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We study the thermodynamic properties of the classical one-dimensional generalized nonlinear Klein—Gordon lattice
model (n > 2) by using the cluster variation method with linear response theory. The results of this method are exact in
the thermodynamic limit. We present the single-site reduced density p(!)(z), averages such as (z2), (|"|), and ((z; —z2)?),
the specific heat Cy, and the static correlation functions. We analyze the scaling behavior of these quantities and obtain
the exact scaling powers at the low and high temperatures. Using these results, we gauge the accuracy of the projective

truncation approximation for the ¢* lattice model.
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1. Introduction

Many interesting phenomena in condensed matter physics
are described by the classical many-body models. Exam-
ples include heat transport in a low-dimensional system,!!]
glass transition, > anomalous attraction! and screening!6!
in Coulomb fluid, condensation of DNA, 78] etc.

In order to study these phenomena with theoretical mod-
els, many statistical methods have been developed. On
the numerical side, there are Monte Carlo (MC)P! and
1011 methods.  On

the analytical side, there are approaches such as vari-
[12-14]

molecular dynamics (MD) simulation
ational approximations, mode-coupling theory,!>16]
non-equilibrium Green’s function,!!”! projective truncation
approximation (PTA) for Green’s functions,!!%1° etc. But
none of the above methods is exact.

Here, we focus on the classical one-dimensional general-
ized nonlinear Klein—Gordon (KG) lattice model.[?Y) It is an
extension of the ¢* lattice model®!) obtained from discretiz-
ing the continuous ¢* field theory!>>?3! to arbitrary potential
index n. Both models are frequently used in the study of
phonon properties and thermal transport of low-dimensional
materials. Despite extensive numerical and analytical stud-
ies of the one-dimensional generalized nonlinear KG lattice
model, Y of which ¢* is a special case, the exact thermody-
namic properties of this model have not been addressed. In this
work, we will fill this gap by combining the cluster variation
method (CVM)?*! with the linear response theory (LRT).!>]

Due to the exactness of this method for the one-dimensional

TCorresponding author. E-mail: nhtong @ruc.edu.cn

CSTR: 32038.14.CPB.add50f

lattice with nearest-neighbor coupling,!?®?8] we are able to
obtain the exact thermodynamic properties of this model in
the thermodynamic limit.

We first give a brief review of CVM. CVM was first pro-
posed by Kikuchi!?¥! to describe the order—disorder transition
in the lattice gas model. In the modern form of this theory, the
Peierls—Feynman—Bogoliubov variational free energy!>*-3! is
first formally expressed in terms of energy and entropy of
the studied system. The entropy is then cumulant-expanded
up to chosen clusters. Finally, the free energy is minimized
with respect to the reduced density of the chosen cluster.3%33]
An3* and Morita et al.® systematized the formalism and
established general relations among quantities on sub-clusters
and those on the largest chosen cluster, by using the concept
of a partially ordered set and the Mobius inversion formula.

26-28] proved that CVM is exact for Ising-like mod-

Pelizzolal
els with discrete variables on (i) one-dimensional lattice and
stripe system, (ii) tree-like lattice, (iii) (square) cactus lattice
(the interior of Husmi tree), and (iv) square lattice with special
coefficients. In particular, CVM based on nearest-neighbor
two-site clusters is exact for models on the one-dimensional
chain with nearest-neighbor interaction and open boundary
condition.*%37 The set of self-consistent CVM equations can
be solved efficiently by the natural iteration method.38-41 Un-

like other cluster mean-field theories, [#!:42]

an important ad-
vantage of CVM is that the spatial translation symmetry of the
original model is retained from the outset.

CVM has been widely applied in the study of clas-
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sical and quantum lattice models. For classical systems,
such studies include the order—disorder transition in Ising-
like models,?**347] the phase diagram of alloys*®4°! and
multicomponent system.>°! For quantum systems, CVM has
been employed to study the liquid helium, 3?33 Heisenberg

1,05152] 31 and the boson lattice gas.>*! For

mode s—d model,®
reviews, see Refs. [51,53,55]. Although originally developed
and mostly applied to Ising-like models with discrete vari-
ables, CVM can be applied to study statistical models with
continuous variables. 3836571 Tn this work, we will use CVM
to study the one-dimensional generalized nonlinear KG lattice
model which has continuous displacements on lattice sites.

In order to obtain the static spatial correlation function
beyond the size of the chosen cluster (nearest-neighbor pairs
in this work), we combine CVM with LRT. In CVM, LRT has
been used to calculate correlation functions in Refs. [35,44,45,
47]. LRT has also been used in the closely related belief prop-
agation to do probabilistic inference via massive probabilistic
model.’83% Note that our LRT here refers to the linear re-
sponse to static external fields only.

This paper is arranged as follows. In Section 2, we in-
troduce the one-dimensional generalized nonlinear KG lattice
model and its scaling properties. In Section 3, we present the
formulation of CVM and LRT. In Section 4, the numerical
data are shown and physical results are analyzed. In partic-
ular, in Subsection 4.5, we compare CVM results with those
from PTAU'®! for the ¢* model. Section 5 gives a summary

and discussion.

2. The classical one-dimensional generalized
nonlinear KG lattice model

The Hamiltonian of the generalized nonlinear KG model
studied in this work reads

L

H(K,y) = Z g

i=1

K 2 L Y n

5 G X Tl
The dynamical variables x; and p; are the displacement from
the equilibrium position and the momentum of atom i (1 <
i <L), respectively. L is the total number of atoms along the
chain. n is the exponent of the on-site potential. K and y are
the strengths of the nearest-neighbor coupling and local poten-
tial, respectively. We impose the periodic boundary condition

xp+1=x1and ppg
The generalized nonlinear KG lattice model presented

= p1. In this work we set m = 1.

above is a generalization of the ¢* lattice model by extend-
ing the exponent 4 of the local potential to an arbitrary value
n > 0. The ¢* lattice model is obtained by discretizing the
field theoretical KG model!**®! with the added nonlinear lo-
cal term ¢*. Tt is widely used in the study of heat transport
in low dimensional systems.[17-23:6263] By extending the index
from 4 to n, the shape of the local potential well can be tuned

from a very weak confinement (n ~ 0)[¥] to the infinite square
well (n = o). The competition between the local and the non-
local interactions varies in this process. This model therefore
has a richer behavior of physical quantities and has been used
as a toy model for studying the influence of nonlinear interac-
tion on lattice dynamics and thermal transport.!?! Below, we
will denote this model as the KG lattice model.

Previous studies of this model mostly focused on the
n=4case, i.e., $* model. On the side of dynamical properties,
MD simulations!®>%3 and non-equilibrium Green’s function
method!!”! have been used to study the phonon dispersion and
the relaxation. A normal thermal transport has been found, [>’!
with a power law temperature dependence of thermal conduc-
tivity as kK ~ T3 for n = 4. For cases of 1 < n < 2 and
n > 2, the phenomenological effective phonon theory gives
K ~ T42-1)/(n+2) 120.64] Op the side of thermodynamic proper-
ties, for ¢* field theory (n = 4), quantities such as the average
energy, (x*), and correlation function have been calculated by
mapping the classical statistical problem into a trace for the
one-dimensional quantum anharmonic oscillator.!??! Low and
high temperature asymptotic power laws are obtained with nu-
merically exact coefficients. For general n, MD simulations
~ T4/(142)

~ T2/("+2) from the Hartree—Fock approximation

confirm that the low temperature power laws (x?)
and (|x|")
are valid.”?"! For other quantities such as the specific heat and
correlation function, a systematic study has not been carried
out.

Like the ¢* lattice model and FPU model,['"! the KG lat-
tice model with general parameter n has the following scaling

properties: 2363

H(K,y)=gH(1,1). 2)

Here,
_ L [3.2 L

i=1 i=1

1
K"\ n—2
= (%) @

The rescaled variables &; and p; are related to the original ones
by

L
(% —Fir1)” + Y % &, 3
i=1

1 1
K\ 2 K\ 2
pi=VK (7/) Pi, Xi= (y) . &)

Note that the above transformation does not conserve the
Poisson bracket. But for the statistical properties that can be
calculated from the integration of variables only, the above
transformation is useful in that the results for the Hamilto-
nian H(K,y) in Eq. (1) at arbitrary parameter (K,7) can be
recovered from those for H(K = 1,7 = 1) using the scaling
relations. For example, we have

m

(") (K, 7,T) = (f) T (L1 ), ©)
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Co(K.7.T) =gCy(1,1,87'T), (7
E(K,y.T)=§(1,1,87'T). ®)
Therefore, in this paper, we only study the Hamiltonian

For convenience, we write it as a sum of

HK=1,y=1).

three parts

L
H(K = =Y [E(p) +Ux) +V (x5 xii1)], (9
i=1
with
p2 1 n 1 2
Ex(p) = - Ux) = - X", Vix,y)= > (x—y)=. (10

Here, Ei(p) is the kinetic energy, U (x) is the local potential,
and V(x,y) is the nearest-neighbor coupling. This form of
Hamiltonian will be used in the derivation and computation
below.

3. Formula of CVM and LRT

In this section, we present the detailed derivation of CVM
and LRT formula for Hamiltonian (9).

3.1. CVM formula

For the sake of completeness, in this part we first sum-
marize the basic formalism of CVM. Then we apply it to the
one-dimensional KG lattice model Eq. (9). We start from the
minimization principle of free energy F,

F<Flp(p,z)] = (H)p +ksT (Inp(p,x))p.  (11)

Here F and H are the free energy and Hamiltonian of
p = p(p,x) is the
density operator (where p = {pi,p2,...,p.} and g =
{q1,92,...,q1}). Thermodynamic average (O), is defined as
(0)p = [[O(p,z)p(p.x)dpda/ [[ p(p,x)dpdz. Minimiz-
ing the functional F[p(p,x)] with respect to p(p,x) under

the studied system, respectively.

the constraint [ p(p,x)dpda = 1 will give the density oper-
ator peq(p,z) = e P/ [[ e PHdpdx and free energy F of
the equilibrium state. Here § = 1/(kgT), with kg being the
Boltzmann constant and 7' the absolute temperature. Below,
we will work under the natural unit kg = 1.

CVM is based on minimizing F with respect to the re-
To do
this, one first chooses a set of basic, mutually non-inclusive

duced density operators of a chosen set of clusters.
clusters. Then one approximately expresses the free energy
functional F[p(p, )] in terms of the reduced density op-
erators P¢(pe,x.) (where p. = {p1,p2,...
{x1,%2,...,x¢}, |c| denotes the number of lattice sites in
cluster ¢) of the basic clusters and their sub-clusters. For

,P|e|} and x, =

the short-range interacting system with Hamiltonian H =
Y. H., we suppose the average energy (H) = Y. .(H.)p, =

Y. [dp.dx.p.(pe, x)He (Pe, ) can already be expressed as
a functional of the cluster density operators p.. One can ex-
press the negative entropy of an L-site system —S; = (Inp),
in terms of cluster quantities through the cumulant expansion

_SL_I—I“*Z% +Z%1 + Z yl]k e (12)
i<j i<j<k
In the above equation, %'(1’1732,.“.@ (n = 1,2,...,L) is the
cumulant entropy of the n-site cluster composed of sites
(i1,0y- -+ yin).

In CVM, the above expansion is truncated to the chosen
set of basic clusters and their sub-clusters, under the assump-
tion that the neglected terms are sufficiently small. For each
cluster ¢ appearing in the truncated expansion, its entropy S is
related to the cumulant entropies of its sub-clusters (including
itself) via a similar expression

Zv XY e )

i<j i<j<k

—S.=I

Here the expansion runs over all sub-clusters of ¢, including
the cluster c itself. This equation can be written down for every
sub-cluster of ¢, generating a closed set of linear equations for
all the involved cumulant entropies %(:32,....i,. (n=1,2,...,c).
By the Mobius inversion, the linear equations can be solved
to express the cumulant entropies Y’s in terms of I.»’s of clus-
ters ¢’ C ¢ which can be explicitly written as functionals of the

cluster density operators p

I =(Inpy)p,. (14)
Putting y’s back into Eq. (12), one finally expresses —Sy, as
functional of cluster density operators. The variation of free
energy F[p] in Eq. (11) is then carried out with respect to all
the involved p., under the constraints

/pc(pmwc)dpcdwc =1

/Pc(PchCc)chfc/d$c7c/ il (pc’a 5130/), (VC’ - C)' (15)

In the second line of Eq. (19),
Jdp._psdx._. represents the integration of degrees of free-
dom in cluster ¢ but outside cluster ¢’ C c.

To apply CVM to Hamiltonian Eq. (9), we first separate

the integral symbol

the total free energy F into the kinetic part Fyj, and the poten-
tial energy part Fpo,

F:Fkin+Fpot7

1
Fin = _Bln H/ dp; e PEP)

1 *ﬁz U(x;)+V (x;.x;
; /.../de,-e ElUsviesal) o
=1

Fpot =——1In

Only the potential energy part F,o needs to be treated by
CVM. Therefore, in the rest of the paper, we will use H, F,

080501-3
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and Sy, to refer to the potential energy part of the correspond-
ing quantities. The kinetic contribution to the total free energy
will be added whenever necessary.

For the one-dimensional model with nearest-neighbor
coupling, our basic cluster set is composed of all the nearest-
neighbor pairs. It not only covers all the interaction terms in
the Hamiltonian, but also is the minimum set that supports
the exact cumulant expansion of Sy for the one-dimensional
chain with an open boundary condition. This is because the
>(x1 ,X2,...,x) for our L-site KG

lattice model with open boundary condition can be exactly ex-
[28]

joint density distribution p (-

pressed as

p(L) (xl,)Cz, c.e. ,xL)

_ P13 (e x)ps) (x2,x3) oy (v 1,)

p3 (x2)ptV (x3) -+ oM, (1)

A7)

Here, pi(l)(x,-) and pl(lzl 1 (xi,xi41) are the reduced densities of
site i and pair (i,i+ 1), respectively. As a consequence, the cu-
mulant expansion of entropy in Eq. (12) terminates rigorously
at second order.

Since our Hamiltonian (1) is defined with a periodic
boundary condition, CVM based on neighbor-neighbor pairs
is not exact for this Hamiltonian with finite chain length L.
In the limit L = o, however, the open and periodic boundary
conditions are equivalent for this system. As we will see below
(Eq. (31)), under the lattice translation invariance of Eq. (1),
our CVM equations do not contain L. They can therefore be
applied directly to L = oo to produce exact results for the ther-
modynamic limit.

With this choice of basic clusters, the average energy (in-
teraction part only) reads

L
(H) = ; (U (xi)) +(V (xi,xi41))] (18)
with
+o0
=/ a0,
V(i x41)) = // dxdyp®, (x )V (xy).  (19)

Functions U (x) and V (x,y) are given in Eq. (10). The entropy
term is obtained as

S, v )
FL:Z%’ +Zyi.,i+1
i=1 i=1

-5

M=

y I+
1 i

Il
Mh

2 1 1
ne-V-rll]. o

1

Here, Fi(l) and Flsi)l

and nearest-neighbor pair, respectively,

are the negative entropies of single-site

o0
V= axp@mp" (),

~+oo
0 =[] axaypl e ). @D

Considering the spatial translation invariance, we obtain
the final expression for F /L as

FIL=(U@)+ Ve +T 1P -rV]. @

The averages are readily expressed in terms of p(l)(x) and

P (x,y) as

(xy)(x=y)?%  (23)

The last two terms in Eq. (22) read
—+o0
ro= [ e (),
oo
= / / dxdyp® (x,y)Inp@ (x,y). (24
Equations (22)—(24) give the explicit expression for the func-
tional F[p!), p(?)].

The variation of F[p(!), p(?)] must be carried out under
the following normalization and reducibility constraints:

/jwdxp (x) =1, /+Wdyp‘2>(x,y)=p('>(X),

—+oo
[ dxp® (x,y) = p

Enforcing the four constraints by Lagrangian multipliers A,

+oo
), / [ dedyp® (1) = 1.25)

A2 (x), A3(x), and A4, respectively, we obtain the functional to
be varied as

F/L = F/L-A [/+m

—o0

dxp (x) — 1}

~+o0

_ dxAy (x) {/+w dyp @ (x, )_p(l)(x)]

J —oo

[T amo | [ e -p00)

—A4 [//+mdxdyp xy)—l] (26)

Carrying out the functional derivative of F' /L with respect
to A1, A2(z), A3(z), and A4 gives the four constraints Eq. (25),

while with respect to p(!)(z) and p(?) (z,w) gives
pW(z) = U+ +A (@) -1]-1 27)
p(2) (z,w) = BV @w)+22(2)+ A3 (w)+44] -1 (28)
For the case of symmetric coupling V (x —y) = V(y — x) stud-

ied in this paper (see Eq. (10)), we can prove that A,(z) =

080501-4
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A3(z), which can be determined only up to an additive con-
stant. Therefore, the one-site reduced density p(!)(z) can be
rewritten as

p(z) = PlUE@+2A)-M]=1 (29)

Similarly, p(?)(z,w) is given by
p(2) (z,w) = BV @w)+A2(2)+ A2 (w)+A4] -1 (30)
Substituting Egs. (29) and (30) into Eq. (25), the self-

consistent equations about A; + A4 and A;(z) are finally re-
duced to the following form:

[ dz eBU@+2K()

eBi+) —
f+°° dz eBlO@)+22(2)]
A2(z) = 0(z) = U(2) + A1 + M4,
BOG) _ / T AP0 Ve 31)
If we insert A, (z) = A3(z) into Egs. (29) and (30), and compare

them with e i and e PHii+1 | we see that Q(z) describes the
influence of the rest of the chain sites on the one-site and two-
site clusters. Here the formalism is exact, but in general cases
it plays the role of a mean field exerted on the clusters.

The above formula of CVM for one-dimensional KG lat-
tice model does not contain the system size L and hence ap-
plies to arbitrary size, in particular, L = oo. In this limit, the
periodic boundary condition used in our Hamiltonian is equiv-
alent to the open boundary condition for which the two-site
CVM is exact.
presented in Fig. 7.

The numerical confirmation of this issue is

Note that unlike the conventional cluster extension of the
Weiss mean-field theories, under certain situations, CVM can
preserve the correlation beyond the cluster size due to a clever
imbedding of the cluster into the full system. For the one-
dimensional KG lattice model with nearest-neighbor coupling
and open boundary condition, a two-site cluster is the min-
imum unit that can preserve all the nonlocal correlations in
CVM. In the CVM with one-site cluster, the nonlocal corre-
lation will be truncated, leading to decoupled oscillators. The
results are valid only in the high temperature limit. The Bethe—
Peierls approximation is equivalent to the two-site CVM and
it will give exact results for our one-dimensional system with
open boundary condition. 2]

3.2. Linear response theory

U(z) and
p? (z,w), which contain local and nearest-neighbor correla-

The above CVM formalism only produces p!

tions. In order to obtain the long-range correlation functions
such as (x;x;) for arbitrary i and j, we resort to the linear re-
sponse theory.

We add the following local external field terms to the orig-
inal Hamiltonian (10):

L
=Y hiB(x;). (32)
i=1

Here #h; is the local field on site i and B(x;) is a function of
X, to be specified below. The total Hamiltonian at K = 1 and
Y =1 becomes

L]
ZE i—xip1)+H . (33)

Z |x,\

= n
Applying the nearest-neighbor pair CVM to the above H, we
obtain the variational free energy (interaction part)

F = Z(U(x,)} + Z(V(xi,xi+1)> — Zhi(B(Xi)>

L

+ry 63 -5, (34)
Here, (U(x;)), (V(xi,xi4+1)) are given by Eq. (19) and Fi(l),
I, by Eq. 1),

In the above equation, pl-m(x) and pi(ﬁ] (x,y) obey the
following constraints:

foo N oo (1)

_ dxp, ( ) 17 8 dypll+1 ()C y) p ()C),
+oo

/_o<> dxpl(lzjrl (an) :plg»)l (y)’

" dxdyp® -1 35
- Xdyp; it (x,¥) . (35)

They are enforced by Lagrangian multipliers Ay;, A2;i(2),
A3i(z), and A4;, respectively. We get

+oo
9 [ [ a2 - p o)
e (@) (1)
y) [w dei.,i+1(x»y)—Pi+1()’)
e 2)
- 2141‘ dXdypi,i+1 (x,y)—1{. (36)
i=1 -

Carrying out the variation of £ with respect to A;, A2;(z),
A3i(z), and Ay; will produce the constraint equation (35). The

variation with respect to pl-(l) (z) and p.@ (z,w) then gives

ii+1
pi(l)(z) — PlUR)—hiB(2)+2i(2)+23i(2) — il — ! (37)
P! zz'll(@w) — BV W) +Aai(2)+A3i41 (w +7k4i]*1. (38)

In the limit {A;} = 0, the above equations reduce to the uni-
form CVM equations (27) and (28).

To obtain the correlation function, we calculate the differ-
entiation of the above CVM equations with respect to field £,

080501-5
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and then take the limit i#; = O for all i. We define the response
of the Lagrangian multipliers A;;—A4; to h; as

_ dAi; oy — I i(z)
X1i = ahl {h,‘}=07 X2l(z) = 8/11 ’{hi}:07
o 9Asulz) o dy
w0 ="g, | =] 69

Note that since A»;(z) and A3;(z) contain the mean field exerted
on the clusters i and (i,i+ 1) (see discussion below Eq. (31)),
%2i(z) and x3;(z) contain the response of the mean field to the
external field.

Substituting Egs. (37) and (38) into Eq. (35), doing the
derivative of iy, and taking the limit 4; = O for all i, we obtain
a set of self-consistent equations about ¥1;, X2i(z), x3i(z), and
X4i» where the CVM uniform solutions for A1, A>(z), A4, and
pD(z) are used as input. The equations can be simplified in
the momentum space by introducing the Fourier transform of

X1i» X2i(2), x3i(z), and x4,

L . .
Xak = Zxajeilk(jil)a (a = 15273a4)' (40)
j=1

Here, k = 2nm/L (m = 0,1,...,L —1). The self-consistent
equations for ¥ (00 = 1-4) are finally obtained as

tie= [ dzp V@) (@) + 2l0) — B,

+-oco .
Xak = — /[ dzdwp® (z,w) [sz(z) + elkl3k(w)} ’
2ok (2) = B(2) + 2+ ¢ F o
LT
4 e ik {/ dwF(w,Z)sz(W)} )

—oo

23x(2) = B(2) + X1k + Xax

+ ek U+°° dwF(w,z)x3k(w)} . (41)

—o0

In the above equations, the function F (w,z) is given by

F(w,z) = ePlEVna)+Aa(w)=0@)], (42)

Here, A2 (w) and Q(z) are solved from Eq. (31).

After Eq. (41) is solved to produce X1k, Xok» X3k and Xax,
the correlation function Cy; = (B(x1)B(x;)) — (B(x1))(B(x;)}
can be calculated as
1 9(B(xi))

B dhy ’{h,-:O}

o0

dzp™(2)B(2)

Ci =

X [=01,B(z) = x1i + x2i(z) + x3i(2)] . (43)

The corresponding formula in momentum space reads

C(k) = /:O dzp"W(2)B(z)

X [=B(2) — X1k + x2x(2) + X3¢ (2)] (44)

which can give Cy ; through
1 .
Cij= ZZC(k)e‘k“’l). (45)
k

In Eq. (41), we can assign Y3 (z) = X5, (z) to obtain areal C(k).

Note that Eqs. (41) and (44) depend on the system size L
through the k discretization. They are exact for the thermody-
namic limit L = oo but not for a chain with finite length L. The
same is true for Eq. (45).

4. Results

In this section, we present the results obtained from the
numerical solution of the CVM and LRT equations. We also
give the asymptotic expressions valid in the low and high tem-
perature limits. The results are for parameters K =1 and y= 1.
For the numerical integration in Egs. (31) and (41), we use the
Gauss—Hermite quadrature based on 800 points of weights and
meshes generated by Matlab software. We investigate the fol-
lowing quantities: (A) single-site reduced density p(!) (2), B)
(2™, (z%), {(z1 — z2)?), (C) specific heat, and (D) static cor-
relation function. Only (D) involves the LRT calculation.

4.1. Single-site reduced density p(!)(z)

In Fig. 1, we show the single-site reduced density p(!)(z)
at z > 0 for two representative n values, n = 2 (harmonic os-
cillator) and n = 4 (¢* model). Due to p(!) (—z) = p(V)(z), the
z < 0 regime is not shown. Other n values give similar bell-
like one-peak curves with maximum at z = 0. With increasing
temperature, the peak of p(l)(z) becomes broader and lower.
Below, we will denote p(!)(z) at temperature T as p(V)(z,T).
For a given n, the height of the peak, H(n,T) = p(1) (z=0,T),
is a decreasing function of 7. The shape of the curve p(l) (2)
reflects the competition between the thermal movement of par-
ticles and the shape of confining potential |z|". For a fixed T,
as n increases, the local potential becomes flatter at bottom in
—1 < z< 1 and increases more sharply at z = £1. As a re-
sult, p(1(z) has a flatter distribution at |z| < 1 and decreases
sharply at |z| > 1. In the limit of n = oo, the local potential
becomes an infinitely deep potential well in |z| < 1 with a flat
bottom. p(!)(z) will then have a rectangular-shaped distribu-
tion in |z] < 1.

In Fig. 2, we plot the peak height H(n,T) as functions of
T for various n values. It has different low and high tempera-
ture asymptotic power laws. Fitting the numerical data gives
the following form:

2
T w2, (T < Ty);
H(n,T) ~ . ( e (46)
T7n, (T>Ty).
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For 2.0 < n < 10.0 shown in Fig. 2, the crossover temper-
ature Tor ~ 1, without significant n dependence. For n = 2,
the low and high temperature exponents coincide. We have
H(n=2,T) ~ T~'/?in the full temperature regime.

p(2)

10 P————

—~ )
~ 1078
) —6[ (b) n=4
Q 107°r g0
of —T=10
10 r T—10%
10-12L

10* 107* 1072 10! 10° 10! 10? 10°
z

Fig. 1. Single-site reduced density p(') (z) as a function of z for different
temperatures. (a) n =2 and (b) n = 4.

103

) T-2/(n+2)
10

10'
T 10°
107!

1072

T-1/n

107376 I74 I72 X 0 % 2 X 4 6
10°° 107 10 10° 102 10" 10

T
Fig. 2. The hight H of p(!)(z) curve as a function of 7 for various n val-

2
ues. The low temperature asymptotic behavior H ~ T~ »+2 and the high
1 .
temperature H ~ T~ » are marked in the figure.

10°

102

10°% 107* 1072 10° 102 10* 10°
T

Fig. 3. Width W of p(!)(z) curve as a function of T for various n val-
ues. The low temperature asymptotic behavior W ~ Tn% and the high
temperature p(l) (z) ~ T are marked in the figure.

In Fig. 3, we show the peak width W (n,T) of the curve
pM(z) as a function of T for different n values. W (n,T)

is defined as twice the positive solution z of the equation
pW(z,T)/pW(z=0,T) = ¢ for ¢ = 10~1>. Not surprisingly,
W (n,T) is inversely proportional to H(n,T),

2
Tz, (T < nr);

W(n,T) ~ 47

Ti, (T>Ty).

This is expected from the conservation of area of the p(!)(z)
curve, [dzp(V(z) = 1. Note that the crossover temperature
Tt ~ 0.1 is smaller than the value of Eq. (46), reflecting that
the shape of the curve p(!)(z) evolves with 7.

The two-segment behavior of H(n,T) and W (n,T) as
functions of T shows that the oscillators’ movement in the
KG model is dominated by different factors in the high and
low temperature limits. In the high temperature limit, due
to the large amplitude of oscillations, the local potential |z|"
dominates the movement and the particles are more indepen-
dent. The approximate energy conservation of a local oscilla-
tor gives W" ~ T /2, leading to W ~ 7'/ In the low tempera-
ture limit, the oscillators move near the bottom of the potential
well and are influenced jointly by the local potential and the
non-local interaction (z; —z2)? in a more subtle way, giving
rise to the nontrivial behavior W ~ T'%/("+2),

From the two-segment power law behavior of the height
H(n,T) and width W (n, T), one expects certain scaling behav-
iors in the function of p<1>(z, T) in the low and high temper-
ature limits. In Fig. 4(a), we plot —In[p™)(z,T)/p™M)(0,T)],
the minus log of p(!)(z,T) rescaled by its height at z = 0, as
functions of z for n = 6 at temperatures from 10~¢ to 10°. All
curves behave as z? for small z and z° for large z, separated
by a temperature dependent crossover z.;. As temperature in-
creases, the curves move towards right at different speed in the
low and high temperature regimes.

In Figs. 4(b) and 4(c), we separately plot the low and high
temperature data of Fig. 4(a), with z rescaled by the width of
pM(z), ie., by T?("+2) in the low temperature limit, and by
T'/7 in the high temperature limit, respectively (see Eq. (47)).
In Fig. 4(b), all curves in the low temperatures 7 = 10~6-10~!
nicely merge into a quadratic function in the small z regime,
once z is scaled by the low temperature width power T2/ (nt2),
In the large z regime, they do not merge into a power law curve.
The crossover occurs at z/T #+2 ~ 1. We have checked that the
above behavior holds for all n > 2. The findings of Fig. 4(b)
can be summarized as the following scaling form for n > 2,

2 12
z/T n+2

p (2, T) = poT— 72 eﬂ{ 7

(/T7? <1, T < 1). (48)

The coefficient a ~ 1.0 has a very weak dependence on n.
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I

10—10 L L " "
1073 1072 107! 10° 10! 10?
z
10°
20 . /

= g} (0) Low T 1 107 (¢) High T /
= 10°F
= 100 L

< 11072}

~ 107! -
2 {104}
= -2 L

3 10 , {1076}

R ® L2 T=10°

I r 11078F 7o~

10—4 L L L 1 L L
1072 107* 10° 10! 1072 107! 10°
Z/TZ/(nJrZ) z/Tl/n

Fig. 4. Curves of — lngp(l) (z)/p1)(0)] for n = 6 as functions of rescaled
z. (@) —In[p(M(z)/p(M)(0)] as a function of z for T = 107, 1074,.., 10°
(from left to right). Black dotted lines marked out the power law behavior.
() —In[p(z)/p (M (0)] as a function of z/T¥ "2 for low temperatures
T =10%-10"". (¢) —In[pV(z)/p1(0)] as a function of z/T'/" for
high temperatures T = 10'-10° (from left to right). The dashed lines are
curves for —B(|z]" /n+z2) vs. z/T'/". The power functions x* and x5 are
marked in the figures.

In the high temperature limit, we scale z by the high tem-
perature width power T/ and re-plot the high temperature
curves of Fig. 4(a) in Fig. 4(c). We find that p(l)(z,T) has a
scaling form only in the large z regime. Considering that the
non-local coupling plays no role in this limit, one can estimate
pW(z) by [f o~ Bllail"/nt(i—zio1)? /24 (zir1—2)* /2] dzi_1dzi,
giving p(V(z;) ~ e Blal"/ n+3). This formula (dashed lines)
nicely matches the whole curves in Fig. 4(c). We thus obtain
the high temperature asymptotic behavior of p(l)(z,T) (for
n>2)as

("

Py =porhe *(TF) (rs1). )

A more systematic derivation of Eq. (49) from CVM equa-
tions is given in Appendix A. In the large z limit, the |z|" term
dominates the exponent (for n > 2) and the above equation
becomes a scaling form p) (z,T) ~ T*%p(l)(z/Tﬁ7 1). This
then gives a well-defined width W (n,T) ~ T, being consis-
tent with Eq. (47).

For n = 2, the local and non-local potentials have the
same power. The above analysis for high temperature does
not hold anymore because the non-local interaction cannot be
ignored even in the high temperature limit. However, the form

of Eq. (48) covers Eq. (49) in this case. So we have for n = 2,
P T)(n=2) = poT 2 =/, (50)

Fitting the numerical data of p(!) (z,T) (n = 2) with this equa-
tion gives a ~ 1.1.

4.2. (|z]™) and ((z1 —22)?)

In this part, we study the thermodynamic averages (|z|™)
for arbitrary m and the average of nearest-neighbor coupling
{(z1 —22)?). {|z]™) can be calculated directly from the single-
site reduced density p(!)(z,T) through

e 1
) = [ e @ T)dz. 5D
Using the low and high temperature expressions for p(!) (z, T

Egs. (48) and (49), we obtain the low and high temperature
asymptotic behavior of {|z|™) as

2m
Twi2, (T < Ty);
(Jz|™) ~ { ¢ (52)

Tw, (T>Ty).

Note that in the high temperature limit, the width of p(l) (z,T)
becomes so large that the integration in Eq. (51) will be domi-
nated by the |z|" term in the expression of p(!)(z, T), Eq. (49).
So the high temperature behavior (|z|™) ~ T"/" is the proper-
ties of the atomic limit, as analyzed in Appendix A.

10*
10%
Tl
100
= —_—n=2
™ 107%f n=25
-~ n=3
s n=4
10 n=>5
o n="7
106~ n=10
7 T2n/(n+2) - =~ 0.561T%/3
-8 1 1 1 1 1

107°107*1073 1072107 10° 10' 10% 10® 10*
T

Fig. 5. The (|z|") as a function of temperature T for various n values. The
low and high temperature asymptotic power laws are marked in the fig-
ure. The dashed line is for 0.5617%/3 obtained in Ref. [22] for ¢* lattice
model (KG model at n = 4) in the low temperature limit.

10°
103+
10+
& 10—t — n=2
3 — n=25
n=3
10-3 n=4
—_n=2>5
- n="7
107 —n=10
T +2) - - -0.456T%/3
1077 - L L L L L )
10°% 107* 1072 10° 102 10* 10°

T

Fig. 6. The () as a function of temperature T for various n values. The
low and high temperature asymptotic power laws are marked in the fig-
ure. The dashed line is for 0.456T%/3 obtained in Ref. [22] for ¢* lattice
model (n = 4) in the low temperature limit.

In Figs. 5 and 6, we plot the numerical results for
{|z]™(T) and (z*)(T), respectively, for various n values. These
curves fulfil the asymptotic low and high temperature power
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laws in Eq. (52), with a crossover at around 7., ~ 1. Forn =2,
the low and high temperature limits have the same asymp-
totic power /% for arbitrary m. We did not observe any
signature of crossover between the low and high temperature
regimes (see the n = 2 curves in Figs. 5 and 6). This sup-
ports that for n = 2, there is a unified power law function in
the full temperature regime, i.e., Eq. (50). For n = 4, the exact
low temperature asymptotic expression has been obtained as
(%) = 0.456T%/3 and (z*) = 0.456T*/3 from the analysis of
the corresponding quantum anharmonic oscillator in the high
temperature limit.[??) As shown by the dashed lines in Figs. 5
and 6, CVM data agree well with these formulas in the low
temperature limit. The same expressions agree well with the
MD simulation data in the low temperature regime,?%! consti-
tuting a cross validation of all methods.

Here, it is appropriate to discuss the self-consistency be-
tween CVM and LRT. As noted at the end of Subsections 3.1
and 3.2, the system size L does not appear in our CVM for-
mula for the periodic boundary condition. It appears in the
LRT formula only through the summation of k in Eq. (45).
The LRT result from Eq. (45) should be consistent with the
CVM result from p()(z) (Eq. (29)) and p (z,w) (Eq. (30))
in the limit L = oo where both are expected to be exact. This
consistency is a test of exactness of the theory. We consider
the local quantity (z*) which can be calculated from CVM and
LRT respectively through

—oo

~+oo
()evm = / 2pW(z,T) dz,
1
(Z)Lrr = C11 = ch(k)' (53)
x

Here, Cy; and C(k) are given in Egs. (43) and (45), respec-
tively. It turns out that for finite L, LRT always produces
larger (z*) than CVM. We gauge the finite size error in (z?)Lrr
by §(z%) = (%)1rt — (z*)cvm. In Fig. 7, we plot §(z%) as
functions of L for a series of temperatures at n = 4. They
decay exponentially with increasing L, tending to zero in the
thermodynamic limit. This confirms the expected consistency
between CVM and LRT. We define the decay length &,e as
8(z?) = ce /%=, The inset of Fig. 7 shows that &g,e(T)
decreases with increasing 7 and coincides with the correla-
tion length &.o(T) extracted from the correlation function
Cj o< e (=D/%or in the large i limit. This is a reasonable
result since the finite size error can be measured by how much
long-range correlation beyond the system size is neglected in
the finite size calculation. It is therefore controlled by L/Eco-

It should be noted that <ZZ>LRT is not the exact result for
a chain with finite length L. This is because CVM is exact for
system with an open boundary condition, while in the deriva-
tion of LRT, we have used the Fourier transformation which
applies only to periodic systems. Thus the combination of

CVM and LRT is exact only in the thermodynamic limit. In
fact, we have checked that for small L, (z?);rr(7T) has an in-
correct power law in the temperature dependence in the low
temperature limit.

10°

1071

1072

1073

1074

<Z2>LRT— <22>CVM

Fig. 7. The difference between (zz)’s obtained from LRT (Eq. (45)) and
CVM (Eq. (51) as a function of L for n = 4 and various temperatures
(marked in the figure). Inset: decay length &g,e(T) from fitting the ex-
ponential decay in the main figure (squares with solid guiding line), and
the correlation length o (7)) from fitting the correlation function via
Eq. (60) (cycles with dashed guiding lines).

104+ n=2
—n=25
9 n=3

10 F— n=5
& n="7
’@ 100_ ——n=10 T2/
|—<
S 1072t
=

107+ T

1076 - L L L L L )
10-¢ 10~* 10=2 10° 10%> 10* 10¢
T

Fig. 8. The ((z; —22)?) as a function of temperature T for various n val-
ues. The low and high temperature asymptotic power laws are marked.

The average ((z1 —z2)?) involves the correlation between
the displacements z; and z of the two nearest sites. It must
be calculated from p®(z,w) of Eq. (30). In Fig. 8, ((z; —
22)2)(T) as functions of T is plotted for various 7 values. Sim-
ilar two-segment behavior is observed, with the asymptotic be-
havior extracted as

T!, (T <Tu);

((z1—22)%) ~ { (54)

2
T, (T > Tcr)a

with g ~ 1.0.
tions between neighboring sites can be neglected, we have

In the high temperature limit, the correla-

((z1 — 22)%) ~ 2(z?) ~ T?*/". In the low temperature limit,
{(z1 —22)%) = 2({z?) — (z122)). Since for n >2 and T — 0,
(%) ~ T*("+2) is much larger than ((z; —z2)?) ~ T, we ex-
pect that the T'!' behavior in the latter is the result of a cancela-
tion of the leading 7%/ ("*2) term in both (z%) and (zz>). This
shows that in the low temperature limit, the nearest-neighbor
correlation of x; is as large as the local correlation. We see that
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the temperature behavior of the averages is characterized by a
two-segment fashion, with the high T properties dominated by
the local potential, and the low T properties determined jointly
by the local potential and the non-local interaction.

4.3. Specific heat

The internal energy (H) for the KG lattice model is ex-
pressed in terms of the averages discussed in the previous sub-
section

(H) = 3TL+ S{@ -2 4 (). 69)

The specific heat can be obtained from C, = (1/L)d{(H)/dT.

In Fig. 9, we plot C, as functions of T for various n val-
ues. For n > 2, Cy(T) is a decreasing function of 7. We ob-
serve Cy = 1.0 at T = 0 and it decreases to a constant smaller
than unity in the high temperature limit. The crossover tem-
perature separating the low and the high temperature plateaus
is about Ty = 1072-10° for 2 < n < 10. For the special case
n =72, Cy = 1 for all temperatures, as expected from the en-
ergy equipartition theorem. The inset shows that Cy (T = o)
agrees well with 1/2+1/n. For n = 4, the curve C,(T') and
the high temperature value 3 /4 agree with the results from pro-
jective truncation approximation for ¢* lattice model.'®! The
obtained low and high temperature asymptotic values of Cy for
n > 2 are thus summarized as

1 (T < 1);
C, = ’ ’ 56
v {;+}1, (T >1). (56)
1.1
)| E— n=2
0.9}
g 0.8

[ 1of o C, (T=x)
0.7k 09 [——1/2+1/n
0.8F

0.6ro0.7

0.6}
0.5F 0.1 02 03 04 05

107 107* 1072 10° 10? 10% 108
T

Fig. 9. Specific heat Cy as a function of temperature 7' for various n val-
ues. The inset shows the extrapolated value of Cy(e0) (squares) versus
1/n (solid line), showing Cy(e0) = 1/2+1/n.
This result can be understood in terms of previous results.
According to Egs. (52) and (54), we write the asymptotic ex-
pression for {(z; —z2)?) and (|z|") as

) AT', (T < 1);
(mi—2))~9Q ., (57)
AT#, (T>1);
w )BT (T<1);
(II") {BT', (T 1), (58)

Here, A, A, B, and B are temperature-independent coefficients
in the asymptotic limits. Inserting the above two equations
into Eq. (55), we obtain for n > 2

Lilat 2 Briss, (T< 1)
C — 2 2 n+2 ) ’ (59)

V= 5 T2
T+ip LATa—t, (T>1).

For T < 1.0, the system becomes quadratic and equipartition
of energy gives A = 1.0. For T >> 1.0, from the high temper-
ature asymptotic expression of p(!) (z,T) in Eq. (49), one can
rigorously derive B = 1. Inserting these into Eq. (59), one ob-
tains the observed result Eq. (56) for n > 2. For n = 2, we ex-
pectthatA(n=2)+B(n=2)=landA(n=2)+B(n=2)=1,
as required by Cy(n = 2) = 1.0. The crossover temperature of
Cy(T) can be estimated by equating the low and high temper-
ature expressions in Eq. (59).

As a qualitative understanding of Eq. (56), we note that
for the classical system with continuous variables, the temper-
ature is a measure of the total energy density (H)/L. Hence
(H)/L ~ T always holds for arbitrary potential and interac-
tion, giving out basically constant specific heat C,. However,
the value of T-linear coefficient of (H)/L depends on details
of the potential and interaction. Here for the KG lattice model
Eq. (1), the local potential %|x|" controls the high temperature
behavior. With increasing n, the potential energy decreases
rapidly (due to both the 1/n factor and the form |x;|") in the
accessible spatial area of atoms and thus makes less contribu-
tion % to the high temperature specific heat C, = % + %

4.4. Static correlation function

The static correlation function Cj; = (x1x;) — (x1){x;) is
calculated from LRT formula Egs. (44) and (45) for a suffi-
ciently long chain, choosing the function B(x) = x. For the
present model, (x;) = 0. Figure 10 shows that C}; decays expo-
nentially with increasing i for any temperature, starting from
i =1 and until / is close to L/2. We therefore define the corre-
lation length & as

Cii = <x2>e‘%, (1<i<L)2). (60)

Figure 10(a) shows that for n = 2, £ is a constant indepen-
dent of T'. Figure 10(b) shows that for n = 4, & is a decreasing
function of temperature.

The temperature dependence of correlation length & is
presented in Fig. 11 for various n values. For n = 2, our fitting
gives the T-independent value & (T') = 1.03904, in good agree-
ment with the exact value 1/In[(3+/5)/2] (see the PTA re-
sult in Subsection 4.5). For n > 2, £(T) diverges in a power
law fashion & ~ T9<0 in the low temperature limit. In the
large T limit, &(T) decreases slower than the power law. It
is interesting to notice that the curves of &(T') for different n
values cross a common point at T = T; ~ 1.0 and & ~ 1.0.
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T=10°
107" —7=10!
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Fig. 10. Correlation function Cy; as a function of lattice site index i, for
(a) n =2 and (b) n = 4 at various temperatures.
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T
Fig. 11. Correlation length & as functions of temperature 7 for various n
values. From bottom to top on the left side, n =2.0, 2.2, 2.5, 3.0, 4.0, 5.0,
7.0, and 10.0. The symbols are data and lines are for guiding the eyes.
Inset: low temperature asymptotic power 6 from & (T < T) ~ T'® versus
—(n—2)/(n+2) (solid squares), compared with the function y = x (red
line).
Numerical fitting reveals the following asymptotic power
law behavior of &(T') in the low temperature limit:

E(T) ~T 753, (T < Ty). (61)

See inset of Fig. 11. In the high temperature regime, combin-
ing the numerical fitting with the asymptotic analysis in Ap-
pendix A, we extract the asymptotic behavior of &(T > Ty;)
(see Fig. 12) as

1
é(ﬂ—m7 (n>2,T>T,), (62)
with
) (i
an=""2 py=In|nn (g) . (63)
n I'(;)

In Figs. 12(a) and 12(b), we show the high temperature data
for 1/&(T) for various n values, showing that they are linear
function of InT for sufficiently large 7. The smaller 7 is, the

larger T is needed to observe the linearity, as seen by compar-
ing data in Figs. 12(a) and 12(b). In Fig. 12(c), the numerical
fitted coefficients a, and b, agree well with Eq. (63) except for
n very close to 2. This is because for n — 2+, one needs to
go to extremely high 7" to observe the behavior of Eq. (62). In
Appendix A, we give the details of the derivation of Egs. (62)
and (63).

16+ (a) n=10.0 16_(1)) 3.0
7
N / 5 12}
— 4 — 2.5
L 87 / L, 8t
2
(0] L L L (0] L L L L L
10° 106 107 108 10* 107 10% 10'3 106 10%?
T T
1.0r(c) e
0.8
< 0.6F
2 04 a,, CVM
a,, Eq. (63)
0-2p e b, CVM
of — — b, Eq. (63)
0.2 . . . . . . . . . .

1 2 3 4 5 6 7 8 9 10 11 12

Fig. 12. (a) and (b) Inverse correlation length 5’1 as a function of T in the
high temperature regime for various n values. The n values are marked
in the figure. In panel (c), the fitted power a, and b, from CVM data ac-
cording to E~1(T > T.;) = a, InT + b, (squares and dots) are compared
to Eq. (63) (solid and dashed lines).

The crossover temperature Ty, in £(7) can be estimated
by equating Eqs. (61) and (62). We obtain Ty = ¢/ ("~2) with
¢ > 1 being a constant. As n decreases towards n = 2, Ty,
diverges and the low temperature formula Eq. (61) governs
the whole temperature range. This is why for smaller n, one
needs to go to larger T to observe the high temperature asymp-
totic behavior Eq. (63). For n = 2, Ty = . Equation (61)
gives T-independent £, being consistent with the n = 2 curve
in Fig. 11.

4.5. Comparison with PTA

In this section, we present and analyze the PTA re-
sults for the one-dimensional KG lattice model. As was dis-
cussed in detail in Ref. [18] for the one-dimensional (])4 lattice
model (corresponding to KG model with n = 4), PTA can be
used to systematically study classical many-body problems.
The PTA based on the simplest operator basis By = {Qy =
1/vVL IL-zlxje_ijk} (denoted as PTA-B; below) is shown to
be equivalent to the quadratic variational method. This method
has only been tested at certain points of the parameters. Here,
using the exact CVM results for the KG model as a refer-
ence, we analyze the accuracy of PTA in the full tempera-
ture range. Demonstrating with the n = 4 case, we show
that PTA-B; already gives qualitatively correct low and high
temperature asymptotic behaviors. The PTA-B, based on ba-
sis By = {Q, Ry}, with Ry = 1/ﬁ2§:1x;’»e’iﬂ‘, further im-
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proves the quantitative accuracy. The analysis of the PTA-B)
equations also provides a derivation of the low temperature
asymptotic exponents of the averages (x]")(T) (m > 0 and m
is even) and the correlation length &(T'), as presented in Ap-
pendix B.

To carry out PTA, one first selects a set of operators (dy-
namical variables for the case of classical models) as the basis.
The equations of motion of Green’s functions defined on these
operators are then truncated by using the projection method.
Here, we sketch the main formula for the one-dimensional
KG model H(K,7) defined in Eq. (1) for even n. The final
asymptotic expression also applies to the odd n case. The gen-
eral formalism of PTA for classical models can be found in
Ref. [18].

The B basis {Qy} is defined as

1 L .
O = 7 leje’”k. (64)
j=

Here k= (2 /L)my (m; =0,1,...,L—1) is the lattice momen-
tum. We used the inner product!'® (X|Y) = ({X*,{Y,H}}).
Here {A, B} is the Poisson bracket between variables A and B.
We obtain the inner product matrix I and Liouville matrix L
as

1
Ly = (Ok|Or) = %51&' ;

Ly = —(O{{Qu,H},H})

R R NCI ) E W)

The Green’s function G(Qx|Q})w is then obtained ap-
proximately as

1/m
0 — Ll (k) + (n—1)y@xn=2)]

Here, @3 (k) = 2K [1 —cos(k)]. The averages (Q;Qx) can be
calculated from the spectral theorem. It reads

1/B

G(OO8)o =~ (66)

QO ey 7
This gives the correlation function
ik(j—1)
AW e e e
and the average (x?)
() ~ LZ 5 1 —. (69)
BL 4 @y (k) + (n—1)y{x"—2)

To solve the unknown (x"~2) appearing in the above
equations self-consistently, we need to extend the EOM
to the Green’s functions G (Qk|R*(m)i),, with R(m); =
1/VLY;(x;)"e k. We have Qx = R(1)x. The EOM and

PTA for these extended GFs, together with the spectral theo-
rem, lead to the following recursive relation for arbitrary odd
m > 0:

(Y 2 m () (. (70)
Using this equation, we can simplify Eq. (69) into

1 1
) B L T G T

(71)

From the above equations for (x?) and (Q;QOx), we can
analyze the low and high temperature asymptotic behavior of
the averages (x")(T) and &(T) from PTA-B;. We put the de-
tails of analysis into Appendix B and only present the results
here. For n > 2, the asymptotic behavior of (x™) (for even m)
reads

2m
’ Twr, (T<1);
X" Ty~ 110 ’ 72
(x"pra(T) {czTn, T>1). (72)

Here, ¢ = (m— D)1 [16Ky(n— D172 and ¢; = (m —
1)!1[(n— 1)119]™/". Comparing them with the CVM expres-
sion Eq. (52), we find that PTA gives the correct asymptotic
exponents.

The correlation length £ is independent of T at n = 2.
It can be obtained exactly by comparing Eq. (67), which
gives exact correlation function C(k) for n = 2, and the fit-
ting expression C'(k) in Eq. (A16) in Appendix A. We ob-
tain &(n =2) = 1/In[(2+r++Vr>+4r)/2], with r = y/K.
For K = y =1, it agrees well with the CVM numerical data
1.03904 in Fig. 11.

For n > 2, the asymptotic expression for the correlation
length from PTA-B; reads

n—2
T nf2
éPTA(T) ~ { dl T + N

(T<1);
1/(ayInT +b,), 73

(T>1).

Here, di = 4K[16(n— 1)Ky > "2 4, = 1—2/n, and
by = (2/n)In[(n—1)!!y] —InK. Compared to CVM result
Egs. (61)—(63), the PTA expression has correct form and cor-
rect a,. But the coefficients d; and b,, are inaccurate. For other
quantities such as ((z; — z2)?) and correlation length &(7),
PTA also gives qualitatively correct asymptotic behavior.

Given the qualitative correctness of PTA results, below
we make a quantitative comparison between PTA and CVM.
To be specific, we use the case of n =4 with K =1and y= 1,
i.e., the * model that has been studied by PTA on two suc-
cessively larger bases, B; = {Qx} and By = {Qy,R;}.['8] We
compare quantities (z*), ((z; —z2)?) (Fig. 13), and the corre-
lation length & (T') (Fig. 14).

In Figs. 13(a) and 13(b), we respectively plot the relative
errors in the averages (z*)pra and ((z; —z2)?)pra With respect
to CVM results as functions of temperature. It is seen that in
the temperature regime from 1076 to 10°, PTA-B, result al-
ways has smaller error than that of PTA-B;. The relative error
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in <Z4>pTA on Bj basis is smaller than 5% at all temperatures
and tends to zero in the large 7' limit. The relative errors in
((z1 — Z2)2>pTA on B and B, bases are negative. Their abso-
lute values are smaller than 15% at all temperatures and tend
to zero in the limit 7 = 0. The insets of Figs. 13(a) and 13(b)
show that the curves (z*) and {(z; — z2)?) from CVM, PTA-
B, and PTA-B, are indistinguishable to the eyes on the scale
of the plot.

0.06

(a) n=4 10°F
0.05 102F
B, N

0.04
0.03 1 10-10

107¢ 107* 10° 10 109
0.02 T

—CVM
PTA-B,
—PTA-B,

g <Z4> PTA

0.01 ¢

0.091 r(b)yn=4

0
—0.041
—0.08F
—0.12
—0.16

5((21422)2>PTA

—PTA-B,
—0.20 107 107 10° 10° 10°

—0.24 ———mt : e
1076 1074 1072 10° 102 10* 10°

Fig. 13. Relative errors of PTA-B; and PTA-B, results with respect to
CVM result for n = 4. In (a), 5<Z4>PTA = (<Z4>PTA — <Z4>CVM) /<Z4>CVM
is plotted as a function of 7. 1In panel (b), &{(z1 — z2)*)p1A =
[((z1 —22)%)p1a — (21 — 22)*)cvm] /{(z1 — 22)*)cvm s plotted as a func-
tion of T'. In both (a) and (b), the black and read curves are from B; and B,
bases, respectively. In the insets of (a) and (b), (z*) and ((z; —z2)?) from
different methods are shown as functions of T, respectively.

—0.040
(a) n=4 (low T)
—0.045F
g
& —0.050+ ——
B
—0.055F —*—PTA-B,
——PTA-B,
—0.060 — . . .
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T
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(b) n=4 (high T)
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w 9r
~
i 8 [
r —=—CVM
—e—PTA-B;
6 -
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T

Fig. 14. (a) Relative errors §&pta of the correlation length, obtained from
PTA-B; and PTA-B,, with respect to CVM result at low temperature.
Here, 6&pa = (Epta — Ecvm)/Ecvm. (b) Comparison of 1/ from PTA-

Bj and that from CVM at high temperature. Both (a) and (b) are for n = 4.
Lastly, we compare the correlation length of the ¢*
model obtained by PTA-B;, PTA-B;, and CVM. Figure 14(a)
shows the relative error of correlation length 6 Epra = (Epa —
Ecvm)/Ecvm for PTA-B; and PTA-B; in the low temperature
regime. Both are negative and their absolute values are on the

level of 5% for T < 1072, Again the relative error of PTA-
B, has smaller absolute value than that of PTA-B; at all tem-
peratures. This and similar observation in Fig. 13 show that
the precision of PTA improves with increasing basis dimen-
sion. In Fig. 14(b), the high temperature part of 1/&(T) ob-
tained from PTA-B; is compared with that from CVM. Both
are linear curves on the linear-log plot, being consistent with
Eq. (62). This confirms the qualitative correctness of PTA-
By in the high temperature limit. The largest relative error of
PTA-B) in this quantity is on the order of 20%.

Overall, making use of the exact CVM results, we gauge
the accuracy of PTA-B; and PTA-B; results. The comparison
shows that both PTA-B; and PTA-B; give correct low and high
temperature asymptotic power laws. The quantitative accuracy
is improved systematically by going from B basis to B,.

5. Summary and discussion

In this paper, we implemented the CVM and LRT calcu-
lation for the one-dimensional generalized nonlinear KG lat-
tice model, which has continuous degrees of freedom. We
presented results for the single-site reduced density p(l)(z),
on-site averages (|z"|) and (z*), nearest-neighbor coupling
{(z1 — 22)?), specific heat Cy, and correlation length £&. We
obtained their low and high temperature asymptotic scaling
behaviors from both numerical and analytical analyses. Ex-
act expressions for the asymptotic power law exponents are
obtained. Using the ¢* model (KG model at n = 4), we com-
pared the PTA results with CVM and established that PTA on
the B and B, bases gave qualitatively correct and quantita-
tively well-controlled results.

The CVM used in this work, i.e., CVM on the clus-
ter of nearest-neighbor pairs and LRT, is exact for any one-
dimensional lattice model with nearest-neighbor coupling and
open boundary condition. Therefore, similar study can be
carried out for a large class of models of this type, includ-

1671 and

ing Frenkel-Kontorova model,[® ding-a-ling model,
models with more complicated local potentials such as the
double-well potential,[®8] etc. For systems with longer-range
interactions, exact thermodynamic properties can also be ob-
tained from CVM on larger clusters if the size of the cluster
can cover the interaction range.

However, it is noted that the present CVM has diffi-
culty in studying the one-dimensional lattice models that con-
serve the total momentum, such as the FPU-f3 model, 19] Toda
model, 979 [ennard—Jones chain model,[”! etc. This is be-
cause for these models, the continuous x;-translation symme-
try of the system makes the x;’s unconfined and hence the
single-site reduced density p(l)(z) exactly zero. The formal-
ism of CVM, which is based on p(!) (z), must be modified be-
fore it can be applied to such lattice models. This issue will be
studied in the future.
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It is natural to ask whether the exactness of CVM can be
extended to the time domain of the classical dynamical sys-
tems to study the interested relaxation or response properties.
An extension of CVM to the time domain is the path probabil-
ity method.!”?! Tt studies the kinetic process of the Ising-like
lattice models and can be used to describe non-equilibrium
time evolution process in alloy systems. However, a similar
theory for describing the Hamilton dynamics of atoms has not
been developed yet. Further study in this direction will be in-
teresting.

Appendix A: High temperature analysis of CVM
and LRT solution for n > 2

The CVM equations Eq. (31) can be simplified into an
integral equation for Q(z) as

PO / 7 i BV ) -Ut O (AT

For n > 2, the local term U (w) ~ |w|" exceeds the non-local
term V(z —w) ~ (z—w)? in the large w regime. As a result,
at high temperatures, the inter-site coupling V(z — w) plays a
minor role and we can expand the equations into perturbation
series of BV (z—w). In the zero-th order of BV (z —w), one
gets Qo(z) = Qp, being a constant. To get the first-order cor-
rection, one put Qo(z) = Qo into the right-hand side of the
above equation. Expanding the right-hand side of Eq. (A1) to
first-order of BV (z —w) and we obtain

PO~ Pl [ " awe BU 1~ By (2~ w)]

)

— oButM+0) U+°° dweBU(w)] [1—BV(z—w))al

~ B +As+Q0) { / - dwe—ﬁu(m] e BVl (A2)

oo
Here,

[T dwe BUMV (2 —w)

(A3)

is the average of V(z —w) in the atomic limit. Inserting
Eq. (A2) into Eqgs. (29) and (31), one then gets the high tem-
perature asymptotic form for p(!)(z) as

pW(z, T — 00) = ce BUE@+2V )] (Ad)
Using V(z—w) = (1/2)(z—w)?, one obtains
P T = 00)=pW(0)e PGE) . (A5)

Using the sum rule [*2"p()(z)dz = 1, we obtain

1=p0) [

—oo0

o0 dzeiﬁ(%|z‘n+z2)

= pM(0)2n" " T5T (1) . (A6)
n
This gives Eq. (49) in the main text,
PV T = o) =poT ne TGEE) (A7)

with po ~ 1/ {2n<1*">/"r(1 /n)} .
To derive the high temperature asymptotic expression for
the correlation function, we also expand the LRT equations

Egs. (41) and (42) to leading order of BV (z —w). We obtain
F(w,2) ~ e PR PRI _ By (w—7)]. (A8)

Inserting it into the expression for },;(z) in Eq. (41) and em-
ploying the symmetry properties A,(—w) = 4, (w), Q(—z) =

0(z), and x(—z) = —xa(z), we solve the equations for
22k(z) as
Xok(z) ~ B(2) + Be *myze POC), (A9)
Here, my is given by
t° 4zB B2 (z)
My = |- dzB(z)ze . (A10)

T 1 Be ik [T dz 2P0

Inserting Eqgs. (A9) and (A10) into Eq. (44) and evaluating
the integral in the high temperature limit, i.e., the atomic limit
BV (z—w) = 0 with Q(z) = Qy, we obtain the asymptotic ex-

pression for C(k),
C)(T — ) = () +2B () S
()at
~ All
T A (1D
with f; given by
elk
fi=Re |23 et | (A12)

In the derivation, y3(z) = x3,(z) has been used.
In the above equations, (z2)y = [ dzz?e PV / [ dzeBUG)
can be calculated as
['(3/n)
A 2/n
= (nT .
<Z >at (I’l ) F(l/n)

For n > 2, we take the limit T — oo and reduce f; ~ cosk. So

(A13)

we obtain the high temperature expression of C(k) for n > 2
as

T = o) 7o ——

T 1-2B(z2)ucosk’ Al

Now in order to extract the correlation length from the
above expression, let us suppose that Cy ; on the periodic chain
has the following form:

j—1 L+l

c{l;:co(e:+e : ),(1gng). (A15)
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Its Fourier transformation gives

sinh(1/&)

0 cosh(1/€) —cosk’ (A16)

Cﬁt<k) — ictli;eik(jfl) —
j=1
Now we compare Eq. (A14) with Eq. (A16). Taking the limit
T — oo, which implies & — 0, we obtain the high temperature
asymptotic expression & (T — o) for n > 2, i.e., Egs. (62) and
(63) in the main text.

Appendix B: Analysis of PTA-B; solution

In this appendix, we analyze the PTA-B; results in the
low and high temperature limits. Our starting point is the
self-consistent equation (71). First, in the low temperature
limit, (x?>) tends to zero and the summation in Eq. (71) will
be dominated by the k — O contribution where @3 (k) =
2K [1 — cos(k)] ~ Kk?. In the large L limit, we therefore obtain

the approximate expression

<)C2>PTA(T —0)

Q

T 2
2nK Jo K+ A2
T

4K)’

Q

(B1)

with A2 = (n— 1)!!(y/K)(x?)"/>~!. This equation gives the
low temperature expression for (x?) as

(PVpra(T — 0) = aT'72. (B2)

Here a = [16Ky(n— )17 "*2 Using (") ~ (m —
1)!11(x2)"/2, we obtain Eq. (72) in the main text. The corre-
lation function in Eq. (68) is simplified similarly in the low T
limit as

C(k)PTA(T — O) ~ !

N BRI (B3)

Comparing this expression with the fitting formula (A16) in

Appensix A in the £k — 0 limit, one obtains
n—2

= bT  n+2 s

ép’rA(T — 0) ~ (B4)

> =

with b = 4K [16(n— 1)11Ky] "/ ("2,

In the high temperature limit, (x?) tends to infinity and
the summation in Eq. (71) will be dominated by the A2 term.
We then have

T

(n— )Ny(x2)yn/2-1’ (BS)

(P)pra(T — o0) &

which, together with (x™) = (m — 1)!1(x?)"/? (m even), gives
the asymptotic expression
(™ pra(T — o) =T, (B6)

with ¢ = (m— 1)1 [(n— 1)11y] /™,

Comparing the correlation function (Q;Qx) in Eq. (67)
with the fitting expression Eq. (A16) and using Eq. (B6), one
obtains
B 1
~ aPTAInT + bETA’

with a?™ =1 —2/n and BE™ = (2/n)In[(n — 1)!!y] — InK.
We find that aETA is identical to the exact value from CVM,
while bFTA is different from the CVM expression in Eq. (63).

Epta(T — o) (B7)
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