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Recent advances in topological phases with broken time-reversal symmetry unveil a novel gapless topological phase,
i.e., antichiral edge state, featuring co-propagating along the parallel edges. However, to date, such antichiral edge states
are only realized in the modified Haldane model, which are based on the honeycomb lattice. Here, we realize the antichiral
edge states in a square-lattice tight-binding model with complex nearest-neighbor coupling and both positive and negative
next-nearest-neighbor couplings. In contrast to previous proposals, the complex nearest-neighbor coupling breaks the time-
reversal symmetry, and the negative next nearest-neighbor coupling shift two Dirac points in energy. We also propose a
possible scheme to realize our model with the assistance of acoustic metamaterials. The existence of antichiral edge states
is revealed through full-wave simulation of the band structure and acoustic fields excited by a point source.
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1. Introduction

The interplay between topology and physics has revolu-
tionized the classification of the phase of matter. A concrete
example is the celebrated bulk—edge correspondence in the
quantum Hall effect, which unveils the intrinsic connection
between the quantized Hall conductance in two-dimensional
(2D) electron gas and the topology of the wavefunction. In
1988, Haldane proposed a toy model based on the honeycomb
lattice realizing quantized Hall conductance without an ex-
ternal magnetic field,!!! which paves the way to realize the
quantum Hall effect in periodic lattice systems. As a hall-
mark of the quantum Hall insulator, two topologically pro-
tected edge states propagate in opposite directions at the two
parallel boundaries and are robust against perturbations and
defects, which are highly desirable in the application of wave
transportation. Later on, tremendous efforts have been devoted
to the realization of the Haldane model in various physics sys-

[5-91 mechanical,[10-121

tems, including photonic,[2‘4] acoustic,
and cold atomic systems.!!?!

Very recently, an exotic topological state called antichiral
edge states was proposed by Colomés et al. in a modified Hal-
dane model, where the next-nearest-neighbor hopping term
was introduced to act equally in both sublattices.!'*] Under
this modification, the next-nearest-neighbor hopping will shift
the two Dirac points in energy rather than open a bandgap,
leading to the formation of dispersive antichiral edge states
connecting the projections of two Dirac points. In sharp con-
trast to the counter-propagation feature of the chiral edge states
in the Haldane model, the antichiral edge states propagate in
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the same directions on both edges when the sample geom-
etry is that of a rectangular strip. Guided by the modified
Haldane model, antichiral edge states were first realized in
a gyromagnetic photonic crystal by applying opposite mag-
netic fields on different sublattice sites.['>) Subsequently, an-
tichiral edge states have been proposed and realized in pho-

25-27] and electric

tonic crystals, [16-241 ycoustic metamaterials, |
circuits/?®! owing to their macroscopic scale and the flexibil-
ity in fabrication. From the application perspective, the an-
tichiral edge states open up new opportunities for topologi-
cal physics and functional devices, e.g., unidirectional bulk

transportation, > [23,27]

wave splitting beamer.

However, to date, the realizations of antichiral edge states
in all existing work are based on honeycomb lattice, and it is
highly desirable to implement antichiral edge states in other
lattice types and explore the possibility of different types of
the antichiral edge states. Compared to honeycomb lattice,
the square-lattice and the corresponding Brillouin zone has a
simpler geometry than that of honeycomb lattice, which may
easier for experimental realization. In this study, we propose a
square-lattice tight-binding model supporting antichiral edge
states, in which the synthetic gauge field is induced by the
complex nearest-neighbor coupling. In contrast to previous
proposals, the offset between two Dirac points is introduced by
the coexistence of positive and negative next nearest-neighbor
couplings. We also propose a possible scheme to realize an-
tichiral edge states in our square-lattice tight-binding model
with the assistance of acoustic metamaterials. By introducing
chiral interlayer coupling, it is possible to generate synthetic
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gauge field and breaks the time-reversal symmetry in the re-
duced 2D lattice, which paves a way to achieve antichiral edge
states. The full-wave simulation of the band structure and
acoustic fields further verify the existence of antichiral edge

states.

2. Model and Hamiltonian

We consider a square lattice featured with checkerboard
patterned staggered flux.[>”) As shown in Fig. 1(a), each unit
cell consists of two lattice sites, namely, A-type sites indicated
by green dots and B-type sites indicated by orange dots. The
distance between A-type site and its nearest neighbor B-type
site is a, and the lattice constant is v/2a. The primitive lattice
vectors are a; = (a,a) and ay = (—a,a), respectively. The
hoppings from the A-type to the nearest B-type sites along
the arrow direction are 71 e'?, as indicated in Fig. 1(a). Ob-
viously, the flux per plaquette is & = +4¢. The nearest-
neighbor hoppings along the  — y direction are #, (see the red
lines), while the nearest-neighbor hoppings along the = +y
directions are —#, (see the blue lines). Therefore, the Hamil-
tonian of the square-lattice tight-binding model consisting of
nearest-neighbor and next-nearest-neighbor hoppings can be
written as H = HxN + HNNN, Where

Han = 1 Z [ei‘P(a;jbiHJ—&-azjb,-_l,j)
(i.j)
+e al bij+albija)+he], (D)
HnNN = -1 Z [(azjai+1,j+1 _azjaiﬂ,j—l)
(v
+(b] bisijr1 =) bisijo1) +hel. (@)

Note that a (b) and a' (b") are the annihilation and creation
operators of the site A (B), respectively, and h.c. refer to her-
mitian conjugates. By applying Fourier transformation, the
corresponding Bloch Hamiltonian H (k) for the square-lattice
tight-binding is

H (ky,ky) = dx0y+dy0y +dy0p

2t1 cos ¢ [cos(kea) + cos(kya)] Oy
+ 211 sin ¢ [cos(ka) — cos(kya)] o),
+41; sin(kya) sin(kya) oy, 3)

where o; (i = x,y) and oy refer to the Pauli matrix and uni-
tary matrix, respectively. Evidently, the effective time-reversal
symmetry is broken owing to the nearest-neighbor hopping
with phase ¢, in contrast to the Haldane model that induced
by the next-nearest neighbor hopping. It is noted that the peri-
odicity of ¢ is 7, and the band structures of —7/2 < ¢ < 0 and
0 < ¢ < /2 are the same. Hereafter we focuson 0 < ¢ < 7/2
for further investigations.

We then implement the eigen calculation of the tight-
binding model by assuming hopping amplitude #; = 1 and
¢ = 1 /4 with both the absence (f, = 0) and present (f, = 0.1)
of the next nearest-neighbor hopping. The band structures
are depicted in Fig. 1(b). It is seen that a pair of Dirac
points sharing the same energy emerge at X; and X, when the
next nearest-neighbor coupling is absent (see dashed lines), in
agreement with the result in Ref. [30]. Interestingly, these two
Dirac points (dubbed as DP1 and DP2) are shifted in energy
range when the next nearest-neighbor hopping is presented
(see solid lines). According to Ref. [30], the Dirac points
in momentum space can be regarded as topological charges,

where the topological invariant is the winding number, 3]

! .
W= — 7{ dk - [d.Vd, — d,vd,] @)
2r Je

where d, = dy,/|d|. Numerical calculations of the wind-
ing number give w = —1 and w = 1 at X and X, points for
0 < ¢ < /2. In fact, the degenerate points correspond to vor-
tex centers in momentum space with non-zero winding num-
bers. Intuitively, we display the planar vector field d = (dx, d,)
in the momentum space in Fig. 1(c). It is seen that the vec-
tor field possesses topological defects with nonzero winding
numbers, with the vortex cores with winding number w = 1
(w=—1) lying at X» (X)), corresponding to the band degen-
erate points. The topological feature of the planar vector fields
indicates the stability of the band degeneracies against any
continuous deformations, which we will elaborately discuss
in the following.

In similar to the zero-energy edge states connecting two
Dirac points with opposite chirality in the graphene, it is pre-
dicted that a pair of edge states connecting two Dirac points
with opposite chirality emerges in our square-lattice tight-
binding model when a zigzag boundary is adopted. To this
end, we construct a ribbon-like structure that is finite in the
x + vy direction and periodic in the & — y direction with good
quantum number k| = %(kx — ky), and implement an eigen
calculation. Note that the Dirac points with the same chirality
will meet at the same projected point. As expected, the pro-
jected band structures in Fig. 1(d) show that two Dirac points
(DP1 and DP2) with opposite chirality are connected by two
degenerated dispersive edge states, in contrast to the flat (zero-
energy) edge states in graphene with zigzag boundary. The
eigenstates with zero energy at the right panel of Fig. 1(d) fur-
ther identify that the zero energy not only traverses the edge
states (marked by blue spheres), but also traverses the bulk
state (marked by a gray sphere). Remarkably, these two edge
states have the same group velocity, indicating that two edge
states on both edges propagate in the same direction, as a sig-
nature of antichiral edge states.
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Fig. 1. (a) Schematic diagram of square-lattice tight-binding model supporting antichiral edge states. Green and orange dots represent A and
B sites, respectively. (b) The band structure of the square-lattice tight-binding model with ; = 1, ¢ = /4 in absence (dashed lines, 7, = 0)
and presence (solid lines, 1, = 0.1) of next nearest-neighbor hopping. (c) The distribution of the planar vector field (d,,d,), indicating the
nonzero winding around X; and X,. (d) The projected band structure of the square-lattice tight-binding model along k| = % (kx —ky). A pair

of antichiral edge states are observed.

To unveil the underlying physics of the antichiral edge
states in our square-lattice tight-binding model, we investigate
the next-nearest neighbor hopping on the shifting of the two
Dirac points. For convenience, we defined the energy of DP1
and DP2 as E| and E, respectively. The offset between DP1
and DP2 is given by Eo = E| — E» = 8¢, by analytically di-
agonalizing the Hamiltonian in Eq. (3). Obviously, the energy
offset between two Dirac points and the group velocity of the
antichiral edge states are depended on the strength of next-
nearest neigbhor hopping. In Fig. 2, we plot the evolution of
two Dirac points versus the next nearest-neighbor hopping. It
is seen that DP2 has higher energy than DP1 when #, > 0,
leading to a pair of antichiral edge states with negative group
velocity. In contrast, the positive next nearest-neighbor hop-
ping results in a pair of antichiral edge states with negative
group velocity.

0.2
ky (W/\/Ea) X2

—0.2 ta

Fig. 2. Evolution of the Dirac points versus the next nearest-neighbor
coupling. The dashed lines refer to the dispersive antichiral edge states.

3. A possible scheme for experimental realiza-
tion

In this section, we propose a possible scheme to realize
the model by utilizing the acoustic metamaterials. Generally,
the breaking of the time-reversal symmetry in an acoustic sys-
tem is realized with moving background fluids,®! which dras-
tically increases the engineering complexity. To avoid it, here
we follow the general idea about the synthetic gauge field in-

[7:30.321 Ag shown

troduced by interlayer coupling in acoustics.
in Fig. 3(a), each coupling tube connects two acoustic res-
onators at different z coordinates. Note that the coupling be-
tween two interlayer acoustic resonators naturally picks up a
translation phase ¢ = kD, which generates synthetic gauge
field in the reduced 2D lattice [see Fig. 3(b)]. As long as the
acoustic structure is periodic in the z direction, the k; is a good
quantum number and the gauge field is preserved when k; is
fixed. On the other hand, to achieve the coexistence of posi-
tive and negative next nearest-neighbor couplings, we follow
the idea of Ref. [33] by linking acoustic cavities with differ-
ent connectivity. To be concrete, the straight-linked acoustic
resonators has a negative coupling (x < 0), while the cross-
linked acoustic resonators has a positive coupling (k > 0) in
our system [see Fig. 3(c)]. We then utilize a commercial fi-
nite element software, COMSOL Multiphysics, to calculate
the eigenspectra of the acoustic primitive cell. As shown in
Fig. 3(d), the Dirac point at X; has a frequency than that in X5,
in good agreement with our former theoretical analysis.

100307-3
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Fig. 3. (a) Acoustic realization of antichiral edge states based on square-lattice tight-binding model, which cylindrical acoustic resonator and
connecting tubes are adopted. The geometric parameters are listed as follows: a = 10 cm, R = 0.4a, H = 0.85a, r; = 0.074, and r, = 0.03a.
(b)—(c) Schematic diagram of (b) complex coupling between two interlayer resonators with D = 1.2a and (c) positive (k¥ > 0) and negative
(x < 0) couplings between two intralayer resonators. (d) The simulated band structure of the acoustic metamaterials. (e) The simulated

projected band structure of ribbon-like acoustic metamaterials consists of

19.5 unit cells. Inset: schematic diagram of the calculated supercell.

(f) The acoustic pressure field patterns of the antichiral edge states at a frequency of 1981.1 Hz. (g)—(i) The simulated pressure field pattern of
(g) upper and (h) lower antichiral edge states and (i) the excited bulk state at a frequency of 1984 Hz. The red star marks the position of the
excited source, the black arrows illustrate the direction of propagation of the sound wave.

To demonstrate the antichiral edge states in our acous-
tic system, we further construct a ribbon-like acoustic struc-
ture that consists of 19.5 unit cells, where the boundary along
the  —y (x + y) direction is adopted with periodic boundary
condition (hard boundary condition). The eigen calculation in
Fig. 3(e) shows that two Dirac points in projected band struc-
tures are connected by a pair of degenerated edge states, as
indicated by the purple lines. Besides, we display the acoustic
pressure patterns at a frequency of 1989.1 Hz (marked by pur-
ple dots) in Fig. 3(f). It is evident that the acoustic pressures of
two modes are mainly localized at opposite edges of the rib-
bon. In contrast to the linear dispersion with constant group
velocity in Fig. 3(d), we notice that the dispersions of the an-
tichiral edge states are dispersive, which mainly attributes to
the geometry of the resonator at boundary. To visualize the
unique feature of antichiral edge states, we construct a finite
acoustic structure with defects, and place the point source at
different positions. As shown in Fig. 3(g), an edge state at a
frequency of 1984 Hz unidirectionally propagates from right

to left along upper boundary when the point source placed at
the upper boundary (indicated by the red star) is excited. Ow-
ing to the absence of complete band gap, unavoidable bulk
modes indicated by the acoustic pressure distribution besides
the upper boundary are also observed. When we move the ex-
cited point source with the same frequency to the lower bound-
ary, another edge state propagating from right to left and by-
passing the defect without being back scattered is excited [see
Fig. 3(h)]. Note that the scattering boundary is adopted at left
edge of finite acoustic structure in avoiding scattering of bulk
states. As a comparison, we also display the acoustic pressure
field pattern when the point source is placed at the bulk (see
Fig. 3(1)).

To further explore the boundary effect on the dispersion
of the acoustic antichiral edge states, we consider three dif-
ferent on-site modulation perturbations. Note that the previ-
ous boundaries are formed by incomplete resonators, here we
first replace the incomplete resonators of the two edges with
complete resonators [see the case-I of Fig. 4(a)]. As shown

100307-4
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in Fig. 4(a), there are two degenerated antichiral edge states
at kH from O to 1 in a unit of 7/ V2a, indicating that the per-
turbation does not destroy the antichiral edge band, but only
shift it away from the original degeneracy frequency. Further-
more, we design a sector-shaped resonator at boundary (de-
noted as case-II) to match the linear dispersion of the tight-
binding results in Fig. 1(d). The simulated linear dispersion
demonstrate that our acoustic antichiral edge states can be
effectively tuned by changing the geometric of the end res-
onators. In Fig. 4(b), we further identify the antichiral edge
states under different boundary configurations by presenting
the corresponding acoustic pressure field patterns.

like acoustic structure by setting the number of unit cells as
N =20 (denoted as case-III). The eigen spectrum in Fig. 4(c)
indicates that there is only a single dispersive edge state band
for the case of N = 20. The acoustic pressure field patterns
in Fig. 4(d) show that one edge state localized at the upper
boundary exists in momentum space from —1 to 0, and the
other edge states localized at the lower boundary exist in mo-
mentum space from O to 1. This mode is an even—odd effect

34331 The degeneracy of the edge

due to the chiral symmetry.[
states at all momentum points including the time-reversal-
invariant points is one, which indicates that time-reversal sym-

metry does not include Kramers degeneracy for bosonic sys-

Last but not least, we revise the termination of the ribbon- tems.
(a) /TN 2050 (©) Ny 2050
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Fig. 4. (a) Left panel: schematic diagram of the edge with complete resonators (denoted as case-I). Middle panel: schematic diagram of the edge
with sector-shaped resonators (denoted as case-1I). Right panel: the simulated projected band structure of a ribbon-like acoustic metamaterial
consists of 19.5 unit cells with different resonators at the edges. (b) The corresponding acoustic pressure field patterns of the antichiral edge
states with different boundary configurations. (c) Left panel: schematic diagram of the edge of the corresponding tight-binding model. Right
panel: the simulated projected band structure of ribbon-like acoustic metamaterial consists of 20 unit cells with a complete resonator at the
edges. (d) The acoustic pressure field patterns of the antichiral edge states at a frequency of 1989.1 Hz.

4. Conclusion

In conclusion, we proposed a square-lattice tight-binding
model with complex nearest-neighbor coupling and both pos-
itive and negative next-nearest-neighbor couplings, support-
ing antichiral edge states. In contrast to the modified Haldane
model, the time-reversal symmetry breaking is originated from
the complex nearest-neighbor coupling, and the negative next
nearest-neighbor coupling shifts two Dirac points in energy.
As a result, both the energy offset between two Dirac points
and the group velocity of the antichiral edge state can be effec-
tively adjusted by tuning the next nearest-neighbor coupling.
We also proposed a possible scheme to realize our model with
the assistance of acoustic metamaterials. The existence of an-
tichiral edge states is revealed through full-wave simulation of

the band structure and acoustic fields excited by a point source.
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