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Achieving high-resolution intracranial imaging in a safe and portable manner is critical for the diagnosis of intracranial
diseases, preoperative planning of craniotomies and intraoperative management during craniotomy procedures. Adaptive
waveform inversion (AWI), a variant of full waveform inversion (FWI), has shown potential in intracranial ultrasound
imaging. However, the robustness of AWI is affected by the parameterization of the Gaussian penalty matrix and the
challenges posed by transcranial scenarios. Conventional AWI struggles to produce accurate images in these cases, limiting
its application in critical medical settings. To address these issues, we propose a stabilized adaptive waveform inversion
(SAWI) method, which introduces a user-defined zero-lag position for the Wiener filter. Numerical experiments demonstrate
that SAWI can achieve accurate imaging under Gaussian penalty matrix parameter settings where AWI fails, perform
successful transcranial imaging in configurations where AWI cannot, and maintain the same imaging accuracy as AWI.
The advantage of this method is that it achieves these advancements without modifying the AWI framework or increasing
computational costs, which helps to promote the application of AWI in medical fields, particularly in transcranial scenarios.

Keywords: ultrasound brain imaging, full waveform inversion, robustness, parameterization
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1. Introduction
Intracranial imaging plays a critical role in medicine since

it enables the diagnosis and evaluation of brain disorders. It
is commonly employed in scenarios such as diagnosis of in-
tracranial hemorrhages, strokes, preoperative localization of
intracranial tumors, and intraoperative tumor resection.

Currently, intracranial imaging techniques can be catego-
rized into two types. The first category includes methods that
utilize natural openings in the skull[1,2] or create a bony win-
dow by surgically opening a portion of the skull to perform
internal imaging with an ultrasound probe. The first category
is summarized as invasive imaging. The second category com-
prises non-invasive imaging techniques that involve external
imaging equipment, such as computed tomography (CT) or
magnetic resonance imaging (MRI), to observe and diagnose
intracranial conditions without the need for puncture or surgi-
cal procedures. The second category is summarized as non-
invasive imaging. Both existing methods have limitations.

Invasive imaging Traditional medical ultrasound is a
rapid, safe and affordable imaging technique, which seems
well-suited for transcranial imaging.[3] However, this method

is encumbered by a series of technical shortcomings. The for-
mer (natural opening) imposes significant constraints on illu-
mination, given that the natural acoustic window in the skull
is present only in a limited number of locations; the quality of
the ultrasound image is problematic, resulting in interpretation
that is usually dependent on the physician using the imaging
equipment, who may encounter difficulties in identifying tis-
sue edema and tumors; small lesions may also be difficult to
detect; furthermore, blood and hemostatic medications in the
resection cavity can confound image interpretation.[1] In ad-
dition to technical issues, the invasive approach can have an
impact on postoperative recovery time.

Non-invasive imaging Non-invasive intracranial imag-
ing, including CT and MRI, facilitates high-resolution imag-
ing of the intracranial region and is extensively utilized.[4–6]

However, both modalities have significant limitations in their
application. Both methods necessitate the use of large, costly,
immobile, high-powered instruments, which are impractical
to deploy outside of a specialized setting.[3,7] This results in
a considerable delay between symptom onset and imaging,
which can have a substantial impact on outcomes in diseases
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such as stroke.[8] For CT, the use of ionizing radiation poses
a significant concern, particularly for pregnant women and
children.[9] The low soft tissue contrast can limit the ability
to discern details, particularly in cases of small or low contrast
abnormalities. For MRI, which is regarded as the modality of-
fering the best spatial resolution and tissue contrast, its use
is contraindicated in situations where the presence of mag-
netic foreign bodies cannot be ruled out. MRI is also im-
practical for patients who are claustrophobic, uncooperative
or severely obese.[7] In addition, brain tissue drift represents
a significant limitation when MRI and CT are employed. The
soft nature of brain tissue can result in its displacement when
the patient’s positioning during preoperative MRI/CT differs
from that during surgery, as evidenced by intraoperative ultra-
sound and MRI.[10–13] This deviation may result in a mismatch
between the preoperative planning based on imaging and the
real-time intraoperative anatomy, thus compromising surgical
precision and increasing operational difficulty.

To bridge the gap between the real-time, safe and low-
cost advantages of ultrasound and the high-resolution capabil-
ities of MRI and CT, full waveform inversion (FWI), a tech-
nique originally developed in geophysics, is gaining increas-
ing attention in the medical imaging field. FWI is a seismic
data inversion technique designed to recover high-resolution
models of subsurface physical properties by minimizing mis-
matches between predicted data simulated using acoustic ve-
locity models and observed data.[14] Early developments in the
1970s and 1980s focused on iteratively fitting full time series
based on physical model parameters. With the advancement
of computational capabilities, FWI has become a major focus
in seismic exploration, playing a crucial role in retrieving de-
tailed subsurface structures.[15] In recent years, FWI has been
gradually introduced into the medical field. This technique
has already demonstrated its potential for imaging the breast,
limbs and human brain.[3,16–18] The spatial resolution of FWI
imagery is approximately half a wavelength, corresponding to
millimeters or sub-millimeters at sub-megahertz frequencies.
The primary factor enabling such high-precision imaging is
that FWI simulates acoustic wave propagation by numerically
solving the wave equation, taking into account not only the
weak scattering from soft tissues but also the strong reflection,
refraction and multiple scattering induced by bone.[19] FWI
combines this accurate physical modeling with a suitable non-
linear inversion scheme and appropriate data acquisition ge-
ometry, enabling the recovery of fine heterogeneity throughout
the model.

However, conventional FWI is a local optimization algo-
rithm that requires an initial model located within the attractive
range of the global minimum. When the time lag between ob-
served and predicted data exceeds half a cycle, conventional
FWI falls into a local minimum, a phenomenon known as cy-

cle skipping, as detailed in a previous study.[20] For imaging
targets, such as the breast, where sound velocity values range
from 1400 m/s to 1600 m/s, FWI performs well when using a
homogeneous water model with a sound speed of 1500 m/s as
the initial background. However, for the cranium, the acous-
tic velocity of cortical bone can reach 2800 m/s. The result-
ing mismatch with a water-based model, along with strong re-
flections at the soft tissue–skull interface, presents substantial
challenges for imaging.[21,22]

Current approaches to addressing this issue primarily fall
into four categories: utilizing a more accurate initial model,
inverting with low-frequency data, employing global or semi-
global FWI, and developing novel objective functions that are
less sensitive to cycle skipping. While the first approach is
practical, reducing FWI’s dependence on an accurate initial
model remains a longstanding challenge and is therefore not
discussed further. The second approach relies on the long
wavelengths of low-frequency waves. This makes it less likely
for multiple oscillatory cycles to appear within the limited time
window of ultrasound data, reducing the chance of cycle skip-
ping. In addition, low-frequency waves penetrate the skull
more effectively, improving the imaging of intracranial struc-
tures. However, most current medical ultrasound probes are
not designed for imaging at frequencies below 1.00 MHz, re-
sulting in a lack of low-frequency components in the received
signals.[23] For the third approach, the most direct way to mit-
igate the risk of local minimum is to employ global or semi-
global FWI strategies. Unlike conventional local FWI, these
methods do not require computing the derivative of the ob-
jective function, making them applicable to a wide range of
objective functions, even those that are non-differentiable or
discontinuous.[24] Under certain constraints, these approaches
explore the model space by introducing random perturbations
to the parameters and guiding convergence through stochastic
processes to seek a globally optimal solution. However, due to
the high dimensionality of the FWI model space, the compu-
tational cost of global optimization remains prohibitively ex-
pensive, even for 2D inversions.

The study of Guasch et al. revealed that FWI struggled
to achieve successful inversion from a water-initialized model
when applied to 3D ultrasound data, whereas adaptive wave-
form inversion (AWI) demonstrated superior performance.[3]

This finding prompts further investigation. AWI, a variant of
FWI, is designed to address the cycle skipping phenomenon
by minimizing the time lag between observed and predicted
data rather than the residuals between them. While AWI can
successfully image with an initial model significantly different
from the target model, it has certain limitations. AWI is more
nonlinear than FWI and prone to Wiener filter polarity reversal
during iterations, causing it to deviate from the imaging target
and fall into local minimum. Pladys et al.[25] indicated that
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the choice of parameters in the Gaussian penalty matrix has
a significant impact on whether AWI can successfully image,
which has drawn our attention. In their experiment designed
for reflected waves, it was observed that AWI failed to pro-
duce satisfactory imaging results when the parameter σ of the
Gaussian penalty matrix was set to 1 s. However, when σ was
reduced to below 0.04 s, the imaging results became compara-
ble to those of the normalized integration method.

This issue is highly research-worthy, as the Gaussian
penalty matrix is a common choice in conventional AWI prac-
tice due to its advantage in convergence speed compared to lin-
ear penalty matrix.[14] Moreover, the choice of σ does not sim-
ply affect the convergence speed but also determines whether
imaging can succeed. In simulation experiments with known
imaging targets, parameters can be adjusted according to the
ground truth to achieve successful imaging. However, in cases
of unknown imaging targets, particularly in fault-intolerant
medical imaging scenarios, it is impossible to adjust parame-
ters to obtain what might be deemed a reasonable imaging re-
sult. In our practice, we encountered such situations and found
that under incorrect parameters, the Wiener filter in AWI ex-
hibited polarity reversal, meaning that imaging could not re-
turn to the correct trajectory despite increased iterations. In
addition, due to the high acoustic impedance at the soft tissue–
skull interface in transcranial scenarios,[26] the ultrasonic sig-
nals received by transducers in these cases are dominated by
reflected waves. We observed that AWI faced significant chal-
lenges in transcranial imaging, regardless of whether linear or
Gaussian penalty matrices were used.

In this paper, to address the two aforementioned issues,
we propose a stabilized adaptive waveform inversion (SAWI)
method by introducing a user-defined zero-lag position for the
Wiener filter. This approach mitigates the impact of Gaussian
penalty matrix parameterization on the robustness of the AWI
algorithm. Simulation results demonstrate that SAWI resolves
the imaging challenges of AWI in transcranial scenarios while
retaining the same imaging accuracy as AWI. Importantly, this
method does not require modifications to the AWI framework
and incurs no additional computational burden in practice.

The remainder of this paper is organized as follows. In
Section 2, we first introduce the theoretical foundations of
conventional FWI, conventional AWI and the proposed SAWI
method, followed by a description of the numerical experi-
ments included in this paper. In Section 3, we present the
results of the numerical experiments to demonstrate the effec-
tiveness of the proposed method. Finally, in Section 4, we
provide a discussion of the experimental results, examine the
possible reasons for the effectiveness of the proposed method,
and outline several limitations of this paper.

2. Methods
In this section, we introduce the classical full waveform

inversion and adaptive inversion algorithms and present a
novel AWI method. Details of the numerical experiments are
also described.

2.1. FWI algorithm

FWI is an imaging method that aims to find models that
can reproduce experimental data numerically. It accomplishes
this by solving a nonlinear least-squares optimization prob-
lem, where the numerical sound velocity model is modified
during the optimization iterations to minimize the mismatch
function f . f is defined as the second-paradigm number of the
residuals between the predicted data p, generated numerically
using a numerical model m of the acoustic properties, and the
observed data d. The objective of FWI is to minimize f , the
difference between the observed and predicted data, in order
to make the numerical sound velocity model close to the real
imaging target region. FWI is essentially a local optimization
problem with three main components: the physical process
simulating acoustic wave propagation, the objective function
and gradient, and the iteration of the model.

2.1.1. Physical process

The isotropic wave equation is employed in this paper and
is expressed as

1
m(x)2

∂ 2u(x, t)
∂ t2 −ρ(x)∇ ·

(
1

ρ(x)
∇u(x, t)

)
= s(xs, t), (1)

where m(x) denotes the compressional velocity field, u(x, t)
represents the pressure field (i.e., the wavefield), s(xs, t) cor-
responds to the source term applied at the source location xs,
and ρ(x) refers to the density. Independent variables x and t
correspond to location and time variables, respectively.

2.1.2. Objective function and gradient

To facilitate understanding, all algorithmic derivations in
this section are explained in matrix form. The objective func-
tion f of FWI is the L2-norm of the residual between the pre-
dicted data 𝑝 and the observed data 𝑑, with the goal of mini-
mizing this residual.

f =
1
2
(𝑝−𝑑)T(𝑝−𝑑), (2)

where the simulated data 𝑝 represents the wavefield at the po-
sitions of the receivers. The relationship between 𝑢 and 𝑝 in
matrix form is written as

𝑅𝑢= 𝑝, (3)

where 𝑅 is the positioning operator. The derivative of f with
respect to 𝑚 is as follows, consisting of two parts. The deriva-
tive of f with respect to 𝑝 is the residual between 𝑝 and 𝑑.
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Therefore, the key to calculating the gradient lies in the partial
derivative of 𝑝 with respect to 𝑚

∂ f
∂𝑚i

=

[
∂𝑝

∂𝑚i

]T
∂ f
∂𝑝

, (4)

∂ f
∂𝑝

= 𝑝−𝑑. (5)

To better understand the process of gradient computation, the
wave equation is discretized into the following form:

𝐴𝑢= 𝑠, (6)

where 𝐴 is the wave equation operator. Since 𝑠 does not de-
pend on 𝑚, it can be expressed as

𝐴
∂𝑢

∂𝑚i
+

∂𝐴

∂𝑚i
𝑢= 0. (7)

By transforming the equation and incorporating the relation-
ship between 𝑝 and 𝑢, the partial derivative of 𝑝 with respect
to 𝑚 is obtained as follows:

∂𝑝

∂𝑚i
=−𝑅𝐴−1 ∂𝐴

∂𝑚i
𝑢. (8)

Thus, the partial derivative of f with respect to 𝑚 is as fol-
lows, which constitutes the gradient:

∂ f
∂𝑚i

=−𝑢T ∂𝐴T

∂𝑚i
𝐴−T𝑅T(𝑝−𝑑). (9)

2.1.3. Model iteration

Since the relationship between the data and the model is
nonlinear, multiple iterations of the above process are required
to converge to the minimum of the mismatch function. The
model iteration can be expressed as

mi+1 = mi +αidi, (10)

where m represents the velocity model, α is the step size and
d is the update direction. In this paper, we employ the gradi-
ent descent method, where α is a linear step size and d is the
original gradient preconditioned by the diagonal elements of
the approximate Hessian matrix.[24] The iteration terminates
when the predefined number of iterations is reached.

2.2. AWI algorithm

To facilitate understanding, all algorithmic derivations in
this section are explained in matrix form. The paper focuses
on and investigates forward AWI.[27] All explanations of the
AWI algorithm are based on single-trace data. The framework
of AWI is identical to that of FWI, with the key difference ly-
ing in the objective function. Unlike FWI, which aims to min-
imize the residual between predicted and observed data, AWI
minimizes the time shift between the two data. AWI constructs
a Wiener filter that makes the predicted data approximate the

observed data to reflect this time-shift and amplitude relation-
ship. The solution for 𝑤 in matrix form is shown as

𝑤 = (𝑃 T𝑃 +λ𝐼)−1𝑃 T𝑑, (11)

where 𝑃 is the Toeplitz matrix with each column representing
the predicted data 𝑝, controlling the length of 𝑤; λ is the reg-
ularization coefficient, typically set between 10−2 and 10−5,
to stabilize the solution of 𝑤; and 𝑑 represents the observed
data, which needs to be zero-padded to conform to the rules
of matrix computation. The peak position of the Wiener fil-
ter reflects the time shift between the predicted and observed
data. Based on the different zero-padding methods for 𝑑, there
is a user-definable zero-lag position on 𝑤. In conventional
AWI, this position is defined at the center of 𝑤. The differ-
ence between the peak position of 𝑤 and the zero-lag position
reflects the lag relationship between the predicted data and the
observed data. Therefore, the objective of AWI is to shift the
peak of the Wiener filter to the zero-lag position. The corre-
sponding objective function in matrix form is written as

f =
1
2
‖𝑇𝑤‖2

‖𝑤‖2 , (12)

where 𝑇 is the penalty matrix. A Gaussian penalty matrix is
used in this paper, which is written as

𝑇 = e−
τ2

σ2 , (13)

where τ is the time lag and σ is a tuning parameter that con-
trols the spread of the Gaussian function along the time-lag
axis. When the penalty value is maximized at the zero-lag
position and decreases as the lag increases, the AWI objec-
tive function should be maximized; otherwise, the opposite
approach is applied. In this paper, we adopt the maximization
approach.

Since the objective function is modified, the gradient of
the objective function with respect to the velocity model 𝑚
also changes. As the partial derivative of 𝑝 with respect to 𝑚

originates from the wave equation, only the derivative of the
objective function with respect to 𝑝 (i.e., the adjoint source) is
affected. The solution for the adjoint source in matrix form is
as follows:

∂ f
∂𝑝

=𝑊 T𝑃
(
𝑃 T𝑃

)−1
(

2 f𝐼−𝑇 2

𝑤T𝑤

)
𝑤, (14)

where 𝑊 is the Toeplitz matrix with each column represent-
ing 𝑤.

In summary, the practical differences between AWI and
FWI lie in two aspects: replacing the objective function and
modifying the adjoint source. The computation of 𝑤 can be
performed implicitly.
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2.3. SAWI algorithm

As noted in the introduction to AWI, the observed data
𝑑 needs to be zero-padded to conform to matrix computation
rules. We observed that different zero-padding methods influ-
ence the location of the zero-lag position in the constructed
Wiener filter 𝑤. In the conventional AWI, the zero-lag posi-
tion is typically located at the center of 𝑤.

We found that placing the constructed zero-lag position at
the edge of 𝑤 can provide robustness not observed in conven-
tional AWI under identical experimental conditions, though at
the expense of accuracy. This finding can be used to construct
a suitable initial model for scenarios in which conventional
AWI fails to converge or produce meaningful images. Based
on this observation, we developed SAWI, a two-step approach.
In the first step, a Wiener-based inversion with the zero-lag po-
sition set at the edge of 𝑤 is used to generate an initial model.
This model is then used to initialize conventional AWI, where
the zero-lag position is centered, for refined imaging (Fig. 1).

We define the ‘node’ as the transition point between two
imaging stages in SAWI. Before the node, the Wiener filter is
constructed with the zero-lag position at the left edge to per-
form initial imaging. After the node, conventional AWI is ap-
plied, with the zero-lag position centered, for high-resolution
refinement. The number of iterations before and after the node
can be customized according to imaging requirements. Since
SAWI employs conventional AWI for imaging after the node,

the imaging accuracy of SAWI is equivalent to that of AWI.
The primary objective of SAWI is to improve the robustness
of AWI when dealing with Gaussian penalty matrix parame-
terization and transcranial imaging scenarios.

SAWI combines both, set for n iterations, set for m iterations 

(P 
T
P+λI)-1

I)

w=p d P 
T

P 
TWe got

d′

d′

d′: padded d of matrix calculation

If =

d

0

w
T

0 lag

If = d

0
0 lag

0

, so

Conventional AWId′ w
T

.

Fig. 1. SAWI schematic diagram.

2.4. Velocity models

All experiments in this paper are 2D numerical simula-
tions. To evaluate SAWI’s performance under different Gaus-
sian penalty parameter settings, its effectiveness in transcra-
nial imaging, and its imaging accuracy, we designed three tar-
get velocity models: a block model, a cranial model and a
cranium–block hybrid model. Details of the target velocity
models are introduced below.

Block model As shown in Fig. 2(a), the model size is
356× 385 with a grid spacing of 500 µm. It contains two
targets: a square located at (110,110) with a side length of
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Fig. 2. Velocity (with transducer array) and density models of (a) block model, (b) cranial model and (c) cranium–block model used in the paper.

084301-5



Chin. Phys. B 34, 084301 (2025)

40 grid points, and a circle centered at (250, 250) with a ra-
dius of 40. The square has a velocity of 1650 m/s and a
density of 1100 kg/m3, while the circular target has a veloc-
ity of 1700 m/s and a density of 1150 kg/m3. The back-
ground medium has a velocity of 1500 m/s and a density of
1000 kg/m3. The simulation was performed with 4.108 points
per wavelength (PPW) and a Courant–Friedrichs–Lewy (CFL)
number of 0.27.[28]

Cranial model The MIDA model was used as the
original numerical model of the cranium.[29] It has a size of
480× 480× 350 with a grid spacing of 500 µm. After as-
signing velocity and density values based on the literature,[3]

a 2D slice at Y = 310 was extracted and used as the cranial
model for this simulation (Fig. 2(b)). The resulting 2D model
has a size of 480× 350. Velocity values in the model range
from 1440.2 m/s to 2813.7 m/s, with a background velocity
of 1500 m/s (water). Density values range from 911 kg/m3 to
1908 kg/m3, with a background density of 1000 kg/m3 (water)
(PPW = 3.944, CFL = 0.45).

Cranium–block model This model was designed to
evaluate intracranial imaging accuracy (Fig. 2(c)). It was con-
structed by combining the cranium from the cranial model
with the blocks from the block model. The skull compo-
nent introduces high acoustic impedance interfaces to simulate
transcranial propagation, while the block targets are used to as-
sess imaging accuracy and localization precision. The square
block is located at (130, 180) and the circular block at (240,
300). Their velocity and density values are identical to those
used in the previous two models (PPW = 4.108, CFL = 0.45).

2.5. Stride

All experiments in this paper were conducted using
Stride, an open-source Python library designed for solving
large-scale ultrasound tomography problems. The FWI frame-
work in Stride was extended to support AWI and SAWI for
this paper. Stride offers several advantages for researchers.
(i) It is implemented with high-level abstractions and provides
comprehensive 2D and 3D medical FWI examples, allowing
researchers to initiate experiments efficiently without delving
into algorithmic details. (ii) It includes numerous features
specifically designed for medical FWI, such as ring-shaped
and focused transducers, supporting a wide range of research
scenarios. (iii) Its strong parallelization capabilities enable fast
execution of FWI simulations, significantly enhancing compu-
tational efficiency. (iv) Moreover, it offers flexible and mod-
ular interfaces, facilitating convenient program customization
and extension.

Stride employs the finite-difference time-domain (FDTD)
method, achieving fourth-order accuracy in space and tenth-
order accuracy in time. Details about the accuracy of stride
can be found in this technical paper.[30] In this paper, all sim-
ulations solve the 2D isotropic acoustic wave equation using

Stride’s numerical solver, with both velocity and density in-
cluded in the forward modeling. In the inversion, only the
velocity is updated to achieve the imaging objective.

All experiments use the same transducer configuration,
including transducer geometry, acoustic source settings, num-
ber of time steps, time step size, spatial grid spacing, padding
region and absorbing boundary conditions.

The transducers used in the experiments are point
sources, arranged in an elliptical transducer array provided by
Stride. The transducer array is placed along the boundary of
the 2D simulation grid, ensuring that the imaging targets are
enclosed within the array (Fig. 2). Each experiment uses 128
transducers. In each shot, one transducer serves as the source,
and all transducers are used as receivers. In each iteration, gra-
dients are computed using data from eight transducers, each
acting once as the source in a full-receive configuration. A
complete cycle through all 128 transducers is completed every
16 iterations.

The acoustic source uses Stride’s default three-cycle tone
burst centered at 500 kHz, which has the same waveform type
as that used by Guasch et al.,[3] but with a slightly higher cen-
tral frequency. This higher frequency serves as a better test of
the algorithm’s stability. A signal sampling interval of 0.08 µs
was used, with 2499 samples per shot. The simulation do-
main includes a perfectly matched layer (PML), with extra
and absorbing areas set to (50, 50) and (40, 40), respectively.
While these settings are used throughout this study, they are
not mandatory. Spatial and temporal discretization parameters
can be adapted across imaging modules to meet the dispersion
and stability requirements of different modalities.

2.6. Experimental setup

To evaluate SAWI in various contexts, five simulation ex-
periments were designed.

Robustness of SAWI to Gaussian penalty matrix pa-
rameters To evaluate the robustness of SAWI to variations
in the Gaussian penalty parameter σ , we design a comparative
experiment based on the block model. First, AWI is applied
to the 100 kHz low-pass filtered data using two different σ

values, set to 5% and 20% of the maximum time lag, with
32 iterations performed for each case. To examine whether
the imaging error associated with a larger σ value is merely
a result of insufficient iterations, an additional 64 iterations
are performed, starting from the velocity model obtained with
σ = 20%. SAWI is then applied to the same low-pass filtered
data with σ set to 20% of the maximum time lag, perform-
ing 32 iterations in both the pre-node and post-node stages.
The results of AWI and SAWI are evaluated through visual
inspection of the reconstructed images and analysis of the cor-
responding Wiener filter curves. Successful imaging is deter-
mined based on visual identification of the target in the recon-
structed image and Wiener filter curves that exhibit a sharp
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peak at zero-time lag with the correct polarity. To facilitate
comparison of Wiener filter behavior, each curve is plotted by
sampling every fourth trace from the Wiener filters generated
by a single source.

Robustness of SAWI in transcranial imaging scenario
To evaluate SAWI’s performance in transcranial imaging sce-
narios, a comparative experiment is conducted using the cra-
nial model. We begin by applying conventional AWI to 50 kHz
low-pass filtered data with σ set to 5% of the maximum time
lag, performing 128 iterations. SAWI is then applied to the
same data set and σ setting, with 128 iterations executed in
both the pre-node and post-node phases. To verify the effec-
tiveness of the SAWI-generated model, an additional AWI run
is performed using 100 kHz low-pass filtered data for 256 iter-
ations, initialized from the velocity model obtained by SAWI
with 50 kHz input. The reconstruction results are assessed
through visual inspection and analysis of Wiener filter curves.
Successful imaging serves as the criterion for evaluating algo-
rithm robustness in transcranial conditions.

Evaluation of SAWI imaging accuracy Next, to eval-
uate the accuracy of SAWI in transcranial imaging, we ap-
ply the method to the cranium–block model. The predicted
and observed data are low-pass filtered at 50 kHz, with σ set
to 5% of the maximum time lag, and 128 iterations are per-
formed in both the pre-node and post-node phases. To fur-
ther enable quantitative evaluation, an additional AWI exper-
iment is conducted using 100 kHz low-pass filtered data, ini-
tialized from the velocity model reconstructed by SAWI with
50 kHz data and run for 256 iterations. In addition to visual
inspection, quantitative analysis is introduced for this experi-
ment. Residual maps between the reconstructed velocity and
the ground truth are generated, and the mean squared error
(MSE) is computed. Furthermore, velocity profiles are ex-
tracted along X = 130 (for the square block) and Y = 300 (for
the circular block). Each profile is plotted with velocity on
the y-axis and spatial position on the x-axis, where the spatial

coordinate increases from left to right in both directions (i.e.,
from low to high X or Y ).

To evaluate the imaging accuracy of SAWI in transcranial
applications, we introduce two metrics: boundary resolution
and localization error, both defined based on the reconstructed
boundary transitions observed in the velocity profiles. The cal-
culation procedure is described below using the circular block
as an example.

(i) In the ground-truth profile, the circular block appears
as a square wave. The point where the velocity rises from
the background value to the block value is defined as the left
boundary (l), and the point where it falls back to the back-
ground value is defined as the right boundary (r).

(ii) Due to the limited resolution of inversion, the recon-
structed boundary transitions appear as sloped segments in-
stead of ideal step edges. For each boundary, we identify the
ramp top (t) as the maximum velocity point and the ramp base
(b) as the minimum velocity point along the monotonic slope
that intersects the corresponding ground-truth boundary. Four
positions for each block are obtained: xlt, xlb, xrt, xrb (Fig. 3).

(iii) Boundary resolution is defined as

ResolutionBoundary = max(|xlt− xlb| , |xrt− xrb|)×∆x. (15)

(iv) The localization error is composed of left boundary
position error, right boundary position error and distance er-
ror, which are defined as

xl =
(xlt + xlb)

2
, xr =

(xrt + xrb)

2
, (16)

ErrorLeft boundary position =
xl− xl groundtruth

xl groundtruth
, (17)

Errorright boundary position =
xr− xr groundtruth

xr groundtruth
, (18)

Errordistance =
|xl− xr|∣∣xl groundtruth− xr groundtruth

∣∣ . (19)

xlb xlt xrt xrb
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Comparison between SAWI and AWI To investigate
the difference in reconstruction accuracy between SAWI and
AWI, as well as the potential increase in computational cost
introduced by SAWI due to its lower imaging accuracy in the
pre-checkpoint stage, we design a comparative experiment.
SAWI and AWI are both applied to the block model, using
data that are low-pass filtered at 100 kHz for inversion. For
SAWI, the pre-node stage includes 32 iterations with pseudo-
Hessian preconditioning, using σ set to 20% of the maximum
time lag. The post-node stage consists of another 32 iterations
without preconditioning, where σ is set to 5% of the maxi-
mum time lag. For AWI, the inversion process consists of 32
iterations with preconditioning followed by 32 iterations with-
out preconditioning, with σ consistently set to 5% of the max-
imum time lag. Reconstruction accuracy is evaluated using
MSE, while the computational cost is assessed by analyzing
the MSE curve with respect to the number of iterations.

Comparison between SAWI and FWI Finally, to inves-
tigate the differences between SAWI and conventional FWI in
imaging performance, both methods are applied to the block
model under identical settings. Both algorithms employ a
multi-scale inversion scheme, performing 32 iterations on low-
pass filtered data (100 kHz) and another 32 iterations on band-
pass filtered data (100–200 kHz). For SAWI’s inversion of the
100 kHz data, the pre-node stage includes 16 iterations with
pseudo-Hessian preconditioning, using σ set to 20% of the
maximum time lag. Then, it is followed by the post-node stage
of 16 iterations without preconditioning, with σ set to 5% of
the maximum time lag. Subsequently, 32 iterations without

preconditioning are conducted on the 100–200 kHz band-pass
filtered data, with σ set to 5% of the maximum time lag. The
same preconditioning operation is applied during the FWI iter-
ation process. To facilitate a more comprehensive comparison,
the final imaging results of both SAWI and FWI are visualized,
along with residual maps between the reconstructions and the
ground truth at the end of each frequency band. In addition,
velocity distribution profiles along X = 110 and Y = 250 are
extracted from both SAWI and FWI results for direct compar-
ison.

3. Results
3.1. Robustness of SAWI to Gaussian penalty matrix pa-

rameters

We first use conventional AWI to image the block model
under two Gaussian penalty σ parameters: 5% and 20% of the
maximum time lag. The result shows that AWI successfully
reconstructs the image with σ corresponding to 5% (Fig. 4(a)).
In contrast, when using σ corresponding to 20%, the circular
target’s contour size and internal velocity values (Fig. 4(b))
deviate significantly from the ground truth (Fig. 4(d)).

To investigate whether the poor results with the 20% pa-
rameter are due to insufficient iterations, we extend the AWI to
64 iterations under the same parameters. The results (Fig. 4(c))
reveal that increasing the number of iterations does not im-
prove image quality. The anomalies in the circular target re-
main unresolved, suggesting that AWI likely converges to a
local minimum.
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Fig. 4. Imaging results of the block model by AWI with different σ settings and inversion iterations: (a) 5% with 32 iterations, (b) 20% with 32
iterations, (c) 20% with 96 iterations. (d) Ground truth.
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Fig. 5. Wiener filter plot corresponding to the results in Fig. 4.
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The corresponding Wiener filters for Figs. 4(a)–4(c) are
shown in Fig. 5. For σ corresponding to 20%, even after 64
additional iterations, the Wiener filter still exhibits peak dis-
persion and polarity reversal, indicating that further iterations
will not enable AWI to achieve accurate imaging.

We then apply SAWI to the block model with σ set to
20% of the maximum time lag. The imaging results at the node
and after complete inversion are shown in Fig. 6. At the node
(Fig. 6(a)), while the velocity values and the circular shape
exhibit deviations from the ground truth, no spurious circular
artifacts are observed such as those seen in conventional AWI.
These deviations are limited and primarily manifest as mild
smoothing around the target boundaries. In the final imaging
result (Fig. 6(b)), both the square and circular blocks are ac-
curately recovered with well-defined boundaries, correct posi-
tions, and velocity values closely matching the ground truth.
This result is consistent with that of conventional AWI under a
smaller σ value (5%), indicating that SAWI maintains robust-
ness even under less favorable parameter settings. The corre-
sponding sampled Wiener filter plot is shown in Fig. 7, where
the position indicated by the red dashed line corresponds to the
zero-lag location. The Wiener filter plot further confirms that
SAWI achieves successful imaging. To investigate the imag-
ing performance of the method used before the node, 64 iter-
ations are performed using this method. The result (Fig. 6(c))
shows that while this approach is more robust than conven-
tional AWI, it fails to produce accurate imaging results. This

method is therefore only suitable for providing an initial model
for SAWI.

3.2. Robustness of SAWI in transcranial imaging scenario

We first use conventional AWI to image the cranial model
under σ set to 5% of the maximum time lag. After 128 itera-
tions, the result (Fig. 8(a)) shows a complete failure in imag-
ing. This is also evident from the Wiener filter (Fig. 9), which
displays significant polarity reversal and negative peaks that
hinder imaging.

Next, we apply SAWI to the cranial model. The imag-
ing results at the node and after the full inversion are shown in
Figs. 8(b) and 8(c). At the node, the result already produces a
high-quality initial model with clearly defined and accurately
located cranial contours. Basic outlines of internal structures
are also faintly discernible. The full inversion result shows
significant improvement in clarity compared to the node re-
sult, with enhanced contrast in soft tissue regions. The Wiener
filter results further support the effectiveness of SAWI (Fig. 9).
Although some traces exhibit smaller peaks, no polarity rever-
sal or negative peaks that hinder imaging are observed, unlike
in conventional AWI. To further assess the performance, we
increase the frequency to 100 kHz and perform an additional
256 iterations, see Figs. 8(d) and 8(e). The results show a sub-
stantial improvement in clarity and accuracy, confirming that
SAWI produces reliable results for transcranial imaging.
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Fig. 9. Wiener filter plot corresponding to the results in Figs. 8(a)–8(c).

3.3. Evaluation of SAWI imaging accuracy

SAWI is applied to the cranium–block model using data
filtered at 50 kHz, with results at the node and after full inver-
sion shown in Figs. 10(a) and 10(b). The reconstruction suc-
cessfully recovers both the skull and the blocks, with shapes
and positions consistent with the ground truth. When the low-
pass filter cutoff is increased to 100 kHz (Fig. 10(c)), the
reconstruction demonstrates a notable improvement in both
boundary sharpness and target localization. To quantitatively
assess the imaging accuracy, the error maps and corresponding
profiles are shown in Fig. 11, and the boundary resolution and
boundary localization metrics for both the 50 kHz and 100 kHz
full inversion results are summarized in Table 1. It could be
seen that SAWI achieves satisfactory imaging accuracy even
at 50 kHz, with boundary resolution reaching the millimeter
level. When the frequency is increased to 100 kHz, both reso-
lution and localization accuracy improve further, as expected.
These results confirm that the enhanced robustness of SAWI
does not come at the cost of reduced imaging precision, and
that the method can effectively benefit from higher-frequency
content.

3.4. Comparison between SAWI and AWI

The imaging results are shown in Fig. 12. Visually, it is
difficult to distinguish significant differences between SAWI
and AWI, although AWI appears to exhibit slightly more pro-
nounced artifacts compared to SAWI. The residual maps be-
tween the reconstructed results and the ground truth after 32
and 64 iterations for both SAWI and AWI are also presented
(Fig. 13). It can be observed that although the MSE of SAWI
at the checkpoint is considerably higher than that of AWI, the
final reconstruction MSE of SAWI is slightly better.

The MSE versus iteration curves for the final 32 iterations
(iterations 33–64) without preconditioning are plotted for both

Table 1. Boundary resolution and accuracy of Figs. 10(b) and 10(c).

Accuracy index SAWI 50k 256 SAWI 100k 256

Square
Boundary resolution (mm) 12 6

ErrorLeft boundary position 0.62% 0.62%
ErrorRight boundary position 0.25% 0.50%

ErrorDistance 1.25% 0.00%
Circle

Boundary resolution (mm) 11 8
ErrorLeft boundary position 1.25% 0.50%
ErrorRight boundary position 0.00% 0.00%

ErrorDistance 3.12% 1.25%
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Fig. 12. SAWI and AWI imaging results for the block model.
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SAWI and AWI, as shown in Fig. 14. The results show that
SAWI experiences a delay of approximately 11 iterations in
this experiment. This delay is related to the total number of
iterations and the allocation of iterations before and after the
checkpoint in SAWI, and can potentially be optimized.

Moreover, since SAWI adopts exactly the same configu-
ration as AWI in the post-node stage, SAWI appears to exhibit
a stable MSE advantage compared with conventional AWI.

3.5. Comparison between SAWI and FWI

The final reconstruction results of SAWI and FWI are
shown in Fig. 15. It can be observed that although SAWI still
exhibits noise-like artifacts, the boundaries of both the circu-

lar and square inclusions are reconstructed more sharply. The
residual maps corresponding to the 32nd iteration (0–100 kHz
band) and the 64th iteration (100–200 kHz band) are also pre-
sented (Fig. 16). To better evaluate the imaging performance,
a masking operation was applied to focus solely on the two
inclusion regions when calculating MSE and analyzing the re-
sults. The results indicate that SAWI demonstrates a clear ad-
vantage over FWI at the initial frequency band. However, as
the frequency increases and iterations continue, FWI gradually
overtakes SAWI. From the velocity profiles (Fig. 17), it can be
seen that FWI provides smoother and more stable curves over-
all, but its slope at the square boundary is lower than that of
SAWI, indicating a slightly lower boundary resolution com-
pared to SAWI.
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Fig. 17. Velocity profiles of reconstruction results using SAWI and FWI.

4. Conclusion and perspectives
Achieving high-resolution brain imaging in a portable

and safe manner is essential for monitoring neurological con-
ditions. The FWI variant, AWI, has shown potential for in-
verting 3D brain acquisition data. However, the selection of
parameters in the Gaussian penalty function, particularly the
width (σ ), strongly influences AWI’s imaging performance,
and conventional AWI struggles to achieve reliable imaging in
transcranial scenarios. To address these challenges, we pro-
pose a method that modifies the construction of the Wiener fil-
ter’s zero-lag position. This approach significantly enhances
the robustness of AWI in these scenarios without altering its
framework or increasing computational costs.

Discussion of experimental results This paper con-
structed three models to evaluate the proposed method from
different perspectives: its robustness to parameter selection,
applicability to transcranial scenarios and accuracy in tran-
scranial imaging. First, the block model is used to show the
effect of the Gaussian penalty matrix σ value on AWI imaging.
This problem is consistent with the findings of Pladys et al.[25]

Conventional AWI typically employs either linear or Gaussian
penalty matrices. In the simulations, we find that construct-
ing a maximization optimization problem and using a Gaus-
sian penalty matrix both have advantages over the alternative
in terms of the iteration speed of the velocity values. This
might explain why these combinations are frequently used in
AWI research for describing conventional AWI and conduct-
ing comparative experiments.[14,24,25,27,31]

The strong dependence of successful imaging on param-
eter tuning suggests that the algorithm lacks robustness under
certain configurations. In the medical field, where both ac-
curacy and robustness are critical, this instability can hinder
the broader application of AWI. In addition, the computational
cost of AWI remains non-negligible compared to FWI,[3] and
the linear penalty matrix can further slow the imaging pro-
cess of AWI, affecting its practical use. Therefore, the method
proposed in this paper is necessary for improving AWI’s ro-

bustness to parameter tuning. The experimental results show
that SAWI significantly enhances the robustness of AWI to
Gaussian penalty matrix parameter choices. Further exper-
iments indicate that SAWI can still produce images for the
block model even when σ is set to 50% of the maximum time
lag, demonstrating the method’s contribution to improving the
robustness of AWI.

Then, the cranial model is used to illustrate the difficul-
ties AWI encounters in transcranial imaging. In practice, we
find that with the configurations used, AWI fails to produce
an image for the transcranial scenario when σ is set to 5% of
the maximum lag. Even reducing σ to 2% of the maximum lag
does not enable successful imaging. We also replace the Gaus-
sian penalty matrix with a linear penalty matrix. However,
even after 256 iterations with 50 kHz filtered data followed by
another 256 iterations with 100 kHz filtered data, the shape of
the skull is still far from the ground truth. We also explore the
impact of source wavelet frequency on imaging results. Even
when the source wavelet frequency is reduced to 200 kHz, no
indication of successful transcranial imaging using conven-
tional AWI is observed under the previous experimental set-
tings. This suggests that AWI’s failure in this scenario is not
solely due to the choice of σ . The proposed method effec-
tively addresses this issue. Without increasing computational
costs, SAWI achieves transcranial imaging simply by modify-
ing the zero-lag position of the Wiener filter. Furthermore, the
imaging accuracy can be improved by integrating MDWI,[19]

which reduces the length of the Wiener filter to achieve faster
and more accurate imaging. This highlights the advantages of
SAWI over conventional AWI in transcranial scenarios.

In addition, the cranium–block model is used to demon-
strate the imaging accuracy of SAWI in transcranial imaging
scenarios. The results show high accuracy in both resolution
and localization, suggesting that SAWI’s robustness to param-
eter selection and transcranial conditions does not seem to neg-
atively impact its imaging accuracy.

SAWI was compared with conventional AWI under iden-
tical experimental settings. The results show that although
SAWI exhibits some imaging lag relative to AWI due to the
pre-node imaging approach, it achieves a lower MSE than
AWI at the same number of iterations. Using the pre-node
imaging result as the initial model appears to enable faster con-
vergence of AWI.

Finally, the imaging performance of SAWI is compared
to that of conventional FWI under identical experimental con-
ditions. The results show that SAWI has an absolute advan-
tage in MSE over FWI at the initial frequency band. How-
ever, the higher stability of FWI allows it to benefit more from
the multiscale inversion strategy. In addition, SAWI demon-
strates a resolution advantage compared to FWI. These find-
ings are consistent with previous observations.[27] Since the
second inversion phase of SAWI is identical to conventional
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AWI, its accuracy benefits from the same resolution potential
while overcoming the limitations in stability and convergence.
Further accuracy improvements can be achieved by coupling
SAWI with FWI[3] or MDWI.[19]

Potential reasons for increased stability The instabil-
ity of AWI compared to FWI primarily stems from two factors.
First, the AWI objective function does not consider the polarity
of 𝑤, allowing negative components to appear in 𝑤. Second,
AWI aims to transform the Wiener filter into a unit impulse
function at the zero-lag position. Ideally, the discrete form of
𝑤 should have a value of 1 at the zero-lag position and 0 else-
where, which is not inherently difficult to achieve. However,
since 𝑃 T𝑃 may be ill-conditioned or singular, a small posi-
tive value is added to its diagonal to ensure numerical stability
when solving for 𝑤. This adjustment causes the ideal form of
𝑤 to deviate from a unit impulse function, becoming a small
wavelet centered at the zero-lag position.

This instability is even more pronounced compared to the
objective of FWI, which aims to minimize the residual be-
tween predicted and observed data to zero. In AWI, the op-
timization process squeezes the energy of 𝑤 towards the zero-
lag position. If negative components emerge during this pro-
cess, the 𝑤 may become a negatively polarized wavelet. This
outcome opposes the polarity of the ideal form of 𝑤 yet aligns
with its optimization logic, leading to inaccurate imaging.

To address this limitation of AWI, previous research, such
as the work by Yao,[24] has introduced constraints to ensure
that 𝑤 remains positive. By adding a positivity constraint to
𝑤 and solving it through an iterative least-squares method,
this approach significantly enhances the stability and accuracy
of AWI. However, this method incurs prohibitively high com-
putational costs since 𝑤 must be solved iteratively for every
computation, greatly reducing its practical value. In the SAWI
method proposed in this paper, we address this issue by shift-
ing the zero-lag position of the Wiener filter to the edge. This
adjustment transforms the ideal form of 𝑤 from a symmetric
wavelet centered at zero lag into a unilateral curve with energy
concentrated near the edge. Instead of shaping 𝑤 into a sym-
metric peak, the objective becomes simply pushing energy to-
wards one side. This simplification may explain the observed
increase in AWI’s robustness.

Moreover, constructing the Wiener filter as a unilateral
form does not imply losing information from the opposite time
direction. The lag information from the other side still influ-
ences the waveform, although the correspondence between the
lag number and the peak position in 𝑤 becomes less explicit.
This limitation is reflected in the reduced accuracy of pre-node
imaging.

Limitations The method proposed in this paper signif-
icantly improves AWI’s stability in Gaussian penalty matrix
parameter selection and transcranial imaging scenarios. How-
ever, it has several limitations. The core limitation lies in the

fact that this method does not completely eliminate the issue
of negative polarity in AWI. Instead, it enhances AWI’s robust-
ness to Gaussian penalty matrix parameter choices and tran-
scranial scenarios by simplifying the target form of the Wiener
filter. A more sophisticated approach is still required to funda-
mentally resolve AWI’s deficiencies.

Although the method is implemented using the highly
parallelized Stride Python library and does not increase the
per-iteration computational cost compared to conventional
AWI, another limitation is the inherent computational burden
of AWI, which has been widely discussed in previous studies
and will not be elaborated upon here.[3,19] Since the purpose
of this paper is to investigate the imaging capabilities of the
proposed method, noise and viscoelastic effects were not in-
troduced. Finally, this study did not perform density inversion,
which could be beneficial for further exploration of transcra-
nial imaging performance.[32]
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