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Recent advances in statistical physics highlight the significant potential of machine learning for phase transition recog-
nition. This study introduces a deep learning framework based on graph neural network to investigate non-equilibrium
phase transitions, specifically focusing on the directed percolation process. By converting lattices with varying dimen-
sions and connectivity schemes into graph structures and embedding the temporal evolution of the percolation process into
node features, our approach enables unified analysis across diverse systems. The framework utilizes a multi-layer graph
attention mechanism combined with global pooling to autonomously extract critical features from local dynamics to global
phase transition signatures. The model successfully predicts percolation thresholds without relying on lattice geometry,
demonstrating its robustness and versatility. Our approach not only offers new insights into phase transition studies but also
provides a powerful tool for analyzing complex dynamical systems across various domains.
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1. Introduction
Machine learning (ML)[1] has rapidly advanced within

the field of physics[2] and is widely applied in various ar-
eas such as phase transition recognition,[3–6] particle collision
data analysis in high energy physics experiments,[7] astronom-
ical observation data analysis,[8] and quantum phase transi-
tions in condensed matter physics.[9,10] In the realm of statisti-
cal physics, ML techniques have successfully been combined
with Monte Carlo simulations[11] to identify phase transitions
in equilibrium systems.[12,13] Since then, many researchers
have proposed supervised and unsupervised methods,[14] ad-
vancing the study of physical phase transitions. For example,
Carrasquilla,[15] Tanaka,[16] VanderPlas,[8] and Horani[17] em-
ployed supervised learning techniques to determine the phase
transition points of material systems by classifying model
configurations at different temperatures and phases; Wang et
al.[18] used unsupervised learning to perform principal compo-
nent analysis on Ising model[19] spin configurations, success-
fully identifying the order parameters for phase transitions;
Van et al.[20] proposed a confusion scheme to identify phase
transition points by obtaining a universal “W”-shaped perfor-
mance curve on the Kitaev chain model and two-dimensional
classical Ising model datasets, without prior knowledge of

phase classifications.
Although significant progress has been made in the study

of equilibrium phase transitions, research on nonequilibrium
phase transitions[21,22] is still in its early stages, especially for
models with complex dynamic processes such as directed per-
colation (DP).[23] Unlike equilibrium phase transitions, non-
equilibrium phase transitions involve systems far from ther-
modynamic equilibrium, accompanied by time evolution and
complex dynamics,[24,25] such as fluid turbulence,[26] chem-
ical reaction oscillations,[27] and epidemic spread. Machine
learning for equilibrium systems often relies on static config-
urations (e.g., Ising spin snapshots), whereas nonequilibrium
systems require explicit modeling of time-dependent dynam-
ics and absorbing states.

Current approaches to studying nonequilibrium transi-
tions are mostly limited to specific models and lack gen-
erality. For instance, while the DP model is widely used
to study nonequilibrium phase transitions, it still lacks a
fully established analytical solution, particularly in the (1+1)-
dimensional case.[28] Monte Carlo simulations perform well
in low-dimensional systems but struggle with larger-scale sys-
tems due to the additional time dimension.[29] This presents
a significant challenge in analyzing complex, large-scale
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nonequilibrium systems. Recent studies have further extended
graph neural networks (GNNs)[30] to analyze quantum many-
body systems,[31] turbulence modeling,[32] and critical phe-
nomena in complex networks.[33] It is shown that GNN has
an excellent ability to capture spatiotemporal correlations in
non-equilibrium systems.

In this study, we propose a universal machine learning
framework that applies GNNs to the DP model. By transform-
ing DP lattice configurations of varying dimensions into graph
structures, we embed the temporal evolution of the percolation
process directly into the node features. This allows for the uni-
fied processing of diverse system topologies without depen-
dence on lattice geometry. Our approach not only improves
the prediction of percolation thresholds but also offers a new,
versatile tool for studying nonequilibrium systems. Further-
more, by combining this framework with a confusion scheme,
we demonstrate the ability to identify phase transition points
without manual labeling, marking a significant step forward in
the application of ML to nonequilibrium dynamics.

2. Method
2.1. DP model

The DP model is a widely studied framework for non-
equilibrium phase transitions, particularly for understanding
phenomena such as epidemic spread and chemical reaction
diffusion. In this model, each node represents an individual,
and edges represent possible infection paths. Infected individ-
uals spread the disease to their neighbors through these paths.
The DP model can be viewed as a random spreading process in
both spatial and temporal dimensions, with key features such
as the propagation of the “infection” state and the recovery of
the “self-healing” state. The core parameter of the model is the
spreading probability p . When p exceeds a critical value pc,
the infection in the system will continue to spread; when p is
smaller than pc, the infection will gradually decay and even-
tually stop. The DP model can be defined as the following
dynamic process: the model evolves from two possible initial
states, one being a fully occupied state and the other starting
with a single active seed. Then, the system evolves according
to the following dynamic rules ((1+1)-dimensional case):

si(t +1) =


1 if si−1(t) = 1 and z−i < p,
1 if si+1(t) = 1 and z+i < p,
0 otherwise,

(1)

where si(t + 1) represents the state of node i at time t + 1,
and z±i ∈ (0,1) are two random numbers. When the spread-
ing probability p exceeds a critical value pc, the active parti-
cles in the system will continue to expand. Conversely, when
p is smaller than pc, the active particles gradually disappear,
eventually reaching an absorbing phase. Figure 1 provides

an intuitive illustration of the percolation process of (1+ 1)-
dimensional DP under two different initial states. From left
to right, the node infection probabilities are 0.55, 0.6447, and
0.8, respectively.
Fully occupied, p=0.55 Fully occupied, p=0.6447 Fully occupied, p=0.8

Single active, p=0.55 Single active, p=0.6447 Single active, p=0.8

Fig. 1. The simulation process of (1+ 1)-dimensional bond-DP is shown
for a fully occupied lattice (top) and a single active particle (bottom), with
system size L = 500. The bond probabilities p are set to 0.55, 0.6447, and
0.8, respectively.

2.2. DP-GNN framework

Our primary idea is to leverage the representational power
of graph structures to model lattices with varying dimensions
and topologies as graph-based representations. Figure 2 il-
lustrates the workflow of the DP-GNN framework. Initially,
diverse DP configurations are generated using Monte Carlo
simulations and transformed into graph structures. In this rep-
resentation, nodes correspond to lattice positions, while edges
signify the connections between neighboring nodes. Tempo-
ral evolution is embedded as node features to capture the spa-
tiotemporal dependencies of the system. By applying multiple
graph convolutional operations, both local and global struc-
tural characteristics of the system are effectively captured, en-
abling accurate phase classification of various DP configura-
tions. Using supervised learning, an “X”-shaped curve is ob-
tained, while unsupervised learning results in a “W”-shaped
curve.

2.2.1. Data input

Before training, we generate different DP configurations
and represent them as graph structures. The graph representa-
tion preserves the original lattice topology by encoding each
bond as a bidirectional edge. For higher-dimensional lattices,
edges connect all nearest neighbors, ensuring no loss of spa-
tial connectivity. In this process (Fig. 3), lattice sites are repre-
sented as nodes vi, and the bonds between sites, corresponding
to the lattice edges, are represented as edges ei j, where i and j
are the indices of the lattice sites. In the graph, each node rep-
resents a position in the lattice. The original configurations are
simulated using DP with a bond probability p ∈ [pmin, pmax].
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After T steps of simulation, the feature of node vi is denoted as
TrT

i , where T represents the simulation time steps. Node fea-
tures explicitly track temporal evolution, enabling the model

to learn both local and global dynamics. Finally, the graph
G and its node features {TrT

1 ,TrT
2 , . . . ,TrT

i } are input into the
model.

(a) Directed percolation (c) Pool layer

(d) Full connection layer

(b) GNN layer

(e) Output curve

21 3

54

87 9

6

21 3

54 6

87 9

21 3

54 6

87 9

1
1
1
1
1
1
1
1
1

0
1
0
0
1
0
1
0
0

0
0
0
0
1
0
0
0
0

O
u
tp

u
t

P
e
rf

o
rm

a
n
c
e

h

h
h
h
h
h
h
h
h

Mean pool
l

l l l

l l l

pc

pc
G

pp

Fig. 2. The main workflow of the DP-GNN framework: (a) constructing DP configurations as graphs, (b) graph convolution layer, (c) pooling layer,
(d) fully connected layer, and (e) supervised learning produces an “X”-shaped curve, while unsupervised learning produces a “W”-shaped curve.
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13

1 2 3 4 5

6 7 8 9 10

11 12 13 14 15

16 17 18 19 20

21 22 23 24 25

Fig. 3. The original DP configuration of size 5×5 (left) is represented
as a graph structure (right). In the graph on the right, the red section
illustrates the process by which node 13 gathers information from its
neighbors.

2.2.2. Convolution and pooling

In Fig. 2(b), we use a graph attention network (GAT)[34]

for graph convolution. The GAT adjusts the weights of edges
adaptively to capture both local and global structural features.
Given a graph 𝒢 = (𝒱,ℰ), where 𝒱 represents the set of nodes,
ℰ represents the set of edges, and hi ∈ RT is the feature vec-
tor of node i with dimension T . The goal is to update node
features by aggregating information from neighboring nodes.
This is achieved through the following steps: First, a linear
transformation is applied to the features of node i and its neigh-
bors j ∈ 𝒩 (i), using a shared weight matrix W ∈ RT ′×T to
project the original features into a new space:

h′i =Whi, h′j =Wh j. (2)

Next, an attention coefficient ei j is calculated, reflecting the
importance of node j to node i. The computation combines
the content of the node features and the edge weights:

ei j = ReLU(α⊤[h′i‖h′j]), (3)

where, α ∈ R2T ′
is a learnable parameter, and ‖ denotes con-

catenation. The attention coefficients are normalized using the

softmax function across all neighbors of node i:

αi j =
exp(ei j)

∑k∈𝒩 (i) exp(eik)
. (4)

Using the normalized attention coefficients αi j, the features
of neighboring nodes are aggregated to update the feature of
node i

h′′i = σ

(
∑

j∈𝒩 (i)
αi jh′j

)
. (5)

As shown in Fig. 3 (right), after one round of learning, each
node obtains information from its neighbors. At this stage, the
features of the network are {hl

1,h
l
2, . . . ,h

l
n}. After a pooling

layer operation,[35] a supernode feature is obtained to repre-
sent the entire graph:

hglobal =
1
n

n

∑
i=1

h′′i . (6)

The GAT architecture consists of 3 layers with hidden di-
mensions [64, 64, 64]. The attention heads are set to 4, and
the learning rate is 10−3 with Adam optimizer. Monte Carlo
simulations run for T = 64 steps, and node states are sampled
every steps. Training uses a batch size of 16 for 50 epochs
with early stopping based on validation loss.

2.2.3. Output

The graph processed by mean pooling is fed into fully
connected layer, which maps it into classification probabili-
ties. (Fig. 2(d)), the model outputs two values representing the
probabilities of the current configuration belonging to the ac-
tive phase and the absorbing phase, respectively. In Fig. 2(e),
for the supervised learning method, we obtain an “X”-shaped
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curve, where the intersection corresponds to the predicted pc.
For the unsupervised method, the true pc is determined by the
position of the peak in the “W”-shaped performance curve.

3. Result
3.1. Supervised learning

In the DP model, all configurations generated by a sin-
gle bond percolation probability belong to the same category.
The objective of the supervised learning method is to classify
the phase of DP configurations generated with different bond
probabilities. Our dataset consists of training, testing, and cor-
responding label sets. The generation mechanism for the train-
ing and testing datasets is identical. Since the evolution char-
acteristics of a fully occupied initial state are more pronounced
and conducive to model learning and training, we select fully
occupied one-dimensional and (2D) lattices of different sizes
as training data. The sizes of the one-dimensional (1D) lat-
tices are L = [8,16,32,48,64], while the 2D lattice sizes are
L×L = [4×4, 8×8, 16×16, 32×32]. For 1D data, config-
urations are generated using 51 bond probabilities in the range
(0.4,0.9) with an interval of 0.01, while 2D configurations are
generated using a similar scheme in the range (0.1,0.5), with
each bond probability corresponding to 100 samples. The ra-
tio of training to testing samples is 7:3. Using Monte Carlo
simulation, we record the dynamic evolution of the percola-
tion process as node features. At time t, a node i is recorded
as “1” if it is in the active state, and “0” otherwise.

Before learning, the generated configuration data must
be labeled, and several hyperparameters of the neural net-
work need to be defined. When the bond probability p < pc,

the generated input configurations are labeled as “0” indicat-
ing that the system has entered the absorbing phase. When
p > pc, the input configurations are labeled as “1” repre-
senting the percolating state. In the input layer of the neu-
ral network, the number of neurons equals the dimension of
the input network features, i.e., the simulation time steps T .
We set T = Lmax = 64 for both (1+1)-dimensional and (2+1)-
dimensional simulations.

We tested the trained model using (1+1)-dimensional DP
configurations with L = [20,40,60,80] (Fig. 4, top) and (2+1)-
dimensional configurations with L = [20,40,60,80] (Fig. 4,
bottom). The results (Figs. 4(a) and 4(c) show that the model
can accurately identify phase transitions despite processing
data from different dimensions. For instance, in Fig. 4, the
blue pair of curves (L = 20) corresponds to the two outputs
of the neural network. As the bond probability increases, the
predicted probability of the active phase gradually rises, while
that of the absorbing phase decreases. This trend is consistent
across data from different dimensions, demonstrating that the
model effectively captures the phase transition features of the
DP model.

Additionally, we extracted the predicted critical thresh-
olds at four system sizes (Figs. 4(b) and 4(d)) and plotted them
as a function of 1/L. By performing finite-size scaling to ex-
trapolate from L→ 0 to L→∞, we obtained the critical points:
pc = 0.642 for the (1+1)-dimensional DP and pc = 0.287 for
the (2+1)-dimensional DP. These results further validate the
accuracy of the model. Notably, considering the time cost of
model training, we employed the simplest neural network ar-
chitecture and used a limited amount of training data.
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Fig. 4. Supervised learning predicts the phase transition points of (1+1)-dimensional [(1+1)-d] DP (a) and (2+1)-dimensional [(2+1)-d] DP (c) for
L = [20,40,60,80]. The intersection points correspond to the predicted p′c. The black line represents the true pc. The subfigures (b) and (d) display
the finite-size scaling fits, yielding a phase transition point of 0.642 for the 1D case and 0.287 for the 2D case.
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3.2. Unsupervised learning

Supervised learning in the DP model requires prior
knowledge of the percolation threshold of the configurations,
which must be manually labeled for the neural network. How-
ever, in most cases, the very goal is to identify these labels
(i.e., the phase classification). Can our framework automat-
ically identify the phase transition point without manual la-
beling? Evert et al. proposed a confusion scheme that enables
the machine to identify phase transition points without manual
annotation.

0 0.25 0.50 0.75 1.00

Bond probability

95

96

97

98

99

100

A
c
c
u
ra

c
y

1D-L=16
1D-L=32
pc

Fig. 5. Unsupervised learning predicts the phase transition point of
(1+1)-dimensional DP for L = [16,32]. The peaks of the “W”-shaped
curves correspond to the predicted p′c, while the red dashed line repre-
sents the true pc.

Assume that the percolation threshold pc ∈ [a,b]. A hy-
pothetical critical point p′c is artificially assumed, and a neu-
ral network Nc is trained. All data with bond probabilities
smaller than p′c are labeled as “0” , while the rest are labeled
as “1”. Next, the performance of Nc is evaluated across the en-
tire dataset, and the total performance relative to the proposed
critical point p′c is denoted as P(p′c). The function P(p′c) ex-
hibits a universal “W”-shaped curve, with the peak located at
the correct critical point pc.

By combining our framework with the confusion scheme
and applying it to (1+1)-dimensional DP configurations, we
obtained the expected universal “W”-shaped curve. The “W”-
shaped performance curve arises from the competition be-
tween critical slowing down and absorbing state stability. Near
pc, the correlation length diverges, leading to ambiguous clas-
sifications and reduced model accuracy (valley of the “W”).
Peaks correspond to p′c values where the model effectively dis-
tinguishes between subcritical and supercritical dynamics. We
set the range of the percolation threshold pc ∈ [0.05,1], tak-
ing a hypothetical critical point p′c at intervals of 0.1. For
each p′c, we uniformly sampled 20000 bond probabilities in
the range [0.05, p′c) and labeled them as “0” (absorbing phase),
and 20000 bond probabilities in the range [p′c,1] labeled as “1”
(percolating). These samples were then fed into our frame-
work for training to evaluate the performance P(p′c). After
testing all p′c values, the peak of the performance curve was
located at 0.65, which closely matches the actual pc.

4. Conclusion
This study presents a universal framework leveraging

GNNs to analyze non-equilibrium phase transitions, with a fo-
cus on the DP model. By converting lattice configurations into
graph structures and embedding temporal evolution into node
features, our approach enables unified processing of DP sys-
tems with diverse dimensions and topologies. The framework
accurately predicts percolation thresholds without depending
on lattice geometry, showcasing its adaptability and broad ap-
plicability across various systems.

Furthermore, by integrating our framework with the con-
fusion scheme, we enable the automatic identification of phase
transition points in an unsupervised learning setup. This re-
search offers a fresh perspective on applying machine learning
techniques to nonequilibrium phase transition studies. While
the focus is on the DP model, the proposed framework is
highly versatile and can be extended to other complex dy-
namical systems. Future work could explore its application
to higher-dimensional and large-scale systems, as well as op-
timize its computational efficiency to tackle more intricate
nonequilibrium phenomena.

While our framework demonstrates versatility, scalability
to higher dimensions remains challenging due to the quadratic
growth of graph edges with system size. Additionally, train-
ing on large-scale systems requires significant GPU memory.
Future work could explore sparse graph representations or hi-
erarchical pooling to mitigate these limitations.
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