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This paper investigates the observer-based prescribed-time time-varying output formation-containment (PT-TV-OFC)
control problem for heterogeneous multi-agent systems in which the different agents have different state dimensions. The
system comprises one tracking leader, multiple formation leaders, and followers, where two types of leaders are used
to generate a reference trajectory for movement and achieve specific formation, respectively. Firstly, a prescribed-time
dynamics observer is constructed for the formation leaders to estimate the tracking leader’s dynamic model and state. On
this basis, a prescribed-time control protocol is designed for the formation leaders to achieve time-varying output formation.
Then, a prescribed-time convex hull observer is designed for the followers to estimate information regarding the convex
hull formed by the formation leaders. Using the estimated convex hull information, a prescribed-time containment control
protocol is designed to ensure the followers converge into the convex hull. Furthermore, using Lyapunov stability theory, the
stability of systems is proved in detail, which implies that the heterogeneous multi-agent systems can achieve PT-TV-OFC
control. Finally, numerical simulations validate the feasibility of the theoretical results.
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1. Introduction
In recent years, cooperative control of multi-agent sys-

tems (MASs) has garnered significant attention from var-
ious perspectives. Its research areas include consensus
problems.[1–6] formation control problems,[7–11] containment
control problems,[12–16] etc. Combining the formation control
and the containment control, a more sophisticated formation-
containment (FC) problem emerges.[17] This control prob-
lem requires that the leaders form a desired geometric for-
mation, and the followers move into the convex hull spanned
by the leaders. The authors in Ref. [18] investigated FC
control for MASs with directed topology. The FC control
of second-order nonlinear MASs with communication delays
is studied.[19] In the disaster relief operation, leader robots
equipped with detection devices can adjust their formation to
adapt to the changing environment at any time, while follower
robots move into the safe zone within the perimeter established
by the leader robots. As a result, time-varying formation-
containment (TV-FC) control can handle complex tasks more
flexibly. The TV-FC control problem for MASs with second-
order dynamics and time-varying delays is studied.[20] The
TV-FC control of general linear MASs is analyzed.[21] Be-

yond achieving TV-FC, MASs often need to follow a de-
sired trajectory to adapt to specific scenarios, such as dy-
namic environments or tasks requiring precise positioning.
This is referred to as the TV-FC tracking control problem.
The TV-FC tracking problem of MASs with unknown con-
trol inputs for tracking leaders is investigated, where the for-
mation leaders track the trajectory of the tracking leader.[22]

The observe-based adaptive TV-FC tracking problem with
bounded unknown inputs is analyzed.[23] Considering the in-
put saturation, the TV-FC tracking problem for linear MASs
is investigated.[24] The above TV-FC tracking control prob-
lems are primarily focused on homogeneous MASs. However,
in practical scenarios, agents may exhibit varied dynamics or
state space dimensions due to specific requirements and physi-
cal constraints. Therefore, the time-varying output formation-
containment (TV-OFC) control problem for the heterogeneous
MASs is more valuable to research.

The output FC tracking problem of heterogeneous MASs
is investigated in a learning-based framework using dynamic
data.[25] Based on the output regulation framework, the dis-
tributed TV-OFC control problem of heterogeneous MASs is
addressed.[26] In TV-FC tracking control problem, sometimes
the state of leaders is unknown. In response to this, the above
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research work[23–26] and the authors in Refs. [27,28] have con-
sidered the design of the observers to estimate the unknown
state, but it is usually considered that the system matrix infor-
mation of the leader system is known. This is impractical in
many applications.[3] Based on state feedback and output feed-
back, the distributed observer is designed to estimate the sys-
tem matrix and state of the leader.[29] Although this approach
improves the practicality of observer design, it still faces chal-
lenges in achieving rapid and precise estimation. The authors
in Ref. [30] proposed a fixed-time observer to estimate the
leader’s system matrix and state in a fixed time. Compared
to these approaches, the prescribed-time observer designed is
more challenging and has distinct advantages in this paper.

The convergence time of the MASs is an important
index to measure the control performance. The pioneer-
ing work of the finite-time stability analysis is presented.[31]

Finite-time control is introduced to addresses the coopera-
tive problem of heterogeneous MASs.[32–34] But it should be
noted that the finite-time control depends on the initial states
of agents. To address the limitation, fixed-time control is
proposed.[6,12,35–37] However, these fixed-time control algo-
rithms still rely on controller parameters to determine the up-
per bound of the convergence time. To overcome the challenge
of convergence time, a new prescribed-time control algorithm
is presented in the paper. It can set the prescribed convergence
time at will, and the prescribed convergence time is irrelevant
to the initial states of agents and controller parameters.

Inspired by the above discussion, this paper comprehen-
sively investigates the observer-based prescribed-time time-
varying output formation-containment control problem of het-
erogeneous MASs. The rest of this paper is organized as fol-
lows. Section 2 provides preliminaries and problem formu-
lation. Section 3 presents the control protocols and stability
analysis in detail. Abundant simulation results are presented
in Section 4, and Section 5 concludes the paper.

2. Preliminaries
2.1. Graph theory

Let Rn and Rm×n represent the Euclidean space. This is
the identity matrix denoted by In. Specifically, when the sub-
script size is evident, the subscript is removed. The symmet-
ric positive-definite (negative-definite) matrix X is shown by
X > 0 (X < 0). The respective maximum and minimum eigen-
values are represented by the notations λmax(X) and λmin(X).
The diagonal matrix is denoted as diag(·). ⊗ represents the
Kronecker product. Block diagonal matrix is represented by
blockdiag(O1, . . . ,On) with the matrices Oi, . . . ,Om. The ab-
solute value operation is represented by | · |. For O ∈ Rm×n, let
vec(O) =

[
OT

1 , . . . ,O
T
π

]T, where is the i-th column of O. Let
Mn

m(vec(O)) = [O1, . . . ,On].
The information communication between agents is rep-

resented by the graph Ḡ = G ∪ {0}. The tracking leader is

represented by 0; formation leaders and followers are repre-
sented by 1,2, . . . ,M+N. G= (𝒱,ε,𝒜) is used to describe the
communication of information between formation leaders and
followers. ε = {1, . . . ,N +M} is the nodes set. The commu-
nication channels are represented by edges set 𝒱 = ε × ε . The
adjacency matrix 𝒜 = [ai j](M+N)×(M+N) represents the con-
nections between agents. If ai j > 0, it indicates that agent i
can receive information from agent j; otherwise, ai j = 0. Par-
ticularly, indicates the absence of self-loops. The neighbor set
of the agent i is Ni =

{
j ∈ 𝒱 | ai j ̸= 0

}
. The Laplacian matrix

L = [li j](M+N)×(M+N) is defined as lii =
M+N

∑
j=1

ai j, and li j =−ai j

for i ̸= j. Define H = L+R, where R= diag
(
r10, . . . ,r(M+N)0

)
.

2.2. Problem formulation

This paper explores the heterogeneous MASs with a sin-
gle tracking leader and M formation leaders and N followers.
The dynamic equations of the agents are described as follows:

ẋi = Aixi +Biui,

yi =Cixi, i = 1, . . . ,M+N, (1)

where xi ∈ Rni , yi ∈ Rq, and ui ∈ Rmi represent state, output,
and control input. Ai ∈ Rni×ni , Bi ∈ Rni×mi , and Ci ∈ Rq×ni

are the given system matrices. Suppose there are M forma-
tion leaders indexed by 1, . . . ,M and N followers indexed by
M+1, . . . ,M+N.

The dynamic equations of the tracking leader, indexed by
0, are described as follows:

ẋ0 = Sx0, y0 = Fx0, (2)

where x0 ∈ Rn0 , y0 ∈ Rq are the state and output of the track-
ing leader. S ∈ Rn0×n0 and F ∈ Rq×n0 are the given system
matrices. The role of tracking leader is to generate a reference
trajectory for formation leaders.

In this paper, all agents are divided into four types. The
type-I agents include only tracking leaders. The type-II agents
include m1 formation leaders who can only get information
from the tracking leader and not from other agents. Let
M = m1 +m2, the type-III agents include m2 formation lead-
ers. The type-III agents can get information from the type-II
agents but not from the other types. The type-IV agents in-
clude all followers. The type-IV agents can get information
from the type-II and type-III formation leaders. The informa-
tion channel is directed between agents of different types and
undirected between agents of the same type.

2.3. Some useful lemmas and definitions

We propose a time-varying scaling function as

µl =


(

Tl

t0 +Tl − t

)h

, t0 ≤ t < t0 +Tl ,

1, t ≥ t0 +Tl ,

(3)

where h is a real number satisfying h > 1, t0 and Tl are the
initial time and the prescribed time, respectively.[38]
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Lemma 1[39] Consider the following system:

ẏ(t) = f (t,y(t)), y(0) = y0, (4)

where y(t) ∈ Rm is the state, f : R+×Rm → Rm is a nonlinear
vector bounded in time, y(0) is the initial state. There exists a
Lyapunov function V (y) for system (4) such that

V̇ (y)+ cV (y)+ k
µ̇l

µl
V (y)≤ 0, t ∈ [t0, t0 +Tl) , (5)

where c ≥ 0, k > 0. Then the origin of system (4) is globally
prescribed-time stable with the prescribed time Tl . Especially,
the following solution can be obtained

V (y)≤ µ
−k
l exp[−c(t − t0)]V (y0) , t ∈ [t0, t0 +Tl) ,

V (y)≡ 0, t ∈ [t0 +Tl ,∞) . (6)

Assumption 1 For type-III (type-IV), there is at least one
formation leader in type-II (type-III) that has a directed infor-
mation channel to it. The communication topologies within
the type-III and type-IV are undirected and connected.

Considering the mentioned-above conditions of MASs,
the Laplacian matrix of the graph is denoted by

L =

 0m1×m1 0m1×m2 0m1×N
L1 L2 0m2×N

L3 L4

 , (7)

where L1 ∈ Rm2×m1 , L2 ∈ Rm2×m2 , L3 ∈ RN×M , L4 ∈ RN×N .
For the formation leaders, the desired time-varying for-

mation is designated by

l̇i = Sl li, (8)

where Sl and S have the same dimensions, li ∈ Rn0 is piece-
wise continuously differential offset vector with respect to the
tracking leader. The desired output trajectory of the leader thus
obtained can be expressed as

yi = y0 +Fli. (9)

Definition 1 A set U ⊆ Rn is known as convex if for any
a ∈U , b ∈U , and ε ∈ (0,1), (1−ε)a+εb ∈U holds. More-

over, co(A) =

{
q
∑

i=1
εiτi | τi ∈ A,εi ∈ R,εi ≥ 0,

q
∑

i=1
εi = 1

}
is

the minimal convex set containing all points A =
{

τ1, . . . ,τq
}

.
Definition 2 For heterogeneous MASs (1) and (2), it is

said to achieve the PT-TV-OFC control if the following equa-
tion holds:

lim
t→t0+TF

(yi − y0 −Fli) = 0,

lim
t≥t0+TF

(yi − y0 −Fli) = 0, i = 1, . . . ,M, (10)

lim
t→t0+TC

inf
y∈co(yl)

(yi − y) = 0,

lim
t≥t0+TC

inf
y∈co(yl)

(yi − y) = 0, M+1, . . . ,M+N, (11)

where yi =
[
yT

1 , . . . ,y
T
M
]T, t0 is the initial time, TF and TC are

the prescribed times.
Remark 1. The PT-TV-OFC control problem will be ad-

dressed in two stage. When equation (10) is satisfied, the lead-
ers can achieve the prescribed-time time-varying output for-
mation (PT-TV-OF). When both equations (10) and (11) are all
satisfied, the heterogeneous MASs can achieve PT-TV-OFC.

Lemma 2[40] Under Assumption 1, −L−1
4 L3 has nonneg-

ative entries, and each row sum of −L−1
4 L3 equals one.

Lemma 3[41] Suppose that Assumption 1 holds.
Then, there exists a positive-define matrix Ξ = diag(ξi) =

diag(yi/xi) such that Q = ΞH+HTΞ is positive define, where
y = [y1,y2, . . . ,yN ]

T = H−T1N , x = [x1,x2, . . . ,xN ]
T = H−11N ,

and H is positive-definite.
Assumption 2 For i= 1, . . . , M+N, there exist solutions

(Xi,Ui) and
(
X I

i ,U
l
t
)
, such that the following equations hold:

AiXi +BiUi = XiS,CiXi −F = 0,

AiX l
i +BiU l

i = X l
i S1,CiX l

i −F = 0. (12)

Lemma 4[3] Let

ϖ
j*

i = vec(Γj) ,

(
Γ1 =

[
Xi
Ui

]
; Γ2 =

[
X l

i
U l

i

])
ϖ

j
i (t) = vec(Γj(t)) ,(
Γ1(t) =

[
Xi(t)
Ui(t)

]
; Γ2(t) =

[
X l

i (t)
U l

i (t)

])
,

Q j
i = ZT

j ⊗
[

Ini 0
0 0

]
− In0 ⊗

[
Ai Bi
Ci 0

]
, (Z1 = S;Z2 = Sl),

Q j
i (t) = Z j(t)T ⊗

[
Ini 0
0 0

]
− In0 ⊗

[
Ai Bi
Ci 0

]
,

(Z1(t) = Si;Z2(t) = Sli) ,

bi = vec([0−F ]), bi(t) = vec
([

0
−Fi

])
,

i = 1, . . . ,M+N, (13)

where Si and Sli are estimates of S and Sl respectively. If As-
sumption 2 holds and ρ > 0 is sufficiently large, the system

ω̇
j

i (t) =−ρQ j
i (t)

T(Q j
i (t)ϖ

j
i (t)−bi(t)),

i = 1, . . . ,M+N, j = 1,2, (14)

has a unique bounded solution. Moreover, the following fact
holds:

lim
t→∞

(
Mn0

ni+mi

(
ϖ

j
i (t)
)
−Γj

)
= 0. (15)

3. Main result
3.1. PT-TV-OF control of heterogeneous MASs

In this section, we design a prescribed-time dynamics ob-
server for the formation leaders to estimate all the information
of the tracking leader and a prescribed-time control protocol
to realize the PT-TV-OF control.
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3.1.1. Prescribed-time dynamics observer

The prescribed-time dynamics observer is designed as
follows:

Ṡi =−k1

(
1+

µ̇1

µ1

)
φi, Ḟi =−k1

(
1+

µ̇1

µ1

)
φ

F
i ,

η̇i = Siηi − k2Pϕi − k3
µ̇2

µ2
Pϕi, i = 1, . . . ,M, (16)

where

φi =
m

∑
j=1

ai j (Si −S j)+ai0 (Si −S) ,

φ
F
i =

m

∑
j=1

ai j (Fi −Fj)+ai0 (Fi −F) ,

ϕi =
M

∑
j=1

ai j (ηi −η j)+ai0 (ηi − x0) ,

Si and Fi are estimates of S and F for the i-th formation leader,
respectively, ηi is estimate of tracking leader’s state x0 for the
i-th leader, P ∈ Rn0×n0 > 0, k1, k2, k3 are parameters satisfying
the following theorem. Let the observation errors S̄i = Si −S,
F̄i = Fi −F , and η̄i = ηi − x0.

Theorem 1 Suppose that Assumption 1 holds. If k1 > 0,
k2 > 1/λ1, k3 > 0, and P satisfies

STP+PS−2P2 + cIn0 = 0, (17)

then observation errors of the observer (16) converge to 0
with the prescribed time T1 and T2, i.e., when t → t0 + T1,

lim
t→t0+T1

(Si −S)= 0, lim
t→t0+T1

(Fi −F)= 0, and when t → t0+T2,

lim
t→t0+T2

(ηi − x0) = 0, where λ1 = λmin(H), and c > 0.

Proof We prove the effectiveness of the prescribed-time
dynamics observer (16) in two steps.

(i) For the observation error S̄i = Si − S, it obtains S̄ =[
S̄T

1 , S̄
T
2 , . . . , S̄

T
N
]T. From the first equation of the observer (16)

we can get

˙̄S =−k1

(
1+

µ̇1

µ1

)(
H ⊗ In0

)
S̄, (18)

where H is symmetric and positive-definite, as stated in
Lemma 3. Define the operation ⟨S⟩ j, j = 1,2, . . . ,n0, which
denotes the j-th column of S̄. Then, we obtain

⟨S̄⟩ j =−k1

(
1+

µ̇1

µ1

)
(H ⊗ Ini)⟨S̄⟩ j. (19)

Considering the following Lyapunov candidate function:

V1 =
1
2
⟨S⟩T

j
(
Ξ ⊗ In0

)
⟨S⟩ j, (20)

by Lemma 3, we get

V̇1 = −k1

(
1+

µ̇1

µ1

)
⟨S⟩T

j
(
ΞH ⊗ In0

)
⟨S⟩ j,

≤ −1
2

k1λmin(Q)

(
1+

µ̇1

µ1

)
⟨S⟩T

j ⟨S⟩ j,

≤ −k1

(
1+

µ̇1

µ1

)
V1. (21)

It can be concluded that ⟨S⟩ j converges to 0 with the
prescribed-time T1 based on Lemma 1. Further, S̄ = 0 is
globally prescribed-time stable with T1. So, the observa-
tion error S̄i converges to 0 with T1, i.e. when t → t0 + T1,

lim
t→t0+T1

(Si−S) = 0. For the observation error F̄i = Fi−F , sim-

ilarly, it can be concluded that F̄i converges to 0 with T1, i.e.,
when t → t0 +T1, lim

t→t0+T1
(Fi −F) = 0.

(ii) For the observation error η̄i = ηi − x0, it obtains
η̄ =

[
η̄T

1 , η̄
T
2 , . . . , η̄

T
N
]T. From the second equation of the ob-

server (16) we can get

˙̄η = IM ⊗S− k2(H ⊗P)η̄ − k3
µ̇2

µ2
(H ⊗P)η̄ . (22)

Considering the following Lyapunov candidate function:

V2 = η̄
T(H ⊗P)η̄ , (23)

and taking the derivative of V2, we obtain

V̇2 = η̄
T [H ⊗

(
STP+PS

)
−2k2

(
H2 ⊗P2)]

η̄

−2k3η̄
T(H ⊗P)

µ̇2

µ2
η̄ . (24)

Let η̃ = (U ⊗ In) η̄ . Then, there exists an orthogonal U ∈
RN×N , where UUT = UU−1 = IN , satisfying UHUT = J =

diag(λ1,λ2, . . . ,λN), k2 > 1/λ1. According to Eq. (17), one
has

η̃
T [J⊗ (STP+PS

)
−2k2

(
J2 ⊗P2)

η̃

=
M

∑
i=1

η̃
T

λi
(
STP+PS−2k2λiP2)

η̃i

≤ −cλ1

M

∑
i=1

η̃
T

η̃

≤ − cλ1

λmax(Γ )
V2, (25)

where Γ = H ⊗P. Then we can get

V̇2 ≤− cλ1

λmax(Γ )
V2 −2k3

µ̇2

µ2
V2. (26)

It can be concluded that η̄ converges to 0 with the prescribed
time T2 based on Lemma 1. So, the observation error η̄i con-
verges to 0 with T2, i.e., when t → t0 +T2, lim

t→t0+T2
(ηi − x0) =

0.
The proof is completed.
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3.1.2. PT-TV-OF control protocol

To design the control protocol, we need to solve the reg-
ulator equations (12). However, in the case where the leader’s
system matrix is not available to each agent, we cannot directly
solve Eq. (12). So, we adopt the method in Lemma 4 to ob-
tain the adaptive solutions Xi(t), Ui(t), and U l

i , X l
i (t). Then, a

prescribed-time control protocol based on the prescribed-time
dynamics observer is designed as follows:

ui = ki1xi + ki2(t)ηi + ki3(t)li − ki4
µ̇F

µF
x̄i, i = 1, . . . ,M, (27)

where x̄i = xi −Xi(t)ηi −X l
i (t)li and ki2(t) =Ui(t)− ki1Xi(t),

ki3(t) = U l
i (t)− ki1X l

i (t), ki1 and ki4 are appropriate control
gains. The time-varying scaling function µF is as follows:

µF =


(

TF

t0 +TF − t

)h

, t0 ≤ t < t0 +TF,

1, t ≥ t0 +TF.

Theorem 2 Suppose that Assumptions 1 and 2 hold.
For heterogeneous MASs (1) and (2), if ki1 satisfies that
Ai +Biki1 is Hurwitz, ki4 satisfies Biki4 = Ini×ni , then the PT-
TV-OF (10) can be achieved under the prescribed-time control
protocol (27).

Proof Define some error variables k̄i2(t) = ki2(t)− ki2,
k̄i3(t) = ki3(t)−ki3, X̄i(t) = Xi(t)−Xi, and X̄ l

i (t) = X l
i (t)−X l

i ,
then,

˙̄xi = ẋi −Xiẋ0 −X l
i ii

= Āixi +Biki2(t)(η̄i + x0)+Bi
(
k̄i3(t)+ ki3

)
li

−ki4
µ̇F

µF

{
xi −Xi(t)(η̄i + x0)−

(
X̄ l

i (t)+X l
i

)
li
}

−XiSx0 −X l
i Sl li

= Āixi +Biki2x0 +Biki3li −XiSx0 −X l
i Sl li +Π1

−Biki4
µ̇F

µF
(x̄i −Π2)

= Āixi +Bi (Ui − ki1Xi)x0 +Bi

(
U l

i − ki1X l
i

)
li

−XiSx0 −X l
i Sl li +Π1 −

µ̇F

µF
(x̄i −Π2)

= Āix̄i +Π1 −
µ̇F

µF
(x̄i −Π2) , (28)

where Āi =Ai+Biki1, Π1 =Bik̄i2(t)x0+Biki2(t)η̄i+Bik̄i3(t)li,
and Π2 = X̄i(t)x0 +Xi(t)η̄i + X̄ I

i (t)li.
When t ∈ (t0, t0 +T2), x̄i is bounded due to the fact that

η̄i, X̄i(t), k̄i2(t), and k̄i3(t) are bounded. When t ∈ (t0 +T2,∞),
these four error variables are zero. Then,

˙̄xi = Āix̄i −
µ̇F

µF
x̄i. (29)

Considering Lyapunov candidate function V3 = x̄T
i x̄i, we can

get

V̇3 = x̄T
i
(
ĀT

i + Āi
)

x̄s −2
µ̇F

µF
x̄T

i x̄i,

≤ λmax
(
ĀT

i + Āi
)

V3 −2
µ̇F

µF
V3. (30)

By Lemma 1, it can be obtained that x̄i converges to 0
with the prescribed-time TF. Hence, when t → t0 + TF,

lim
t→t0+TF

(yi − y0 −Fli) = lim
t→t0+TF

Cix̄i = 0, i.e., the heteroge-

neous MASs (1) and (2) can achieve the PT-TV-OF control.
The proof is completed.

3.2. PT-TV-OFC control of heterogeneous MASs

Next, we will design the observer and control pro-
tocol for the followers to achieve the PT-TV-OFC con-
trol. From Eq. (11) and Lemma 2, a convex hull formed
by the formation leaders can be represented as co(yl) =(
−L−1

4 L3 ⊗ Iq
)

yl . From above discussion, lim
t→t0+TF

yl =

(IM ⊗F)(1M ⊗ x0 + l) holds, where l =
[
lT
1 , . . . , l

T
M
]T. Then,(

−L−1
4 L3 ⊗ In0

)
(1M ⊗ x0 + l) is key to achieve the PT-TV-

OFC control. Hence, we will design the prescribed-time con-
vex hull observers to estimate

(
−L−1

4 L3 ⊗ In0

)
(1M ⊗ x0) and(

−L−1
4 L3 ⊗ In0

)
l, respectively.[30]

3.2.1. Prescribed-time convex hull observer for com-
ponent

(
−L−1

4 L3 ⊗ In0

)
(1M ⊗ x0)

The prescribed-time convex hull observer for component(
−L−1

4 L3 ⊗ In0

)
(1M ⊗ x0) is designed as follows:

Ṡi =−k4

(
1+

µ̇3

µ3

)
ξi1,

Ḟi =−k4

(
1+

µ̇3

µ3

)
ξ

F
i1,

ν̇i = Siνi − k5ζi − k6

(
1+

µ̇4

µ4

)
ζi,

i = M+1, . . . ,M+N, (31)

where

ξi1 =
M

∑
j=1

ai j (Si −S j)+
M+N

∑
j=M+1

ai j (Si −S j) ,

ξ
F
i1 =

M

∑
j=1

ai j (Fi −Fj)+
N+N

∑
j=M+1

ai j (Fi −Fj) ,

ζi =
M

∑
j=1

ai j (νi −η j)+
M+N

∑
j=M+1

ai j (νi −ν j) ,

Si and Fi are estimates of S and F for the i-th follower, vi is
estimate of component

(
−L−1

4 L3 ⊗ In0

)
(1M ⊗ x0) for the i-th

follower, k4, k5, and k6 are appropriate parameters satisfying
the following theorem.

Theorem 3 Suppose that Assumptions 1 and 2 hold. If
k4 > 0, k6 > 0, and k5 is sufficiently large, then observation
errors of the observers (31) converge to 0 with the prescribed-
time T3 and T4, i.e., t → t0 + T3, then lim

t→t0+T3
(Si −S) =

0, lim
t→t0+T3

(Fi −F) = 0, and t → t0 +T4, then

lim
t→t0+T4

v =
(
−L−1

4 L3 ⊗ In0

)
(1M ⊗ x0) , (32)
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where ν =
[
νT

M+1, . . . ,ν
T
M+N

]T.
Proof The proof of the part to estimate S and F is simi-

lar to the mentioned-above Subsection 3.1.1, then it is omitted
here.

Let ζ =
[
ζ T

M+1, . . . ,ζ
T
M+N

]T, then ζ =
(
L3 ⊗ In0

)
η +(

L4 ⊗ In0

)
ν , ν =

(
L−1

4 ⊗ In0

)
ζ −

(
L−1

4 L3 ⊗ In0

)
η . We take the

derivative and get

ζ̇ =
(
L3 ⊗ In0

)
η̇ +

(
L4 ⊗ In0

)
ν̇

=
(
L3 ⊗ In0

)
η̇ +

(
L4 ⊗ In0

)
×
{

S̃ν − k5
(
L4 ⊗ In0

)
ζ

−k6

(
1+

µ̇4

µ4

)(
L4 ⊗ In0

)
ζ

}
, (33)

where S̃ = blockdiag(SM+1, . . . ,SM+N). When t ≥ t0 +T3, ob-
viously, Si − S = 0 and η̄0 hold. It leads to Š = IN ⊗ S, and
η̇ = 1M ⊗ ẋ0 = 1M ⊗Sx0. Then,

ζ̇ =
(
L3 ⊗ In0

)
(Im ⊗SX0)+(IN ⊗S)ζ − (L3 ⊗S)(IM ⊗X0)

−k5
(
L2

4 ⊗ I2
n0

)
ζ − k6

(
1+

µ̇5

µ5

)(
L2

4 ⊗ I2
n0

)
ζ

=
(
IN ⊗S− k5

(
L2

4 ⊗ I2
n0

))
ζ

−k6

(
1+

µ̇4

µ4

)(
L2

4 ⊗ In0

)
ζ . (34)

Considering Lyapunov candidate function V4 = ζ Tζ , we ob-
tain

V̇4 = ζ
T [IN ⊗

(
ST +S

)
−2k5

(
L2

4 ⊗ I2
n0

)]
ζ

−2k6

(
1+

µ̇4

µ4

)
ζ

T (L2
4 ⊗ I2

n0

)
ζ . (35)

Since L4 is symmetric, an orthogonal matrix O ∈ RN×N must
exist

OL2
4OT = JL4 = diag

(
λL2

4(M+1), . . . ,λL2
4(M+N)

)
. (36)

Let ζ̃ =
[
ζ̃ T

M+1, . . . , ζ̃
T
M+N

]T
=
(
O⊗ In0

)
ζ . Then, we get

V̇4 =
M+N

∑
i=m+1

(
ζ̃

T
i

(
ST +S−2k5λL2

4(i)
In0

)
ζ̃i

)
−2k6

(
1+

µ̇4

µ4

)
ζ

T (L2
4 ⊗ I2

n0

)
ζ . (37)

Since k5 is sufficiently large, ST +S−2k5λL4(i)In0 can be Hur-
witz. We can get

V̇4 ≤−2k6σ

(
1+

µ̇4

µ4

)
V4, (38)

where

σ ∈

(
0,max

{
M

∑
j=1

a(M+1) j, . . . ,
M

∑
j=1

a(M+N) j

})
.

So, we can conclude that ζ converges to 0 with prescribed-
time T4 based on Lemma 1. Hence, when t → t0 + T4,

lim
t→t0+T4

v =
(
−L−1

4 L3 ⊗ In0

)
(1M ⊗ x0).

The proof is completed.

3.2.2. Prescribed-time convex hull observer for com-
ponent

(
−L−1

4 L3 ⊗ In0

)
l

The prescribed-time convex hull observer for component(
−L−1

4 L3 ⊗ In0

)
l is designed as follows:

Ṡli =−k7

(
1+

µ̇3

µ3

)
ξi2,

ẇi = Sliωi − k8ζi2 − k9

(
1+

µ̇4

µ4

)
ζi2,

i = M+1, . . . ,M+N, (39)

where

ξi2 =
M

∑
j=1

ai j
(
Sli −Sl j

)
+

M+N

∑
j=M+1

ai j
(
Sli −Sl j

)
,

ζi2 =
M

∑
j=1

ai j (wi − li)+
M+N

∑
j=M+1

ai j (wi −w j) ,

Sli is estimate of Sl for the i-th follower, wi is estimate of com-
ponent for the i-th follower, k7, k8, and k9 are parameters sat-
isfying the following theorem.

Theorem 4 Suppose that Assumptions 1 and 2 hold. If
k7 > 0, k9 > 0, and k8 is sufficiently large, then observation
errors of the observer (39) converge to 0 with the prescribed-
times T3 and T4, i.e., when t → t0 +T3, lim

t→t0+T3
(Sli −Sl) = 0,

and when t → t0 +T4, there is

lim
t→t0+T4

w =
(
−L−1

4 L3 ⊗ In0

)
l, (40)

where w =
[
wT

M+1, . . . ,w
T
M+N

]T.
Proof We can refer to Subsection 3.2.1 for the proof,

which is omitted here.

3.2.3. PT-TV-OFC control protocol

Based on the above observers, we design control protocol
for followers as follows:

ui = ki1xi + ki2(t)νi + ki3(t)wi

−ki4
µ̇C

µC

(
xi −Xi(t)νi −X l

i (t)wi

)
,

i = M+1, . . . ,M+N, (41)

where ki2(t) = Ui(t) − ki1Xi(t), ki3(t) = U l
i (t) − ki1X l

i (t),
ki1 and ki4 are control gains satisfying following theorem.
(Xi(t),Ui(t)) and

(
X l

i (t),U
l
i (t)
)

are calculated by Lemma 4.
The time-varying scaling function µC is as follows:

µC =

{(
TC

t0+TC−t

)h
, t0 ≤ t < t0 +TC,

1, t ≥ t0 +TC.

Theorem 5 Suppose that Assumptions 1 and 2 hold. For
heterogeneous MASs (1) and (2), if ki1 satisfies that Ai +Biki1
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is Hurwitz, ki4 satisfies Biki4 = Ini×ni , then the PT-TV-OFC can
be achieved under the prescribed-time control protocol (41)
and based on Theorem 2.

Proof First, we define some matrixes

xs =
[
xT

M+1, . . . ,x
T
M+N

]T
,

Xs = blockdiag(XM+1, . . . ,XM+N) ,

Xl = blockdiag
(

X l
M+1, . . . ,X

l
M+N

)
,

Ks1 = blockdiag
(
k(M+1)1, . . . ,k(M+N)1

)
,

Ks2 = blockdiag
(
k(M+1)2, . . . ,k(M+N)2

)
,

Ks3 = blockdiag
(
k(M+1)3, . . . ,k(M+N)3

)
,

Θs = blockdiag(ΘM+1, . . . ,ΘM+N) ,

where Θ can denote A, B, and C.
Let

x̄s = xs −Xs
(
−L−1

4 L3 ⊗ In0

)
(1M ⊗ x0)−Xl

(
−L−1

4 L3 ⊗ In0

)
l,

X̄s(t) = Xs(t)−Xs, X̄l(t) = Xl(t)−Xl , K̄s1(t) = Ks1(t)−Ks1,
K̄s2(t) = Ks2(t)−Ks2, and K̄s3(t) = Ks3(t)−Ks3. Then, one
has

˙̄xs = (As +BsKs1)xs +BsKs2ν +BsKs3w

−Xs
(
−L−1

4 L3 ⊗ In0

)
(IM ⊗S)(1M ⊗ x0)

−Xl
(
−L−1

4 L3 ⊗ In0

)
(IM ⊗Sl) l

+Π3 −
µ̇C

µC
{xs −Xsν −Xlw−Π4} , (42)

where Π3 = BsK̄s2(t)ν + BsK̄s3(t)w, Π4 = X̄s(t)ν + X̄l(t)w.
When t ∈ (t0, t0 +T4), x̄s is bounded since the error vari-
ables X̄s(t), X̄l(t), K̄s2(t), and K̄s3(t) are bounded. When
t ∈ (t0 +T4,∞), these four error variables are zero. Moreover,
v =

(
−L−1

4 L3 ⊗ In0

)
(1M ⊗ x0) and w =

(
−L−1

4 L3 ⊗ In0

)
l hold

by Theorem 3 and Theorem 4. Using the regulation equa-
tions (12), equation (42) can be written as

˙̄xs = (As +BsKs1) x̄s −
µ̇C

µC
x̄s = Āsx̄s −

µ̇C

µC
x̄s, (43)

where Ās = As +BsKs1.
Let V5 = x̄T

s x̄s. Then, we get

V̇5 = x̄T
s
(
ĀT

i + Āi
)

x̄s −2
µ̇C

µC
x̄T

s x̄s

≤ λmax
(
AT

i + Āi
)

Vs −2
µ̇C

µC
Vs. (44)

By Lemma 1, it can be obtained that x̄s converges to 0 with the
prescribed-time TC. Hence, when t → t0 +TF, we can get

lim
t→t0+TC

(ys − co(yl))

= lim
t→t0+TC

ys − (IN ⊗F)
(
−L−1

4 L3 ⊗ In0

)
(1M ⊗ x0 + l)

= lim
t→t0+TC

Csxs −CsXs
(
−L−1

4 L3 ⊗ In0

)

× (1M ⊗ x0)−CsXl
(
−L−1

4 L3 ⊗ In0

)
l

= 0.

Combining with Theorem 2, it can be concluded that the het-
erogeneous multi-agent systems can achieve PT-TV-OFC con-
trol.

The proof is completed.

4. Numerical simulations
In this example, consider a heterogeneous MASs consist-

ing of a tracking leader labeled 0, four formation leaders la-
beled 1, 2, 3, 4, and two followers labeled 5, 6. The commu-
nication topology is shown in Fig. 1. The control target is to
achieve PT-TV-OFC control under the designed control proto-
cols (27) and (41).

0

1

2

3

4

5

6

Type I Type II Type III Type IV

Fig. 1. Communication topology of heterogeneous MASs.

The expected time-varying formation shape is designed
as

Sl =


1 0 0 0
0 1 0 0
0 0 0 −ω2

0 0 −ω2 0

 ,

li=


r sin(ωt +(i−1)π/2)− r cos(ωt +(i−1)π/2)

r sin(ωt +(i−1)π/2)
rω sin(ωt +(i−1)π/2)+ rω cos(ωt +(i−1)π/2)

rω cos(wt +(i−1)π/2)

 ,
where ω = 0.2, r = 10. Let the initial time t0 = 0, and ini-
tial states xi(0) (i = 0,1, . . . ,6) of all agents be random values.
Let ηi(0) = [0,0,0,0]T (i = 1, . . . ,4), vi(0) = [0,0,0,0]T, and
wi(0) = [0,0,0,0]T (i = 5,6).

The system matrices of the tracking leader are defined as

S =


0.1 0 0 0
0 0.1 0 0
0 0 0.1 0
0 0 0 0.1

 , F =

[
0.5 0.5 0 0
0 0 0.5 0.5

]
.

The system matrix of the formation leader and follower are
defined as

A1,2,5 =

[
0 1

−0.2 −0.2

]
, B1,2,5 =

[
1 0
0 1

]
,

C1,2,5 =

[
1 1
−2 2

]
,

A3,4,6 =

 0 1 0
0 0 1

0.5 1 −2

 , B3,4,6 =

 1 0 0
0 1 0
0 0 1

 ,
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C3,4,5 =

[
1 −1 1
−1 −1 1

]
.

Figure 2 shows the output trajectories of all agents. Fig-
ure 3 shows the output snapshots of all agents at different mo-
ments. From Figs. 2 and 3, we can see that all formation lead-
ers form a time-varying formation moving around the tracking
leader and all followers lie in the convex hull of formation
leaders.

↩ ↩       
y↼↽

↩

↩















y
↼
↽

Tracking leader 0
Formation leader 1
Formation leader 2
Formation leader 3
Formation leader 4
Follower 5
Follower 6

Fig. 2. Output trajectories of all agents.
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

.

.
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t/ s

↩ ↩   
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

.

.

y
↼

↽

t/ s

↩ ↩   
y↼↽

.

.

.

.

.

y
↼

↽

t/ s

Tracking leader 0
Formation leader 1
Formation leader 2
Formation leader 3
Formation leader 4
Follower 5
Follower 6

Fig. 3. Output snapshots of all agents at different moments.

According to Theorem 1, the relevant parameters are cho-
sen as k1 = k2 = k3 = 0.5, T1 = 1 s, T2 = 2 s. The time
responses of observer estimation error of formation leaders
ηi − x0 are shown in Fig. 4. It is obvious that the observer
estimation errors converge to 0 with the prescribed-time T2.

According to Theorem 2, the necessary parameters are
chosen as

k11 =

[
−15.2 −12.1
−4.8 −13.5

]
, k21 =

[
−1.8 −1.2
−0.4 −0.58

]
,

k31 = k41 =

−1.8 −1.2 −1.5
1.5 −0.4 −0.5
−0.4 −0.58 −1.1

 ,

k14 = k24 =

[
1 0
0 1

]
, k44 = k64 =

 1 0 0
0 1 0
0 0 1

 .
ki2(t) =Ui(t)−ki1Xi(t), ki3(t) =U l

i (t)−ki1X l
i (t), i = 1, . . . ,4,

where Ui(t), Xi(t), U l
i (t), and X l

i (t) are calculated by
Lemma 4. Let TF = 3 s. Figure 5 shows the formation errors
of formation leaders converge to 0 with 3 s. It indicates that
formation leaders can achieve PT-TV-OF with the prescribed-
time TF.
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Error component 1
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Fig. 4. Variation of the observer estimation errors of all formation leaders
ηi − x0, i = 1, 2, 3, 4.
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
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Fig. 5. Variation of formation errors of formation leaders yi − y0 −Fli, i = 1,
2, 3, 4.

According to Theorems 3 and 4, relevant parameters are
set as k4 = k5 = k6 = 0.4, k7 = k8 = k9 = 0.25, T3 = 4 s, T4 =

5 s. The time responses of estimation error of the prescribed-
time convex hull observer

(
−L−1

4 L3 ⊗ In0

)
(1M ⊗ x0) and(

−L−1
4 L3 ⊗ In0

)
l are shown in Figs. 6 and 7. It is obvious

that the observer estimation errors converge to 0 with the
prescribed-time T4.
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Fig. 6. Estimation errors variation of prescribed-time convex hull ob-
server

(
−L−1

4 L3 ⊗ In0

)
(1M ⊗ x0).
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Fig. 7. Estimation errors variation of prescribed-time convex hull ob-
server

(
−L−1

4 L3 ⊗ In0

)
l.

According to Theorem 5, let TC = 6 s, k51 = k11, k61 = k31,
k54 = k14, k64 = k14, ki2(t) =Ui(t)− ki1Xi(t), ki3(t) =U l

i (t)−
ki1X l

i (t), i = 5, 6, where Ui(t), Xi(t), U l
i (t), and X l

i (t) are cal-
culated by Lemma 4. The containment error time response
graph is shown in Fig. 8. We can see that the followers are
able to enter the convex hull formed by the formation leaders
with the prescribed time TC. Combining with Fig. 5, it can be
concluded that heterogeneous MASs can achieve PT-TV-OFC
control under the designed control protocols.
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Fig. 8. Variation of containment errors yi − co(yl), i = 5, 6.

5. Conclusion
This paper has addressed the observer-based PT-TV-OFC

control problem of heterogeneous MASs. We have designed

prescribed-time dynamics observer and convex hull observer
to obtain the information of the tracking leader and the con-
vex hull formed by the formation leaders, respectively. Based
on these observers, we have designed prescribed-time control
protocols for the formation leader and the follower, respec-
tively. Using Lyapunov theory, we have proved that the het-
erogeneous MASs can realize the PT-TV-OFC control under
these control protocols in detail. Finally, simulations have
been given to verify the theoretical results.
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