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Based on the Kraus operator-sum representation of the analytical solution of the diffusion equation, we obtain the
evolution of a general linear state in the diffusion channel. Also, we study the quantum statistical properties of the ini-
tial general linear state and its von-Neumann entropy evolution in the diffusion channel, especially find that the entropy
evolution is influenced by the diffusion noise and the thermal parameter but without the displacement.
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1. Introduction

The diffusion noise often occurs and can deteriorate the
non-classicality of the systems when the systems are immersed
in the realistic environments.['™3! This is because that, under
the influence of diffusion, there exists the exchange of the par-
ticles between the systems and their surrounding heat environ-
ments.

In quantum physics, the master equation describing the
diffusion channel reads dp;/dt = —«x ([a',ap,| + [pia,a’]),
K is the diffusion factor.!%7! Using the thermo entangled state
) representation,®'% and the operators correspondence re-
lation between the fictitious (d,a’) and real (a,a’) modes in
the state |¢ =0), i.e., a = d', a' & dand (a'a)" < (d'a)",
we obtain the solution of the diffusion equation as!*"!

pr=Y Mu.poM,,,. (1)

m,n=0

which is the infinite Kraus operator-sum form of p;, where

Amtn+1 (Kt)m+n

¥
Mm,n _ aTm ed alnAan (2)

m!n!
is the Kraus operator, A = 1/ (1 + kt).
In this paper, inputting the general linear state with the
thermal parameter 3 and the displaced parameter y (where
. indicates normal ordering!!'!-12])

po=e: exp ('}/aT +Ba‘a+ va): 3)

as an initial state into the diffusion channel, we investigate the
evolution law of the state py via the density operator, the sta-
tistical feature and the von-Neumann entropy. It should be
emphasized that, the state pg has generality since it can be sim-
plified as the coherent state, the thermal state and the mixture
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of thermal states, efc. Moreover, the von-Neumann entropy of
the state py is diffcult to be addressed as a result of the natural
logarithm of pg in its original definition, however treating its
entropy made sense since the entropy measures the disorder of
the system.

The paper is arranged as follows. In Section 2, we obtain
the normalization of the state py. In Section 3, we obtain the
analytical evolution law of the state pg in the diffusion chan-
nel. In Sections 4 and 5, we devote to investigating the quan-
tum statistical features and the von-Neumann entropy evolu-
tion of the state pg for the diffusion noise. Some main results
are summarized in Section 6.

2. Normalization of p
Using the complete relation of coherent states
[2) = e /e o)
and the mathematical integral formula

d*a 2 1
82 slaltsadhat —sh
[ Zexp(—sh/s).

Reg <0, 4)

as well as the integration within ordered products IWOP), we
obtain

b} dzz ya" +Ba’a+y*a
trpg = e°tr /7|z><z|:e :

- GB/dzZeﬁlzzﬂz*ﬂf*z
V3
— _ B2
=(=B) el B M =1, 5)

It then follows that the parameter J is given by

§=In(=B)+[7’/B. ©)
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which means 8 < 0, coincided with the convergent condition
in Eq. (4).

3. Evolution of pg

Now we investigate the analytical evolution of the state
po in the diffusion channel. And for that, we need to use the

following formula:

=%

to calculate the anti-normal ordering product of py,!'>14! that

(=zlplz)iexp(|z]* +fa—zat +aTa):  (7)

is,

d’z ¥
po=¢e? / X (g ePdlatr YA e <|z|2 +z'a—za' +aTa) :

=e /— exp

e (3 5711

—BHN+a-7)+ (7 —at)z) e

B B+1 :exP(

 refers to anti-normal ordering, and we have used (—z |z) = e~24” and the integral formula in Eq. (4). Inserting Eq. (8)

where :
into Eq. (1), we obtain

BﬁlaTa—i- r a+ 4 aT)f, )

B+1" " B+1

exXp (5 - ﬁ "V‘ ) oo Am+n+l (Kt)m+n

pr= B+l Sy
><a?mea+alnAan : exp (ﬁf_l T a—+ ﬁ’}il a+ ﬁ —T_laT> aTneaTalnAam. (9)

Inserting the complete relation of |z) into Eq. (9) and using the identity e—pala lz) = eI/ |lze ), where ||ze~P) is unnormal-

ized and p is a general parameter, we obtain

exp (5 Bt 7l ) i AP ()™
B+1 o m!

x a™exp {(AKI+I3?F> |z|? +5+1Z+ﬁ+1z

e"p<5 ﬁ+1'”) = A (r )"

pr =

dzz m ¥ T
/761 exp (a'alnA)|z) (zlexp (a'alnA)

v y*]

nd2
= Bl L /,:JMM@Mﬂd%w[Qerﬂl>l+ﬁ+1+ﬁ71f} (10)

Further, using the integral formula (4) and the operator identity |0) (0| = :

aep (8- 51 1)

e"f“ :, we finally obtain

pr = —Zexp {— (1 —AK'I) z|2:| : exp [(Aa% + 7ﬁ) z]
! B+1 T B+1 ‘ B+1
X exp [(Aa + ﬁjl/-l)] Zexp[(Akt —1)]a’a: =exp(8): exp(Ba'a+ypa’ +ya): , (11)
\
where Further, using the identity
BAy exp(pa’a) =: exp[(e? —1)a’a] :, (13)
Y= B+l
to remove the symbol : : from Eq. (11), we obtain
B, = BA* + Akt — 1, .
Pt — 66[ e}’ﬂlI ea'raln(ﬁﬂrl)eﬁu’ (] 4)

& = —Bexp (B nP),

(12)

which shows that, after undergoing the diffusion channel, the
resultant state p; remains the form of the initial general linear

094206-2



Chin. Phys. B 34, 094206 (2025)

state state po. Further, we also prove the normalization of p;,  evolution of the thermal state py, = —f3 e“T"l“(ﬁH), however
that is y=0and B = —1, p, reduces to the evolution of vacuum state
Pvac = [0) (0].

d? i
trp; = 65’/72&\: ehalatna’+ra, lz)=1. (15)

4. Statistical properties of p;

— 2 — —_
For § = — o, y=zand § = —1, thus 4.1. Average photon number

B=0, y,=Az, B =—A, el — Ae*A’llz\z7 (16) The average photon number (APN) represents the aver-

age value of all photon numbers and characterizes the energy

p: becomes the evolution of the coherent state p|,y = [z) (z| in  density of quantum light fields. Based on the definition of
the diffusion channel, the same as the result in Ref. [4]. For  the APN, and using the anti-normal ordering product of py in

y=0and B # —1, thus % = 0, e% = —, p, refers to the  Eq. (8), we obtain the APN of py as
|

exp (8 — 57 |7’ -
tr(poa‘a) = ( ﬁ_f;rl >tr < exp <ﬁﬁ1a"—a+ ﬁ}ilaJr B Ila")fa_"a)

) o

exp( 6 —
= p< ﬁ+1 " > /dzzexp( P |Z|2 )|Z2
B+1 J n B+1 [3+1 B+1
= (B+1) 1y~ (B+1)/B, (17)
where we have used the mathematical integral formula
d’z n_sm m/hmmm" m'n'sm Inn=t
/7 exp(h|z]* +sz+n1z") ; e (18)

So, making the following substitutions Yy — % and B — 3;, we  the APN increases gradually with time ¢. For a fixed time ¢,
easily obtain the APN evolution of py in the diffusion chan- ~ the APN decreases with the increase of 3, but increases as y
nel. Further, letting ¥ — % = Az (or 0), B — B = —A (or and x increase. Besides, the parameters 3 and y can change
BA? + Akt — 1), thus equation (17) becomes the APN evolu-  the initial APN at 7 — 0, but k has a more significant impact
tion of the state p|) (or py) in the diffusion channel. on the change rate of the APN over time 7.

o ARRAARRRRARRARRARRRRS RN 4.2. Photon distribution function

3t . The photon distribution function (PDF) has wide appli-
cations in quantum information processing and quantum opti-
cal experiments, such as in quantum entanglement and quan-
tum state preparation. Here, using Eq. (11) and the relation
between the number state |m) and the unnormalized coherent

state ||z), i.e., |m) = (m!)_l/zd?‘ l|2)|,—0» as well as the scalar

product (|| z) = e¥"%, we obtain the PDF for the state p, as

) follows:
Fig. 1. The average photon number evolution of a general linear state in
the diffusion channel over time ¢ for different 3,7y, and k, where (8,7, k) p(m,l) = tr(\m) <m| Pz)
correspond to, respectively, (—0.5,0.2,0.2) (thick black), (—0.8,0.2,0.2) i i
(thick red), (—1.2,0.2,0.2) (thick green), (—0.8,0.8,0.2) (dashed thick red), = ¥ (m|: eP¥ AN TR )
(—0.8,2,0.2) (dashed thick green), (—0.8,0.5,0.5) (dotted thick red), and 5
(—0.8,0.5,1) (dotted thick green). — :anlarﬁ <ZI|| eﬁrz’*z+%z’*+7¢z ||Z>
z=7/*=0

In Fig. 1, we plotted the APN of the state p, with time ¢ )

; m N i+ 2
for different 3,¥, and k. Clearly, for all values of 3,7, and «, = ﬁaz Iy B+ e’ (19)
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Further, using the generating function for Hermite polynomial
Hy, (-, -), we have

e (=) (1+B)"
m!

x H, ( r__ ) :
TNiyV1+HB i+ B

which means that the PDF for the state p(z) in the diffusion
channel is just proportional to a two-variable Hermite poly-
nomial of the order (m,m). Also, the PDF evolution of the
state p|,y (or py) in the diffusion channel can be obtained by
making the following substitutions y — Az (or 0), B — —A
(or BA? + Akt — 1), and e¥ — Ae A (or — ;) in Eq. (20).
In Fig. 2, we plotted the PDF for the state p(z) with m

for different 3,7, and xt. As 3,7, and kt increase, the PDF
becomes nonzero for more photon number states and the prob-
ability peak of finding photons decreases, the PDF peak moves
toward the larger m photon number. For sufficiently large dif-
fusion time K, the probability of finding any photon is nearly

p(m7t):

(20)

the same.

0.15 0.4

(a) (b)
< 0.3

<0.10
S

20.05

0.2 I
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()
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Fig. 2. The photon distribution function evolution of a general linear state
in the diffusion channel with m for different 8,7, and xr. The values of
(B,7,kt) in panels (a), (b), (c), (d), (e), and (f) correspond to, respec-
tively, (—0.2,0.2,0.2), (—0.5,0.2,0.2), (—0.8,0.2,0.2), (—0.5,0.8,0.2),
and (—0.5,1.2,0.2), (—0.5,0.2,1).

4.3. Wigner distribution function

The Wigner distribution function (WDF) has a wide range
of applications in quantum mechanics, quantum optics, and
quantum information science, such as describing the statistical
properties of the quantum systems, the quantum interference,
and the quantum entanglement phenomena. Here we plan to
study the WDF evolution of the initial state py in the diffu-
sion channel. Using the coherent state |ct) representation of
the Wigner operator,!>~17] that is

2/
Ay =[S o) (~a o)

we give the WDF for p; as follows:

w(et,t) = tr D, A)]
2/
_ ea+2|a\2/d7‘;‘ (ol : efa'a
T
weha' +ha. |O£/> Q2(aa —aral)

2 )
_ es,+2|a\2/d O (24|
2
Xefy,a/*ﬂf,“a/ez(aa’*fa*a/)

= 766[+2|a‘2 ex 77|y,—2a|2 (22)
2+B) T\ 248 )

which means that the WDF w(, ) shows Gaussian in the dif-
fusion channel. Especially, for r = 0, w(a,t) becomes the
WDF for the state pg. Also, via making the following sub-
stitutions % — Az, B, — —A, and e% — A=Al in Eq. (22),
we obtain the WDF for the coherent state p|) as

Ae2lal—A""z

o Az —2af?
w(2—A)

A (23)

wiy(a,t) =

On the other hand, for 3 — 0 and e% — —p, in Eq. (22), the
WDF for the state p;, is obtained as

2|af - -2

Wth((x,t) =

na+@>“p<

In Fig. 3, we plotted the WDF for the state p (¢) for differ-
ent 3,7, and xt. For all values of 3,7, and kt, the WDF always
maintains Gaussian characteristics. As 8 and k7 increase, the
peak value of the WDF decreases and the projection area of the
WDF on the Rea-Ima: plane slowly increases. Moreover, the
parameter Y can lead to the fact that the Gaussian peak grad-
ually moves away from the center of the phase space, which
also confirms that ¥ is a displaced parameter.

Fig. 3. The Wigner distribution function evolution of a general linear
state in the diffusion channel is shown for different f3,y, and kt, where
(B,7,xt) in panels (a), (b), (c), (d), (e), and (f) correspond to, respec-
tively, (—0.2,0.2,0.2), (—0.5,0.2,0.2), (—0.8,0.2,0.2), (—0.5,0.8,0.2),
and (—0.5,1.2,0.2), (—0.5,0.2,1).
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5. The von-Neumann entropy of p;

The von-Neumann entropy is an indicator of how quantum information is stored in quantum states. Here, we investigate the

von-Neumann entropy evolution of py in the diffusion channel. Because of the natural logarithm of the state py, i.e., Inp,, in its

definition S(p,) = —kgtr(p,Inp,),[17:18

I we first obtain the single exponential form of p,. Using the identity g Krd

fa + —xrat
aaoe K'Illu:

a'e™™ and the formula e?e® = exp (A + uol — %)’ where [A, B] = uB + f,1"°! we have

l—e #

o = 661 e%afeaTaanJFB[)ewa — 65[eaTaln(lJrB[)efaTaln(l+l3[)e’y,aTeafaln(l+ﬁ[>e}{ka — e5zeafaln(1+,5[)exp (_ ﬁtd CIT) eWa

1+5

= ede(dlada )n(1+BW) eV (N0 — g o (B (uP+B e+ pata’a)in(1+) (25)

thus we obtain In p; as

Inp; =In(=B)+ (B * %>+ B ' na’ + B yfa+a'a)n(1+p,). (26)

Further, using Egs. (14) and (26), the von-Neumann entropy of p; is

S(p)/ks = —tr {p; [In(—PB;) +B 7yl m(1+ B} + ﬁ,eﬁ;l“”'z In(1+B)tr {ey’”-‘-e“m"(l*ﬁ’)e#“ (aTa—i-ﬁfl ya' + B! ](,*a)}

To obtain the entropy S(p;), we first calculate the part

—1 i . .
= = (=B) B uP I+ B+ B (14 e e BT Gt ] @)

e}ltaTea*aln(lJrﬁ,)ej{*a (aTa_i_ﬁ;l%aT) _ ey,aTeLﬁaln(lJrﬁ,)e}{‘a (aTef fae f“a—l—ﬁfl%aTe* tae){ku)

— e%aTeafaln(l-f-ﬁ,) (a? +,){k) e){*a (a+Bt_1%)
_ ey,aTe(ﬁaln(lJrﬁ;) (a% + ,){k) efgﬁaln(1+ﬁ,)e,ﬁaln(1+ﬁ,)e}§‘a ((I—Fﬁlil%)

— " [(14 By)at + 9] e MIHBIH (a4 B 1), 28)

where we have used the operator identity e”?a’e P¢ = a' + p, thus we have

&

r (e%afea+a1n(1+ﬁ,)e;f,*aaTa+ﬁ;1%a+ +[3;1%*a) _ /

<Z| . e%aTJrWaJrﬁzaTa{[(l +[31)61T+'){k] (a_’_ﬁtfl,},t) +ﬁt71/}/t*a} . |Z>

d*z .
= [ R B (14 )2 ) (4 B0+ B3

— B2 (14 B+ B u[?) e B P (29)

Finally, using Eqs. (27) and (29), we obtain the entropy
evolution S(p;) as

S(pr)/ks =—In(=f)+ (B '+ 1)In(1+f5),  (30)

which is completely decided by the parameter 3, containing
the diffusion factor x and the thermal parameter f3, and is un-
related to the displacement Y of the initial state pg. This re-
sult is reasonable because the role of the displacement 7y in
the initial state pg is similar to that of the amplitude z in the
coherent state |z), and the entropy of the state |z) is always
zero without the amplitude z. Therefore, equation (30) also
represents the entropy evolution of the state py, for diffusion
noise. Especially, when ;, — —A, equation (30) becomes the
von-Neumann entropy evolution of the coherent state p|,y in
the diffusion channel, that is,

1 Kt
S(p[>/kB—7lnm7Ktlnm7 (31)

which is the same as the result in Eq. (4).

Fig. 4. The von-Neumann entropy S (p;) /kg of a general linear state in the
diffusion channel with time # for different 8 and k, where (83, k) correspond
to, respectively, (—1.1,0.2) (thick black), (—1.6,0.2) (thick red), (—2,0.2)
(thick green), (—1.6,0.8) (dashed thick red), (—1.6,2) (dashed thick green).

In Fig. 4, we plotted the von-Neumann entropy S (p;) /ks
of p(¢) with time ¢ for different B and x. Obviously, the en-
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tropy increases with time ¢ for all values of 8 and «, for a
given time 7, the entropy increases with the parameters 3 and
K. Besides, the parameters 3 and x can lead to the change of
the initial entropy at r = 0, and the entropy tends towards the
same value for any § when time ¢ is sufficiently large.

6. Conclusions

In summary, using the Kraus operator-sum representation
of the analytical solution of the diffusion equation, and acting
the general linear state pg as an initial input state, we obtained
the analytical evolution law of the state pg for the diffusion
channel. The result shows that the output state p, remains the
form of the initial linear state in the diffusion channel. Also,
we investigated the quantum statistical properties of the initial
state po in the diffusion channel, and we found that the APN
increases with time #, the PDF is proportional to a two-variable
Hermite polynomial, and the WDF keeps Gaussian features. It
is worth noting that, we obtained the analytical evolution of the
von-Neumann entropy of the state pg in the diffusion channel,
and found that the entropy evolution is completely governed
by the diffusion and thermal noise, and is completely indepen-
dent of the displacement of the state pg. The von-Neumann
entropy can usually be used as the core measurement tool of
quantum information theory, so the results about the entropy
are likely beneficial for evaluating channel capacity and infor-
mation loss under noise interference in quantum communica-
tion, and may provide theoretical support for experimentally
improving the fidelity of quantum storage and transmission in

open systems.
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