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SPECIAL TOPIC — Heat conduction and its related interdisciplinary areas
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This work investigates thermal enhancement in fluid flow over a nonlinear stretching sheet. The thickness of the
sheet is variable and the flow of the fluid is affected by solar radiation energy with Thompson and Troian slip effects. The
flow is magnetized by applying a magnetic field in the normal direction to the flow system. Moreover, thermal transport
is controlled by incorporating the Cattaneo—Christov heat fluid model into the flow problem. The governing equations,
initially framed in their dimensional form, are meticulously transformed into a dimensionless framework to simplify the
analysis. These dimensionless equations are then solved using the homotopy analysis method (HAM). It is observed in this
study that upsurges in the stagnation parameter, critical shear rate and velocity slip factor augment the velocity distribution
while reducing the thermal profiles. The velocity distribution deteriorates while the thermal profiles are amplified with
expansions in the magnetic factor and power law index. The thermal distribution also increases with rising Prandtl number
and radiation factor. Augmentation of the power-law index, velocity slip parameter, critical shear rate, magnetic factor and
stagnation parameter leads to an increased Nusselt number. The modeled problem is validated by comparing the current
results with established work for different values of nonlinear stretching factor » in terms of the drag force and thermal flow
rate at 1 = 0, and a good agreement is observed between the current and established results.

Keywords: magneto-hydrodynamics (MHD), Cattaneo—Christov heat fluid model, Thompson and Troian slip,
thermal radiation, nonlinear stretching sheet
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1. Introduction

Magneto-hydrodynamics (MHD) studies the dynamics of
electrically conductive fluids with magnetic field effects. It in-
cludes principles from fluid dynamics and electromagnetism.
Cham et al.!'l computed the MHD fluid flow on a permeable
sheet and highlighted that with an augmentation in magnetic
parameter and Eckert number there is an increase in tempera-
ture. Ali er al.[?! theoretically examined the time-based MHD
fluid flow on a porous sheet. Anwar et al.®! investigated MHD
fluid flow over an elongating surface, taking into account the
impact of variable thermal conductance. MHD fluid flow stud-
ies have applications in areas such as astrophysics!*! (e.g., so-
lar flares, star formation), engineering®®! (e.g., MHD gener-
ators, nuclear fusion reactors) and geophysics (e.g., Earth’s
core dynamics). The MHD studies also involve analyzing the
instabilities, turbulence and wave propagation in magnetized
fluids, making it a complex yet fascinating area of research. ¢!
MHD significantly influences velocity and temperature distri-
butions in a fluid. The Lorentz force suppresses or enhances
fluid motion, thereby altering velocity profiles. For instance, in

channel flows, a transverse magnetic field can create Hartmann
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layers, reducing velocity gradients near walls. Temperature
distributions are affected through Joule heating, where elec-
trical resistance generates heat, and via changes in convective
heat transfer due to modified flow patterns.!’! These effects are
vital in applications such as cooling systems in nuclear reac-
tors and in MHD generators, where optimizing thermal and
flow characteristics is essential for efficiency and safety. Rai
and Mishra®! investigated the enhancement of thermal trans-
port in MHD fluid flow over an elongating cylinder, consid-
ering second-order slip constraints. Their study analyzed the
effects of magnetic and slip conditions on velocity and tem-
perature distributions, highlighting improved heat transfer dy-
namics under these influences.

The Cattaneo—Christov heat flux model represents a sub-
stantial development of the classical Fourier law!®! of heat
conduction, as it addresses the limitation of infinite heat
propagation speed by incorporating the thermal relaxation
time. ') This model modifies the energy equation by intro-
ducing a time derivative term in the heat flux, transforming it
into a hyperbolic partial differential equation. This adjustment
is particularly crucial in circumstances comprising prompt
thermal transients, such as high-speed flows and nanofluids,
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where the assumption of instantaneous heat diffusion is in-
valid. The Cattaneo—Christov model captures the delayed ther-
mal response, ensuring a more accurate representation of heat
transfer phenomena, as perceived by Nabwey ez al.!'?] In fluid
flow applications, such as boundary layer flows over stretching
surfaces, porous media or industrial processes, this model pro-
vides a more accurate prediction of temperature distributions
by accounting for the finite speed of thermal disturbances. The
addition of thermal relaxation time also influences the velocity
profiles due to the coupling between the momentum and en-

s.[13:14] This coupling often causes a reduction

ergy equation
of the width of the thermal layer at the boundary and alters
heat transfer rates, making the model essential for analyzing
systems where thermal inertia plays a critical role. Ullah et
al.'"3) found that the Cattaneo—Christov heat flux model sig-
nificantly impacts thermal flow profiles by introducing ther-
mal relaxation effects, which delay the propagation of heat
and reduce the thermal boundary layer width. This leads to
more pronounced temperature gradients near the boundaries,
enhancing heat transfer rates in regions with rapid thermal
changes. Karthik e al.!'%! proved that this model also alters
the velocity profiles due to coupling between the momentum
and energy equations, often resulting in smoother transitions
and reduced thermal diffusion. These effects are particularly
noticeable in high-speed flows and nanofluids, where thermal
inertia cannot be neglected. By capturing the finite speed of
heat propagation, the Cattaneo—Christov model offers a more
precise depiction of thermal flow behavior, making it invalu-
able for optimizing heat transfer in engineering applications
and understanding complex thermal systems.

The conventional no-slip boundary condition often fails
to accurately describe fluid behavior at micro- and nanoscale
levels, where the effects of interfacial dynamics become pro-
nounced. In such scenarios, the Thompson and Troian slip
condition emerges as a crucial refinement, offering a nonlin-
ear relationship between slip velocity and shear rate. This
condition is particularly important in high shear rate regimes
and microfluidic applications, where the presence of slip at
the boundary significantly influences the overall flow behav-
ior. Fluid flow, particularly at the micro- and nanoscale, is sig-
nificantly influenced by boundary conditions, with the Thomp-
son and Troian slip model providing a critical framework for
understanding slip behavior at solid—fluid interfaces. Tradi-
tional no-slip boundary conditions, where fluid velocity at
the wall is presumed to be zero, often fail to accurately de-
scribe flow in confined geometries or with non-wetting sur-
faces. The Thompson and Troian model explains a non-linear
association among the slip length (the distance beyond the
wall where the extrapolated fluid velocity would be zero) and
the shear rate, capturing the transition from no-slip to slip-

dominated flow, as noticed by Mishra.l'”! Ramzan et al '8!
explained that this model is particularly relevant in systems
with high shear rates or hydrophobic surfaces, where slip ef-
fects become pronounced. Puneeth et al.!'”! explained that
the slip length depends on factors such as surface roughness,
fluid properties and molecular interactions, and the Thomp-
son and Troian model incorporates these by linking slip to the
local shear stress. This approach has profound implications
for applications such as microfluidics, where enhanced slip
can reduce drag and improve flow efficiency, or in lubrication,
where slip can alter pressure distributions and load-bearing
capacity.[?2!]' Additionally, the model highlights the impor-
tance of surface wettability, as hydrophobic surfaces typically
exhibit larger slip lengths due to reduced fluid—solid adhesion.
The Thompson and Troian slip model also bridges the gap
between continuum mechanics and molecular dynamics, pro-
viding insights into nanoscale phenomena where traditional
continuum assumptions break down. By accounting for slip,
Gupta et al. ! revealed that this model enables more accurate
predictions of flow behavior in systems ranging from biolog-
ical membranes to industrial coatings, ultimately advancing
the design and optimization of technologies reliant on precise
fluid control. Mehmood et al.!?*! numerically investigated the
flow of a Maxwell nanofluid by incorporating Thompson and
Troian slip conditions, with a focus on the effects of single-
walled carbon nanotubes (SWCNTSs) and multi-walled carbon
nanotubes (MWCNTSs). Their study revealed that the inclu-
sion of SWCNTs and MWCNTs significantly enhances the
thermal performance of the nanofluid, with SWCNTs show-
ing a more pronounced effect compared to MWCNTs. Li et
al.?* discussed the Thompson and Troian slip effects and
thermophoretic particle deposition on fluid flow over a sheet.
Fluid flow with thermal radiation involves the study of
how heat transfer occurs in a fluid when thermal radiation
is a significant mode of energy exchange. In such systems,
the fluid moves under the influence of external forces, such
as pressure gradients or buoyancy, while simultaneously ex-
changing heat through conduction, convection and radiation.
Thermal radiation becomes principally important in scenarios
dealing with optically thin or thick fluids. Sarfraz ez al.!>! dis-
cussed thermal solar radiation in terms of convective boundary
constraints using transient model efficiency. Sohail et al.*6]
studied the thermal and mass transference characteristics of
fluid flow on an elongating sheet with thermally radiative ef-
fects. The governing equations for flows affected by thermal
radiation include the energy equation with radiative heat trans-
fer and the radiative transfer equation to account for the ab-

(27.28] Algehyne

sorption, emission and scattering of radiation.
et al.”®! explored thermal transportation for bio-convective

Maxwell fluid flow on a spinning disk using thermally radia-
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tive effects. The interaction between fluid motion and radi-
ation can cause multifarious phenomena, such as changes in
temperature gradients, altered flow patterns and modified heat
transfer rates. For instance, in applications such as solar en-
ergy systems, combustion chambers and astrophysical flows,
thermal radiation significantly influences the energy distribu-
tion and flow behavior.!>°! The presence of thermal radiation
in fluid flow systems profoundly impacts thermal distribution.
Wang et al.3! revealed that thermal radiation enhances heat
transfer, especially in high-temperature scenarios, leading to
more uniform temperature profiles within the fluid. This is be-
cause radiation can transfer energy across regions without di-
rect contact, reducing localized hot or cold spots. In buoyancy-
driven flows, such as natural convection, radiation can alter
the temperature gradients, thereby influencing the flow struc-
ture and stability. For example, in cooling systems or indus-
trial furnaces, radiative heat transfer can improve thermal effi-

y.32331 However,

ciency by redistributing heat more effectivel
in some cases, radiation can also lead to increased thermal
stress or uneven heating, particularly in optically thick media
where absorption and scattering dominate.

The study of fluid flow on a nonlinear stretching surface
is a significant area in fluid dynamics, particularly in industrial
applications such as polymer extrusion, metal spinning and
glass fibre production.*! In this scenario, the sheet stretches
nonlinearly, creating a boundary layer flow that is influenced
by the stretching velocity. Abbas et al.!3! considered the mass
and thermal transport properties of fluid flow past a nonlin-
ear elongating sheet. Nadeem e al.!*®! computationally ex-
amined nanofluid flow on a non-linear expanding surface with
Buongiorno model effects. The nonlinear stretching parame-
ter plays a crucial role in shaping the flow profiles, as it affects
the velocity and temperature distributions within the boundary
layer. Shaiq et al.!*’! numerically evaluated the radiative and
dissipative flow of nanofluid on a nonlinear elongating sheet.
In the case of fluid flow, a nonlinear elongating sheet is often
subjected to various physical effects, such as viscous dissipa-
tion, heat transfer and magnetic fields, which further compli-
cate the analysis. Numerical methods or analytical approaches
are commonly employed to solve these equations. The results
provide insights into the velocity and thermal boundary layers,
which are essential for optimizing industrial processes. Samat
et al.3® revealed that the nonlinear stretching parameter sig-
nificantly impacts the velocity of fluid. For values of stretching
parameter greater than one, the stretching velocity increases
more rapidly with distance. Conversely, for a stretching pa-
rameter less than one, the stretching velocity increases more
slowly. These variations in velocity profiles have direct im-
plications on thermal and mass transfer rates, influencing the
efficiency of industrial processes.[**! These factors allow for

better control and optimization of fluid flow in applications in-
volving nonlinear stretching sheets. Choudhary et al. 4! stud-
ied the impacts of MHD on time-based nanofluid flow on a
nonlinear elongating sheet by considering the effects of ther-
mal radiation and microorganisms.

Novelty The proposed study exclusively interprets the
Thompson and Troian slip conditions in a tangential hyper-
bolic fluid across a flat plate. The deployment of the Cattaneo—
Christov heat flux model extends Fourier’s law to model heat
transfer in a non-Newtonian fluid and includes thermal relax-
ation time. This study provides the thermal and flow char-
acteristics of non-Newtonian fluids under realistic boundary
conditions relevant to various industrial and biomedical pro-
cesses. Additionally, this work provides some practical exam-
ples of its application in optimizing processes involving non-

Newtonian fluids in industrial and biomedical applications.

2. Problem statement and formulation

Thompson and Troian slip The generalized slip bound-
ary condition was utilized by Thompson and Troian and is pro-
vided by!*!]

u =0y (1-Bi7w)"* 10, (1)

where ; represents the Navier invariable slip length, B is the
inverse of a certain shear rate, 7, is the shear stress at the wall
surface and u; is the tangential velocity. The wall shear stress
is described as

du
To = Hf 5=

Iy @)

y=8(x-4b)031-)

Using Eq. (2) in Eq. (1) we have

Ug

_1
* Ou
Ut 78y

y=8(x+)*>1=")

3

d
=0y <1ﬁluf Tz

)'5(x+b)0’5(1")>

Problem assumptions Consider a plate with variable
thickness (6 (x+b)0'5(1_")), positioned towards the x-axis,
with the y-axis normal to the plate’s surface. Assuming a sta-
ble, laminar and incompressible flow of liquid flowing over
the plate, the flow is confined to the y > 0 region. The sheet
is stretched towards the x-axis in both directions with a ve-
locity uy (x) = Up (x+b)" and a velocity of external flow of
ue (x). The equation of energy transfer is modeled using the
Cattaneo—Christov heat fluid model (Fig. 1). Here, the system
is heated externally by a non-uniform heat source sink. The
surface of the sheet is situated at fixed temperature T,, while
the ambient temperature is Te.
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Y Momentum boundary layer

. Variable sheet thickness
N el (@) = Uglatb)”

7]
A
d
/1

Fig. 1. The model.

Using the above assumptions, the main flow equations are

du Jv
a+87y_0’ “)
du dv d u
du\ 1 9%u )
+/11"\f2<ay>}ay2630(uU), 5)
oT ~ dT ,0°T  ,0°T
(pC,,) {uaervay+‘co(u ﬁ‘i’v Tyz
(2T, ATNIT (v v\ T
" ox vay ox “ox v&y dy
’T T, Iq:

The physical conditions at the boundaries are

U=y (x) +u.=Up(x+b)"+ 0y (lfﬁlﬂf%) 2.“~f%7

T=T,, aty=38(x+b)>30-" @)
u—Ux)=Uo(x+b)", T— T, asy—o
with
kU (T —Too) [ OF T—T.
o WATW ) (4025 4 A .
(x+b)v ( l8n+ 2Tvv—Tm,) ®

Here, u,v are flow components along the x- and y-axes. The
variable p represents the density of the liquid, while the vari-
able u represents the dynamic viscosity, C,, denotes the spe-
cific heat capacity, 7, represents thermal relaxation time, k de-
notes the thermal conductivity and n signifies the power law
index.

To transform Eqs. (4)—(6) along with Egs. (7) and (8) into

a non-dimensional form, the following similarity transforma-

tions are used:

u="Up(x+b)"f'(n),
v= /5 Uov (b (£ () + 0 ().

On applying Egs. (9) and (4) is identically satisfied, while the

remaining equations are reduced as

" 2n 2 1 1 i
(1-4)f _<n+1>f +ff HAWe " f

21’1 2 / o
+<n+1>A —M(f'—1)=0, (10)
llNG” 2 1A’A29 0’
E(+’) _mﬁ(1f+ )+f

n+l ? 2 A n—3 |
- ( ) >f9—<2>ff9 =0 an
with
—0.5
f'<o>=1+aA\/";l[1—ﬁA ";lf"(m} 710),
[ () = A, (12)

Here, We = F\/(n—|— HU; (x+b)*""' /v is the Weissenberg
term, Pr = v (pCp)/k is the Prandtl number, A = U /Uy is
the stagnation parameter, T = UpTp (x—i—b)"*1 is the thermal

n+1 Uy

relaxation term, & = & 5 is the thickness parameter,

oa = o e/\/ Uy ()c—i—b)”+l vr is the velocity slip parameter

and s = ﬁmf\/ U3 (x+b)" /vy is the critical shear rate.
The quantities of physical aspects, i.e., skin friction and
heat flow rate (local Nusselt number), are given as

0.5
VRaC= (M5) (=21 0)+ 3Awe (710)°,
0.5
Nu/v/Rey = — (";1) 0'(0). (13)

Here, Re, = % (x4 b)"™ is denoted for the local Reynolds
number.

3. Method for solution

To solve Egs. (10) and (11) subject to Eq. (12), we shall
use the homotopy analysis method (HAM). It provides a se-
ries solution that can converge to the exact solution, and the
convergence can be controlled by choosing appropriate base
functions and auxiliary parameters. The HAM has been suc-
cessfully applied in various fields, including fluid dynamics,
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heat transfer and engineering due to its generality and ability
to handle complex nonlinear systems. This method requires
an initial guess which is described for the model as follows:

fo(m)=¢e™" { e"Me(1+n)oaPa+Pr[2+V2V1+nay
+ e (_2 - \@\/ﬂ(xA
+ (1 m)manBa)] }/(1+m)PrasBs,

Oo(n)=¢e"". (14)

The operators in linear form are taken as

&f  df

TR (15)

Li(f) =
such that

Lf(q +c (67’7) +c3 (e”)) =0,

Lo(cs (e M) +es(e)) =0. (16)

Above, ¢; (i = 1-5) are fixed numbers.
Moreover, Ny, Ng are expressed as

(20 )\ (df(m:p)
n+1 an

9*f(n; 9*f(n;p) *f(m;

s p) J;(gzp) fa(gzp) J;(T;13P)

“(ar)e-m (2 1)
No[f(n:p),0(n:p)]

1 926(n;p)
o Pr(lJrN) an?

<ni1>}ir<A]9fg:17;p) +A26(n;p))

+f(n;p)aeé?7;p) —r[ (”;1>2(f(n;p))2
- (’1;3> f(n:p) 8fé?1;p) 8957;’7)].

The HAM, as given in Ref. [43-46], for a problem of zero-th
order is

N¢[f(n;p)]

3 .
—1-2)2 J;(T;’;p)

+ AWe

A7)

926(n;p)
an?

(18)

19)
p)]- (20)

(L=p)L¢[f(n:p) — fo(n)]
(1—=p)Le[8(1:p) — 60(N)]

= phyNy¢[f(n:p)]
= pheNg [f(1:p),0(N;

The relation conditions are

de(n;p) . n—1 | _
Me =g | o TP [Pt | =0
dftm:p) | _ nt1[ 0 o [n+l

an n:a—l—l-OtA > 1—Ba )

L f(m:p) ] % d%f(n;p)
dn? |- dn® e’
df(m;
SR g 0mip)lyg =0, 6(0:p)]yse =0,
dn n—roo
(21
Further p € [0, 1], so we have
f:)=fm), 6(n:1)=6(n). (22)
Expanding f(n;p), 0(n; p) in Taylor’s series about p =0
Fp) = fom)+Y | fu(n)p™,
6(n;p) =6o(M)+Y._, Ou(n)p", (23)
where
_ 1L af(n;p)
fm(n)_ m' an p:07
_ 1 06(n;p)
)= o 24)
Substituting p = 1 in Eq. (23),
fm=fom)+y,_ fu(m)
0(n)=60(n)+Y,_, On(n) (25)
The mth-order problem satisfies
Lf [fm(n) — O fm—1 (71)] = th{n (n) s
Lo [0 (1) — ©nB—1 (N)] = higRe, (1) (26)
The corresponding boundary conditions are
-0.5
AN [NV 0] ACH
27
Me6,, () + Prfu(a) =0, f,(c°) = Ou(a) =0,
O (o) =0.
Here,

R = (=M= (2 ) B i

m—1

Y ik AWe Y o A
+( zjl)Az_M(ﬂ”‘l)’ 28)
Ry(1) = Pi (14+Nr)6_,
(n+1) (Ar1fl_ +A%6,_1)
Efmfl,kek

- {(n—H)sz]fm - kak 16/
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n—73 m—1 k
( 5 )me_l_k):f,i_lel’ : 29
k=0 =0
where
_Jo, ifp<1,
“”"_{1, ifp>1.

3.1. HAM convergence

To ensure the convergence of the solution with the mod-
eled problem through h-curves consisting of iy and hg, we
have used a 15th-order estimation of the HAM approach, as
described in Fig. 2. The region of convergence for both sce-
narios is the domain —1.1 < Ay and hg < 0 as portrayed in
Fig. 2.

h

f (0, 6(0))

—-0.5 0
hj,e

—1.5 —1.0

Fig. 2. HAM convergence for variations in 4y and hg.

3.2. Validation

To validate the modeled problem and the method used for
its solution we shall compare the results of current investiga-
tion with established work of Vajravelu.!*?! This comparison
is specified in Table 1 for diverse values of nonlinear stretch-
ing factor n regarding the drag force and thermal flow rate at
n = 0. From this table, good agreement is observed between
the current and established results.

Table 1. Numerical values of f” (0) and —6’ (0) when & = 0.

Present result
—6'(0)
Pr=07 Pr=7

Vajravelu#?!
—6'(0)
Pr=07 Pr=7

7" (0) £ (0)

n=5 —1.1945 —0.4394 —1.861 —1.1953 —0.4557 —1.8604
n=10 —1.2348 —0.4357 —1.8541 —1.2356 —0.4525 —1.8533

4. Discussion of results

This work investigates thermal enhancement of fluid flow
on a nonlinear stretching sheet. The thickness of the sheet is
variable, and the flow of the fluid is affected by solar radiation
energy with Thompson and Troian slip effects. The flow is
magnetized by applying a magnetic field in the normal direc-
tion to the flow system. Moreover, thermal transportation has
been controlled by incorporating the Cattaneo—Christov heat
fluid model into the flow problem. The governing equations,

initially framed in their dimensional form, are meticulously
transformed into a dimensionless framework to simplify the
analysis and then are evaluated through the HAM. The impact
of various emerging factors on numerous profiles is discussed
below.

4.1. Impact of A on {f'(n)}

Figure 3 portrays the influence of the power law index
A on the velocity distribution {f’ (1)} in which an escala-
tion in velocity is perceived for a surge in A . In fluid dy-
namics, the power-law index describes the relationship be-
tween shear stress and shear rate in non-Newtonian fluids. As
the power-law index increases, the fluid behaves more like
a shear-thickening substance, meaning its viscosity increases
with shear rate. This leads to an augmentation in velocity
profiles {f" (1)}, as higher resistance to deformation causes
a steeper velocity gradient near the boundaries while main-
taining a higher velocity in the core region. Physically, this
means that as the fluid becomes more resistant to flow at higher
shear rates, the velocity distribution shifts, creating a more
pronounced difference between slow-moving fluid near solid
surfaces and faster-moving fluid in the central region of the
flow.

-A=0.1
-A=02
A=0.3
~A=04
A=0.5
A=0.6

7

Fig. 3. Profiles of f (1) versus variations in A.

4.2. Impact of We on {f' (1)}

Figure 4 investigates the effect of Weissenberg term We
on {f’(n)}. From this figure it is obvious that when We =
0.1,0.2,0.3,0.4,0.5,0.6, there is reduction in {f'(n)}. The
Weissenberg term in fluid dynamics is associated with the elas-
ticity of a viscoelastic fluid. When this term grows, it indicates
an intensification of the fluid’s elastic behavior relative to its
viscous behavior. Practically, this means that fluid becomes
more resistant to deformation due to the buildup of elastic
stresses. Consequently, the velocity distribution within the
fluid tends to become more uniform, with a reduction in the
velocity gradients. This is because the elastic forces counter-
act the flow, effectively dampening the variations in velocity
that would otherwise be more noticeable in a purely viscous
fluid. Thus, an increase in We leads to a more homogeneous
velocity profile, as the fluid’s elasticity dominates and restricts
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the development of high-velocity regions. Hence an upsurge
in We causes a reduction in {f” (1) }.

L e E e e e e e e L e S S s e

1.0F 1
0.9} ]
__ 0.8F - We=0.1 1
£ t - We=0.2
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[ We=0.4
0.6 L We=0.5 ]
: / We =0.6
0.5f ; ; i iyl
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Fig. 4. Profiles of f’ (1) versus variations in We.

4.3. Impact of A on {f' (1) &6 (1)}

Figure 5 examines the influence of stagnation parame-
ter A on {f' (1)} with augmentation in the velocity profiles
for A =0.1,0.2,0.3,0.4,0.5,0.6. The stagnation parameter in
fluid flow over a nonlinear stretching sheet represents the in-
fluence of an external stagnation flow, which is characterized
by a balance between inertial and viscous forces. When the
stagnation parameter A increases, it signifies a stronger ex-
ternal flow impinging on the stretching sheet. This enhanced
stagnation flow contributes supplementary momentum to fluid
near the sheet, leading to an augmentation in the velocity dis-
tribution {f’(n)}. Physically, this means that the fluid is
pushed more vigorously along the sheet, resulting in higher
velocities and a more noticeable velocity gradient near the
surface. The variable thickness of the sheet further modifies
the flow dynamics, creating a complex interaction between the
stretching motion and the external stagnation flow. As a re-
sult, the combined effect of the increased stagnation parameter
and the nonlinear stretching leads to a more accelerated and
dynamic velocity profile, enhancing the overall fluid motion
along the sheet. This impact is numerically captured in Ta-
ble 2. Figure 6 examines the influence of stagnation parameter
A on {6(n)} with a reduction in the temperature profiles for
A =0.1,0.2,0.3,0.4,0.5,0.6. The reduction in {6 (1)} with
an increase in A can be physically interpreted as the stagnation
parameter A represents the influence of external flow condi-
tions, such as the presence of a stagnation point or opposing
flow. As this parameter increases, the flow experiences greater
resistance or deceleration, causing a drop in the velocity gra-
dient nearby the sheet. This, in turn, decreases the rate of ther-
mal flow from the sheet to the fluid, resulting in lower temper-
ature distribution {0 (1)} within the fluid. Essentially, the en-
hanced stagnation effect slows down the fluid motion, reduc-
ing the heat transfer and causing the temperature to drop. This
phenomenon highlights the interplay between fluid dynamics
and thermal behavior in such systems. The deviations in Nus-
selt number {Nu,} for progress in A are portrayed in Table 2
with augmenting behavior of {Nu,} for A =0.3,0.5,0.7,0.9.

1.0 —
0.91
= -A=0.1
= 0.8} ~A=0.2
[ -A=0.3
[ A=04
0.7 A—os
[ /4 A=0.6
0.6 &
0 2 4 6 8 10
n
Fig. 5. Profiles of f (1) versus variations in A.
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Fig. 6. Profiles of 6 (1) versus variations in A.

4.4. Impact of s on {f' (n) &6 (n)}

Figure 7 portrays the influence of velocity slip parameter
o on {f'(n)} with an augmentation of the velocity distri-
bution for s =1.1,1.2,1.3,1.4,1.5,1.6. Physically, as this
parameter increases, the fluid experiences less resistance from
the sheet, allowing it to move more easily along the surface.
This dropped friction at the boundary boosts the fluid’s ca-
pability to follow the stretching motion of the sheet, causing
an increase in {f’ (1)} within the fluid. Essentially, greater
slip facilitates smoother fluid motion, resulting in higher ve-
locities near the sheet and a more noticeable velocity profile
throughout the flow field. This phenomenon underscores the
importance of boundary conditions in influencing the dynam-
ics of fluid flow over stretching surface. Moreover, as the fluid
experiences less resistance from the sheet so the drag force is
reduced in this phenomenon as computationally described in
Table 2. Figure 8 portrays the influences of velocity slip pa-
rameter s on {0 (1)} with a reduction in the temperature dis-
tribution for ay = 1.1,1.2,1.3,1.4,1.5,1.6. The reduction in
thermal distribution with an intensification in the velocity slip
parameter o4 for fluid flow can be physically interpreted as the
factor as describes the degree of slip at the boundary, where a
higher slip parameter implies less adherence of the fluid to the
sheet surface. As the slip increases, the fluid near the bound-
ary experiences reduced friction and shear stress, leading to a
decrease in the velocity gradient. This, in turn, reduces the vis-
cous dissipation and frictional heating within the fluid. Con-
sequently, the overall temperature distribution {6 (1)} in the
fluid decreases because less thermal energy is generated due
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to the reduced mechanical work done by the fluid against vis-
cous forces. Thus, the temperature profile{6 (1)} becomes
less noticeable as the velocity slip parameter grows oa. This
phenomenon is computationally portrayed in Table 2. Clearly,
with growth in o there is an augmentation of the Nusselt
number {Nu,}.

Table 2. Impact of various emerging factors on Cf; and Nu,.

oA ﬁA A M n Cfl Nux
0.1 0.1 0.3 0.3 2 0.760195 0.877286
0.3 0.735666 0.879254
0.5 0.714827 0.880932
0.7 0.696924 0.882384
0.1 0.1 0.760195 0.877286
0.3 0.688632 0.883057
0.5 0.627353 0.888085
0.7 0.574302 0.892501
0.1 0.3 0.760195 0.877286
0.5 0.773149 0.881422
0.7 0.799057 0.889685
0.9 0.837919 0.902062
0.3 0.3 0.760195 0.877286
0.5 0.770600 0.877345
0.7 0.780987 0.877404
0.9 0.791357 0.877464
0.3 2 0.760195 0.877286
3 0.674786 0.895758
4 0.607188 0.918033
5 0.552104 0.944443
= —ay=1.1
g: —ay=12
—ay=1.3
ay=1.4
ay=15 1
ap=1.6
0 1 2 3 1
n
Fig. 7. Profiles of ' (1) versus variations in 0.
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n

Fig. 8. Profiles of 0 (1)) versus variations in oa.

4.5. Impact of B on {f' (1) &6 (1)}

Figure 9 portrays the influence of critical shear rate S5 on
{f"(n)} with an augmentation of the velocity distribution for

Ba =1.1,1.2,1.3,1.4,1.5,1.6. Physically, the critical shear
rate represents the threshold at which the fluid begins to ex-
hibit significant deformation due to the stretching motion of
the sheet. As the critical shear rate 5 increases, the fluid
experiences stronger shear forces, leading to enhanced mo-
mentum transfer within the boundary layer. This results in
a more noticeable velocity gradient near the sheet’s surface,
causing the fluid to accelerate more rapidly. The variable
thickness of the sheet further amplifies this effect by creating
non-uniform stretching, which induces additional fluid motion
and redistributes the velocity profile. Consequently, the com-
bination of increased shear rate and variable thickness leads
to an augmented velocity distribution {f” (1)}, reflecting the
fluid’s heightened responsiveness to the stretching forces and
the geometric complexity of the sheet. As velocity is aug-
menting due to less drag force between the sheet’s surface
and fluid particles, so the values of {Cf,} are gradually re-
ducing with an escalation in 5 as experienced computation-
ally in Table 2. Figure 10 portrays the influences of critical
shear rate Ba on {6 (1)}, showing a decreasing trend in ther-
mal distribution for fp = 1.1,1.2,1.3,1.4,1.5,1.6. The reduc-
tion in thermal distribution {6 (1)} with an increase in B for
fluid flow can be physically interpreted as follows: as the criti-
cal shear rate increases, the fluid experiences stronger viscous
forces, which enhance momentum transfer but simultaneously
restrict the diffusion of thermal energy. The nonlinear stretch-
ing of the sheet, combined with its variable thickness, creates
complex flow patterns and temperature gradients. The height-
ened shear rate intensifies the boundary layer effects, causing
the thermal energy to be confined closer to the sheet’s surface
rather than spreading uniformly. This results in a slower or re-
duced thermal distribution {6 (1)} across the fluid domain, as
the increased shear stress impedes the convective heat transfer
process. Consequently, the thermal layer at the boundary be-
comes thinner and the temperature gradient near the sheet sur-
face steepens, leading to localized heating and reduced ther-
mal diffusion into the bulk fluid. This phenomenon is com-
putationally portrayed in Table 2. Clearly, with growth in Ba,
there is an augmentation in the Nusselt number {Nu, }.

1.0F ' ' ' ' — ]
0.9F
= —Ba=11
:; 0.8F —By=12
‘ ~By=13
0.7t/ Ba=14
Ba=1.5
Br=1.6
0.6f A
5 6 7

Fig. 9. Profiles of f’ (1) versus variations in 4.
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1.0F ' - Ba=1.1
—By=1.2
0.8F Ba=1.3
~Br=1.4
061 Ba=1.5
= = 1.6
® 0.4}
0.2F
O-l 1 1 1 1 1 i
0 1 2 3 4 5 6

Fig. 10. Profiles of 0 (1) versus variations in fSa.

4.6. Impact of M on {f' (1) &6 (n)}

Figure 11 portrays the influence of magnetic factor M
on {f’(n)} with a reduction in the velocity distribution for
M =0.1,0.2,0.3,0.4,0.5,0.6. The reduction in velocity distri-
bution {f’ (1)} for fluid flow, as the magnetic factor increases,
can be physically interpreted as the existence of a magnetic
field introducing a Lorentz force, which acts opposite to the
direction of fluid motion. This force opposes the flow, cre-
ating a resistive effect that slows down the fluid velocity.
As the magnetic factor M grows, the Lorentz force becomes
stronger, leading to greater resistance and further reduction of
the flow. Additionally, the variable thickness of the stretch-
ing sheet alters the flow dynamics, creating non-uniform ve-
locity gradients. The collective effect of the magnetic field
and the sheet’s geometry results in a more noticeable deceler-
ation of the fluid, particularly near the sheet’s surface, where
the magnetic influence is most significant. This phenomenon
highlights the interaction between magnetic forces and fluid
inertia in controlling flow behavior. Moreover, as the mag-
netic factor increases, more resistance is offered to the fluid’s
motion, because of which the drag force between the surface
of sheet and fluid increases. In this phenomenon, the skin
friction {Cf,} escalates, as portrayed computationally in Ta-
ble 2. Figure 12 portrays the influence of magnetic factor M on
{6 (1)} with an augmentation in temperature distribution for
M =0.2,0.4,0.6,0.8,1.0,1.2. Actually, the surge in the mag-
netic factor M enhances the Lorentz force, which opposes the
fluid motion, thereby increasing resistance to flow. This resis-
tance results in greater viscous dissipation, converting kinetic
energy into thermal energy. As a consequence, the thermal
distribution {6 (1)} within the fluid becomes more significant,
causing higher temperatures and a more uniform heat spread
across the nonlinear stretching sheet with variable thickness.
The collective effect of magnetic influence and variable sheet
geometry amplifies the relation between fluid dynamics and
heat transfer, resulting in an augmented thermal energy dis-
tribution. This phenomenon is particularly significant in ap-
plications involving MHD and thermal management systems.
This impact is computationally expressed in Table 2 where
an increase in M causes augmentation of the Nusselt number

{Nu,}.

= -M=0.1

g - M=0.2

~M=0.3

M=0.4

M=0.5
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Fig. 11. Profiles of f’ (1) versus variations in M.
1.0f; ' ' ' —M=02 ]

[ -M=0.4

0.8f M=0.6

[ ~M=0.8

0.6 M=1.0

= F M=12
S 0.4f
0.2}
0 L

4 5

Fig. 12. Profiles of 0 (1) versus variations in M.

4.7. Impact of non {f'(n)&0(n)}

Figure 13 portrays the influence of nonlinear stretching
index n on {f’(n)} with a reduction in velocity distribution
for n =2.0,3.0,4.0,5.0,6.0,7.0. In boundary layer flow over
a nonlinear stretching surface, the nonlinear stretching index
determines how the surface velocity varies along its length.
An upsurge in this index means that the surface stretches more
rapidly in a nonlinear manner, altering the momentum distri-
bution in the fluid. As a result, the velocity profiles are re-
duced because the increased stretching reduces the effective-
ness of momentum diffusion from the surface into the fluid.
Physically, this implies that the fluid particles require more
effort to accelerate along the stretching surface, leading to a
slower overall velocity response within the boundary layer.
This effect is more pronounced near the surface, where resis-
tance to motion increases due to stronger stretching-induced
constraints. These impacts are computationally expressed in
Table 2 where an increase in n causes a decrease in skin fric-
tion {Cf,}. Figure 14 portrays the influence of the power law
index n on {6 (n)} with an increase in thermal distribution
for n =2.0,3.0,4.0,5.0,6.0,7.0. As the nonlinear stretching
index increases, the material or fluid experiences a more in-
tense stretching effect, which enhances the heat transfer within
the system. This increased stretching generates additional
frictional heating and alters the velocity gradients, leading to
higher thermal conduction and convection effects. As a result,
the temperature profiles show an overall rise, indicating that
more heat is being distributed through the system. Physically,
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this means that stronger stretching forces intensify molecular
interactions, reducing thermal boundary layer thickness and
enhancing thermal diffusion, leading to an increase in tem-
perature. This phenomenon is computationally expressed in
Table 2 where growth in n causes an increase in the Nusselt
number {Nu,}.

1.0F
0.9 ]
—~ 0.8} -n=2.0
S
— -=n=3.0
= 0.7F ~n=4.0
f/ n=>5.0
0.6F; n==6.0
n="17.0
0.5}
0 1 2 3 4 5
n
Fig. 13. Profiles of f’ (1) versus variations in 7.
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Fig. 14. Profiles of 6 (1)) versus variations in n.

4.8. Impact of Nron {6 (1)}

Figure 15 portrays the influence of radiation factor
Nr on {6 (n)} with an increase in thermal distribution for
Nr=0.1,0.6,1.1,1.6,2.1,2.6. The intensification in Nr en-
hances the thermal distribution {6 (1)} in the fluid flow due to
the greater contribution of radiative heat transfer. As radiation
increases, more thermal energy is emitted and absorbed within
the fluid and causes a surge in {6 (1)}. This effect is particu-
larly substantial in higher-thermal environments, where radia-
tion dominates over conduction and convection. The variable
thickness of the stretching sheet further influences the flow

1.0F
0.8f

0.6

6(n)

0.4f

0.2f

Fig. 15. Profiles of 6 (1) versus variations in Nr.

dynamics and thermal gradients, creating localized variations
in heat transfer. Consequently, the combined effect of in-
creased radiation and the sheet’s geometry results in a more
noticeable thermal distribution {6 (1)}, impacting the overall
heat transfer characteristics of the system. This phenomenon
is crucial in applications such as industrial cooling processes,
aerospace engineering and materials processing, where precise

thermal management is essential.

4.9. Impact of Pron {6 (n)}

Figure 16 portrays the influence of the Prandtl number
Pr on {6(n)} with an increase in thermal distribution for
Pr=1.1,1.2,1.3,1.4,1.5,1.6. The increase in the Prandtl
number leads to enhanced thermal distribution {6 (17)}. This
occurs because a higher Pr specifies that momentum diffuses
more rapidly than heat, causing the thermal layer at the bound-
ary to become thinner compared to the momentum layer at the
boundary. As aresult, heat is more effectively transferred from
the sheet to the fluid, leading to a more noticeable temperature
gradient and improved thermal distribution {6 (1)}. The vari-
able thickness of the sheet further influences the flow dynam-
ics, creating localized variations in velocity and temperature
fields, which amplify the effect of the increased Prandtl num-
ber. Consequently, the combined effect of the higher Prandtl
number and variable sheet thickness results in augmented heat
transfer, which further augments {0 (1)}

1.0F
0.8}
—~ 0.6}
=
>
0.4}
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ot ; -
0 1 2 3 4 5 6
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Fig. 16. Profiles of 6 () versus variations in Pr.

4.10. Comparative increases in skin friction {Cf,} and
Nusselt number {Nu, }

In Fig. 17 the impacts of various emerging factors on skin
friction {Cf,} are described. From the figure, it is evident
that an increase in the power-law index, velocity slip parame-
ter and critical shear rate leads to a reduction in skin friction
{Cf:}. This occurs because higher values of these parameters
tend to decrease the velocity gradient at the surface, reducing
the shear stress and, consequently, the skin friction. On the
other hand, an increase in the magnetic factor and stagnation
parameter results in augmented skin friction. The magnetic
factor enhances the Lorentz force, which opposes the fluid
motion, increasing the velocity gradient at the surface and

094404-10



Chin. Phys. B 34, 094404 (2025)

Fig. 17. Comparative growth in drag force Cf, against variations in vari-
ous factors.

Fig. 18. Comparative growth in Nusselt number Nu, against variations in
various factors.

thereby raising the skin friction {Cf,}. Similarly, a higher
stagnation parameter intensifies the flow deceleration near the
surface, increasing the shear stress. These opposing effects
highlight the complex interplay between fluid rheology, exter-
nal forces and flow conditions in determining the skin friction
{Cf} behavior. In Fig. 18 the impact of various emerging fac-
tors on Nusselt number {Nu, } are described. From the figure,
it is observed that an increase in the power-law index, velocity
slip parameter, critical shear rate, magnetic factor and stagna-
tion parameter leads to an augmentation in the Nusselt number
{Nu,}. This indicates enhanced heat transfer from the surface
to the fluid. The rise in the power-law index and critical shear
rate modifies the fluid’s rheological behavior, increasing the
thermal gradient near the surface. The velocity slip parame-
ter reduces the velocity gradient but enhances thermal diffu-
sion, improving heat transfer. The magnetic factor introduces
Lorentz forces, which intensify fluid mixing and thermal en-
ergy transport. Similarly, the stagnation parameter increases
flow resistance near the surface, amplifying the temperature

gradient and heat transfer rate. Collectively, these factors con-
tribute to a higher Nusselt number {Nu, }, signifying more ef-
ficient thermal energy exchange in the system.

5. Conclusion

This work investigates thermal enhancement of fluid flow
on a nonlinear stretching sheet. The thickness of the sheet
is variable, and the flow of fluid is affected by solar radia-
tion energy with Thompson and Troian slip effects. The flow
is magnetized by applying a magnetic field in the normal di-
rection to the flow system. Moreover, thermal transporta-
tion is controlled by incorporating the Cattaneo—Christov heat
fluid model into the flow problem. The governing equations,
initially framed in their dimensional form, are meticulously
transformed into a dimensionless framework to simplify the
analysis. These dimensionless equations are then solved using
the homotopy analysis method (HAM). After comprehensive
analysis of the work, it is highlighted that: (i) With an increase
in the Weissenberg term, there is an augmentation of the ve-
locity distribution. (ii) Upsurges in the stagnation parameter
and velocity slip factor augment the velocity distribution while
reducing the thermal profiles. (iii) An increase in the critical
shear rate is responsible for the augmentation of the velocity of
fluid while reducing the thermal distribution. (iv) The velocity
distribution declines and the thermal profiles are augmented by
an upsurge in magnetic factor and power law index. (v) Ther-
mal distribution is also augmented by an upsurge in Prandtl
number and radiation factor. (vi) Increases in the power-law
index, velocity slip parameter and critical shear rate lead to
a reduction in skin friction, while an increase in the magnetic
factor and stagnation parameter results in augmented skin fric-
tion. (vii) Augmentations of the power-law index, velocity
slip parameter, critical shear rate, magnetic factor and stagna-
tion parameter lead to an augmentation of the Nusselt number.
(viii) The modeled problem has been validated by comparing
the current results with those from established work for differ-
ent values of nonlinear stretching factor n regarding the drag
force and thermal flow rate at 7 = 0. Good agreement is ob-
served between current and the established results.
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