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We investigate the possible Josephson diode effect (JDE) in a two-dimensional (2D) nonmagnetic planar s-wave
superconductor junction, which is constructed on a spin-collinear d-wave altermagnet (AM) material in the presence of
Rashba spin—orbit interaction. It is demonstrated that the JDE is critically dependent on the crystalline axis of the AM
relative to the current direction. The d,>_ > magnetization symmetry can support a JDE whereas the dy, symmetry does not
facilitate it. The JDE efficiency can reach up to 40% and can be adjusted by an additional asymmetric gate voltage applied
to the non-superconducting region of the junction, including control of its polarity. Our findings provide an electrical means
to control the JDE within a non-magnetic AM-based superconducting junction.
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1. Introduction

Recently, the altermagnet (AM)!'-!!) has been proposed
to interpret the magnetic structure of numerous spin-collinear
materials like RuO;, KRusOg, and MnsSi3, sparking a surge
of research interests within the community. The AM has
been dubbed the third magnetic order phase, along with
the conventional ferromagnetic and antiferromagnetic phases.
AM materials feature d-wave magnetization with zero macro-
scopic magnetization since spins in these materials are alter-
natively arranged in both the crystal structure and the recip-
rocal space.!!l The compensated spin configuration of AMs
is similar to that of conventional antiferromagnets. However,
due to the broken Kramer’s degeneracy, they can exhibit fer-
romagnetic metal behavior. Because of the zero macroscopic
magnetization, AMs have some advantages over ordinary fer-
romagnets, such as greater insensitivity to magnetic fields,
enhanced stability for data retention, and much faster spin
dynamics.[12-151

The interplay between AM and superconductivity has
also been intensively investigated. For instance, Smejkal et
al.'"l and Mazin!'9 have respectively analyzed the possible
forms of Cooper pairs in materials with the altermagnetic
phase as well as the difference from those in ferromagnetic
and antiferromagnetic materials. Sun et al.!'”! have examined
the Andreev reflection at the interface of the AM/S (S, super-
conductor) junction and clarified the AM effect in compari-
son with that of the conventional ferromagnet.!!'8] Beenakker
et al."! studied an s-wave S/AM/S Josephson junction (JJ)
and found that the system can exhibit a O—7 state transition
even though the AM has no macroscopic magnetization. One
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of the main influences of the AM on Cooper pair transport is
that the transport property strongly depends on the AM crys-
talline orientation relative to the interface of the AM/S junc-
tion. Besides, the AM can almost exert the same influence as
the ordinary magnetization. This is surely due to the d-wave
symmetry of the AM magnetization, which is anisotropic and
depends on the direction of the electron’s momentum.2%-22]
Cheng and Sun!?3! have studied a hybrid JJ of s-wave S/AM/p-
wave S and demonstrated that the crystalline axis of the AM
material plays a vital role in affecting the supercurrent-phase
relationship of the JJ.

The nonreciprocal transport in the superconducting sys-
tem has recently gathered significant attention ever since the
superconducting diode effect (SDE)!***! was first observed
by Ando et al.>*! in an [Nb/V/Ta] superlattice structure. The
SDE is analogous to the traditional rectification effect in the
semiconductors, referred to as the critical supercurrent flowing
in the one direction unequal to the oppositely flowing one. It
occurs because of the broken time reversal and inversion sym-
metry in the superconducting system. This is similar to the
semiconductor diode effect as the basic building blocks of the
modern electronics due to the asymmetric electrostatic barrier.

[25-30] have confirmed the

The subsequent experimental works
SDE in several superconductor bulk materials, which has fur-
ther aroused the researchers’ interest.

The SDE has also been measured in numerous JJ
systems,>! 738 such as the Al/InAs two-dimensional (2D)
electron gas/Al junction,*>! highly transparent junctions fab-
ricated on InAs quantum wells,*?! and junctions formed on

1-[33

the type-II Dirac semimetal.[*3l Currently, it is widely be-
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lieved that the finite-momentum Cooper pairs in the bulk S
can explain the SDE. These pairs are generated in helical
superconductivity within non-centrosymmetric superconduc-
tors, which is often the result of the s-wave superconductiv-
ity combined with the Rashba spin—orbit interaction (RSOC)
and magnetization (or magnetic field) components.3°43 The
finite-momentum Cooper pairs can also account for observed
Josephon diode effect (JDE).[*-34] Davydova et al.[*0! pro-
posed a universal mechanism for JDE in short-limit Joseph-
son junctions, i.e., the Doppler energy shift of the Andreev
bound states (ABSs) caused by finite-momentum Cooper pair-
ings leads to the phase-independent asymmetric supercurrent
from the continuum states contributing to supercurrent.

Despite the extensive research on the interplay between
AM and superconductivity, and the in-depth investigations
into the SDE in various superconducting systems, there re-
mains a gap regarding the potential role of AM in the SDE
or JDE. Currently, how the unique properties of AM materi-
als, such as their d-wave magnetization and compensated spin
configurations, might influence the rectification effect remains
untouched. This motivates us to fill this gap by exploring the
possible impacts of AM on the JDE.

In this work, we study the possible JDE in a 2D planar JJ
where both the d-wave magnetization of AM and RSOC are
taken into account in the whole junction but not confined to
the non-S middle region in between two S electrodes. Based
on a lattice model and numerical calculations, we find that the
system can exhibit a considerable JDE efficiency. Neverthe-
less, this effect is highly dependent on the crystal axis relative

to the supercurrent direction. The d,»_;

> symmetry AM can
promote the possible JDE, whereas the d,, symmetry does not
support its emergence. Additionally, we also discovered that
the ideal JDE efficiency does not occur in the short-junction
limit but in the case of the moderate-length JJ. This enables us
to introduce a highly asymmetric gate voltage to further reg-
ulate the JDE efficiency. Both its magnitude and polarity can

be controlled by the gate voltage.

(b) Ky

(a)

Axis

. .

Fig. 1. (a) Setup of a 2D planar Josephson junction. Two S electrodes are put
on the AM material and the substrate is supposed to induce RSOC in the AM.
A gate voltage Vj is applied to cover a half non-S region to generate an asym-
metric electrostatic potential of the JJ. The Junction length is set as L and the
current direction is along the x-axis. (b) Two elliptic spin-splitting Fermi sur-
faces of d-wave magnetization and the dxz—yz symmetry are illustrated. The
crystalline axis has an angle 6 with the momentum k.

This work is organized as follows. In Section 2, we

present a model to describe the AM-based JJ junction as well

as the numerical treatment to the supercurrent. The numerical
results are presented in Section 3 and the physics for possible
JDE is also discussed. A brief conclusion is drawn in the last
section.

2. Model and method

We start from the schematic planar JJ as shown in
Fig. 1(a), where the two S electrodes are put onto the 2D
surface of an AM while the substrate can induce the RSOC
in the AM.! Tt is assumed that the weak superconducting
paring potential is induced and distributed uniformly in the
left/rigth contacting AM regions through the superconductiv-
ity proximity effect. A gate voltage covers the half non-S re-
gion (0 < x < L) to generate an asymmetric electrostatic po-
tential Vj in the JJ. The current direction is assumed along the
x-axis. In the lattice representation, the JJ is described by the
following Hamiltonian:

H = H2D+Hso+Ham+HS, (1)
Hop = Z[(4t*M)C,-Tja ijot
ijo
—1C},1 joCija —1Cli1 oCija+h.c], 2)
Mo = Y (it00y)Cly 1 14Ciip + (100:)Cl 1 o Ciips 3)
ijap
L I
Ham = Z (4Gyci+l_’j+]’acijﬁ — ZG}’Cifl,ij],aCi.iﬁ +hC)
ijap
+ Y (10,Cl, 14 Ciip —16,Cl iy 4 Cijp +hee), (4
ijofp
MHs = Y AC],Cla+he, (5)
ij

where, Hop denotes a simple 2D free electron system, H, is
the RSOC term, Hg represents s-wave Cooper pairing poten-
tials induced in the left and right AM regions just below the
two S electrodes through the proximity effect, A = A elfLm)
and A is the constant pairing strength while ¢y (g, is the super-
conducting macroscopic phase of the left (right) S region, Hy,
is the RSOC term which is vital for the possible JDE in the
system, otherwise only the O- or 7-state junction can be found
but not the ¢y-state junction,['8191 24, . is the d-wave magneti-
zation of the AM.[!’] C;L]-a
operator of electrons in the site i J with spin index a(B), Ok

(Cijp) is the creation (annihilation)

is the Pauli matrix, and & = —o. i+ 1 (j+ 1) represents the
nearest neighboring site along x (y) direction of the site i (). ¢
is the hopping energy between the neighboring sites, #y, is the
RSOC strength, | and f, are hopping term from the AM and
given by

f =tanC0820, 1) =tyy,sin20, (6)

where t,, denotes the AM strength, 0 is the angle of the
crystalline axis related to the current direction as depicted in
Fig. 1(b), where the spin-splitting Fermi surface of the AM
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[1,2

material is shown.!!:? In the low-energy regime, Hap, has the

following formation:
Ham = [1kukya® + 12 (k; — k3 )a*] oy, (7

where « is the lattice constant, k,, (k) is the 2D momen-
tum. The first term denotes actually the d,, symmetry of the
AM magnetization while the second term represents the d,>_
symmetry. Generally, the different symmetries give rise to
anisotropic transport properties of electrons. Simply, #; or f,
term means different Fermi velocities of electrons for a given
momentum (ky, ky) as well as corresponding anisotropic Fermi
density of states.

We set the magnetization of AM along the y-direction in
the spin space because the z-directed magnetization does not

lead to the effective nonzero Cooper pairing momentum with
the help of the RSOC, while the x-directed magnetization par-
allel to the current direction does not produce the effective
JDE, either®! It is assumed that the weak superconducting
correlation is generated in the left and right S region through
superconducting proximity effect, the self-consistent calcula-
tion of pair potentials is neglected here and the potential of A
is set as a constant in numerical calculations for simplicity.

In order to simplify computation of the supercurrent in the
planar junction, we can modify the lattice Hamiltonian above
into a mixed Bloch-lattice representation, i.e., the y-direction
component of Hamiltonian is described in the Bloch represen-
tation while the x-component remains in the lattice picture. It
reads

H=Y [(4 — u—2tcoskya)op + 2140y sinkya — 2t Gy cos kya]C;kvaClkyﬁ

lkyof3
. it2 . o
- lkzﬁ 10y + ity 0y — = Oysinkya + 110y Cl1ayaCiip +hec. +lkz AC) oCl o e, 8)
y Q& y O

where 0y is the unit matrix, / is the x-directed supercell index
and k, is the transverse momentum, C;}€v o (Cikya) 1s the corre-
sponding creation (annihilation) operator of electrons with the
site index /, momentum ky, and spin o. k, = —ky and & = —.

Since the charge current is conserved in the nonsupercon-
ductor region, it can be evaluated in the non-S region of the JJ
at any site / as

e
I = Z/dEZTI‘{[t],HlG[il,I —h.cJs:}, ©)
k

where G, is the lesser Green’s function and G = (G* —
G")f(E) in equilibrium, #;, is hopping matrix between two
neighboring sites of quasi-one-dimensional lattice model, s,
denotes the z-component of the Pauli operator of the e-h space,
the trace is over the spin and Nambu space. f(E) is the Fermi-
Dirac distribution function. G = (Eop — He — X, — Zr) ™!
is the retarded Green’s function, G* = [G']", where oy is
a unit matrix, H. is the Hamiltonian describing the middle
AM region of the studied JJ in Fig. 1(a), while Xy g) is the
self-energy of the left (right) AM regions contacting with the
S electrodes and can be calculated within a usual recursive
method. !

3. Numerical results of JDE

In numerics, the hopping energy is set as the energy unit
t =1 eV, the universal chemical potential is taken as yu = 0.2,
the RSOC strength is set as #,, = 0.1¢, and the ambient tem-
perature is taken as zero, T = 0 K. No bias is applied to the
system. The superconducting coherence length is estimated to
be & = hvg/A ~ 870a with the pair potential set as A = 0.001+.

\
Notice that the RSOC and AM are present in the whole JJ

region including both the S electrode and the middle non-S
region, unless otherwise stated directly. This consideration
stems from the fact that the nonzero Cooper pair momentum in
S electrodes induced by AM can result in an effective Doppler
energy shift of the Andreev bound states (ABS).[4 This shift
accounts for a significant JDE. If the AM is confined in non-S
region, the JDE should be rather weak.

(a) L = 0.01¢ |

\

I

Z. L R

m 2 \_
< 0 0 =0m

g 0=0.2m

~ —2F 60 =0.47

0 =0.6m

—4r 6 =0.87

I (A/eRy)

0 0.5 1.0 1.5 2.0
¢ (m)
Fig. 2. (a) Supercurrent phase relation I(¢) with different crystalline
axis directions for L = 0.01& in panel (a) and L = 0.4 in panel (b).
Parameters are f,,, = 3.5A and fty, = 0.1¢, Ry is the resistance of the
normal junction without superconductivity.

In Fig. 2, the supercurrent-phase relation (@) is plotted
within different crystalline axis angles, 8, where ¢ = ¢ — ¢r
is the superconducting phase difference of the JJ. It is seen
that one main characteristic is the @y junction emergent in the
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system when 6 # 0, i.e., I(¢ = 0) # 0. As stated before, the
case of 8 = 0 corresponds to the pure d,, symmetry AM, this
suggests the dy, symmetry does not promote any ¢ junction,
let alone the Josephson diode effect (JDE), even though the
time reversal and inversion symmetries are broken. Oppo-
sitely, once 6 # 0, the supercurrent at zero phase difference
¢ = 0 arises and the JDE occurs simultaneously. The case of
6 = 7 /4 represents the pure d,>_ > symmetry which enables
the appearance of the maximum of ¢o. It is clearly shown that
the positive critical supercurrent I is unequal to the opposite
one I; when 6 # 0 from the curves in Fig. 2.

Different JJ’s length cases are shown in Figs. 2(a) and
2(b), respectively, while the supercurrent does not show too
much deduction with the JJ length, as it is related to the zero
macroscopic magnetization of the AM. It is also seen that the
supercurrent fulfills the relationship

1(0+7,9)=1(6,9), (10)
1(8) = —I(m—6,7+9). (11)

The first symmetry directly originates from the AM magne-
tization in Eq. (6), | = tymc0s20, tp = famsin26. The sec-
ond relationship reflects the fact that the critical supercurrent’s
direction can be reversed by varying the JJ’s crystalline axis
direction. The JDE efficiency is defined as

n:q_Q-
IS +1;

12)

Here I (I7) is the positive or right-flowing (negative or left-
flowing ) critical supercurrent and can be obtained numerically
from the computed /(¢).

In Fig. 3, the JDE’s efficiency versus 6 is plotted. One
can see that once 0 deviates from zero, 1 rapidly increases.
For a short-limit junction (black solid line, L = 0.01&), the ef-
ficiency is almost saturated around 60 = /4, while for a mod-
erately long JJ (red dot line, L = 0.4&), the efficiency has a
similar dependence on 6 but exhibits a little oscillation due to
the resonant effect. Moreover, 1 satisfies the symmetry

n(6)=-n(r—0). (13)

This actually coincides with the supercurrent symmetry re-
lation of Eq. (11). Hence, this formula means 1 = 0 when
0 = 0, which reflects the d,, AM does not support the JDE
even though the necessary components, suitable magnetiza-
tion, and RSOC, are present in JJ.

For the d,»_,» AM in combination with the RSOC, the
spin exchange term is given by [ty (k2 — kf) + tsoky]0y. This
term is asymmetric over the k, for a fixed transverse momen-
tum ky. This in turn leads to a nonzero momentum for an s-
wave Cooper pair. Actually, the conventional ferromagnetic
exchange term can play the same role. Nevertheless, for the

d,y AM term, the exchange term becomes [fmkyky + tsoky] Oy,
which is antisymmetric over k,, this leads to zero mementum
Cooper pairs of moving along the x direction, as a result, one
can see there is no ¢p junction for the 8 = 0 case in Fig. 2 and
zero JDE in Fig. 3. It should be noted that the argument is
very dependent on the AM magnetization direction, because
there is no JDE when the magnetization takes along the x-
direction parallel to the current direction. [40] Nevertheless, the
dyy symmetry cannot produce the effective nonzero momen-
tum of Cooper pairs in the any case of the AM magnetization.

0.4t

0 (m)

Fig. 3. JDE’s efficiency 7 as a function of the crystalline axis direction
6 for different junction lengths. Parameters are the same as those in
Fig. 2.

For the JDE mechanism in Fig. 3 still results from the
Doppler energy shift of the ABS!®! due to the AM assumed
in the S region, and the continuum states produce a phase-
independent supercurrent that relies on the nonzero momen-
tum of Cooper pairs. In the following, we plot the ABS to
manifest the Doppler energy shift. The ABS can be calculated
from the density of states (DOS) of electrons in the junction.
The ky-resolved DOS,57! p(ky), is given by

pli. ) = y, ~ O E) (14)

; T

where G"(ky,E);; is the retarded Green’s function of the sys-
tem, the summation over / is limited in the non-S region
(0 <1 < L) of the JJ where the ABS is supposed to exist.

In Fig. 4(a), we first present the ABS of a short JJ case
(L =0.01&). The AM is only considered in the non-S region
but absent in the S electrodes for comparison. It is seen that
the ABS is clearly confined in the energy gap [—A, +A] and
there is a zero energy mode at ¢ = 7, which reflects the he-
lical superconductivity due to the RSOC. In Fig. 4(b), where
the AM is present in the whole JJ instead, the ABS can ex-
hibit an energy shift, i.e., the right- and left-moving states are
decoupled to produce two separate bound states and the ABS
energies shift away from the superconducting energy gap [—A,
+A]. According to the Davydova’s theory,[“ the ABS energy
shift suggests that the continuum states will substantially con-
tribute to the supercurrent, which is independent of the super-
conducting phase of ¢ but dependent on the current direction
(or momentum direction). Therefore, a sizeable JDE arises.
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It is generally believed that the maximum of JDE effi-
ciency, 1, should appear around M ~ A, where M denotes a
constant magnetization (in the unit of energy) leading to the
nonzero Cooper pair momentum for a single-mode Cooper
pair transport,[?! i.e., when the effective energy gap due to
the ABS energy’s shift almost closes, 7 may take its maxi-
mum but it will decrease monotonically when M overweighs
A. However, this is not the case for the studied S/AM/S junc-
tion here, because the d-wave magnetization is not a constant
but dependent on the momentum (ky, k). The different trans-
verse modes (k) denote different magnetization strengths so
that the average magnetization should be much lesser than the
maximum strength of AM, ty,. Therefore, one can see that in
Fig. 4(b), the effective gap does not close even for 7, = 3.5A,
i.e., one set of ABS does not entirely exist in positive or nega-
tive energy regimes as shown in the figure.

(a)

E/A

2
1
0
—1
—2
-3

0

0.5 1.0 1.5 2.0

0 0.5 1.0 1.5 2.0
¢ (7)
Fig. 4. ABS of the JJ for the S region without AM in panel (a) and with
AM in panel (b). The AM is always present in the middle non-S region.
The ABS are represented by the density of states around the supposed
energy gap [—A,+A]. tam =3.5A, L=10.01&, and k, = 0.

In Fig. 5, 1) is calculated as a function of t,n, for different
junction lengths, L = 0.01& and 0.4€. It is seen that the reso-
nant 7] can even amount to as high as 50%. In addition, 1 does
not show the declining tendency with increase of the junction
length but instead, the oscillation becomes much more appar-
ent for a longer junction L = 0.4&. This is very different from
the single-mode and constant magnetization (M) case,>?! in
which 1) monotonically decreases with the junction length L.
Although t,,, = 15.8A, 1 is quite large (~ 0.53) but at this
time, the supercurrent should be suppressed heavily due to the
strong AM magnetization. I(¢) is plotted in Figs. 5(b) and 5(c)
for two cases of the AM strengths. The critical supercurrent
for t,;m = 15.8A is much weaker than the case of t,, = 3.5A.
Nevertheless, the oscillating behavior is much clearer for the
long JJ than the short one.

The resonant phenomenon depicted in Fig. 5(a) prompts
us to consider the possibility of modulating 1) by designing an
asymmetric electrostatic potential to enhance it. This is be-
cause the JDE fundamentally depends on the broken inversion
symmetry of JJ. We examine the case of a pure electrostatic
gate voltage being applied to the middle non-S region of the
JJ, as illustrated in Fig. 1(a). Here, the gate voltage does not
span the entire region, thereby breaking the left-right inver-
sion symmetry. In Ref. [58], an asymmetric vortex barrier was
investigated to boost the JDE in a particular superconductor
thin films, and an efficiency of up to 65% was observed.

0.6 — .
(2) ,l -
0.4F N %
" 3
0.2f I 2
=
°l Z
0.04 &
0.2t 7/ Y
o ' p—o01 o d
v —-L=0.4¢ ~ e
—oab, o ]|(©) tam=15.84 004
0 5 10 15 20 25 0 0.5 1.0 1.5 2.0

tam (A) ) (77)

Fig. 5. (a) JDE efficiency as a function of the AM strength .y, for differ-
ent JJ’s lengths. Supercurrent phase relation (/(¢)) for two resonant AM
strengths for #,,m = 3.5A in panel (b) and ,,, = 15.8A in panel (c). Parame-
ters are L =0.4€ and 0 = /4.

In the calculations, the site energy of the lattice site be-
neath the gate voltage is assigned a uniform energy shift. In
Fig. 6, the relationship between 1 and V is presented, and the
curve clearly exhibits that 1 can be significantly modulated by
the asymmetric gate voltage V. The noticeable oscillation of
1 exhibits an approximately symmetric relationship given by
n(Vy) = n(—V,), which can be attributed to the electron—hole
symmetry. More significantly, it can be seen that not only the
magnitude of the efficiency but also its polarity can be reversed
by V,. In other words, the direction of supercurrent diode ef-
fect can be controlled by the application of a gate voltage. This
can facilitate the JDE’s application in the superconductor elec-
tronics.

0.4

0.2f

—0.2}

—0.4f
-10 -5 0 5 10
Ve (4)

Fig. 6. JDE efficiency versus the asymmetric voltage V. Parameters
are fym = 3.5A, L = 0.4&, and 6 = 7/4, while other parameters are
described in the text.

4. Conclusion

In summary, we have investigated the Josephson diode
effect in a 2D planar superconductor junction based on the
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d-wave AM material with the Rashba spin—orbit interaction
taken into account. We performed a numerical calculation of
the supercurrent as well as the JDE efficiency within a lattice
model. It is shown that the direction of the crystalline axis can
affect the JDE crucially. The d,,-symmetry AM cannot trigger
a diode effect, while the dxz_y
A sizeable efficiency is not limited to the short-junction limit

2-symmetry AM can promote it.

but exists in a moderately long junction. An external asymmet-
ric gate voltage can be used to control the JDE in terms of both
its magnitude and polarity. Our findings provide an electrical
means to control the JDE in a nonmagnetic superconducting
junction.
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