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We study the existence and stability of dark-gap solitons in linear lattice and nonlinear lattices. The results indicate
that the combination of linear and nonlinear lattices gives dark-gap solitons unique properties. The linear lattice can stabilize
dark-gap solitons, while the nonlinear lattice reduces the stability of dark-gap solitons. On the basis of numerical analysis,
we investigate the effects of lattice depth, chemical potential, nonlinear lattice amplitude, and nonlinear lattice period on
the soliton in mixed lattices with the same and different periods. The stability of dark-gap soliton is studied carefully by
means of real-time evolution and linear stability analysis. Dark-gap solitons can exist stably in the band gap, but the solitons
formed by the mixed lattices are slightly different when the period is the same or different.
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1. Introduction

Solitons, as a special wave phenomenon,!!! have attracted
much attention because of their unique self-localization and
stability in the field of nonlinear optics!?! and Bose—Einstein
condensates (BECs).!># Solitons originate from various non-
linear effects, maintaining their shape and preventing energy
dispersion during propagation.>~71 In recent years, with the
rapid development of periodic modulation structural materials
such as photonic crystals!®” and gratings,['%!! a new type
of solitons, known as the gap solitons, has gradually become
a research hotspot. When light pulses or matter waves prop-
agate through media with periodically modulated structures,
their frequencies lie within the forbidden bands or gaps formed

[12.13] At this point, the light pulses or

by the periodic structure.
matter waves undergo strong Bragg reflection, interacting with
the nonlinear effects of the medium to form gap solitons.! %131
As an important type of gap solitons, dark-gap solitons have
unique energy distribution and formation mechanism.[1¢-18]
Unlike the energy bulge of bright-gap solitons at zero back-
ground intensity,!”) dark-gap solitons appear as energy de-
pression at intensity background.!?*-23 This kind of energy
sag is an inherent feature of strong light transmission in nor-
mal dispersive single-mode fiber and is also affected by pe-

[24-26] The formation of dark-gap

riodic modulation structure.
solitons usually has no threshold requirement, and any initial
strength depression may gradually evolve into one or more
dark-gap solitons. The patterns of bright and dark-gap soli-

[27-32] By contrast, the

tons are well implemented in BECs.
theoretical study of dark-gap solitons under various models is

relatively lacking.

TCorresponding author. E-mail: tfxu@ysu.edu.cn
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The outer periodic potential3>34! and the periodic poten-
tial nonlinearity!3>! give rise to various types of solitons, and
their mixed potentials have been extensively studied. Zhang
et al. investigated the instability of BECs in a mixture of
nonlinear and linear lattices.*®! He et al. revealed that the
combination of P7T -symmetric linear and nonlinear lattices
has the capacity to stabilize lattice solitons.>’-*8] The stud-
ies of mixed potential can be realized by means of optical
lattice. One of the reasons for the creation of Bloch bands
is the optical lattice,3*3° in which the interatomic interac-
tions are generated by condensed atomic BECs and optical

lattices that provide linear periodic potential. The nonlin-

3840411 represents a spatially periodic modulation

ear latticel
of the interatomic interactions, and it can be experimentally
achieved by controlled optical Feschbach resonance. Wang et
al. proved that dark solitons exist stably in a purely quintic

[42 43.44] add a con-

nonlinear lattices.!*?! In addition, literatures
stant interaction to the nonlinear term to stabilize the solitons.
The effective interaction of atomic repulsion in a nonlinear lat-
tice with constant repulsion provides a possible means for the
stability of solitons. As far as we know, dark-gap solitons in
the mixed nonlinearity of the periodic potential and the outer
periodic potential have not been studied.

In this paper, we introduce the existence and dynamic
properties of dark-gap solitons in one-dimensional (1D) linear
and nonlinear lattices. Dark-gap solitons with different lat-
tice depths and chemical potentials are studied. Our findings
reveal that the lattice depth has a great influence on solitons,
and the combination of linear and nonlinear lattices serves to

stabilize the dark-gap solitons. The stability of these solitons
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is validated through both linear stability analysis method and
real-time evolution method.

The structure of this paper is as follows: In Section 2, we
present a model of dark-gap solitons in BECs, find solitons
by specific methods, and evaluate the stability of these soli-
tons by two different methods. In Section 3, we use numeri-
cal methods to analyze the existence and stability of solitons
at different lattice depths and chemical potentials. Finally, in
Section 4, we give a brief summary of our findings.

2. Model and methods

In the framework of the mean-field approximation, the
dynamical behavior of the BECs can be described by the fol-
lowing nonlinear Gross—Pitaevskii equation (GPE):[36:444]

in?¥ _ —h—zv2+v(r)+w P | (1)

at 2m non I

where V2, h, ¢, and m denote the Laplace operator, Planck’s
constant, evolution time, and the mass of atom, respectively.
Y¥(r,t) denotes the macroscopic wave function of the conden-
sate, V(r) is the experimentally generated optical lattice po-
tential field, r = (x,y,z) is a Cartesian coordinate vector, and
the nonlinear coefficient is Wyon = g1 +W. g1 = 47rh2a5 /mis
the two-body interaction strength, here a5 denotes the s-wave
scattering length (as > 0 corresponds to repulsive interactions,
and as; < 0 corresponds to attractive interactions). W denotes
the nonlinear interaction strength modulated with spatial peri-
odicity.

In experimental studies, *®4” the BECs are usually im-
prisoned in a harmonic oscillator potential well described by
V(r) = (m/2)(0 %% + 0,2y + ©.2z%), where @,, ®y, and ©;
correspond to the binding frequencies in the three spatial di-
mensions of x, y, and z, respectively. When ®, = ®, and
@, > o, the BEC is strongly constrained in the y- and z-
directions, forming a cigar-shaped distribution along the x-
direction, and the three-dimensional (3D) GPE can be simpli-
fied to 1D GPE (@, = 27 x 10 Hz, 0w, = @, = 27 x 200 Hz
in Ref. [48]). This paper specialises in the 1D GPE. The
length, time, wave function and intensity of the interaction
of two bodies are dimensionless by introducing dimension-
less parameters: 7 = Wy, ¥ = x/ano, ¥ = \/M‘P, g1 =
2asn0 /@, @, /ano @y, wWhere ap, = \/m is the harmonic
oscillator characteristic length. ny = N is the given particle
number density.

The dimensionless GPE is used to describe BECs system
with 1D linear lattice and nonlinear lattice:

0¥ 19°% 5 5
i— =———— V¥ YIPP LW PP 2
i s5aa T +g1 PP+ WP (2)

The linear lattice is V = vg sin®(x), v is the linear lattice depth.
W = wgcos(x) is the nonlinear lattice, and wy is the nonlinear
lattice amplitude. In this paper, g; = 1.0 is taken to produce a
repulsive interaction.

The stable solution of Eq. (2) can be defined as ¥ (x,1) =
y(x)exp(—iur), which y(x) is a complex-valued function,
and { is a chemical potentical. By substituting ¥(x,7) into
Eq. (2), we obtain the stationary Schrodinger equation as fol-
lows:
10y 2 2
HY S VY YW Ty =0 Q)
The solution of the stationary equation can be obtained by
Newton’s iteration.!**! The dark-gap soliton is in the linear

band gap, so the linear part of Eq. (3) as follows:

2
_“‘V_%%+VW:0- @
Due to the periodicity of the linear lattice, we can de-
fine y(x) = ¢ (x)exp(—ikx) by Bloch’s theorem, where k
is the Bloch wave number, and ¢(x) is a periodic function
with @ (x) = @e(x + 7).
odic linear lattice with plane wave expansion to obtain the

In addition, we replace the peri-

Bloch band structure of the linear lattice V. Because of
the defect in the number of particles caused by the repul-
sive nonlinearity, we define the number of defective atoms
N = [ (|Whack|* — |w|*)dx in BECS, Wk is the continuous
wave background.

There is a question worth studying that dark-gap solitons
exist stably in BECs system. We use two different methods
to prove the stability of dark-gap solitons. The first method
is linear stability analysis,’”) add a perturbation at y(x), as
follows:

W(x,1) = [y(x)+ p(x)exp(81) +¢" (x) exp(871)]
x exp(—iut), ®)]

where p(x) and g(x) are small perturbations. Substituting

Eq. (5) into Eq. (2) to obtain the eigenvalue problem

5 (5)= o (H—VZWZ) (4 ©

1 0%y
L= —u—§W+V+2(1+W)W|2.

If the real part of the eigenvalue is zero, the soliton solution is

where

stable. Otherwise, it is unstable. The second method is to add
10% random noise to the solution initial wave function y as
an initial condition for Eq. (2), and then to numerically moni-
tor its evolution. ! If its deviation from /(x) is constant with
the development of the system, the solution y/(x) is stable; on

the contrary, it is unstable.

080303-2
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3. Numerical results and analysis

In this section, we use different periodic spatial distribu-
tions for linear and nonlinear regions. First, the nonlinear lat-
tice is W = wgcos(x). The linear lattice V has a period of ©
and the nonlinear lattice W has a period of 27, so mixed lat-
tices period is 2. We fix the linear lattice depth vo = 3.0 to
explore the effects of different periodic spatial distributions on
dark-gap solitons, and whether they can propagate stably. Sub-
stitute the linear lattice V into Eq. (4) to get the Bloch band of
the linear lattice, as shown in Fig. 1. The spectral gap located
between two adjacent Bloch bands opens and widens as the
linear lattice depth v increases in Fig. 1(a). Figure 1(b) shows
the corresponding band gap structure for vp = 3.0. Solitons
may exist stably in band gaps, so we are interested in the first
band gap and the second band gap. In this paper, dark-gap
solitons are studied along the dotted line from bottom to top.

12 i 12
8 : 8

2 : 2nd — X
4 wBG | — ]
: SIG 0
% 3 G ) Y70 0 1.0
Vo k

Fig. 1. The Bloch band structure of linear lattice. (a) Linear lattice with lattice
depth vg as a variable. (b) Band gap structure at vo = 3.0. The blank spaces
represent the band gaps, and shaded areas represent Bloch bands. SIG and st
(2nd) BG are semi-infinite band gap, first (second) band gap.

Black dotted line in Fig. 2(c) shows a uniformly dis-
tributed continuous wave of dark-gap solitons before forming
defects. The background wave has a period of 2. A period

has two amplitudes, one large amplitude and one small ampli-
tude. When the linear lattice depth increases, the amplitude
of the background decreases. As the chemical potential in-
creases, so does the background amplitude. The excitation of
dark-gap solitons not only leads to the trough formed by local
density loss, but also accompanies phase jump on both sides
of the trough. When the minimum value of density loss is
zero, the phase difference caused by phase jump is m. The
soliton profile of the fundamental dark-gap solitons are given
in Fig. 2(a). Let us use Ay to represent the total distance of
cup-shaped portion, and A; to denote the separation distance
between adjacent dark-gap of the cup-shaped portion. The
total separation distance is Ay = 7. The cup-shaped portion
of fundamental dark-gap solitons not only decreases with the
increase of chemical potential, but also increases with the in-
crease of linear lattice depth.

We continue to study the shape of multipole dark-gap
solitons. Multipole dark-gap solitons are formed by the su-
perposition of several fundamental dark-gap soliton modes.
Tripole dark-gap soliton is a superposition of three fundamen-
tal dark-gap soliton modes in Fig. 2(b). The total distance of
its cup-shaped portion is Ay, = 37, and the separation distance
between adjacent dark-gap solitons is A; = 7. In the same
way, the fivepole dark-gap soliton consists of a superposition
of five solitons, and the total distance of the cup-shaped por-
tion is Ay = 5z. Their amplitudes and cup-shaped portions
change in the same way that fundamental dark-gap solitons
do. The total distance of cup-shaped portion depends on its

number of poles.

12 12

(a) ”m (b)

¥

0.,

12

s —ar o0 in 8 T —) ir 87
xT T T

Fig. 2. Dark-gap soliton profile and continuous wave background (dashed black line). Panel (a): fundamental dark-gap solitons, panel (b): tripolar dark
gap solitons, panel (c): fivepole dark-gap solitons. The parameters are vo = 3.0, wg = 1.0, u = 1.50 (solid red line), and u = 2.50 (dotted blue line).

Figure 3(a) shows the relationship between the defective
atomic number N of the dark-gap solitons and the chemical
potential u supported by linear lattice. We can clearly see that
N and p show a monotonically increasing in band gaps. The
slope of fundamental dark-gap solitons in the first band gap is
higher than the slope of the second band gap, but the slope of
multipole dark-gap solitons is flatter in the interval. Moreover,
the number of defective atoms of multipole dark-gap solitons

is dozens of times greater than that of fundamental dark-gap

solitons. We also find that dark-gap solitons also conform to
the empirical anti- Vakhitov—Kolokolov (anti-VK) stability cri-
terion, which states that dN /dpt > 0.

Next, we discuss the stability of these dark-gap solitons.
The stability of dark-gap solitons in the first and second band
gaps is obtained by linear stability analysis of the eigenequa-
tion. Figure 3(b) illustrates in detail the dependence between
the eigenvalue Re(d) and the chemical potential u for the
fundamental dark-gap solitons. When the linear lattice depth

080303-3
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vo = 3.0, the fundamental dark-gap solitons are unstable near
the edge of the first band gap, and stable in the region at
W > 1.92. In the second band gap, the fundamental dark-gap
solitons solitons have very strong stability. The tripole dark-
gap solitons in the first band gap are partially stable, y has
an unstable region of 1.34 and 1.54, the other regions can be
approximately regarded as stable, and there are no stable soli-
tons in the second band gap. The chemical potential of five-
pole dark-gap solitons are completely stable between 1.57 and
1.97, and then have a couple of stable solitons on the edge in
the fist band gap. There are all unstable solitons in the second
band gap.

When the depth of linear lattice is increased vop = 6.0 in
Fig. 4(a), the stability of the fundamental dark-gap solitons in
the band gap is enhanced. The stability of the tripole dark-gap
solitons in the band gap is improved, with all solitons being
stable in the first band gap except for a few on the edges, which
are unstable, and some stable solitons appearing in the second

band gap. Similarly, as the depth of the linear lattice increases,
so does the number of stable fivepole dark-gap solitons in the
band gap, but its stable region is narrower than the fundamen-
tal and tripole dark-gap solitons. As shown in Fig. 4(b), in-
creasing the nonlinear lattice amplitude to wy = 2.0, we find
that solitons do not exist in the band gap. Next, the period of
the nonlinear lattice is varied, and the stability of the dark-gap
solitons is reduced. When the period of the nonlinear lattice
is W = wgcos(2x). The fundamental gap solitons are stable
except the edge of the band gap. The tripole dark-gap solitons
are unstable in the first half of the first band gap and stable in
the second half, and there is no stable solitons in the second
band gap. Similarly, the stability of fivepole dark-gap solitons
is similar to that of tripole dark-gap solitons. Therefore, the
more soliton superposition there is, the less stable it is. It is
also shown that the stability of dark gap solitons is due to the

linear lattice.

250 1.0 -
(a) y (b) 0.05
Gl.‘2 1.4 ‘1.6
L
ndl o p 2nd
z 1251 SIG BG|| T 0.5} SIG || 1st B(,:/ 5 BC
3
=] -
2#3 7
% 3 % 1 2 3 1
o

Fig. 3. The defective atomic number N (left) and the real part Re(J) of the eigenvalue (right) versus chemical potential u for dark-gap solitons. The
dashed black, solid blue, and dotted red lines represent fundamental dark-gap solitons, tripole dark-gap solitons, and fivepole dark-gap solitons for
vo = 3.0, and wy = 1.0. The blank area represents the band gap, and the shaded area represents the band. SIG and 1st (2nd) BG are semi-infinite band

gap, first (second) band gap.

(c)

Re(d)2
’_":-<-<-.

SIG

0.6 30
(a) {
o . 2nd N
5 0.3 SIG 1st BG BG % 15
~ ~
0 . 0
0 2

Fig. 4. The relationship between the real part Re(8) of the eigenvalue of dark-gap solitons and the chemical potential u: (a) vo = 6.0, wo = 1.0;

(b) vo = 3.0, wo = 2.0; (c) vo = 3.0, wo = 1.0, W = wy cos(2x).

Now we focus on the dynamic propagation of fundamen-
tal dark-gap solitons. Figure 5 shows the propagation of dark-
gap solitons in the first band gap and second band gap. We ar-
bitrarily select stable or unstable soliton solutions in Fig. 3(b),
showing their solitons profile, linear stability analysis, and
real-time evolution graphs. Stable dark-gap solitons maintain
their waveforms and amplitudes during evolution. In the pro-

cess of evolution, the density of unstable dark-gap soliton is

not missing, and an upward protrusion is formed, and the am-
plitude of oscillation waves is different.

Figure 2(c) shows the separation distance between adja-
cent dark-gap solitons (4; = 7) is equal to half of the period
of the mixed lattice. Further studies have find that multipole
dark-gap solitons can also exist stably at different separation
distances. Figures 6(a) and 6(b) are the separation distance

A; =27 and 47 waveforms. Their waveforms change in the

080303-4
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same way as fundamental dark-gap solitons. We find that the
structure of these dark-gap solitons does not cause background

changes.
0.02} (a) Q““ 0.02} (c) ”'“
® 1.5 575
0.01 SWMWMMAMEE 001 U.Lluu
Q —8m 0 8| Q —8m !1 8|
T 0 o e 000 awmD dmmmID Olom o0 w0 e o o wo
o« =
—0.01 —0.01
©
—0.02 —0.02
-5 0 -5 0 5
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Im(d,

5
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300 :
|I|IIII‘ soo
- -
0
0 4m 8 0
x

Fig. 5. Linear stability analysis (top) and real-time evolution (bottom) in
the linear and nonlinear lattices with different periodic distributions. Panels
(a) and (b) represent an unstable fundamental dark-gap soliton at vy = 3.0,
1 =1.16. Panels (c) and (d) indicate a stable fundamental dark-gap soliton
with vy = 3.0, u = 3.70. The inner diagrams of panels (a) and (c) are their

corresponding solitons profile.

-8 —4mw

8t —4m 0 4 8w
T

12

12

(a)

]
=)
]

9107r 5 107

Fig. 6. Profiles of fivepole dark-gap solitons in linear and nonlinear lattices
with different periodic distributions. Panels (a) and (b) are vo = 3.0, wo = 1.0,
1 = 1.50 (solid red line), and p = 2.50 (dotted blue line).

Next, we change the defective atomic number N and
chemical potential u of these two fivepole dark-gap solitons
in Fig. 7(a). In the band gap, the N increases with the increase
of u, but the slope is larger in the first band gap. Compared
to the fivepole dark-gap solitons in Fig. 3(a), their numbers
are not particularly large. The relationship between Re(6) and
U is obtained by linear stability analysis at vo = 3.0. The re-
sults show that the stability of the fivepole dark-gap solitons
in Fig. 7(b) is greater than that of the fivepole dark-gap soli-
tons in Fig. 3(b). All solitons are stable, except at the first
gap edge, which is unstable. Our simulations show that such
multipole solitons can only be robustly stable if the spacing

between neighboring solitons is greater than or equal to their
periods.

When the linear lattice depth of the fivepole dark-gap soli-
ton is increased to vo = 6.0, it is clearly found that the stability
of the soliton in the band gap is enhanced. We try to increase
the nonlinear lattice amplitude wg = 2.0, and the results are
in high agreement with Fig. 4(b) that there are no solitons in
the band gap. When the linear and nonlinear regions lie in the
same period, W = wy cos(2x), the solitons in the first band gap
are stable except for the band gap edges which have unstable
solitons corresponding to the chemical potential i, and the sta-
bility of the solitons is weakened and the solitons are roughly
all unstable in the second band gap. Therefore, we find that
changes in the linear part increase the stability of the soliton,

while changes in the nonlinear part decrease the stability of

the soliton in this paper.

20
(a)
2nd
BG
= 10t SIG 1st BG I
-
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-
//
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i
0.10
(b)
~ B 2nd
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o I
|
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!
i
i
0 L .
0 1 2 3 4
o

Fig. 7. The defective atomic number N (top) and the real part Re(d) of
the eigenvalue (bottom) versus chemical potential u for fivepole dark-
gap solitons. The dashed black and dotted red lines correspond to soli-
tons in Figs. 5(a) and 5(b), respectively. The parameters of panels (a)
and (b) are vop = 3.0, wp = 1.0. The blank spaces represent the band
gaps, and shaded areas represent energy bands. SIG and 1st (2nd) BG
are semi-infinite band gap, first (second) band gap.

0.6

0.02 6 o5
(a) (b) 2nc (C) § 211(?
J_iG %q 5 B(J,v’
i L 1.3 1.9 {
— —~ I — m !
=2 . . 2nd ) i o y \ !
% 0.01f SIG 1st BG g 3t SIG h % 0.3t SIG st BG i
= BG ~ I < |
N |
i i
/%] !
0 0 ! 0 .

0 2 4 6 0 3 4 0 1 2 3 4

12 12

Fig. 8. The relationship between the real part Re(8) of the eigenvalue of fivepole dark-gap solitons and the chemical potential u: (a) vo = 6.0,
wo = 1.0; (b) vo = 3.0, wo = 2.0, and (c) vo = 3.0, wop = 1.0, W = wy cos(2x).
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As shown in Fig. 9, we validated the linear stability anal-
ysis relationship in Fig. 7(b). The stable and unstable soli-
tons in the black line are randomly selected to verify that their
stability is correct. In any imaginary part Im(J), the stable
soliton has a real part Re(8) = 0, and the soliton remains un-
changed during evolution. The real part of the unstable soli-
ton Re(0) # 0 and the amplitude change of the soliton during
evolution and oscillates around x = 0. We find that the linear
stability analysis is highly consistent with real-time evolution.

When the nonlinear lattice is W = wgcos(2x), where the
periods of both the linear and nonlinear lattices are . The
depth of the linear lattice is fixed at vop = 3.0. We find that
the continuous wave background in this case is somewhat dif-
ferent from the background state above. The period of the
background is 7 and the background amplitude is the same
throughout the interval. Comparisons of Figs. 3(d) and 4(c)
reveal that the dark-gap solitons of linear and nonlinear lat-
tices with different periods are more stable than those with the

same period.
14
0.08} (a) o 0.021 (c)
51 57
0.04 0 o
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Fig. 9. Linear stability analysis (top) and real-time evolution diagram (bot-
tom) of the separation distances A; = 27 fivepole dark-gap solitons. An un-
stable dark-gap soliton at vy = 3.00, = 1.17 in panels (a) and (b). Panels (c)
and (d) indicate a stable dark-gap soliton with vo = 3.0, u = 3.70. The inner
diagrams of panels (a) and (c) are their corresponding solitons profile.

4. Conclusion

Dark-gap solitons can be generated in linear lattice and
nonlinear lattice systems. Under the spatial distribution of dif-
ferent periodic periods, the background wave have two dif-
ferent amplitudes in one period. By varying the linear lattice
depth, the nonlinear lattice amplitude, and the nonlinear lattice
period, we find that the amplitude of the dark-gap solitons and
the size of the cup-shaped portions show regular changes. The
stable and unstable regions of the fundamental dark-gap soli-
tons in the band gap are determined by two different methods.
The stabilization region of its soliton expands with increas-
ing lattice depth, on the contrary, the change in the nonlinear
part decreases the stability of the soliton whether the nonlin-
ear lattice amplitude or the period of the nonlinear lattice is

changed. By changing the distance between adjacent solitons,
three kinds of fivepole dark-gap solitons that can exist stably
are found. When the distance between the adjacent solitons
is 7, the tripole and fivepole dark-gap solitons partially ex-
ist stably in the band gap; when the distances between adja-
cent solitons are 27 and 47, the fivepole dark-gap solitons are
approximately all stable in the band gap. Therefore, solitons
are more stable when the distance between adjacent solitons is
greater than or equal to their total period.
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