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We focus on a modified version of the non-Hermitian Aubry–Andre–Harper (AAH) model, which has garnered sig-
nificant attention due to its ability to investigate localization phenomena, metal–insulator transitions, and topological phase
transitions. We have made two key modifications to the non-Hermitian AAH model: First, we introduce a mosaic structure
that allows for the mixing of localized and extended states, resulting in the appearance of mobility edges, which is a feature
that is not present in the original non-Hermitian AAH model. In the insulating phase, leveraging Fields Medal winner
Avila’s global theory, our work derives a theoretical description of the localization length, a crucial parameter previously
unavailable in the non-Hermitian AAH model, and obtains the exact expression for mobility edges. We studied the variation
of the energy spectrum with the amplitude and quantitatively determined the topological phase transition point within the
spectrum. Furthermore, we introduced an asymmetric parameter g and calculated its corresponding localization length, the
location of mobility edges, as well as the precise expressions for its extended and localized states. By quantitatively calcu-
lating the Lyapunov exponent of dual models, our work reveals an interesting fact about the robustness of localized states:
within an appropriate relationship between g and the coupling potential strength, the localized states exhibit similar charac-
teristics to those in the mosaic non-Hermitian AAH model. Our work offers a more complete and nuanced understanding of
localization phenomena in disordered non-Hermitian systems, paving the way for further research in this promising field.
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1. Introduction

Anderson localization is a well-known phenomenon that
refers to the disappearance of wave diffusion in disordered
systems.[1] In one-dimensional (1D) and two-dimensional
(2D) structures, all eigenstates are exponentially localized due
to the presence of random disorder according to scaling theory
of localization.[2] In three-dimensional (3D) systems, there is
a mobility edge that tells apart the localized state from the ex-
tended state in the energy spectrum.[2–5]

Nevertheless, this result is not correct in quasi-periodic
systems and it has been observed that lattices with peri-
odic disorder can exhibit metal–insulator transitions in one
dimension.[6] A famous example is the Aubry–Andre model,
which demonstrates how the localization–delocalization tran-
sition can be derived from the symmetry parameter.[7] In this
model, all single-particle eigenstates in the spectrum suddenly
localize exponentially above the disorder threshold level, with
the absence of a mobility edge.

As a key concept in disordered systems, the mobility edge
separates the extended and localized single-particle states in
the energy spectrum, which may lead to some fundamental
physics,[8] such as the metal–insulator transition and thermo-
electric response.[9–11] Recent studies have explored mobility
edges in certain quasi-periodic 1D lattices, demonstrating gen-

eralized Aubry–Andre self-duality and making it possible to
examine mobility edges in 1D structures without resorting to
3D models.[12] These studies have also looked into the role of
particle interactions and many-body localization in such struc-
tures.

On the other hand, non-Hermiticity[6,13–16] has become a
prominent phenomenon in modern condensed matter physics.
Particularly noteworthy in the field of non-Hermitian physics
is the non-Hermitian skin effect.[17,18] These research ad-
vancements have not only expanded our understanding of
topology and non-Hermitian physics but also provided a theo-
retical foundation for designing and implementing novel topo-
logical quantum devices and functional materials. By delving
into the topological properties and boundary phenomena of
non-Hermitian systems, we can better grasp the unique char-
acteristics of materials and explore new avenues and methods
for achieving more efficient energy transfer, quantum comput-
ing, information storage, and other applications. The eigen-
value spectrum of non-Hermitian Hamiltonians heavily relies
on boundary conditions due to their non-Bloch nature.[17–25]

As a result, the mobility edge has drawn significant attention
and sparked extensive research from many scholars.[17] Re-
cent studies have highlighted and demonstrated the connection
between the winding number and the skin effect.[20,21,24,25]

This finding holds significant importance for understanding
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the topological properties and boundary phenomena in non-
Hermitian systems.

The introduction of non-Hermiticity has brought forth
new challenges and opportunities in the field of condensed
matter physics. It not only enriches our understanding of topo-
logical physics but also reveals the profound connection be-
tween non-Hermitian systems and topological properties.

Extensive research has been conducted on topological
phases and phase transitions in non-Hermitian free fermion
systems. Longhi proposed a non-Hermitian version of
the Aubry–Andre–Harper (AAH) model,[26] which, however,
lacked mobility edges. To address this limitation, we intro-
duced a mosaic structure to the non-Hermitian AAH model.
In doing so, we not only determined the mobility edges of this
modified model, but also derived an analytical expression for
the localization length of the insulating phase, which was a
crucial parameter absent in the original non-Hermitian AAH
model.[26] By applying Avila’s global theory,[20] we obtained
a theoretical description of the localization length, thereby of-
fering a more comprehensive and detailed understanding of
localization phenomena in disordered non-Hermitian systems.
What is more, the introduction of non-Hermiticity not only
comes from on-site disorder’s complexity, but also comes from
asymmetric hopping amplitudes. Therefore, we further intro-
duce an asymmetric parameter g into the model and investi-
gated the quantitative influence of g on the position of the
mobility edge and the energy spectrum, and found localized
states’ robustness.

The rest of the paper is organized as follows. We first in-

troduce the mosaic structure in the non-Hermitian AAH model
and accurately calculate its Lyapunov exponent and mobility
edge in Section 2, then devoted to investigating the variation
of energy spectrum with the coupling potential strength and
the calculation of two topological phase transition points and
presents a possible experimental scheme. In Section 3, we in-
troduce the asymmetric parameter g, and calculate the model’s
localization length and location of mobility edges, and give
the precise expressions of its extended state and local state. A
brief conclusion is presented in Section 4.

2. Non-Hermitian mosaic AAH model
2.1. Model, energy spectrum, and mobility edge

We consider the mosaic extension of the non-Hermitian
AAH model on a 1D tight-binding lattice with nearest-
neighbor hopping, described by the Hamiltonian{

𝐻̂𝜓2n =𝜓2n−1 +𝜓2n+1 +λ e i(θ+nα)𝜓2n,

𝐻̂𝜓2n+1 =𝜓2n +𝜓2n+2,
(1)

where 𝜓n is the occupation amplitudes at the various sites of
the lattice, and the onsite complex potential is λ e i(θ+nα) when
site is even and 0 when site is odd with amplitude λ . α is
an irrational for incommensurate potentials and θ is the ini-
tial phase. Such a mosaic non-Hermitian AAH model can be
obtained from the famous non-Hermitian AAH model by lim-
iting even sites’ onsite complex potential to 0.

It can be proved by direct calculation that any eigenstate
E = x+ iy of this model satisfies (see Appendix A for details):


[−2,2]∩

[
− 1

λ
,

1
λ

]
, |E|< 1

|λ |
,

{x+ iy| (x
2− y2−2)2(x2 + y2)

(|λ |(x2 + y2)+1/|λ |)2 +
4x2y2(x2 + y2)

(|λ |(x2 + y2)−1/|λ |)2 = 1}, |E|> 1
|λ |

.

(2)

A key quantity for analyzing whether an energy is a localized
state or an extended state is Lyapunov exponent L(E). L(E) is
defined as follows:

L(E) = lim
n→∞

1
n
‖Tn(E)‖ , (3)

where Tn(E) represents the transfer matrix

Tn(E) =
n

∏
i=1

(
E−Vj −1

1 0

)
, (4)

where Vj represents the j-th site onsite potential, and ‖A‖ rep-
resents the standard matrix norm, that is, the maximum eigen-
value of matrix

√
AAT. A useful fact about Lyapunov exponent

that is repeatedly used in this article is

L(E) =− lim
n→∞

1
n

∥∥∥𝜓n

𝜓0

∥∥∥ , (5)

where 𝜓 represents the eigenstate with E, and this formula
rigorously explains the distinct physical meaning of L(E): ex-
ponential decay rate of the eigenstate of E.

Using Avila’s global theory, the Lyapunov exponent of
model 1 at energy E is

L(E) = max


ln |λE|

2
,

ln
∣∣∣∣E2−2

2
+

√
(E2−2)2−4

2

∣∣∣∣
2

 ,

and especially, max{0, ln |λE|/2} for E in energy spectrum of
Ĥ, and so the mobility edge of model 1 is (see Appendix B for
details)

|λE|= 1. (6)

To support the analytical conclusions, we carried out nu-
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merical simulations of the energy spectrum and associated
eigenstates of the mosaic non-Hermitian AAH model. Under
periodic boundary conditions, we diagonalize the Hamiltonian
on a finite lattice with a sizable L = 400 of sites. For this pur-
pose, the sequence αn = pn/pn+1, where pn = 0, 1, 1, 2, 3,
5, 8, 13, 21, 34, 55, 89, 144, . . . are the Fibonacci numbers,
approximates the irrational α = (

√
5−1)/2. The inverse par-

ticipation ratio (IPR) of distinct eigenstates 𝜓n is used to dif-
ferentiate between localized and extended states, where IPR is
defined as

IPR(E) =
∑

L
n=1 |𝜓n|4(

∑
L
n=1 |𝜓n|2

)2 , (7)

where ψ is the eigenstate with eigenvalue E. In contrast to a
localized state, the IPR of an extended state scales as L−1 in
the thermodynamic limit of L→ ∞.

For increasing values of λ , we display in Fig. 1, the nu-
merically computed the real part of energy spectrum and IPR
of the Hamiltonian. The numerical results clearly show the
emergence of two distinct phases and the presence of mobility
edges in the complex energy plane and are in great agreement
with the analytical results. What is more, it can be seen that
there is always an extended state in the system, which is dif-
ferent from the standard AAH model.

0 1 2 3 4

↩4

↩3

0

1

2

4

↩2

3

↩1

R
e 

(E
)

0

0.2

0.4

.

.

λ

Fig. 1. The real part of the eigenvalues of model 1 and IPR as a function
of λ . The color depth in the color bar indicates the size of IPR. The total
number of sites is set to be L = 400, and α is set to be (

√
5−1)/2, θ is

set to be 0. The red line is the curve |λE| = 1. Our experiment shows
that the red line separates the localized state and the extended state, i.e.,
it is the mobility edge of model 1.

2.2. Topological phase transition

We carried out numerical computations of the energy
spectra of the non-Hermitian mosaic AAH model for an in-
creasing value of the typical λ to support the analytical con-
clusions. The numerical results show the appearance of three
distinct phases, the presence of mobility edges in the complex
energy plane, and their topological characterization based on
the winding numbers associated with the complex spectrum of
localized states, all in excellent agreement with the analytical
results.

Fig. 2. Energy spectrum of our model under different λ in a lattice
comprising L = 400 sites with periodic boundary conditions for α =
(
√

5− 1)/2, θ = 0: (a) λ = 0.3, (b) λ = 0.51, (c) λ = 1, (d) λ = 2.5,
(e) λ = 2.599, and (f) λ = 3, the green line represents the circumfer-
ence x2 + y2 = 1/λ 2, blue curve and red line segments show the energy
spectrum of our model, whereas the dashed line represents the curve {x+

iy| (x
2− y2−2)2(x2 + y2)

(|λ |(x2 + y2)+1/|λ |)2 +
4x2y2(x2 + y2)

(|λ |(x2 + y2)−1/|λ |)2 = 1,λ 2(x2 + y2) ≤

1}.

Typical shapes of the curve E = E(λ ) for increasing val-
ues of λ are shown in Fig. 2. When λ is less than 0.5, E(λ ) is
a line segment on the real axis. When 0.5 < λ < λ1 ≈ 2.598,
E(λ ) is a line segment whose two endpoints are connected to
a closed loop, and the closed loops do not intersect. See Ap-
pendix C for details on the calculation of λ1. When λ > λ1,
E(λ ) describes two closed loops. One of the closed loops con-
tains another closed loop inside, and there is a line segment in
the small closed loop. What is more, it is easy to see that
the bigger circle will have a topological approach to the circle
x2 + y2 = λ 2 as λ → ∞.

2.3. An experimental scheme

Similar to Ref. [13], we can use optical pulses to walk
in discrete quantum lines of coupled photonic grid lattice to
simulate our model and observe the non-Hermitian effect in
our model. The quantum walk is realized in a coupled fiber
loop with unbalanced path length, which is used to split an
optical pulse into three optical pulses, and the interval length
is ∆L/c. By properly adjusting EOM and AOM in the in-
terferometer, we can simulate the Schrodinger operator with
quite arbitrary potential and infer the non-Hermitian effect

EOM AOM

Detection

Input pulse

Τ
coupler

Τ
coupler

SOA

SOA
(g)

L↩ΔL

(G)
L

0

L⇁ΔLn n↩1
n

n⇁1
Δt

τ
p

Fig. 3. The illustration of optical experiment.
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of our model by analyzing the data at the output port. The ex-
perimental setup is illustrated in Fig. 3. See Appendix D for
details.

3. Asymmetric hopping amplitudes
Another reason for non-Hermiticity behavior is asymmet-

ric hopping amplitudes, to consider the impact of asymmetric
jump amplitude on our model, we introduce the asymmetric
parameter g, and consider the new model, which is described
by the Hamiltonian{

𝐻̂1𝜓2n = e−g𝜓2n−1 + eg𝜓2n+1 +λ e i(θ+nα)𝜓2n,

𝐻̂1𝜓2n+1 = e−g𝜓2n + eg𝜓2n+2.
(8)

To consider the energy spectrum of 𝐻̂1, consider its charac-
teristic equation{

e−g𝜓2n−1 + eg𝜓2n+1 +λ e i(θ+nα)𝜓2n = E𝜓2n,

e−g𝜓2n + eg𝜓2n+2 = E𝜓2n+1.
(9)

By substituting the second item into the first item, we can
obtain the following equation:

e−2g𝜓2n−2 + e2g𝜓2n+2 +λE e i(θ+nα)𝜓2n =
(
E2−2

)
𝜓2n.

(10)
Consider the discrete Fourier transform

𝜓2n =
1√
L

L

∑
l=1
𝜙l exp(iαln),

𝜙n =
1√
L

L

∑
l=1
𝜓2l exp(−iαln). (11)

So the corresponding characteristic equation in momentum
space is

(e−2g e−inα + e2g e inα)𝜙n +λE e iθ𝜙n−1 = (E2−2)𝜙n.

(12)
Direct calculations show that

L(E) =− log |λE|+max
{

2g, 2
∣∣∣∣ Im arccos

E
2

∣∣∣∣} .

See Appendix E for details. So if |λE| ≤ e2g,𝜙 cannot be an
extent states, and when λE ≥ e2g, E is an extent state if and
only if

2| Im arccos
E
2
|= log |λE| . (13)

This is exactly the extent states when g = 0.
Return to 𝐻̂1, we can see that when |λE| ≤ e2g, E is not

localized states of 𝐻̂1 and when |λE| > e2g, E is localized
states of 𝐻̂1 only if E is localized states for 𝐻̂1 with g = 0,
i.e., E = x+ iy satisfies

(x2− y2−2)2(x2 + y2)

(|λ |(x2 + y2)+1/|λ |)2 +
4x2y2(x2 + y2)

(|λ |(x2 + y2)−1/|λ |)2 = 1. (14)

Thus, the mobility edge of the model has the following expres-
sion:

|λE|= e2g. (15)

Our simulations at g = 0.5 confirmed this, with the rele-
vant results shown in Fig. 4.

↩4

↩3

0

1

2

4

↩2

3

↩1

R
e 

(E
)

0 1 2 3 4

λ

0

0.2

0.4

.

.

Fig. 4. The real part of eigenvalues of Eq. (9) and IPR as a function of λ .
In this simulation, we set g = 0.5, the total number of sites is L = 400,
α = (

√
5−1)/2. Different colors of the eigenvalue curves indicate dif-

ferent magnitudes of the IPR of the corresponding wave functions. The
blue eigenvalue curves denote the delocalized states and the bright yel-
low eigenvalue curves denote the localized states. The red lines repre-
sent the curve |λE|= e2g and we can see that it is overlapped with the
mobility edge.

↩2  2 4↩1

0

0.5

1.0

↩1.5

↩0.5

↩1.0

Re (E)

λ/

Fig. 5. Spectrum of the 𝐻̂1 under different g. In this simulation, we set
the total number of sites as L = 400, α = (

√
5−1)/2. The red square

marks represent the spectrum of 𝐻̂1 when g=0, the blue pentagon rep-
resents g = 0.5, and the green triangle represents g = 1. It can be seen
that as g increases, more localized eigenstates become extended states,
while the remaining localized eigenstates always overlap with the local-
ized eigenstates of 𝐻̂1 with g = 0.

0 0.2 0.4 0.6 0.8 1.0
g

↩4

↩3

0

1

2

4

↩2

3

↩1

R
e 

(E
)

0

0.2

0.4

.

.

Fig. 6. The real part of eigenvalues of Eq. (8) and IPR as a function of g.
The color depth in the color bar indicates the size of IPR. The total number
of sites is set to be L = 400, α is set to be (

√
5−1)/2, θ is set to be 0, and

λ is set to be 2. It can be seen that as g increases, the number of localized
states will continue to decrease and eventually they disappear entirely.
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What is more, we can see the influence of the parame-
ter g on the energy spectrum of 𝐻̂1: as g increases, more and
more localized states become extended states, and the energy
of the remaining localized states must also be the localized
states of the 𝐻̂1 with g = 0. So, if g is sufficiently small, then
the localized state will not change and on the other hand if
g is sufficiently large, the localized state disappears, and the
energy spectrum will only contain extended states that form
an ellipse. The numerical results, presented in Figs. 5 and 6,
validate this assertion.

4. Conclusion
In summary, we present a non-Hermitian extension mo-

saic form of a well-known quantum chaos model, the AAH
model. In contrast to the non-mosaic non-Hermitian AAH
model, its mosaic character extension shows a richer sce-
nario with local–non-local phase transitions realized through
the topological mobility edges of the complex energy sur-
face. Our results provide a rather unique example of a non-
Hermitian system with non-periodic order and may have in-
teresting extensions, for example in the study of phase tran-
sitions and topological properties of integrable models of 2D
NH-like crystals, as well as potential relevance in the study
of quantum dynamics and quantum chaos in non-Hermitian
Floquet systems. For the asymmetric model with asymmetric
parameter g, we calculated its mobility edge |λE| = e2g, and
gave the precise expressions of its extended states and local-
ized states. Its point spectrum is always contained by the point
spectrum of the original model and when g is sufficiently large,
all localized states disappear. Finally, considering the various
irrational numbers that the NH extensions of the AAH model
have, as well as the more joined mosaic forms, may lead to
more interesting properties.

Appendix A: The expression of eigenstate
We have the following result about the non-Hermitian

AAH model: any eigenstate E of AAH model satisfies
[−2,2], |λ |< 1,{

x+ iy
∣∣∣∣ x2

(|λ |+1/|λ |)2 +
y2

(|λ |−1/|λ |)2 = 1
}
,

|λ |> 1.

(A1)

Note that the eigenvalue equation for model 1 reads{
𝜓2n−1 +𝜓2n+1 +λ e i(θ+nα)𝜓2n = E𝜓2n,

𝜓2n +𝜓2n+2 = E𝜓2n+1.
(A2)

By substituting the second item into the first item, we can
obtain the following equation:

𝜓2n−2 +𝜓2n+2 +λE e i(θ+nα)𝜓2n =
(
E2−2

)
𝜓2n, (A3)

so we can get that any eigenstate E = x+ iy of our mosaic
model satisfies

[−2,2]∩
[
− 1

λ
,

1
λ

]
, |E|< 1

|λ |
,{

x+ iy

∣∣∣∣∣
(
x2− y2−2

)2 (x2 + y2
)

(|λ |(x2 + y2)+1/|λ |)2

+
4x2y2

(
x2 + y2

)
(|λ |(x2 + y2)−1/|λ |)2 = 1

}
, |E|> 1

|λ |
.

(A4)

Appendix B : Calculation of the Lyapunov expo-
nent for model 1

Avila’s global theory shows that, if 𝐻̂ is a complexed an-
alytic Hamiltonian, if we denote 𝐻̂ε(x) = 𝐻̂(x+ iε), then we
can see the Lyapunov exponent L𝐻̂ε

(E) of 𝐻̂ε at energy E as
the function of ε0 and it can be seen that it is a convex function
and what is more, if we define a function

ω(E) = lim
ε→0+

L𝐻̂ε
(E)−L𝐻̂(E)

2πε
, (B1)

then its value is always an integer, we call ω the acceleration.
Our mosaic Hamiltonian 𝐻̂ is not analytic, but we can

consider its two-step combined version and consider the ma-
trix value mapping

T : θ ∈ T= R/Z→ SL(2,C),

T (θ) =
(

E−λ e iθ −1
1 0

)(
E −1
1 0

)
=

(
E2−λE e iθ −1 −E +λ e iθ

E −1

)
,

so for ε ∈ R, one has

T (θ + iε) =
(

E2−λE e i(θ+iε)−1 −E +λ e i(θ+iε)

E −1

)
= λ e−ε+iθ (A∞ +o(1)) , (B2)

as ε →−∞, where

A∞ =

(
−E 1
0 0

)
. (B3)

So by the continuity of the Lyapunov exponent L𝐻̂ε
(E) and its

derivative’s quantized nature, we have

2L𝐻̂ε
(E) =−ε + ln |λE|, (B4)

when ε →−∞. What is more,

T (θ + iε)→
(

E2−1 −E
E −1

)
as ε → ∞. So

2L𝐻̂ε
(E) = ln

∣∣∣∣∣E2−2
2

+

√
(E2−2)2−4

2

∣∣∣∣∣ , (B5)
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when ε sufficiently large. Noting that L(E + iε) is convex, we
have

L(E) = max

 ln |λE|
2

,
ln
∣∣∣E2−2

2 +

√
(E2−2)2−4

2

∣∣∣
2

 . (B6)

Especially,

L(E) = max
{

ln |λE|
2

,0
}

(B7)

for E in the spectrum of our model 1.

Appendix C : Calculation of topological defor-
mation critical point

We observe the intersection point of Σ
(
H̃λ ,ω,α

)
with the

y axis on the |E|> 1/λ part, and obtain the equation

y6 +
(
4−λ

2)y4 +2y2− 1
λ 2 = 0. (C1)

Consider the equation

y3 +
(
4−λ

2)y2 +2y− 1
λ 2 = 0. (C2)

The derivative of the cubic curve is

3y2 +2
(
4−λ

2)y+2. (C3)

So when the discriminant of the quadratic function is not neg-
ative, that is, λ /∈

(√
4−
√

6,
√

4+
√

6
)

, the two extreme
points of the cubic curve are

y1 =
λ 2−4−

√
λ 4−8λ 2 +10
3

, (C4)

y2 =
λ 2−4+

√
λ 4−8λ 2 +10
3

. (C5)

The critical case should satisfy the condition that y2 is the dou-
ble root of the equation y3+

(
4−λ 2

)
y2+2y−1/λ 2 = 0, thus

λ1 should be the solution to the following equation:

2λ 2−8−9/λ 2

12−2(4−λ 2)2 =
λ 2−4+

√
λ 4−8λ 2 +10
3

. (C6)

The solution is between the interval (2.5, 2.6), so we get
λ1 ≈ 2.59807.

Appendix D : Experiment details
In this section, we clarify the principle of the optical ex-

periment mentioned in the article. We consider the amplitude
of the optical pulse in the n time gap of the m journey 𝑎(m)

n .
The evolution equation for 𝑎(m)

n can be derived as follows:

𝑎
(m+1)
n =

exp(G)

3
√

2

[
exp(2iθ)

(
𝑎
(m)
n+1 +𝑎

(m)
n−1

)
+𝑈n𝑎

(m)
n

]
,

(D1)

here
𝑈n = exp

(
g−ℎ(AOM)

n − iℎ(EOM)
n

)
, (D2)

where θ =−2π/3, and G is the gain coefficient of the SOA on
the main loop, g is the gain coefficient of the SOA in the center
arm of the interferometer, ℎ(AOM)

n is the modulation parame-
ters of AOM in the n-th time slot and ℎ(EOM)

n is the modulation
parameter of EOM in the n-th time slot. We can use a wave-
form generator to drive AOM and EOM independently. Let

m =
E

3
√

2
eG+2iθ , (D3)

𝑎
(m)
n = 𝜇m𝜓n, (D4)

so we get
E𝜓n =𝜓n+1 +𝜓n−1 +𝑉n𝜓n, (D5)

here
𝑉n =𝑈n e−2iθ . (D6)

So we can let

ℎ
(EOM)
n =


−2θ , n is odd,

−2θ + arccos
λ cosnω +1√

λ 2 +2λ cosnω +1
,

n is even,

(D7)

ℎ
(AOM)
n =

{
g, n is odd,

g− ln
√

λ 2 +2λ cosnω +1, n is even.
(D8)

Then we have

𝑉n =

{
1, n is odd,
1+λ e inω , n is even.

(D9)

Note that the spectrum of the operator with this potential is
shifted by one unit compared to the mosaicized AAH model’s
spectrum, thus we can obtain the data of the spectrum of
model 1.

Appendix E : Calculation of the Lyapunov expo-
nent

Consider the equation(
e−2g e−inα + e2g e inα

)
𝑣n +λE e iθ𝑣n−1 = (E2−2)𝑣n,

(E1)
equivalently,

𝑣n−1

𝑣n
=

E2−2− e−g e−inα − eg e inα

λE e iθ , (E2)

Thus,

L(E)

= lim
n→−∞

− 1
n0−n

log
∣∣∣∣𝑣n0

𝑣n

∣∣∣∣
= lim

n→−∞
−1

n

−∞

∑
n=n0

log

∣∣∣∣∣ λE e iθ

E2−2− e−2g e−inα − e2g e inα

∣∣∣∣∣
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→ 1
2π

∫
π

−π

log

∣∣∣∣∣E2−2− e2g+iq− e−2g−iq

λE

∣∣∣∣∣ dq

= − log |λE|−2g+
1

2π

∫
π

−π

log
∣∣∣e4g+2iq−E e2g+iq +1

∣∣∣ dq

= − log |λE|+max
{

2g,2
∣∣∣∣ Im arccos

E
2

∣∣∣∣} . (E3)
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