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This study theoretically investigates chaos in a cavity optomechanical system with Coulomb coupling. The system
consists of a Fabry—Pérot cavity with a movable mirror, where Coulomb interactions arise from charging the two movable
mirrors. We examine the chaotic dynamics under the influence of both single and bichromatic laser fields. The single laser
field represents a system driven exclusively by the pump field, whereas the bichromatic field represents simultaneous driving
by both the pump and probe fields. In addition to conventional chaos-inducing methods through parameter variations,
we demonstrate that increasing the Coulomb coupling strength enhances the system’s nonlinearity and induces chaotic
behavior. Furthermore, we propose several strategies for generating and controlling chaos, while also identifying the
parameter ranges necessary for the resonance of the two mechanical oscillators. Interestingly, when adjusting the driving
power in a system driven solely by the pump field, we unexpectedly observe the emergence of high-order sidebands. These
findings contribute to the development of chaotic behavior in future cavity optomechanical systems and provide a theoretical
basis for applications in physical random number generation and secure communication.

Keywords: cavity optomechanical system, Coulomb coupling, chaos, period bifurcation

PACS: 05.45.—a, 42.50.—p, 42.50.Md, 42.65.Sf
DOI: 10.1088/1674-1056/add509

1. Introduction

Optomechanical nonlinearity has emerged as a signif-
icant area of research in recent decades.['"3l As the field
continues to advance rapidly, a range of fascinating nonlin-
ear phenomena have been observed in cavity optomechani-

[4-6] tunable

cal systems, including self-induced oscillations,
high-order sidebands,”*! and chaotic motion.['"1?] In ad-
dition, cross-Kerr coupling has been demonstrated to sig-
nificantly impact the transmission spectrum in double-cavity
systems. (3] Duffing-type nonlinearities have been utilized to
improve quantum entanglement and steering in hybrid atom—
optomechanical systems.'*] Nonclassical states have been
generated through the use of catalytic quantum scissors, %]
further expanding the domain of optomechanical nonlinear-
ity. The characteristics of chaotic motion are characterized by
complex and unpredictable long-term behavior in determinis-
tic dynamical systems, with sensitivity to initial conditions. 6]
Experimental studies indicate that increasing the strength of
the driving laser can induce chaotic motion in both optical cav-
ities and mechanical oscillators.!!7-'8] Consequently, consider-
able attention has been focused on the formation and control of

119.201 1y our

chaotic motion in cavity optomechanical systems.
systems exhibiting nonlinear Coulomb coupling,?'~2%! we ex-
plore the formation and manipulation of cavity optomechani-

cal chaos through system parameters. This understanding may

TCorresponding author. E-mail: liuliw@xbmu.edu.cn

CSTR: 32038.14.CPB.add509

provide more effective strategies for controlling chaos and of-
fer a novel platform for investigating nonlinear interactions in
cavity optomechanics.

Recent advances in nanotechnology have enabled the fab-
rication of mechanical components with reduced mass and
increased quality factors. These improvements significantly
strengthen optomechanical interactions. A diverse range of
cavity optomechanical systems has been developed, including

26,27

spherical cavities,?®?7! toroidal oscillators,?3?°! and Fabry—

(30311 Tntroducing additional nonlinearities into

Pérot cavities.
these systems not only enriches their dynamics but also un-
veils new physical phenomena, particularly in the context of
chaos. Despite the challenges associated with exploring and
controlling chaotic motion, it offers considerable potential for
future applications. In quantum optics, Coulomb coupling —
achieved by charging a movable mirror — has been employed
to observe various nonlinear effects, such as optomechanically
induced Faraday rotation, 32! tunable switching between slow
and fast light, >3] and superluminal phenomena.**! Moreover,
theoretical studies have demonstrated that Coulomb coupling
induces nonlinear interactions within cavity optomechanical
systems.333¢1 This offers a promising route for generating
and tuning chaotic behavior. In this study, we investigate a
Fabry—Pérot cavity with two charged movable mirrors, where
Coulomb coupling is deliberately introduced to induce chaos.
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In addition to chaotic dynamics, recent advancements in cavity
optomechanics have also focused on perfect optomechanically
induced transparency, offering new perspectives on light—
matter interactions and quantum control.[*738 These develop-
ments further emphasize the importance of exploring the non-
linearity and chaos of cavity optomechanical systems.

This paper aims to improve the controllability of op-
tomechanical chaos by introducing Coulomb coupling. We
investigate the system’s controllable parameters in both the
period-doubling®*#% and chaotic regimes, considering sce-
narios with single and bichromatic driving laser fields. By an-
alyzing the radiation—pressure and Coulomb interactions, we
explore how various parameters can be adjusted to induce and
control chaotic motion under these two interactions. Notably,
when only the pump field is present, tunable high-order side-
band spectra are observed within the optical cavity, which can
be modified by varying the driving power. Numerical sim-
ulations of the intracavity field intensity power spectra con-
firm the presence of high-order sidebands under strong driving
conditions. Additionally, we present the bifurcation diagram
of the limit cycle amplitude and the corresponding maximum
Lyapunov exponent,[*1#?] identifying the optimal parameter
range that generates chaotic motion. These findings pave the

and propose methods for inducing chaos through Coulomb in-
teractions, thereby providing a theoretical foundation for prac-
tical applications.

The structure of this paper is as follows: In Section 2,
we present the cavity optomechanical model with Coulomb
coupling. Using the system’s Hamiltonian, we derive the
Heisenberg—Langevin equations. In Section 3, we examine
the chaotic motion induced by driving power, Coulomb cou-
pling strength, the detuning between the cavity and laser fields,
and the detuning the pump and probe fields. We also identify
the parameter range for the resonance of the two movable me-
chanical oscillators. Finally, in Section 4, we summarize the
main findings of the paper.

2. Model

The cavity optomechanical system depicted in Fig. 1 con-
sists of a high-quality Fabry—Pérot cavity with an attached
movable mechanical oscillator. MR (MR;) is charged by a
bias gate voltage. Mechanical oscillator MR is subjected to
both radiation pressure and Coulomb interactions, while me-
chanical oscillator MR; is only influenced by Coulomb inter-
action. Figure 1(a) illustrates the driving of the pump field,
while Fig. 1(b) shows the simultaneous driving of both the

way for further exploration of cavity optomechanical chaos  pump and probe fields.
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Fig. 1. The schematic diagram of the cavity optomechanical system consisting of an optical cavity and two charged mechanical oscillators, MR
and MR,. The optical cavity has length d. The charges of the oscillators, denoted as Q; and Q», are Q1 =V; -C; and Q» = —V, - C,, respectively.
The variables ¢; and g, represent the displacements of the oscillators from their equilibrium positions. The equilibrium distance between the
two movable mirrors r is also illustrated. (a) A cavity optomechanical system driven only by the pump field. (b) A cavity optomechanical system

driven by both the pump and probe fields.

First, we examine the case of a single driving laser with
only a pump field. The Hamiltonian of the system is expressed
as

H, = hoec'c—hge'eqy + idgigr + iﬁ.Ql(cTe_iw‘t —H.c.)
2 2

P1 1 22 P3

—_— — w [
+(2m1+2m1 1‘]])+<2m2

The first term of the Hamiltonian corresponds to the energy

1
+ zmzw%q%> Y

of an optical cavity field with frequency @., where ¢ (c')
is the annihilation (creation) operator of the optical cavity
field, respectively. MR; and MR, represent movable mir-

rors with effective masses m; and my, respectively. The pa-
rameters g = @./d and A = C\V1C,V,/(2mhieyr?) denote the
coupling strengths of the optical cavity field and Coulomb
interaction,[*3441 where d is the length of the Fabry—Pérot
cavity and g is the vacuum dielectric constant. C; (C) and
Vi (V,) represent the bias capacitance and bias voltage, respec-
tively, where charge and discharge operations are applied to
the movable mirror. The second term corresponds to the inter-
action Hamiltonian of MR coupled to the cavity field via radi-
ation pressure. The third term accounts for the Coulomb inter-
action between MR and MR;. The fourth term corresponds to
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the Hamiltonian of the pump field, where Q) = \/W is
the amplitude, which is related to the field’s power A. Here, A
represents the power of the field and k is the total loss rate of
the optical cavity field. The final two terms describe the free
Hamiltonians governing the oscillations of the two movable
mirrors MR (MR;) with ®; (@), g1 (q2) and p; (p2) repre-
senting the frequency, position and momentum of the mirrors,
respectively. Finally, under the rotating frame defined by the
driving laser frequency @ of the pump laser, the Hamiltonian
is rewritten as follows:

Hi = hiAcct e —hge'eqr +hAqiqn + iﬁ.Ql(cT —c)

+p—%+1mw“ LA 2
<2m1 e 1‘11) + (2m2 + 2’"2(0242) ()
where A; = o, — @y is the detuning of cavity field frequency
and pump field frequency.

The cavity optomechanical system exhibits strong nonlin-
ear behavior, resulting in complex dynamics, including chaos.
Although the system operates in a relatively strong optome-
chanical coupling regime, we adopt the mean-field approxi-
mation to study the nonlinear dynamical behavior. It should be
noted that, in principle, the mean-field approximation (Qa) =
(Q) (a) is more appropriate for systems operating in the single-
photon weak-coupling regime. [*3] Here, it is employed primar-
ily to qualitatively capture the nonlinear features, as demon-
strated in Refs. [33,43,46]. The dynamics of the system can be
described by the Heisenberg—Langevin equations,*’! which
accurately capture the complex phenomena induced by non-
linear terms. To facilitate a discussion of the nonlinear and
chaotic dynamics of the system, we define the average value
of the optical cavity field ¢ = ¢y + icim, Where ¢ and cjy, rep-
resent the real and imaginary numbers, respectively. Finally,
the semiclassical equations of motion, free of imaginary terms,
are given as

_n

C]l — ) (33)
mi

p1 = hg(ch+cky) —motq —hdg —vip1, (3b)

ey (30)
my

P2 = —my03q2 — hAq1 — Yap2, (3d)

Cre = _KCre+(Ac_gq1)Cim+le (3e)

Cim = _Kcim_(Ac_gCI1)cre~ (31)

Here, the decay rate of the optical cavity field is denoted by
K, while y; and 7, represent the loss rates of the two movable
mirrors, respectively.

The system is simultaneously driven by both the pump
field and the probe field. In the rotating frame with respect
to the pump field frequency @y, the effective Hamiltonian is

given by

2
1
Hy, = hA.cle— ﬁgCTCCh +hiq1q2+ (212 + zmlwlzﬁ)
1

2
p 1 . "
+ (2’;2 + Zmza)zzq%> +1h(c’ —¢)

+ih(cT Qe A —H.c.). 4)

Here, Aq = @, — oy is the detuning between the probe and
pump field frequencies. s = \/W/hwb is the amplitude of
the probe field, which is related to the field’s power P;. Sim-
ilarly, the semiclassical Heisenberg—Langevin equations are
presented to describe the motion of the system

g =21 (5a)
my

p1 = hg(cp+ i) —miofqr —hAg —yip1,  (5b)

Q2 = &7 (5C)
myp

P2 = —m3qy — hdq — pp2, (5d)

Cre = —KCre + (Ac — q1) Cim + 1 + Qg cos(Agt), (Se)

Cim = —KCim — (Ac — 841 )Cre — 0 Sin(Aslt); (59)

The quadratic [hg(c2 + cizm)] and mixed terms [—gq|¢im
and —gqjcr] in the Heisenberg—Langevin equation demon-
strate the system’s nonlinearity. Chaotic motion is highly sen-
sitive to initial conditions. We introduce the system’s perturba-
tion equations €y = (&;,,€p,,€4,,Epy» Ecres Ec;yy ) 1O Characterize
this chaotic behavior. The chaotic motion can be assessed by
calculating the average exponential divergence rate between
two adjacent trajectories.

£
&g = 2, (6a)

t = (6¢)
&y, = —my 034, — hAEY — VaEp,, (6d)
bee = —KEq, — 8(CimEqy + & q1) + Acey (6e)
& = — K€ — Acke. +8(q1Ec, + Cre€y, ) (6f)

Furthermore, we introduce the maximum Lyapunov ex-
ponent, denoted as LE.x. It is characterized by the logarith-
mic slope of the perturbation’s evolution &y as time approaches
infinity, providing a description of the state of optical cavities

or mechanical oscillators, 1-48]

1 oq(t
LE, = lim fim 1o (12901 | )
=0 §g0—0 ¢ [6q0]

When LE5x > 0, the system exhibits chaotic behavior, with
small errors being exponentially amplified, leading to signif-
icant divergences between adjacent trajectories. Conversely,
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when LEnx < 0, the system is stable, and adjacent trajecto-
ries converge to a steady state. When LEn,x = 0, the system
is in a critical state, transitioning between chaos, periodic mo-
tion, and period-doubling.

3. Results and discussion

In this study, we extend the classical Fabry—Pérot cavity
by incorporating a movable mechanical resonator and intro-
ducing Coulomb coupling between the two resonators. Our
focus is on investigating the effects of the driving laser field,
detuning and Coulomb coupling strength on the cavity op-
tomechanical system.

In our exploration of the system’s nonlinearity, driven by
a single laser field, we first observed the generation of tunable
higher-order sidebands as the laser power increased, as illus-
trated in Figs. 2(a)-2(d).

40 (@) ]

InS,(w)

InS,(w)
S
S

o 1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8

w (units of w,) w (units of wy)

Fig. 2. Logarithmic power spectra corresponding to various pump field
powers A: (a) A = 0.2mW, (b) A =20mW, (c) A = 60 mW and
(d) A = 100 mW. The remaining parameters are as follows: d =25 mm,
A = 1064 nm, m; = my = 145 ng, @, = 27t x 947 x 10° Hz, 0, = 1/20,
01 = 0> =6700, kK =27 x 215 x 10 Hz, A = 0. — @ = —1.50,, and
A=2x10Hz-m 2.

By numerically solving the system, we define I. = c2, +
2
im’
shown in Fig. 2, with an increase in the pump field power A,

¢, which corresponds to the intracavity field intensity. As
the sidebands within the optical cavity expand significantly.
The power spectra are plotted based on the Fourier transform
for different pump field powers: A = 0.2 mW; A = 20 mW;
B =60 mW; A = 100 mW. In Fig. 2(a), for weak pump field
power A = 0.2 mW, only low-order sidebands, such as the first
and second-order sidebands, are induced. In Fig. 2(b), when
pump field power increases to A4 = 20 mW, higher-order side-
bands appear within the optical cavity, showing a gradual de-
crease in the power spectra. Further increases in pump field
power to A = 60 mW and A = 100 mW lead to the genera-
tion of additional higher-order sidebands, as seen in Figs. 2(c)
and 2(d). It is evident that as the pump field power increases,
the number of higher-order sidebands also increases within the
optical cavity. During this process, the strength of each higher-
order sideband progressively weakens, eventually resulting in

a sharp cutoff. This behavior is indicative of robust high-order
sideband generation (HSG). Furthermore, in Figs. 2(c) and
2(d), the HSG in the optical cavity becomes denser with in-
creasing pump field power, highlighting the enhancement of
nonlinear effects in the system due to the increased pump field
power.

We now focus on the evolution of position ¢; (g2) and
the phase space of ¢g; (¢2) and p; (p2) under the influence
of Coulomb interaction between the two mechanical oscilla-
tors, as shown in Fig. 3. As the Coulomb coupling strength
increases, the motion of the two oscillators alternates be-
tween chaotic and periodic regimes, demonstrating the sys-
tem’s high sensitivity to Coulomb interaction. When Coulomb
coupling strength is below a critical threshold, as illustrated
in Figs. 3(a), 3(e), 3(1) and 3(m), both mechanical oscilla-
tors exhibit periodic motion, forming closed curves in phase
space, which corresponds to a single-period limit cycle. As
the Coulomb coupling strength increases, the oscillators tran-
sition from periodic motion to chaotic motion, as seen in
Figs. 3(b), 3(f), 3(j) and 3(n). During chaotic motion, the sys-
tem does not return to the same state, continuously evolving
into new states due to its sensitivity to initial conditions. A
small change in initial conditions can lead to a divergence in
the system’s evolution, resulting in distinct trajectories. Con-
tinuing to increase A, the oscillator returns to periodic motion,
as shown in Figs. 3(c), 3(g), 3(k) and 3(o). However, as shown
in Figs. 3(d), 3(h), 3(1) and 3(p), chaotic motion reappears at
higher Coulomb coupling strength. After alternating between
ordered and disordered states, the system eventually enters
a permanent chaotic state. This behavior contrasts with the
typical branching paths observed at lower coupling strengths.
As the Coulomb coupling increases, the optomechanical non-
linear effects intensify, contributing to system instability. By
comparing the motion and trajectories of two mechanical os-
cillators, MR and MR;, under identical conditions, it can be
observed that both oscillators share the same state, such as
periodic motion, period-doubling bifurcation, or chaos. This
similarity can be attributed to the Coulomb interaction be-
tween the oscillators. As the Coulomb coupling strength A is
varied, the states of the two oscillators change accordingly. By
modifying the Coulomb coupling strength A, we can induce
chaotic motion in the mechanical oscillator. This demonstrates
that the Coulomb coupling strength becomes the determining
factor in the motion state of the mechanical oscillators.

To determine the parameter range for chaotic motion in-
duced by Coulomb interaction, we plotted bifurcation dia-
grams and the corresponding LE,.x for MR and MR;. As
shown in Figs. 4(a) and 4(b), the bifurcation diagrams illus-
trate the variation in the limit cycle amplitude of the oscilla-
tors’ mechanical motion MR; and MR, with Coulomb cou-
pling strength A. The bifurcation diagrams clearly depict the
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oscillators alternating between periodic and chaotic motion,
eventually reaching permanent chaos. Figures 4(c) and 4(d)
show the variation of the LE,,x for the two oscillators with
Coulomb coupling strength A. These curves also reveal the al-
ternating transition between periodic and chaotic motion, ulti-
mately leading to permanent chaos. The maximum Lyapunov
exponent quantifies the sensitivity of the oscillators to initial

conditions, displaying alternating positive and negative values.
In the cavity optomechanical system driven solely by the pump
field, we also identified the optimal Coulomb coupling range
for resonance between the oscillators. Within this range, the
oscillators become tightly coupled via Coulomb interaction,
enhancing the nonlinear effects and allowing both oscillators
to reach chaotic states simultaneously.

©) (m)

g> (10719)
C‘)’l o w

py (1071%)

C‘)‘l o wt

q2 (1049)

150
Time (us)

Time (ps) @

Time (us) [

Fig. 3. Panels (a)-(d) show the evolution of ¢, while panels (e)—(h) present the phase space of ¢; and p; of MR;. Panels (i)—(1) depict the evolution
of g2, and panels (m)—(p) display the phase space of ¢» and p» of MR;. The values of the Coulomb coupling strength A are listed from top to bottom
as 1.5 x 1077 Hz-m™2,1.78 x 10%7 Hz-m™2,2.0 x 1037 Hz-m~2 and 2.2 x 10%7 Hz - m~2. Here P =60 mW, A. = —1.5a%, all other parameters

are the same as those in Fig. 2.

q; (1079)
g5 (1079)

2 14 16 1.8 20 22
X (10°" Hzm™?)

2 14 16 1.8 20 22
X (10°" Hzm™2)

(c) (d)

LE . (10%)
LE . (10%)

2 14 16 18 20 22
X (10°" Hzm™?)

2 14 16 1.8 2.0 22
X (10°" Hz-m™2)

Fig. 4. (a) Bifurcation diagram of mechanical oscillator MR;. (b) Bifur-
cation diagram of mechanical oscillator MR,. (c) LEpax of mechanical
oscillator MR;. (d) LEpax of mechanical oscillator MR, under varying
Coulomb coupling strength A. All other parameters are identical to those
in Fig. 3.

Furthermore, we observed the transition from periodic
motion to chaos by adjusting the detuning between the pump
field and the optical cavity. Figures 5(a)-5(d) show that as
the detuning A. increases, both the amplitude and frequency
of the oscillations change. Specifically, when the detuning

A. = 0.3 and A. = 0.9, as illustrated in Figs. 5(a) and

5(b), variation of the intracavity field intensity /. shows peri-
odic motion. However, as the detuning A, increases, the sys-
tem’s nonlinear behavior gradually shifts from periodic oscil-
lations to chaotic motion. As shown in Fig. 5(c), at a spe-
cific detuning value A, = 1.4a,, the optical cavity enters a
chaotic state, displaying irregular and unpredictable dynam-
ics. With further increases in detuning A, = 1.8, as shown
in Fig. 5(d), the system gradually stabilizes and the optical
cavity approaches a steady value. To investigate the nonlinear
dynamics of two mechanical oscillators in an optomechanical
cavity system with varying detuning values A, we analyzed
the evolution of the oscillators. Figures 5(e)-5(1) illustrate the
dynamics of the oscillators MR and MR, as a function of de-
tuning A.. Initially, we focus on the evolution of mechanical
oscillator MR in terms of its position g;. At specific detun-
ing values A, = 0.3, and 0.9w,, mechanical oscillator MR,
exhibits periodic motion, as shown in Figs. 5(e) and 5(f). At
certain detuning A. = 1.4, as depicted in Fig. 5(g), mechan-
ical oscillator MR, transitions into chaotic motion. As detun-
ing continues to increase A = 1.8, as shown in Fig. 5(h),
oscillator MR, stabilizes, approaching a steady state. Next,
we examine the evolution of the second mechanical oscilla-
tor under the same detuning conditions. Figures 5(i) and 5(j)
show resonance phenomena within a specific parameter range,
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where both oscillators MR, and MR undergo periodic oscil-
lations simultaneously. Similarly, in Fig. 5(k), MR, enters a
chaotic state at higher detuning values A, = 1.4@,. As detun-
ing continues to increase A. = 1.8@,, the amplitudes of os-

Fig. 5. Panels (a)—(d) show the evolution of the intracavity field intensity /.. Panels (e)—(h) depict the evolution of position ¢; of mechanical
oscillator MR, while panels (i)—(1) illustrate the evolution of position g of mechanical oscillator MR;. The values of the detuning A are

(a)
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cillator MR, gradually decrease, eventually reaching a stable
and fixed value. Under these conditions, the two mechanical
oscillators and the optical cavity synchronize, either exhibiting
periodic or chaotic motion in unison.
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0.3, 0.9m,, 1.4, and 1.8®, from top to bottom. Panels (a)—(d) depict the phase space of the optical cavity, (e)—(h) represent the phase space of
mechanical oscillator MR, and (i)—(1) show the phase space of mechanical oscillator MR,. Other parameters remain the same as those in Fig. 2.
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The system’s evolution reveals that chaos can be induced
by adjusting the detuning A.. The relationship between the
system’s phase space and the detuning A. is illustrated in
Fig. 6. Specifically, figures 6(a) and 6(b) show the phase space
of the optical cavity as a function of the detuning parameters
A =0.3m; and A; = 0.6,. When the detuning is small, the
trajectories form simple closed curves, indicating periodic mo-
tion of the cavity field. Under the same conditions, the phase
space of mechanical oscillators MR; and MR,, as shown in
Figs. 6(e), 6(f), 6(i) and 6(j), also exhibits stable and regu-
lar trajectories. As the detuning A, = 1.4m, exceeds a certain
threshold, the system’s trajectories become increasingly com-
plex, with the optical cavity and the two mechanical oscilla-
tors beginning to exhibit chaotic behavior. In Figs. 6(c), 6(g)
and 6(k), the trajectories shift from closed curves to irregular,
unpredictable paths. In the chaotic regime, the interaction be-
tween the optical cavity and the mechanical oscillators ampli-
fies the complexity and sensitivity of the phase space, causing
small changes in initial conditions to result in significant bi-
furcations. As the detuning continues to increase A. = 1.9,
as shown in Figs. 6(d), 6(h), and 6(1), the trajectories eventu-
ally converge to a point and the system stabilizes in a stable
attractor. In this state, all trajectories converge to the attrac-
tor, indicating that the system’s evolution approaches a steady
state. This further illustrates the transition from chaotic non-
linear behavior to a steady state as the detuning increases.

After analyzing the case of a single driving laser field,
we will next examine the bichromatic laser field, consisting of
both a pump field and a probe field. We will then explore the
formation and manipulation of chaos, focusing on the effects
of the probe field’s driving power, Coulomb coupling strength
and the detuning between the two laser fields.

Firstly, figures 7(a)-7(e) illustrate the gradual transition
of mechanical oscillator MR; from periodic to chaotic mo-
tion as the probe field power increases. In Fig. 7(a), when
the probe field is absent, the evolution of position g; of os-
cillator MR exhibits smooth periodic motion. This occurs
because the system is primarily driven by the pump field and
the lack of the probe field reduces coherent effects and interfer-
ence, causing the periodic motion to resemble a sine function
x(t) = xo +Acos(t). Comparing Figs. 7(a) and 7(b), as the
probe field power increases form P =0 mW to P, =9 mW, the
amplitude of position g increases and a period-doubling bifur-
cation occurs. In Fig. 7(c), when the probe field P, = 12 mW
is applied, the oscillator’s behavior becomes unpredictable,
indicating a transition to a chaotic state. In Fig. 7(d), as the
probe field power further increases to P, = 16 mW, oscilla-
tor MR, undergoes another period-doubling bifurcation. In
Fig. 7(e), when the probe field power reaches P; = 18 mW,
MR, has fully transitioned to a chaotic state. This represents
a classic route from period-doubling bifurcation to chaos.
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Fig. 7. (a)-(e) The evolution of position g; at different probe field powers
P;. (f)—(j) The evolution of position g, at different probe field powers F.
(k), (1) Bifurcation diagram of the limit cycle amplitude for mechanical
oscillators MR; and MR; as a function of probe field power P;. (m), (n)
Maximum Lyapunov exponent (LEn,x) for mechanical oscillators MR
and MR; and the probe field power P;. The probe field powers are denoted
by A=0mW, =9 mW, P, =12mW, P, =16 mW and P, = 18 mW,
respectively. Other parameters remain the same as those in Fig. 2.

Figures 7(f)-7(j) depict the evolution of another mechanical
oscillator MR;. In Fig. 7(f), the motion of MR, can also be de-
scribed by a sine function, as the system is driven by a single
laser field with fixed frequency and amplitude, and no addi-
tional driving forces or perturbations are present. Under these
conditions, the oscillator exhibits periodic, regular harmonic
oscillations. After introducing the probe field P, = 9 mW,
as shown in Fig. 7(g), the motion of MR, remains periodic,
but symmetry emerges, reflecting strong energy exchange be-
tween the oscillators. As the probe field power increases to
Py = 12 mW, as shown in Fig. 7(h), this symmetry gradu-
ally breaks down, resulting in symmetry-breaking chaos. 4991
Figures 7(i) and 7(j) show that as the probe field power in-
creases from Py = 16 mW to P, = 18 mW, the system transi-
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tions from periodic motion to symmetry-breaking chaos once
again. Comparing the evolution of MR and MR;, it is evident
that under the given conditions, both oscillators exhibit simul-
taneous periodic and chaotic behavior as the probe field power
changes.

Secondly, the evolution of position g; and g, clearly
demonstrates its nonlinear dynamical behavior under fixed
conditions. Figures 7(k)-7(n) illustrate the state changes of
MR and MR, at various probe field powers. Figures 7(k) and
7(1) provide a more detailed depiction of the route to chaos by
showing bifurcation diagrams of the system’s amplitudes of
positions g1 and ¢ as the probe field power P; changes. This

transition to chaos is observed as the input power of the probe
field varies. Additionally, LE,, is calculated to distinguish
between the periodic and chaotic motion of the mechanical
oscillators, as shown in Figs. 7(m) and 7(n). At low probe
field power Py < 8.93 mW, MR, and MR, exhibit stable pe-
riodic motion. As the power Py > 8.93 mW, the motion of
the mechanical oscillator begins to exhibit period-doubling bi-
furcation. It can be seen from the bifurcation diagram and
LEmnax that the system has entered a period of chaos when
12.90 mW > P > 8.93 mW. Afterwards, the system returned
to periodic motion. Finally, after P > 16.70 mW, the motion
of the mechanical oscillator entered large-scale chaos.
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Fig. 8. (a)—(e) The evolution of the intracavity field intensity I, (f)—(j) the power spectral density curves and (k)—(o) the logarithmic perturbation
In(g;, ) at different probe field powers Ps. The values of P, are 0 mW, 9 mW, 12 mW, 16 mW and 18 mW from top to bottom, respectively. All

other parameters are the same as those in Fig. 7.

Furthermore, figures 8(a)-8(o) illustrate the evolution of
the intracavity field intensity /., logarithmic power spectral
density InS; (@) and logarithmic perturbation In(g, ) as a func-
tion of the probe field power Ps. In Figs. 8(a), 8(f) and 8(k),
when the probe field power is absent P, = 0 mW, the sig-
nal is a pure sine wave and the spectrum consists of single-
frequency component without higher-order sidebands. How-
ever, in Figs. 8(b), 8(g) and 8(1), as the probe field power in-
creases P = 9 mW, period-doubling bifurcation occurs in the
optical cavity’s evolution, and higher-order sidebands appear

in the signal due to enhanced nonlinear effects induced by the
probe field. With further increases in power P, = 12 mW, as
shown in Figs. 8(c), 8(h) and 8(m), the optical cavity transi-
tions into a chaotic state, and the power spectrum becomes
continuous, exhibiting noise characteristics that confirm the
onset of chaos. At an even higher power level P; = 16 mW,
as shown in Figs. 8(d), 8(i) and 8(n), the optical cavity shifts
from chaos back to periodic motion, and the power spectrum
transitions from a continuous to a discrete state. The evolu-
tion of the perturbation returns to a flat state, indicating the
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disappearance of chaotic motion. When the probe field power
reaches even higher levels P, = 18 mW, as shown in Figs. 8(e),
8(j) and 8(o), the optical cavity again enters a chaotic state.
Furthermore, comparing the evolution of the perturbations in
chaotic states, it is evident that the slope in Fig. 8(0) is steeper
than that in Fig. 8(m), indicating that as the probe field power
increases, the degree of chaos in the system intensifies. In
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contrast, the evolution of the remaining perturbations remains
stable, as shown in Figs. 8(k), 8(1) and 8(n), suggesting that the
system at this point is not affected by minor changes in initial
conditions. Finally, under our conditions, the comparison be-
tween Figs. 7 and 8 reveals that the optical cavity field and the

two mechanical oscillators enter or exit chaos simultaneously.
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Fig. 9. Panels (a)—(h) and (k)—(r) depict the evolution of the position and phase space of the mechanical oscillators for varying Coulomb coupling strength A.
The values of A from top to bottom are 6 x 10%® Hz-m~2, 7 x 10%® Hz-m~2, 7.4 x 103 Hz-m~2 and 8 x 103® Hz-m~2. Panels (i) and (s) show bifurcation
diagrams of the limit cycle amplitude of mechanical oscillators MR and MR; as a function of Coulomb coupling strength A, respectively. Panels (j) and (t)
present the maximum Lyapunov exponent (LE,x) of mechanical oscillators MR and MR, as a function of A. Except for the specified variables, all other

parameters are identical to those in Fig. 7.

In the following, we investigate the chaotic dynamics in-
duced by Coulomb interactions. The evolution of the posi-
tion and phase space of the mechanical oscillators for varying
Coulomb coupling strengthA are illustrated in Figs. 9(a)-9(h)
and 9(k)-9(r). Once the Coulomb coupling strength A reaches
a certain threshold, mechanical oscillators MR and MR, en-
ter a chaotic state. Figures 9(a) and 9(k) show that the posi-
tions of the two mechanical oscillators exhibit periodic motion
within one cycle, and periodic trajectories in phase space, as
depicted in Figs. 9(e) and 9(o). These trajectories, resembling
ellipses, correspond to the temporal evolution of the system.
When the Coulomb coupling strength A = 7 x 10°® Hz-m~2
is below a critical value, the oscillators remain in periodic os-
cillation, as expected from previous analysis. In contrast, fig-
ures 9(b) and 9(1) reveal that increasing the Coulomb coupling
strength triggers period-doubling behavior, evident in both the

temporal evolution and phase space, as shown in Figs. 9(f)
and 9(p), which display two closed trajectories. By increasing
the Coulomb coupling strength, figures 9(c) and 9(m) illus-
trate further period-doubling behavior, with the phase space
showing multiple attractors that gradually evolve toward a dis-
ordered state, as seen in Figs. 9(g) and 9(q). As the Coulomb
coupling strength continues to increase A = 8 x 1036 Hz-m~2,
figures 9(d) and 9(n) show that the time-domain signals be-
come increasingly erratic, while the phase-space trajectories
become complex and non-repetitive, as depicted in Figs. 9(h)
and 9(r), this confirms that the system has entered a fully
chaotic state. The phase-space diagrams further highlight the
impact of Coulomb coupling strength: as A increases, the sys-
tem transitions from period-doubling to chaotic motion. As
shown in Egs. (5a)—(5f), the terms involving A in the mechan-

ical oscillator are linear. The sources of nonlinearity in the
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system are primarily quadratic [/ig(cZ +c?, )] and mixed terms
[—gq1c¢im and —gqcre]. These nonlinear terms are exclusively
associated with the optical cavity and position ¢; of mechan-
ical oscillator MR;. However, altering the Coulomb coupling
strength influences the momentum p; and p, of mechanical
oscillators MR and MR;, which in turn affects their positions
q1 and go; ultimately, this will lead to a change in the mo-
tion state of the optical cavity. Conversely, nonlinear changes
in the optical cavity influence the quadratic terms, leading to
nonlinear behavior in the mechanical oscillator. From a math-
ematical standpoint, it can be demonstrated that variations in
Coulomb coupling strength induce nonlinear effects on the
mechanical oscillators and the optical cavity. Furthermore, the
bifurcation diagrams in Figs. 9(i) and 9(s) clearly illustrate the
system’s transition from periodic motion to chaos. The LEn,x
in Figs. 9(j) and 9(t) further corroborate the onset of chaotic
motion. These results underscore the influence of Coulomb
coupling in amplifying the system’s nonlinearity. A transi-
tion from period-doubling bifurcation to chaos occurs when
the coupling strength surpasses a critical threshold.
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Fig. 10. (a)-(j) The evolution of position ¢; and its logarithmic pertur-
bation In(g,, ) under the detuning Ay between the pump and probe fields.
From top to bottom, the detuning Ag; values are set to 0.6, 1.2a,, 23,
2.5a» and 3.5w;. (k) Bifurcation diagram of the limit cycle amplitude as
a function of detuning Ag. (1) The maximum Lyapunov exponent LEnax
of MR, as a function of detuning Ag. Other parameters are identical to
those in Fig. 7.

In addition to examining the influence of the probe field
power P; and Coulomb coupling strength A on chaotic mo-

tion, figure 10 investigates the effect of detuning Ay between
the pump and probe fields. As shown in Figs. 10(a) and 10(f),

the evolution of position g; exhibits unpredictable complex-
ity, and we observe the divergence of adjacent trajectories in
the evolution of the logarithmic perturbation, confirming the
onset of chaotic motion. In Figs. 10(b) and 10(g), as the de-
tuning is further increased, oscillator MR continues to dis-
play chaotic motion. However, at a certain detuning value
Ag > 1.57@, (shown in Fig. 10(c)), the evolution of posi-
tion g; becomes regular and exhibits single-period harmonic
motion, which can be described by a simple sine wave. This
corresponds to evolution of the flat perturbation in Fig. 10(h),
indicating that the mechanical oscillator is no longer sensi-
tive to small changes in initial conditions and that adjacent
trajectories do not diverge. Upon further increasing the de-
tuning 3.06m, > Aq > 2.16m,, as shown in Figs. 10(d) and
10(i), the system reaches a steady state and the evolution of
logarithmic perturbation In(g,, ) exhibits the characteristic of
period-doubling bifurcation. In Figs. 10(e) and 10(j), con-
trary to the common expectation, mechanical oscillator MR
does not transition from period-doubling to chaos, but instead
returns to single-periodic motion. Bifurcation diagrams and
maximum Lyapunov exponent curves corresponding to these
conditions are shown in Figs. 10(k) and 10(1). These diagrams
help identify the parameter range over which the mechanical
oscillator exhibits periodic or chaotic motion as a result of de-
tuning variation Ag. Furthermore, after entering the period-
doubling bifurcation, Ag; > 2.16m,, continued increases in de-
tuning Ag cause the amplitude of mechanical oscillator MR,
to gradually decrease. These results suggest that increasing
detuning A enhances the stability of the system, particularly
when the probe frequency exceeds the pump frequency.

4. Conclusion

In this study, we theoretically examined the formation
and control of optomechanical chaos in Coulomb interactions.
Chaotic motion was observed under both single driving laser
fields and bichromatic laser fields. Specifically, we also dis-
covered tunable higher-order sidebands when driving a sin-
gle laser field. In addition, beyond the influence of driving
power and detuning, which induce the system’s transition to a
chaotic state, we discovered that increasing the Coulomb cou-
pling strength enhances the cavity optomechanical nonlinear-
ity. This amplification leads to period-doubling bifurcations,
ultimately driving the system into chaos. Through numerical
simulations, we identified the parameter range associated with
chaotic behavior. Our findings offer a novel platform for the
nonlinear study of cavity optomechanics and suggest a new
route for the generation and control of chaos.
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