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Based on the Kraus operator-sum representation of the analytical solution of the diffusion equation, we obtain the
evolution of a general linear state in the diffusion channel. Also, we study the quantum statistical properties of the ini-
tial general linear state and its von-Neumann entropy evolution in the diffusion channel, especially find that the entropy
evolution is influenced by the diffusion noise and the thermal parameter but without the displacement.

Keywords: general linear state, diffusion channel, quantum statistical property, entropy evolution
PACS: 42.50.–p, 03.65.–w, 05.30.–d

DOI: 10.1088/1674-1056/add4f2 CSTR: 32038.14.CPB.add4f2

1. Introduction
The diffusion noise often occurs and can deteriorate the

non-classicality of the systems when the systems are immersed
in the realistic environments.[1–5] This is because that, under
the influence of diffusion, there exists the exchange of the par-
ticles between the systems and their surrounding heat environ-
ments.

In quantum physics, the master equation describing the
diffusion channel reads dρt/dt = −κ

([
a†,aρt

]
+
[
ρta,a†

])
,

κ is the diffusion factor.[6,7] Using the thermo entangled state
|ς〉 representation,[8–10] and the operators correspondence re-
lation between the fictitious (ã, ã†) and real (a,a†) modes in
the state |ς = 0〉, i.e., a⇔ ã†, a† ⇔ ã and (a†a)n ⇔ (ã†ã)n,
we obtain the solution of the diffusion equation as[4,5]

ρt =
∞

∑
m,n=0

𝑀m,nρ0𝑀
†
m,n, (1)

which is the infinite Kraus operator-sum form of ρt , where

𝑀m,n =

√
Am+n+1 (κt)m+n

m!n!
a†m ea†a lnAan (2)

is the Kraus operator, A = 1/(1+κt).
In this paper, inputting the general linear state with the

thermal parameter β and the displaced parameter γ (where
: : indicates normal ordering[11,12])

ρ0 = eδ : exp
(
γa† +βa†a+ γ

∗a
)

: (3)

as an initial state into the diffusion channel, we investigate the
evolution law of the state ρ0 via the density operator, the sta-
tistical feature and the von-Neumann entropy. It should be
emphasized that, the state ρ0 has generality since it can be sim-
plified as the coherent state, the thermal state and the mixture

of thermal states, etc. Moreover, the von-Neumann entropy of
the state ρ0 is diffcult to be addressed as a result of the natural
logarithm of ρ0 in its original definition, however treating its
entropy made sense since the entropy measures the disorder of
the system.

The paper is arranged as follows. In Section 2, we obtain
the normalization of the state ρ0. In Section 3, we obtain the
analytical evolution law of the state ρ0 in the diffusion chan-
nel. In Sections 4 and 5, we devote to investigating the quan-
tum statistical features and the von-Neumann entropy evolu-
tion of the state ρ0 for the diffusion noise. Some main results
are summarized in Section 6.

2. Normalization of ρ0

Using the complete relation of coherent states

|z〉= e−|z|
2/2 eza† |0〉

and the mathematical integral formula∫ d2
α

π
eς |α|2+sα+hα∗ =−1

ς
exp(−sh/ς),

Reς < 0, (4)

as well as the integration within ordered products (IWOP), we
obtain

trρ0 = eδ tr
(∫ d2z

π
|z〉〈z| : eγa†+βa†a+γ∗a :

)
= eδ

∫ d2z
π

eβ |z|2+γz∗+γ∗z

= (−β )−1 eδ−β−1|γ|2 = 1. (5)

It then follows that the parameter δ is given by

δ = ln(−β )+ |γ|2 /β , (6)
†Corresponding author. E-mail: zhyy8070@126.com
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which means β < 0, coincided with the convergent condition
in Eq. (4).

3. Evolution of ρ0

Now we investigate the analytical evolution of the state
ρ0 in the diffusion channel. And for that, we need to use the

following formula:

ρ =
∫ d2z

π
〈−z|ρ |z〉 ... exp(|z|2 + z∗a− za† +a†a)

... (7)

to calculate the anti-normal ordering product of ρ0,[13,14] that
is,

ρ0 = eδ

∫ d2z
π
〈−z| : e βa†a+γa†+γ∗a : |z〉 ... exp

(
|z|2 + z∗a− za† +a†a

) ...

= eδ

∫ d2z
π

... exp
(
−(β +1) |z|2 +(a− γ)z∗+

(
γ
∗−a†)z

)
ea†a ...

=

exp
(

δ − 1
β +1

|γ|2
)

β +1
... exp

(
β

β +1
a†a+

γ∗

β +1
a+

γ

β +1
a†
)

... , (8)

where ...
... refers to anti-normal ordering, and we have used 〈−z |z〉= e−2|z|2 and the integral formula in Eq. (4). Inserting Eq. (8)

into Eq. (1), we obtain

ρt =

exp
(

δ − 1
β +1

|γ|2
)

β +1

∞

∑
m,n=0

Am+n+1 (κt)m+n

m!n!

×a†m ea†a lnAan ... exp
(

β

β +1
a†a+

γ∗

β +1
a+

γ

β +1
a†
)

... a†n e a†a lnAam. (9)

Inserting the complete relation of |z〉 into Eq. (9) and using the identity e−ρa†a |z〉= e−|z|
2/2 ‖ze−ρ〉, where ‖ze−ρ〉 is unnormal-

ized and ρ is a general parameter, we obtain

ρt =

exp
(

δ − 1
β +1

|γ|2
)

β +1

∞

∑
m=0

Am+1 (κt)m

m!

∫ d2z
π

a†m exp
(
a†a lnA

)
|z〉〈z|exp

(
a†a lnA

)
× am exp

[(
Aκt +

β

β +1

)
|z|2 + γ∗

β +1
z+

γ

β +1
z∗
]

=

exp
(

δ − 1
β +1

|γ|2
)

β +1

∞

∑
m=0

Am+1 (κt)m

m!

∫ d2z
π

a†m ‖Az〉〈Az‖am exp
[(

Aκt− 1
β +1

)
|z|2 + γ∗

β +1
z+

γ

β +1
z∗
]
. (10)

Further, using the integral formula (4) and the operator identity |0〉〈0|= : e−a†a : , we finally obtain

ρt =

Aexp
(

δ − 1
β +1

|γ|2
)

β +1

∫ d2z
π

exp
[
−
(

1
β +1

−Aκt
)
|z|2
]

: exp
[(

Aa† +
γ∗

β +1

)
z
]

× exp
[(

Aa+
γ

β +1

)]
z∗ exp [(Aκt−1)]a†a : = exp(δt) : exp

(
βta†a+ γta† + γ

∗
t a
)

: , (11)

where

γt =
BAγ

β +1
,

βt = BA2 +Aκt−1,

eδt =−βt exp
(

β
−1
t |γt |2

)
,

B =

(
1

β +1
−Aκt

)−1

. (12)

Further, using the identity

exp(ρa†a) = : exp
[
(eρ −1)a†a

]
: , (13)

to remove the symbol : : from Eq. (11), we obtain

ρt = eδt eγt a†
ea†a ln(βt+1)eγ∗t a, (14)

which shows that, after undergoing the diffusion channel, the
resultant state ρt remains the form of the initial general linear

094206-2
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state state ρ0. Further, we also prove the normalization of ρt ,
that is

trρt = eδt

∫ d2z
π
〈z| : eβt a†a+γt a†+γ∗t a : |z〉= 1. (15)

For δ =−|z|2, γ = z and β =−1, thus

B = 0, γt = Az, βt =−A, eδt = Ae−A−1|z|2 , (16)

ρt becomes the evolution of the coherent state ρ|z〉 = |z〉〈z| in
the diffusion channel, the same as the result in Ref. [4]. For
γ = 0 and β 6= −1, thus γt = 0, eδt = −βt, ρt refers to the

evolution of the thermal state ρth = −β ea†a ln(β+1), however
γ = 0 and β =−1, ρt reduces to the evolution of vacuum state
ρvac = |0〉〈0|.

4. Statistical properties of ρt

4.1. Average photon number

The average photon number (APN) represents the aver-
age value of all photon numbers and characterizes the energy
density of quantum light fields. Based on the definition of
the APN, and using the anti-normal ordering product of ρ0 in
Eq. (8), we obtain the APN of ρ0 as

tr
(
ρ0a†a

)
=

exp
(

δ − 1
β+1 |γ|

2
)

β +1
tr
(

... exp
(

β

β +1
a†a+

γ∗

β +1
a+

γ

β +1
a†
)

... a†a
)

=

exp
(

δ − 1
β +1

|γ|2
)

β +1
tr
(∫ d2z

π
exp
(

β

β +1
|z|2
)

exp
(

γ∗

β +1
z+

γ

β +1
z∗
)
|z〉〈z|a†a

)

=

exp
(

δ − 1
β +1

|γ|2
)

β +1

∫ d2z
π

exp
(

β

β +1
|z|2 + γ∗

β +1
z+

γ

β +1
z∗
)
|z|2

= (β +1) |γ|2− (β +1)2 /β , (17)

where we have used the mathematical integral formula

∫ d2z
π

znz∗m exp(h |z|2 + sz+ηz∗) = e
−sη/h

min(m,n)

∑
l=0

m!n!sm−lηn−l

l!(m− l)!(n− l)!(−h)m+n−l+1 . (18)

So, making the following substitutions γ→ γt and β → βt , we
easily obtain the APN evolution of ρ0 in the diffusion chan-
nel. Further, letting γ → γt = Az (or 0), β → βt = −A (or
BA2 +Aκt− 1), thus equation (17) becomes the APN evolu-
tion of the state ρ|z〉 (or ρth) in the diffusion channel.

t

1 2 3 4 5 60

0

1

2





<n
>

Fig. 1. The average photon number evolution of a general linear state in
the diffusion channel over time t for different β ,γ , and κ , where (β ,γ,κ)
correspond to, respectively, (−0.5,0.2,0.2) (thick black), (−0.8,0.2,0.2)
(thick red), (−1.2,0.2,0.2) (thick green), (−0.8,0.8,0.2) (dashed thick red),
(−0.8,2,0.2) (dashed thick green), (−0.8,0.5,0.5) (dotted thick red), and
(−0.8,0.5,1) (dotted thick green).

In Fig. 1, we plotted the APN of the state ρt with time t
for different β ,γ , and κ . Clearly, for all values of β ,γ , and κ ,

the APN increases gradually with time t. For a fixed time t,
the APN decreases with the increase of β , but increases as γ

and κ increase. Besides, the parameters β and γ can change
the initial APN at t = 0, but κ has a more significant impact
on the change rate of the APN over time t.

4.2. Photon distribution function

The photon distribution function (PDF) has wide appli-
cations in quantum information processing and quantum opti-
cal experiments, such as in quantum entanglement and quan-
tum state preparation. Here, using Eq. (11) and the relation
between the number state |m〉 and the unnormalized coherent
state ‖z〉, i.e., |m〉 = (m!)−1/2dm

z ‖z〉|z=0, as well as the scalar
product 〈z′‖ z〉 = ez′∗z, we obtain the PDF for the state ρt as
follows:

p(m, t) = tr(|m〉〈m|ρt)

= eδt 〈m| : eβt a†a+γt a†+γ∗t a : |m〉

=
eδt

m!
∂

m
z ∂

m
z′∗
〈
z′
∥∥ eβt z′∗z+γt z′∗+γ∗t z ‖z〉

∣∣∣
z=z′∗=0

=
eδt

m!
∂

m
z ∂

m
z′∗ e(1+βt )z′∗z+γt z′∗+γ∗t z

∣∣∣
z=z′∗=0

. (19)
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Further, using the generating function for Hermite polynomial
Hn,m(·, ·), we have

p(m, t) =
eδt (−1)m (1+βt)

m

m!

× Hm,m

(
γt

i
√

1+βt
,

γ∗t
i
√

1+βt

)
, (20)

which means that the PDF for the state ρ(t) in the diffusion
channel is just proportional to a two-variable Hermite poly-
nomial of the order (m,m). Also, the PDF evolution of the
state ρ|z〉 (or ρth) in the diffusion channel can be obtained by
making the following substitutions γt → Az (or 0), βt →−A(
or BA2 +Aκt−1

)
, and eδt →Ae−A−1|z|2 (or−βt) in Eq. (20).

In Fig. 2, we plotted the PDF for the state ρ(t) with m
for different β ,γ , and κt. As β ,γ , and κt increase, the PDF
becomes nonzero for more photon number states and the prob-
ability peak of finding photons decreases, the PDF peak moves
toward the larger m photon number. For sufficiently large dif-
fusion time κt, the probability of finding any photon is nearly
the same.
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Fig. 2. The photon distribution function evolution of a general linear state
in the diffusion channel with m for different β ,γ , and κt. The values of
(β ,γ,κt) in panels (a), (b), (c), (d), (e), and (f) correspond to, respec-
tively, (−0.2,0.2,0.2), (−0.5,0.2,0.2), (−0.8,0.2,0.2), (−0.5,0.8,0.2),
and (−0.5,1.2,0.2), (−0.5,0.2,1).

4.3. Wigner distribution function

The Wigner distribution function (WDF) has a wide range
of applications in quantum mechanics, quantum optics, and
quantum information science, such as describing the statistical
properties of the quantum systems, the quantum interference,
and the quantum entanglement phenomena. Here we plan to
study the WDF evolution of the initial state ρ0 in the diffu-
sion channel. Using the coherent state |α〉 representation of
the Wigner operator,[15–17] that is

∆(α) = e2|α|2
∫ d2

α ′

π2

∣∣α ′〉〈−α
′∣∣e2(αα ′∗−α∗α ′), (21)

we give the WDF for ρt as follows:

w(α, t) = tr [ρt∆(α)]

= eδt+2|α|2
∫ d2

α ′

π2

〈
−α

′∣∣ : eβt a†a

×eγt a†+γ∗t a :
∣∣α ′〉e2(αα ′∗−α∗α ′)

= eδt+2|α|2
∫ d2

α ′

π2 e−(2+βt )|α ′|2

×e−γt α
′∗+γ∗t α ′e2(αα ′∗−α∗α ′)

=
eδt+2|α|2

π (2+βt)
exp

(
−|γt −2α|2

2+βt

)
, (22)

which means that the WDF w(α, t) shows Gaussian in the dif-
fusion channel. Especially, for t = 0, w(α, t) becomes the
WDF for the state ρ0. Also, via making the following sub-
stitutions γt → Az, βt →−A, and eδt → Ae−A−1|z|2 in Eq. (22),
we obtain the WDF for the coherent state ρ|z〉 as

w|z〉(α, t) =
Ae2|α|2−A−1|z|2

π (2−A)
exp

(
−|Az−2α|2

2−A

)
. (23)

On the other hand, for γt → 0 and eδt →−βt in Eq. (22), the
WDF for the state ρth is obtained as

wth(α, t) =
1

π (2+βt)
exp

(
2 |α|2−βt −2

2β
−1
t +1

)
. (24)

In Fig. 3, we plotted the WDF for the state ρ(t) for differ-
ent β ,γ , and κt. For all values of β ,γ , and κt, the WDF always
maintains Gaussian characteristics. As β and κt increase, the
peak value of the WDF decreases and the projection area of the
WDF on the Reα–Imα plane slowly increases. Moreover, the
parameter γ can lead to the fact that the Gaussian peak grad-
ually moves away from the center of the phase space, which
also confirms that γ is a displaced parameter.
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Fig. 3. The Wigner distribution function evolution of a general linear
state in the diffusion channel is shown for different β ,γ , and κt, where
(β ,γ,κt) in panels (a), (b), (c), (d), (e), and (f) correspond to, respec-
tively, (−0.2,0.2,0.2), (−0.5,0.2,0.2), (−0.8,0.2,0.2), (−0.5,0.8,0.2),
and (−0.5,1.2,0.2), (−0.5,0.2,1).
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5. The von-Neumann entropy of ρt

The von-Neumann entropy is an indicator of how quantum information is stored in quantum states. Here, we investigate the
von-Neumann entropy evolution of ρ0 in the diffusion channel. Because of the natural logarithm of the state ρt , i.e., lnρt , in its
definition S(ρt) = −kBtr(ρt lnρt),[17,18] we first obtain the single exponential form of ρt . Using the identity e−κta†aa†e−κta†a =

a†e−κt and the formula eAeB = exp
(
A+ µB+ f

1−e−µ − f
µ

)
, where [A,B] = µB+ f ,[19] we have

ρt = eδt eγt a†
ea†a ln(1+βt )eγ∗t a = eδt ea†a ln(1+βt )e−a†a ln(1+βt )eγt a†

ea†a ln(1+βt )eγ∗t a = eδt ea†a ln(1+βt ) exp
(
− βtd

1+βt
a†
)

eγ∗t a

= eδt e(a†a−da†) ln(1+β (t))eγ∗(t)a =−βte(β−2
t |γt |2+β

−1
t γt a†+β

−1
t γ∗t a+a†a) ln(1+βt ), (25)

thus we obtain lnρt as

lnρt = ln(−βt)+(β−2
t |γt |2 +β

−1
t γta† +β

−1
t γ

∗
t a+a†a) ln(1+βt). (26)

Further, using Eqs. (14) and (26), the von-Neumann entropy of ρt is

S(ρt)/kB = −tr
{

ρt
[
ln(−βt)+β

−2
t |γt |2 ln(1+βt)

]}
+βteβ

−1
t |γt |2 ln(1+βt) tr

[
eγt a†

ea†a ln(1+βt )eγ∗t a (a†a+β
−1
t γta† +β

−1
t γ

∗
t a
)]

= − ln(−βt)−β
−2
t |γt |2 ln(1+βt)+βteβ

−1
t |γt |2 ln(1+βt) tr

[
eγt a†

ea†a ln(1+βt )eγ∗t aa†a+β
−1
t γta† +β

−1
t γ

∗
t a
]
. (27)

To obtain the entropy S(ρt), we first calculate the part

eγt a†
ea†a ln(1+βt )eγ∗t a (a†a+β

−1
t γta†)= eγt a†

ea†a ln(1+βt )eγ∗t a
(

a†e−γ∗t aeγ∗t aa+β
−1
t γta†e−γ∗t aeγ∗t a

)
= eγt a†

ea†a ln(1+βt )
(
a† + γ

∗
t
)

eγ∗t a (a+β
−1
t γt

)
= eγt a†

ea†a ln(1+βt )
(
a† + γ

∗
t
)

e−a†a ln(1+βt )ea†a ln(1+βt )eγ∗t a (a+β
−1
t γt

)
= eγt a† [

(1+βt)a† + γ
∗
t
]

ea†a ln(1+βt )eγ∗t a (a+β
−1
t γt

)
, (28)

where we have used the operator identity eρaa†e−ρa = a† +ρ , thus we have

tr
(

eγt a†
ea†a ln(1+βt )eγ∗t aa†a+β

−1
t γta† +β

−1
t γ

∗
t a
)
=
∫ d2z

π
〈z| : eγt a†+γ∗t a+βt a†a{[(1+βt)a† + γ

∗
t
](

a+β
−1
t γt

)
+β

−1
t γ

∗
t a
}

: |z〉

=
∫ d2z

π
eγt z∗+γ∗t z+βt |z|2

{
[(1+βt)z∗+ γ

∗
t ]
(
z+β

−1
t γt

)
+β

−1
t γ

∗
t z
}

= β
−2
t
(
1+βt +β

−1
t |γt |2

)
e−β

−1
t |γt |2 . (29)

Finally, using Eqs. (27) and (29), we obtain the entropy
evolution S(ρt) as

S(ρt)/kB =− ln(−βt)+
(
β
−1
t +1

)
ln(1+βt), (30)

which is completely decided by the parameter βt containing
the diffusion factor κ and the thermal parameter β , and is un-
related to the displacement γ of the initial state ρ0. This re-
sult is reasonable because the role of the displacement γ in
the initial state ρ0 is similar to that of the amplitude z in the
coherent state |z〉, and the entropy of the state |z〉 is always
zero without the amplitude z. Therefore, equation (30) also
represents the entropy evolution of the state ρth for diffusion
noise. Especially, when βt →−A, equation (30) becomes the
von-Neumann entropy evolution of the coherent state ρ|z〉 in
the diffusion channel, that is,

S(ρt)/kB =− ln
1

1+κt
−κt ln

κt
1+κt

, (31)

which is the same as the result in Eq. (4).

 2 4 6 8

0

1

2

3

S
(ρ
)/
k B

t

Fig. 4. The von-Neumann entropy S (ρt)/kB of a general linear state in the
diffusion channel with time t for different β and κ , where (β ,κ) correspond
to, respectively, (−1.1,0.2) (thick black), (−1.6,0.2) (thick red), (−2,0.2)
(thick green), (−1.6,0.8) (dashed thick red), (−1.6,2) (dashed thick green).

In Fig. 4, we plotted the von-Neumann entropy S (ρt)/kB

of ρ(t) with time t for different β and κ . Obviously, the en-
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tropy increases with time t for all values of β and κ , for a
given time t, the entropy increases with the parameters β and
κ . Besides, the parameters β and κ can lead to the change of
the initial entropy at t = 0, and the entropy tends towards the
same value for any β when time t is sufficiently large.

6. Conclusions
In summary, using the Kraus operator-sum representation

of the analytical solution of the diffusion equation, and acting
the general linear state ρ0 as an initial input state, we obtained
the analytical evolution law of the state ρ0 for the diffusion
channel. The result shows that the output state ρt remains the
form of the initial linear state in the diffusion channel. Also,
we investigated the quantum statistical properties of the initial
state ρ0 in the diffusion channel, and we found that the APN
increases with time t, the PDF is proportional to a two-variable
Hermite polynomial, and the WDF keeps Gaussian features. It
is worth noting that, we obtained the analytical evolution of the
von-Neumann entropy of the state ρ0 in the diffusion channel,
and found that the entropy evolution is completely governed
by the diffusion and thermal noise, and is completely indepen-
dent of the displacement of the state ρ0. The von-Neumann
entropy can usually be used as the core measurement tool of
quantum information theory, so the results about the entropy
are likely beneficial for evaluating channel capacity and infor-
mation loss under noise interference in quantum communica-
tion, and may provide theoretical support for experimentally
improving the fidelity of quantum storage and transmission in

open systems.
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