the necessary conditions
for the existence of EP3s are d, = 0 and the formation of the
exceptional ring.

Additionally, we adopt the method of symmetry-induced
EPs, B9 which utilizes Gell-Mann matrices to describe the

system. We introduce
v = det[H]/2 and n = —tr[H?]/6, “)

such that characteristic polynomial can be expressed as P; =
€3+ 3ne —2v and the discriminant for degeneracies is D3 =
—108(n3 4+ v?) = 0. An EP3 occurs when v = 1 = 0, while
EP2s appear when D3 = 0. Here, the identity matrix does not
affect the Hamiltonian; so we introduce a specific identity ma-
trix to ensure the trace of the Hamiltonian is zero, simplifying
the calculations. Under this condition, we find that EP3s cor-
respond to the ring defined by df + dy2 =7 and d. =0, while
the ERs correspond to either the same ring or the term d;z /4
preceding it.

We set § =0 and & = 0, and as y? varies from O to 8¢2,
the EP3s remain present, while the relative positions of the
ERs undergo significant changes. From the relative positions
of these two ERs, we identify two distinct structural configura-
tions. When 0 < y < 2¢, the two distinct ERs are internally tan-
gent, and the adjacent EP3s are connected by these rings, ulti-
mately forming a closed structure. Within one cycle, there ex-
ist two such structures. To facilitate the description of the edge
state distribution, We use the same maximum value S,, and the
same sum S g';:) under the parameters &/t and kya/7 as quan-
titative measures of the edge states. In this scenario, the two
exceptional rings are internally tangent, forming a closed ex-
ceptional structure. When expanded along the x-direction, the
PT-unbroken region manifests as a degeneracy in the imagi-
nary part of the spectrum. Here, the original topological edge
states do not completely vanish but persist in the middle re-
gions (ky/m = £1/2) between the two sides. And more are
affected by the asymmetric non-Hermitian skin effect, result-
ing in edge states appearing on one side, while no edge states
appear on the other side. Therefore, this leads to a transition
where the originally bilateral edge states become localized on
one side, either at both ends or collapsing toward the central
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part of that side. When the non-Hermitian term is small, the
formation of closed exceptional structure leads to the collapse
of the edge states as shown in Figs. 4(a) and 4(b).

(a) Loy - 7

0.5

kya/m
[=)

-
1.0 0.5

kya/m

Fig. 4. Two different exceptional structures and the corresponding edge
states with parameters § = 0 and &, = 0: panels (a) and (b) are the
isolate ERs result and the corresponding edge states that unfold along
x-direction distribution with parameter ¥/t = 1.6. Panels (c) and (d) are
the connected ERs result and the corresponding edge states that unfold
along x-direction distribution with parameter y/t = 2.4. The red and
blue ring is the ERs and the red dotted line is ¢, = 0 and the gray area
is the PT-broken region. The color represents the sum of the squared
amplitudes of the eigenstate wavefunctions at the two boundaries.

kya/m

When y > 2¢, one of the two ERs undergoes coupling-
induced non-Hermitian phase transition, arising from the com-
petition between the spin—tensor-momentum coupling term
and the non-Hermitian potential. So the two distinct excep-
tional rings are externally tangent, with their adjacent EP3s
linked either by a segment of an exceptional ring or by an en-
tire exceptional ring, ultimately forming a network-like con-
This network-like
structure ensures a uniform distribution of the exceptional

nected structure as shown in Fig. 4(c).

rings. When the system is expanded along x-direction, the
PT -unbroken region will give rise to two new energy bands
above and below the imaginary part of the spectrum, which
are caused by the emergence of the one ER. So each band has
degenerate energy states, causing the edge states to be concen-
trated within these two bands, and the skin effect disappears.
Therefore, in one dimension, the edge states no longer collapse
but instead merge into the second continuum band in the un-
broken PT-symmetric regime, forming the j-phase of bound
states in the continuum as shown in Fig. 4(d). As a result, the
system instead reverts to a state that is topologically equivalent
to the 1D unperturbed NATPs, as shown in Fig. 2(a), and the
corresponding topological charge is j.

5. Conclusion

Building upon state-of-the-art techniques for ultracold
atoms, we proposed a 2D spin-1 lattice model, which exhibits
symmetry-protected topological phases under PT symmetry.

This multi-band system exhibits a distinctive bulk—edge cor-
respondence, which necessitates both NATCs characteriza-
tion and a perturbative treatment of spin—vector—-momentum
coupling near the boundary of the NATPs, revealing criti-

cal behavior. And we also verify the existence of a non-

Abelian bulk—edge correspondence phase under non-critical
conditions, where perturbations are applied in a different di-
rection. In addition, the introduction of a non-Hermitian term
that preserves PT symmetry induces stable ERs and EP3s. As
the non-Hermitian term varies, the exceptional rings transi-
tion from internally tangent to externally tangent, leading to a
new phase topologically equivalent to the Hermitian case. Our
findings deepen the understanding of non-Abelian topological
physics and establish a theoretical framework for manipulat-
ing topological states via exceptional point engineering. The
proposed experimental platform provides a viable route for ob-
serving these exotic topological phenomena, paving the way
for exploring non-Hermitian topological matter and its poten-
tial applications in quantum technologies.
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