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In antiferromagnets, dipolar coupling is often disregarded due to the cancellation of magnetic moments between
the two sublattices, so that the spin-wave dispersion is predominantly determined by exchange interactions. However,
antiferromagnetic spin waves typically involve a slight misalignment of the magnetic moments on the sublattices, which
gives rise to a small net magnetization enabling long-range dipolar coupling. In this paper, we investigate the role of
dipolar coupling in spin-wave excitations and its influence on the resulting dispersion. Our findings show that: (i) when the
Néel vector is perpendicular to the film plane or lies within the film plane and parallel to the wave vector, the dispersion
branches can be divided into two groups: those unaffected by the dipolar field and those influenced by it. In these cases, the
total magnetic moment remains linearly polarized, but the polarization directions differ between the two types of branches;
(ii) when the Néel vector lies in the film plane and is perpendicular to the wave vector, the dipolar interactions affect
both types of dispersion branches, leading to their hybridization. This hybridization alters the polarization of the magnetic
moment, resulting in elliptical polarization.

Keywords: spin waves, spintronics, antiferromagnetics, magnetic properties of thin films
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1. Introduction
Spin waves,[1,2] the collective excitations of localized

magnetic moments in ordered spin systems, have garnered
significant attention for their fundamental importance and po-
tential applications. In both ferromagnetic and antiferromag-
netic (AFM) materials, these magnonic excitations propagate
through the medium without involving net charge transport,
thereby offering unique opportunities for low-power, highly
efficient information processing in spintronic and magnonic
devices.[3,4] Spin waves in ferromagnets and antiferromagnets
exhibit distinctive dispersion relations and dynamics due to
differences in their magnetic exchange interactions and sym-
metry properties, enabling a rich spectrum of physical phe-
nomena that arise from their interaction with external fields,
coupling to other quasiparticles, or structural inhomogeneities.

Spin waves in ferromagnetic materials can generally be
classified into two types: exchange spin waves and dipolar
spin waves.[1,2] Exchange spin waves dominate at short wave-
lengths and are governed by the strong quantum mechanical
exchange interaction between neighboring spins. Dipolar spin
waves, on the other hand, are prominent at longer wavelengths
and are primarily influenced by the long-range dipolar inter-
actions between magnetic moments. The comprehensive the-

ory of dipolar-exchange spin waves in ferromagnetic thin films
has been well established by De Wames et al.[5] and many
others.[6–11]

Spin waves in antiferromagnetic materials are predomi-
nantly governed by exchange interactions due to the alternat-
ing alignment of magnetic moments within the lattice,[12–25]

which cancels the net magnetization at the macroscopic scale.
Spin waves in antiferromagnets exhibit a richer spectrum com-
pared to ferromagnetic systems due to the presence of two spin
sublattices, often leading to both acoustic and optical modes in
their dispersion relations, as well as an additional polarization
degree of freedom[26–29] that is absent in ferromagnetic spin
waves. Dipolar spin waves are relatively less studied in an-
tiferromagnetic materials because of the inherent cancellation
of net magnetization, which minimizes the influence of long-
range dipolar interactions. However, such cancellation does
not hold when antiferromagnetic excitations occur, as a small
net magnetization then arises, giving rise to dipolar coupling.

Micromagnetic simulations[30] have become a corner-
stone in the study of spin waves within magnetic materials,
offering deep insights into their dynamics and interactions.
While simulations for ferromagnetic spin waves are well es-
tablished due to the simpler single-sublattice dynamics and
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their widespread applicability in magnonic devices, micro-
magnetic simulations for antiferromagnetic spin waves remain
comparatively underdeveloped. This is largely attributed to
the intrinsic challenges posed by their dual-sublattice structure
and ultrafast precession frequencies, which demand advanced
computational techniques. Nevertheless, recent innovations in
numerical methods and the adaptation of simulation frame-
works, such as COMSOL Multiphysics,[31] have made sig-
nificant strides in overcoming these limitations. Specifically,
the development of the ms-comsol module[32] in COMSOL
Multiphysics facilitates the exploration of dipolar-exchange
spin waves in antiferromagnetic systems.

In this paper, we present a new approach to simulating
dipolar-exchange spin waves in antiferromagnetic thin films.
We demonstrate the efficacy of combining the ms-comsol
module, used for micromagnetic simulations, with the mfnc
module, responsible for accurate calculation of dipolar fields.
This combined methodology allows for a comprehensive sim-
ulation that captures the intricate interplay of dipolar and ex-
change interactions in these systems. We also analyze the
dipolar-exchange spin waves in antiferromagnetic thin films
and find that the dipolar field affects the spin-wave dispersions
depending on their polarization states in the antiferromagnetic
thin film. Our results provide valuable insights into the dy-
namic behavior, especially the polarization, of spin waves in
antiferromagnetic materials, offering a foundation for future
research in magnonics and spintronics.

2. Micromagnetic simulation of antiferromag-
netic spin wave
Antiferromagnetic spin waves can be described by two

coupled Landau–Lifshitz–Gilbert (LLG) equations[12]

𝑚̇1(𝑟, t) =−γ𝑚1× (𝐻1 +ℎ)+α𝑚1×𝑚̇1, (1a)

𝑚̇2(𝑟, t) =−γ𝑚2× (𝐻2 +ℎ)+α𝑚2×𝑚̇2, (1b)

where 𝐻i = −δF(𝑚1,𝑚2)/δ𝑚i is the effective field acting
on sublattice i with the free energy functional[4]

F(𝑚1,𝑚2) = ∑
i

∫
d3𝑟( f Z

i + f A
i + f E

i )+
∫

d3𝑟 f E, (2)

where f Z,A,E
i are the Zeeman, anisotropy, and intra-sublattice

exchange energy densities for sublattice i, and f E is the inter-
sublattice exchange energy density between the two sublat-
tices

f Z
i =−µ0Ms𝑚i · (𝐻ext +ℎ),

f A
i =−K

2
(𝑚i · 𝑧̂)2,

f E
i =

1
2

A′(∇𝑚i)
2,

f E = J𝑚1 ·𝑚2−A(∇𝑚1) · (∇𝑚2).

Here, the easy uniaxial anisotropy is along 𝑧̂ with strength K,
so the equilibrium magnetic moments and the Néel vector are
assumed to point along the 𝑧̂ direction. A = Ja2/2 and A′ =
J′a2/2 represent the inter- and intra-sublattice exchange cou-
plings (Appendix A). The dipolar field ℎ= ℎ(𝑚) arises from
the net magnetic moment distribution 𝑚 = 𝑚1 +𝑚2. Two
assumptions are made regarding the dipolar fields: (i) they are
generated by the net moment 𝑚, and the difference between
the dipolar fields produced by 𝑚1 and 𝑚2 is neglected due to
their atomic-scale separation; (ii) the dipolar fields acting on
both sublattices are considered identical for the same reason.

By recombining the two sublattices into a net magnetic
moment 𝑚=𝑚1 +𝑚2 and a Néel vector 𝑛=𝑚1−𝑚2, we
can rewrite Eq. (1) as the equivalent equations of motion for 𝑚
and 𝑛 (Eq. (B1) in Appendix B). When J𝑚1 ·𝑚2 is the dom-
inant exchange coupling, which holds true for most natural
antiferromagnets, the roles of the intralayer exchange A′ and
interlayer exchange A become interchangeable. To simplify
the micromagnetic simulation, we use A′ to represent both A
and A′, so that two independent LLG simulations for Eq. (1)
can be coupled by exchanging only 𝑚1 and 𝑚2, without the
need to communicate their gradients ∇𝑚1 and ∇𝑚2.

There are mainly three types of antiferromagnets (the A-
type, C-type, and G-type[33,34]) as depicted in Fig. 1. For
simplicity, we assume a cubic lattice with equal lattice con-
stants in all three directions (a = b = c). If we consider only
nearest-neighbor coupling and neglect next-nearest-neighbor
coupling, the parametrizations for these three AFM types cor-
respond to: (i) A-type, 𝐴′ = A′(1,1,0), 𝐴 = A(0,0,1); (ii)
C-type, 𝐴′ = A′(0,0,1), 𝐴 = A(1,1,0); (iii) G-type, 𝐴′ = 0,
𝐴 = A(1,1,1). In the following discussion, we focus on
G-type antiferromagnets, where the exchange interaction re-
mains isotropic.

A-type AFM C-type AFM G-type AFM

Fig. 1. Three types of antiferromagnets with a cubic lattice: A-type, C-
type, and G-type.

In antiferromagnets, spin waves are predominantly gov-
erned by exchange interactions, and the dipolar fields are often
neglected due to the near-complete cancellation of net magne-
tization arising from the two oppositely aligned sublattices.
However, this cancellation breaks down in the presence of an-
tiferromagnetic excitations, which induce a small but finite
net magnetic moment, as first demonstrated by Keffer and
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Kittel.[12] Consequently, these excitations give rise to nonva-
nishing dipolar fields that can influence the spin-wave disper-
sion.

We perform full micromagnetic simulations using the
ms-comsol module — a micromagnetic simulation pack-
age we have developed on the COMSOL Multiphysics
platform[31] over the past few years.[29,35–39] The module was
originally designed for simulating ferromagnetic spin waves
and was later extended to treat spin dynamics in synthetic
antiferromagnets.[27] In this work, we further extend its capa-
bility to account for dipolar-field effects in antiferromagnetic
spin waves. The simulations for antiferromagnets are imple-
mented by treating the dynamics as two coupled ferromagnetic
subsystems representing the two antiferromagnetic sublattices,
based on Eq. (1), using the ms-comsol module.

The dipolar field is incorporated via the mfnc (magnetic
fields, no current) module built into COMSOL, which solves
the magnetic scalar potential in the quasi-static limit. The two
modules are coupled self-consistently: the net magnetic mo-
ment

𝑚(𝑟, t) =𝑚1 +𝑚2,

computed from the ms-comsol module, is passed to the
mfnc module to determine the magnetic scalar potential and,
consequently, the dipolar field ℎ(𝑟, t). The resulting dipo-
lar field is then fed back into the ms-comsol module to
update the magnetization dynamics. Through these iterative
exchanges between the ms-comsol and mfnc modules, we
achieve a fully self-consistent simulation of antiferromagnetic
resonance, with dipolar interactions rigorously incorporated.

Floquet BC

Periodic BC

Air layer

Antiferromagnetic

thin film

Fig. 2. Schematic diagram of the geometry and boundary conditions used
in the micromagnetic simulation. The computational space includes the
magnetic region for solving the LLG equation and the entire space for
solving the magnetic Gauss’s law. Due to the translational invariance of
the infinitely large thin film, only a small pillar region needs to be simu-
lated. Periodic boundary conditions are applied in the direction perpen-
dicular to the wave vector, and Floquet boundary conditions are applied
in the direction parallel to the wave vector. Here, x′, y′, z′ denote the
coordinate system of the thin film, with ẑ′ pointing along the film normal.

The system we focus on in this paper is an infinite antifer-
romagnetic thin film. To incorporate the dipolar fields in the
mfnc module, we need to buffer the thin film with air layers
above and beneath it (see Fig. 2). A periodic boundary condi-
tion is used along the direction perpendicular to the in-plane

wavevector, and a Bloch–Floquet periodic boundary condi-
tion is used along the wavevector direction.[40] Consequently,
only a one-dimensional strip along the thickness direction is
required for simulation (the pillar region in Fig. 2), greatly
reducing the simulation complexity and time. To further re-
duce the computational cost, we adopt the frequency-domain
simulation for comsol + mfnc in COMSOL, which com-
pletely eliminates the need for temporal simulation. Details
about the frequency-domain micromagnetic simulation using
ms-comsol can be found in Ref. [39].

3. Semi-analytical approach
For the special case of infinite (anti-)ferromagnetic thin

films considered in this paper, we can also employ a semi-
analytical approach to calculate the spin wave dispersion. This
method was developed by De Wames and Wolfram in the
1960s[5] for ferromagnets and was later applied to antiferro-
magnetic systems in the 1980s.[20]

The basic idea is to express the LLG equations in terms
of the susceptibilities of 𝑚 and 𝑛 in response to the dipolar
fields ℎ in the frequency and reciprocal-space domains. On the
other hand, the dipolar fields ℎ and 𝑚 satisfy Maxwell’s equa-
tions under the quasi-static approximation. By expressing the
dipolar fields in terms of an unknown magnetic scalar poten-
tial ℎ = −∇φ , the coupled LLG and Maxwell equations can
be reduced to a sixth-order ordinary differential equation for
the scalar potential φ , based on the magnetic boundary condi-
tions at the interfaces between the antiferromagnetic thin film
and air. Eventually, the dispersion relation can be obtained by
solving the eigenvalue problem associated with the sixth-order
ordinary differential equation (see Appendix B for the detailed
formulation).

The semi-analytical approach proves highly effective for
homogeneous systems such as infinite thin films, making it
a valuable tool for benchmarking micromagnetic simulations
and examining dipolar-exchange spin-wave physics. However,
its applicability diminishes when addressing nontrivial geome-
tries or systems with inhomogeneous structures. In contrast,
the micromagnetic simulations presented here offer greater
flexibility and are well-suited for analyzing complex systems,
including finite sizes, intricate geometries, and diverse mag-
netic textures.

4. Results
We now present the results of the dipolar-exchange an-

tiferromagnetic spin-wave analysis. We first validate the
ms-comsol simulation by comparing its results with those
obtained from the semi-analytical approach. We then present
the dispersions and spin-wave profiles for perpendicularly and
in-plane magnetized antiferromagnetic thin films. The param-
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eters used in the COMSOL simulation and semi-analytical cal-
culation are summarized in Table 1.

Table 1. Parameters used in the calculation.[27,41]

Parameter Value Unit Description

ωM 34.5 GHz saturation magnetization
K 0.25ωM GHz anisotropy
J 80ωM GHz inter-sublattice exchange
A 4.74×10−3 GHz·µm2 inter-sublattice exchange
A′ 0 GHz·µm2 intra-sublattice exchange
d 3.05 µm film thickness

dair 35.075 µm upper/lower air thickness

We examine two distinct configurations regarding the ori-
entation of the Néel vector relative to the film plane: (i) the
perpendicular case, where the Néel vector is perpendicular to
the film plane (i.e., 𝑛0 ‖ 𝑧̂ = 𝑧̂′), and (ii) the in-plane case,
where the Néel vector lies within the film plane. In the first
scenario, the structure exhibits rotational symmetry about the
𝑧̂ axis, leading to a dispersion relation that depends only on
the magnitude of the in-plane wave vector and is independent
of its orientation. Conversely, in case (ii), the absence of ro-

tational symmetry about the film normal leads to a dispersion
relation that depends on both the magnitude and direction of
the in-plane wave vector, characterized by the angle θ between
𝑛0 and 𝑞.

4.1. Validation of ms-comsol simulation with dipolar
fields

Figure 3 presents the dispersion relations obtained by mi-
cromagnetic simulation using the ms-comsolmodule (green
crosses) and the semi-analytical approach (the grayscale color
map) for the perpendicular and in-plane scenarios. The
grayscale color map additionally illustrates the determinant of
the M matrix in Appendix B, −

√
− log |M(ω,𝑞)|, where lo-

cal minima correspond to conditions under which the determi-
nant vanishes, thereby indicating the eigenfrequencies of the
spin-wave excitations. The green crosses represent the results
from the ms-comsol module using the eigenvalue solver in
COMSOL Multiphysics. The results are in excellent agree-
ment, confirming the reliability of the ms-comsol simula-
tion.

Perpendicular In-plane(a) (b) (c) (d) (e)

6.36

6.35

6.34

6.33

6.32

6.31
-1.0 0 1.0

Log(qd)

-1.0 0 1.0

Log(qd)

-1.0 0 1.0

Log(qd)

-1.0 0 1.0

Log(qd)

-1.0 0 1.0

Log(qd)

ω
/
ω
M

6.36

6.35

6.34

6.33

6.32

6.31

ω
/
ω
M

Fig. 3. Results from the semi-analytical calculation (gray-scale) and ms-comsol simulations (green crosses) for the perpendicular (a) and in-
plane (b)–(e) magnetized thin film. The red and green arrows denote the directions of the Néel vector and the wave vector, respectively. For the
in-plane case, the angles between the two vectors are 0,π/6,π/3, and π/2, respectively. The red curves in the rightmost panel correspond to the
dispersions of the dipolar spin surface wave modes in the long-wavelength limit (given by Eq. (C4) in Appendix C).

4.2. Dispersions and profiles

We now analyze the antiferromagnetic spin waves in de-
tail by examining their dispersion relations and corresponding
spin-wave profiles. Since the results from the semi-analytical
approach and the COMSOL simulations are in excellent agree-
ment as demonstrated in Fig. 3, we only present the results ob-
tained from the COMSOL simulation using the ms-comsol
+ mfncmodules. Figure 4 shows detailed dispersions and cor-
responding spin-wave profiles for the perpendicular case and
the in-plane case (for θ = 0 and π/2).

To characterize the polarization of spin-wave excitations,
we decompose the net magnetization (𝑚 = 𝑚1 +𝑚2) into
three components based on their oscillation directions rela-
tive to the wave vector 𝑞. This yields two types of polar-
ization analogous to phonon polarizations: one longitudinal
polarization, where the magnetization oscillates along 𝑞, and
two transverse polarizations, where the magnetization oscil-

lates perpendicular to 𝑞. Since 𝑞 lies within the film plane,
the longitudinal polarization is confined to in-plane oscilla-
tions, while the two perpendicular directions correspond to
in-plane and out-of-plane transverse polarizations. In antifer-
romagnetic systems, only two polarization states can coexist
due to the constraint that the magnetization is perpendicular
to the Néel vector 𝑛0, effectively eliminating one possible di-
rection and leaving a pair of polarizations that depend on the
orientation of 𝑛0.

Figure 4(a) shows the dispersion and typical spin-wave
profiles for the perpendicular case (𝑛0 ‖ 𝑧̂′). The blue and
red components correspond to the net magnetization 𝑚 pro-
jected onto the in-plane transverse direction (𝑚 ·𝑒in

T , see lower
right panel) and the longitudinal direction (𝑚 · 𝑒L), respec-
tively. The profiles show that only one component is non-
zero for each mode, indicating that all eigenmodes are lin-
early polarized, either in the in-plane transverse polariza-
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tion (n = 1,2,4,7,9,11) or the longitudinal in-plane polariza-
tion (n = 3,5,6,8,10,12). To illustrate the effect of dipolar
fields, we also calculate the pure exchange spin-wave disper-
sion (dashed blue curves) by turning off the mfnc module.
The modes with in-plane transverse polarization match the
exchange-only dispersions, indicating that dipolar interactions
do not affect these modes. In contrast, the modes with in-plane
longitudinal polarization deviate from the exchange-only dis-
persions, especially at large q (qd & 1), demonstrating that the
longitudinal polarization is influenced by dipolar fields.

This distinction between the two in-plane polarizations
arises naturally. For an infinite thin film with uniform in-
plane magnetization, no dipolar fields are generated, which is
the case for in-plane transverse polarization (𝑒in

T ). However,
for in-plane longitudinal polarization (𝑒L), the magnetization
alternates along the 𝑞 direction, generating non-zero dipolar
fields that modify the dispersion.

Figures 4(b) and 4(c) show results for cases with the Néel
vector lying in the film plane (𝑛0 ⊥ 𝑧̂′) at θ = 0 (parallel
to 𝑞) and θ = π/2 (perpendicular to 𝑞), respectively. For
the parallel case (𝑛0 ‖ 𝑞), similar to the perpendicular case
in Fig. 4(a), all dispersion branches can be categorized into
two types: modes affected or unaffected by the dipolar interac-
tion, reflecting the polarization character of each mode. Modes
with in-plane transverse polarization (n = 1,2,3,4,6,9) do not
generate dipolar fields, while modes with out-of-plane trans-
verse polarization (n = 5,7,8) produce dipolar (demagnetiza-

tion) fields, resulting in lifted dispersions. At finite q, the mag-
netization alternates along 𝑞, weakening the dipolar fields and
producing downward bending in the dispersions, analogous to
backward volume modes in ferromagnetic thin films.[42]

When the wave vector is perpendicular to the in-plane
Néel vector (𝑞 ⊥ 𝑛0), shown in Fig. 4(c), all dispersions are
influenced by dipolar effects. The polarization degrees of free-
dom are now along the longitudinal direction (𝑒L ‖ 𝑞) and
out-of-plane transverse direction (𝑒out

T ‖ 𝑧̂′). Both polariza-
tions produce dipolar fields, resulting in dispersions modi-
fied by dipolar interactions. Unlike the previous scenarios
where modes are linearly polarized, the eigenmodes here ex-
hibit spatially varying elliptical polarization with components
in both the longitudinal and out-of-plane transverse directions.
This indicates that the longitudinal and out-of-plane trans-
verse modes are coupled via dipolar interactions, forming hy-
bridized normal modes with complex spatially varying polar-
izations. Modes with significant out-of-plane transverse com-
ponents (n = 5,7,9) experience strong dipolar effects even as
q→ 0, consistent with the strong demagnetization fields from
out-of-plane magnetization. Modes with primarily longitudi-
nal features (n = 1,2,4,6,8) exhibit dipolar effects only at fi-
nite wave vectors (qd & 1), similar to the case in Fig. 4(a).
Notably, the longitudinal mode for n = 3 shows particularly
strong dipolar effects, due to its nearly uniform magnetiza-
tion across the film thickness, minimizing field cancellation
between layers.

(b) In-plane: θ=0 (c) In-plane: θ=π/2(a) Perpendicular
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Fig. 4. Spin wave dispersion and spin wave profiles of the net magnetization for the perpendicularly magnetized (a) and in-plane magnetized
(b, c) antiferromagnetic thin films. The blue and red components in the profiles correspond to the net magnetization 𝑚 projected onto the two
transverse directions indicated in the lower vector diagrams. Here, n denotes the branch index, ordered from low to high frequency.

5. Band structure of magnonic crystals

The semi-analytical approach, relying on plane-wave-
like solutions, is inherently limited to handling homoge-
neous magnetization and idealized geometries, such as infinite
thin films. In contrast, micromagnetic simulations using the
ms-comsol module in COMSOL offer far greater flexibility,
overcoming these constraints to model complex structures and
inhomogeneous (anti-)ferromagnetic textures, with or without
dipolar fields. One such scenario is the calculation of spin-

wave band structures for magnonic crystals.

Traditionally, the calculation of spin-wave band struc-
tures in magnonic crystals typically requires large-scale spatial
simulations and extended temporal evolution to obtain suffi-
cient data for spatial and temporal Fourier transforms.[43–48] In
contrast, by employing the ms-comsol method introduced
in this paper, the simulation can be confined to a single unit
cell in space by using the Floquet periodic boundary condi-
tion, similar to that used in built-in COMSOL modules such
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as the electromagnetic waves, frequency domain (emw) mod-
ule. Furthermore, the micromagnetic simulation can be carried
out in the frequency domain,[39] thereby obviating the need for
time-domain simulations. These simplifications in both spatial
and temporal domains lead to significant reductions in com-
putational time while achieving even higher accuracy in band-
structure calculations.

We demonstrate the capability to calculate the spin-wave
band structure of magnonic crystals using a simple example: a
periodic array of circular antidots (holes) arranged in a square
lattice in an antiferromagnetic thin film. We assume the Néel
vector is perpendicular to the film plane, the radius of the cir-
cular holes (antidots) is R = 0.4 µm, spaced by a periodicity
of a = 1.8 µm, as illustrated in Fig. 5(a). Other parameters are
the same as those listed in Table 1.

Figure 5(b) shows the band structure along Γ –X–M–Γ in
the Brillouin zone (inset of Fig. 5(a)) for the magnonic crys-
tal calculated from ms-comsol. The band structure for the
complete thin film without holes is shown as green curves in
the background for comparison. At the boundary of the Bril-
louin zone, a band gap emerges due to scattering induced by

the holes for the corresponding wavelength. Figure 5(c) shows
the spatial distribution of the net magnetic moment modulus
(|𝑚1+𝑚2|) at points X1, X2, and M1 in the dispersion curves.
As the radius of the holes decreases to zero, these points con-
tinuously trace back to X ′1, X ′2, and M′1 on the dispersion for
the thin film without holes.

Both X1 and X2 correspond to the first two standing-wave
modes in the thickness direction but share the same in-plane
wave vector (kx,ky) = (2π/a,0) along the x-direction. The in-
tensity of X1 is concentrated between the holes, while that of
X2 is concentrated along the holes. Additionally, X1 has one
node in the thickness direction, whereas X2 has two nodes,
confirming that they correspond to the first two standing-wave
modes along the thickness. The M1 mode has a wave vector
(kx,ky) = (2π/a,2π/a).

Similar spin-wave band-structure calculations can be per-
formed for a wide range of (anti-)ferromagnetic magnonic
crystals, including systems with geometric structures, such as
magnetic antidots or dots of arbitrary shapes and lattice ar-
rangements, as well as those exhibiting inhomogeneous peri-
odic magnetic textures, e.g., skyrmion crystals.

(a) (b) (c)
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Fig. 5. (a) Real-space structure of antiferromagnetic magnonic crystals with antidots arranged in a cubic lattice. The equilibrium Néel vector is
perpendicular to the thin film. (b) Band structure of the antidot array along the Γ –X–M–Γ path in the Brillouin zone. The background green
lines represent the band structure of the complete thin film without holes for comparison. (c) Spatial distribution of the net magnetic moment
within the unit cell corresponding to points X1, X2, and M1 on the dispersion curve.

6. Discussion and conclusion

The polarization of antiferromagnetic spin waves is an in-
triguing topic. Here, we define polarization according to the
net magnetic moment 𝑚=𝑚1+𝑚2, as illustrated in the pro-
files shown in Fig. 4. It can be seen from Fig. 4 that the an-
tiferromagnetic spin wave eigenmodes are linearly polarized
for the perpendicular case (where the Néel vector 𝑛 is per-
pendicular to the film plane) and for the in-plane case with
𝑞 ‖ 𝑛. In other configurations, the eigenmodes are not purely
linearly polarized but exhibit non-trivial elliptical polarization
with spatially dependent ellipticity. It is even possible that the
spin wave is right-handed at one location and left-handed at
another. Recent experimental techniques have been developed
to detect the polarization of antiferromagnetic spin waves,[49]

and varying spin-wave polarization has indeed been observed.

While our study focuses on dipolar spin waves in conven-
tional antiferromagnetic materials, the approaches described
in this paper also apply to antiferromagnetic van der Waals
materials, which have attracted significant attention in recent
years. Dipolar-exchange spin waves in these materials are ex-
pected to exhibit similar behaviors as in conventional antifer-
romagnets, albeit within a different range of material parame-
ters. Most notably, because the intralayer and interlayer cou-
plings differ significantly in van der Waals materials, the ex-
change interactions A and A′ would be represented as vectors
to account for direction-dependent coupling strengths.

In conclusion, our study affirms the validity of micromag-
netic simulations for antiferromagnetic spin waves under the
influence of dipolar fields, utilizing the ms-comsol mod-
ule in COMSOL Multiphysics. By analyzing both disper-
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sion relations and polarization characteristics, we identified
distinct behaviors based on the orientation of the Néel vec-
tor. When the Néel vector is perpendicular to the film, the
dispersion branches bifurcate into two linearly polarized cat-
egories: one with polarization parallel to the film and normal
to the wavevector, remaining unaffected by dipolar fields, and
another with polarization along the wavevector, which is influ-
enced by dipolar fields for qd > 1. Conversely, when the Néel
vector aligns with the wavevector, the branches again form two
linearly polarized modes, with one remaining unaffected and
parallel to the film, while the other exhibits film-perpendicular
polarization influenced by dipolar fields even near q ∼ 0. In-
terestingly, when the Néel vector lies parallel to the film but
perpendicular to the wavevector, dipolar fields affect both po-
larization modes, leading to their hybridization into elliptically
polarized waves. These findings enhance our understanding
of antiferromagnetic spin-wave dynamics, particularly their
interaction with dipolar fields under varying geometrical and
material constraints.

Appendix A: Exchange coupling in AFM
The energy form of the lattice-regularized antiferromag-

netic exchange interaction is

EA = JA𝑆1 ·𝑆2. (A1)

When the spins of adjacent atoms are arranged in the oppo-
site direction, the system is in a low-energy state. The dimen-
sion of JA is µ0M2

SV . Consider an alternating atomic structure:
a0,b0,a1,b1,a2,b2,a3,b3, . . . For an atom on the a sublattice,
the exchange interaction energy is

EA = JA𝑆ai · (𝑆b(i−1)+𝑆bi). (A2)

The process of continuous approximation can be regarded as
spreading the magnetic moments concentrated on the atoms
over the unit cell. In this process, the dimensions of spa-
tial volume and Ms are removed, resulting in a dimensionless
𝑚(x)

eA =
nJA

(2a)3𝑚a ·
(
2𝑚b +a2

∇
2𝑚b

)
=

nJA

4a3𝑚a ·𝑚b−
nJA

8a3 a2
∇𝑚a ·∇𝑚b. (A3)

The latter term is expanded in a Taylor series, where a is the
unit cell edge length, and n is the number of atoms with anti-
ferromagnetic interactions with a single atom. The parameters
are concentrated into two terms: direct coupling between dif-
ferent lattices and exchange interaction

eA = Ms(J𝑚a ·𝑚b +A𝑚a ·∇2𝑚b), (A4)

where

J =
n1JA

4Msa3 , A =
n1JA

8Msa
. (A5)

Systems that can be described by the LLG equation in a con-
tinuous manner require that a� λ , where λ is the wavelength
of the spin wave, i.e.,

A
J
� λ

2 ∼ 1
q2 +q2

x
, (A6)

where q is the in-plane wave vector of the antiferromagnetic
film, and qx is the wave vector perpendicular to the film (with
the film normal along the x direction).

Using the same approach, the expression for the ferro-
magnetic exchange interaction can be derived as

eFi =−
1
2

MsA′𝑚i ·∇2𝑚i with A′ =
n2JF

8Msa′
, (A7)

where a′ is the distance within the same ferromagnetic lattice,
JF is the ferromagnetic exchange coupling, and n2 is the num-
ber of atoms that have ferromagnetic exchange coupling with a
specific atom. In order to match the form of antiferromagnetic
exchange, we define

J′ =
n2JF

4Msa′3
. (A8)

Appendix B: Semi-analytical approach
For antiferromagnetic thin film with uniform Néel vector

case, a semi-analytical approach is possible by mimicing the
calculation of the dipolar-exchange spin wave for ferromag-
netic thin film by De Wames and Wolfram,[50] and for antifer-
romagnet by Stamps and Camley.[20]

The coupled LLG equations Eq. (1) can be converted into
the equations of motion for the Néel vector 𝑛 = 𝑚1 −𝑚2

(|𝑛| ' 2) and net magnetization 𝑚=𝑚1+𝑚2 (|𝑚| � 1,𝑚 ·
𝑛= 0). Keeping up to the first order in small quantity of 𝑚,ℎ

and neglecting the damping, Eq. (1) is rewritten as

𝑛̇

γ
= −𝑚×K𝑧̂−𝑛× (𝐻ext− J𝑚+ℎ− A−A′

2
∇

2𝑚)

' −𝑚×K𝑧̂−𝑛× (𝐻ext− J𝑚+ℎ), (B1a)

𝑚̇

γ
= −𝑚×𝐻ext−𝑛× (K𝑧̂+

A+A′

2
∇

2𝑛). (B1b)

The approximation in the equation for 𝑛̇ assumes that J �
(A−A′)∇2, i.e., J � (A−A′)q2, thus the ∇2 term in the 𝑛̇

equation can be neglected. With this approximation, A and A′

only appear in the equation of motion (EOM) for 𝑚̇, and have
exactly the same effect on the results, therefore there is no
need to distinguish A, A′. In the simulation, we can replace the
inter-lattice exchange interaction A with the exchange interac-
tion A′ within a single lattice. From Eq. (B1), one see that the
dipolar field only enters the EOM for 𝑛̇. The effect of dipolar
field on 𝑚̇ has the form of 𝑚×ℎ(𝑚), which is second order
in 𝑚, thus neglected in the linearized equation above.
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We now consider the equilibrium magnetic moments of
the two sublattices point in 𝑧̂: 𝑚0

1 = 𝑧̂, 𝑚0
2 = −𝑧̂. And let

𝑚⊥ = (mx,my), 𝑛⊥ = (nx,ny) be the small deviation due to
excitation, and ℎ⊥ = (hx,hy) is the resulting dipolar fields due
to 𝑚⊥. Note that 𝑚z ∼ 0, 𝑛z ∼ 2, Eq. (B1) can be rewritten
as a linear response equation

𝑚⊥ = χmγℎ⊥, 𝑛⊥ = χnγℎ⊥, (B2)

where the magnetic and Néel susceptibility (ω0 ≡ γHext)

χm =
ˆ2Ω

Ŵ 4−4ω2ω2
0

(
Ŵ 2 −2iωω0
2iωω0 Ŵ 2

)
ω0=0−→ 2Ω̂Ŵ−2, (B3a)

χn =

(
−ω0 iω
−iω −ω0

)
Ω̂
−1

χm
ω0=0−→ −ωσyŴ−2, (B3b)

where we defined two operators

Ŵ 2 ≡ (K +2J)Ω̂ −ω
2−ω

2
0 , Ω̂ ≡ K− (A+A′)∇2.

The second equal signs in Eq. (B3) applies in the absence of
external field (ω0 = 0).

In quasistatic approximation, the dipolar magnetic field
ℎ(𝑟, t) satisfies ∇×ℎ = 0, which means that the field can be
represented by a scalar potential: ℎ(𝑟, t) = −∇ψ(𝑟, t). The
magnetic flux 𝑏(𝑟, t) satisfy the Maxwell’s equations in the
quasistatic approximation

∇ ·𝑏= ∇ · (ℎ+µ0Ms𝑚) = 0, inside the film, (B4a)

∇ ·𝑏= ∇ ·ℎ= 0, outside the film. (B4b)

The transverse dipolar field is related to the full dipolar field
as ℎ⊥ = ℎ− 𝑧̂hz =−∇ψ + 𝑧̂∂zψ . Equations (B2)–(B4) com-
pletely determine the properties of the dipolar-exchange spin
waves in antiferromagnet.

The net magnetization 𝑚 can be written in terms of the
scalar potential ψ via 𝑚'𝑚⊥ = χmγℎ⊥, therefore the equa-
tions in Eq. (B4) can be also be expressed in terms of the scalar
potential (ωM ≡ γMs)[
(Ŵ 2 +2ωMΩ̂)Ŵ 2−4ω

2
ω

2
0
]

∇
2
ψ = 2ωMΩ̂Ŵ 2

∂
2
z ψ, (B5a)

∇
2
ψ = 0. (B5b)

The equations above, equivalent to Eqs. (B2)–(B4), governs
the full dynamical information about the dipolar fields and the
magnetic moments of the antiferromagnetic thin film. Once
the scalar potential ψ is solved using Eq. (B5), the dipolar
field and the magnetic moment 𝑚(𝑟, t) can be infered straight-
forwardly. Since both Ŵ 2 and Ω̂ involve Laplacian operators,
Eq. (B5) is a set of 6th-order ordinary differential equations. If
restore the neglected term in Eq. (B1), the 6th-order becomes
10th-order. In comparison, the equivalent equation for ferro-
magnetic case is 6-th order.[50]

The EOM for ψ(𝑟, t) in Eq. (B5) can only be solved with
proper boundary conditions at the interfaces between the anti-
ferromagnetic thin film and the vacuum. We use another coor-
dinates (x′,y′,z′) with z′ perpendicular to the thin film plane,
and the two interfaces are at z′ = 0, d. The easy axis 𝑧̂ =

𝑥̂′ sinη + 𝑧̂′ cosη , or the film normal 𝑧̂′ = 𝑥̂sinη + 𝑧̂ cosη .
The boundary conditions for the dipolar fields require the con-
tinuity of the following components across the interfaces

𝑧̂′×ℎ
∣∣
z′=0,d , 𝑧̂′ ·𝑏

∣∣
z′=0,d . (B6)

In addition, by integrating the second equation of Eq. (B1)
over a tiny distance across the interfaces, we find another set
of boundary condition, i.e., zero flux for 𝑛

𝑛× ∂𝑛

∂ z′

∣∣∣∣
z′=0,d

= 0. (B7)

Let 𝑢= (x′,y′) and 𝑘 = (kx′ ,ky′) be the in-plane position
and wavevector, we use following ansatz solution in Eq. (B5)

ψ(𝑟, t) =


φ(0)e+kz′ e−i𝑘·𝑢 e iωt , z′ < 0,

φ(z′)e−i𝑘·𝑢 e iωt , 0 < z′ < d,

φ(d)e−kz′ e−i𝑘·𝑢 e iωt , z′ > d.

(B8)

This ansatz enables the replacement of the Laplacian operator
∇2→ ∂ 2

z′ − k2, and it automatically satisfies Eq. (B5b) as well
as the boundary conditions for ℎ in Eq. (B6). The remain-
ing equation need to be solved is Eq. (B5a) with the zero-flux
boundary condition Eq. (B7) and the boundary conditions for
𝑏 in Eq. (B6). Equation (B5a) is a standard six-order ordinary
differential equation of φ(z′) in ∂z′ , which can be solved via
the Euler method with six exponential solutions

φ(z′) =
6

∑
j=1

c j e−iq jz′ =
3

∑
j=1

(a j e iq jz′ +b j e−iq jz′), (B9)

where ±q j are the six roots to the polynomial equation corre-
sponding to the 6-th ordinary differential equation Eq. (B5a).
The six exponential are rearranged into positive and negative
pairs because Eq. (B5a) only contains the even order of ∂z′ .
The six unknown coefficients a j,b j are determined by the six
boundary conditions for 𝑚 in Eq. (B6) and for zero-flux in
Eq. (B7) at z′ = 0,d

∂z′φ + sinη (χxx
m ∂x− iχxy

m ky)φ ∓ kφ = 0, (B10a)

∂z′χn

(
∂x
−iky

)
φ = 0, (B10b)

where ∂z′ = sinη∂x+cosη∂z, and±k in the first equation cor-
responds to the two interfaces at z′ = 0,d, respectively. By
plugging Eq. (B9) in the equations above, Eq. (B10) becomes
a set of linear equations with six unknowns

M(η ,ω,𝑘)
(

a1 b1 a2 b2 a3 b3
)T

= 0. (B11)
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The dispersion of the dipolar-exchange antiferromagnetic spin
wave for a given in-plane wave-vector 𝑘 is solved by finding
the roots in ω that making the determinant of the coefficient
matrix vanish

|M(η ,ω,𝑘)|= 0. (B12)

The corresponding spin wave profile is found by solving for
the coefficients a j, b j in Eq. (B11) at the resonant frequencies.

Appendix C: Dipole surface spin waves in the
long-wavelength limit

For the in-plane magnetized case (𝑛0 ⊥ 𝑧̂′), when the in-
plane wave vector is perpendicular to the in-plane Néel vector
(𝑘 ⊥ 𝑛0), the equation of motion for the magnetic scalar po-
tential ψ in the long wavelength limit (qd� 1) is[(

Ŵ 2 +2ωMK
)

Ŵ 2−4ω
2
ω

2
0
]
(k2 +q2

j)ψ = 0, (C1)

which is solved by

k2 +q2
j = 0⇒ q j =±ik. (C2)

This solution corresponds to a surface spin wave. By substitut-
ing q j =±ik into the boundary condition given by Eq. (B10)(

1+
2ωMKŴ 2

Ŵ 4−4ω2ω2
0

)
∂xφ +

4ωω0ωMK
Ŵ 4−4ω2ω2

0
kφ ∓ kφ = 0, (C3)

we have the dispersion for the surface spin wave

ω
2 = K(K +2J+ωM)+ω

2
0

±
√

4K(K +2J+ωM)ω2
0 +ω2

MK2 e−2kd . (C4)

They are the analytical expressions for the lowest-order modes
of the two dispersion branches in Fig. 4(c) when qd� 1, ex-
hibiting surface wave characteristics. In these two modes, the
excitation strengths of the magnetic moments of the two sub-
lattices are concentrated on the upper and lower surfaces, re-
spectively. However, the total magnetic moment does not pos-
sess surface wave characteristics. Only when an external mag-
netic field is applied can a distinct surface wave characteristic
be observed in the net magnetic moment.
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[19] Lüthi B and Hock R 1983 J. Magn. Magn. Mater. 38 264
[20] Stamps R L and Camley R E 1987 Phys. Rev. B 35 1919
[21] Pereira J M and Cottam M G 1999 J. Appl. Phys. 85 4949
[22] Wieser R, Vedmedenko E Y and Wiesendanger R 2009 Phys. Rev. B 79

144412
[23] Shen K 2020 Phys. Rev. Lett. 124 077201
[24] Liu J, Wang L and Shen K 2020 Phys. Rev. Res. 2 023282
[25] Sun Y, Meng F, Lee C, Soll A, Zhang H, Ramesh R, Yao J, Sofer Z and

Orenstein J 2024 Nat. Phys. 20 794
[26] Cheng R, Daniels M W, Zhu J G and Xiao D 2016 Sci. Rep. 6 24223
[27] Lan J, Yu W and Xiao J 2017 Nat. Commun. 8 178
[28] Proskurin I, Stamps R L, Ovchinnikov A S and Kishine J i 2017 Phys.

Rev. Lett. 119 177202
[29] Yu W, Lan J and Xiao J 2018 Phys. Rev. B 98 144422
[30] Abert C 2019 Eur. Phys. J. B 92 120
[31] Comsol A B COMSOL Multiphysics
[32] Yu W COMSOL Blog: Micromagnetic Simulation with COMSOL Mul-

tiphysics
[33] Solovyev I V 1997 Phys. Rev. B 55 8060
[34] Treves D 1962 Phys. Rev. 125 1843
[35] Lan J, Yu W, Wu R and Xiao J 2015 Phys. Rev. X 5 041049
[36] Yu W, Lan J, Wu R and Xiao J 2016 Phys. Rev. B 94 140410
[37] Yu W, Lan J and Xiao J 2020 Phys. Rev. Appl. 13 024055
[38] Yu W, Xiao J and Bauer G E W 2021 Phys. Rev. B 104 L180405
[39] Zhang J, Yu W, Chen X and Xiao J 2023 AIP Adv. 13 055108
[40] van den Boom S J, van Keulen F and Aragon A M 2021 Comput. Meth-

ods Appl. Mech. Eng. 382 113848
[41] Yan P, Wang X S and Wang X R 2011 Phys. Rev. Lett. 107 177207
[42] Prabhakar A and Stancil D D 2009 Spin Waves: Theory and Applica-

tions (Boston: Springer)
[43] Dvornik M and Kruglyak V V 2011 Phys. Rev. B 84 140405
[44] Kumar D, Dmytriiev O, Ponraj S and Barman A 2011 J. Phys. D: Appl.

Phys. 45 015001
[45] Schwarze T, Huber R, Duerr G and Grundler D 2012 Phys. Rev. B 85

134448
[46] Han D S, Vogel A, Jung H, Lee K S, Weigander M, Stoll H, Schütz G,
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