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We propose an eigen microstate approach (EMA) for analyzing quantum phase transitions in quantum many-body
systems, introducing a novel framework that does not require prior knowledge of an order parameter. Using the transverse-
field Ising model (TFIM) as a case study, we demonstrate the effectiveness of EMA by identifying key features of the phase
transition through the scaling behavior of eigenvalues and the structure of associated eigen microstates. Our results reveal
substantial changes in the ground state of the TFIM as it undergoes a phase transition, as reflected in the behavior of specific

(k)

components &;
predefining an order parameter is challenging.

within the eigen microstates. This method is expected to be applicable to other quantum systems where
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1. Introduction

2] which are driven

Quantum phase transitions (QPTs),
by quantum fluctuations at absolute zero temperature,
are key to understanding emergent phenomena in quan-
tum physics, such as quantum materials’®>* and quantum
computations.>~7! Traditionally, different phases correspond
to different symmetries and changes in symmetry lead to phase
transitions.'®?] The symmetry-breaking theory developed by
Landau and Ginzburg successfully describes a wide variety

10-13

of phase transitions. ! ' A central concept is the local ob-

servable, which acts as a nonzero order parameter, represent-

[14] Phase transitions are associated

ing one or more phases.
with singularities in a predefined order parameter that en-
capsulates differences between phases on either side of the
critical point.” For example, discrete symmetry breaking
has an exponentially small mass gap for degenerate ground
states, which can be distinguished by local operators.''!! How-
ever, in the Berezinskii—Kosterlitz—Thouless transition,[!3-16]
The chal-

lenge in identifying systems with spin-liquid states lies in

it is difficult to define a local order parameter.

their violation of the Landau paradigm,!'’-') making conven-
tional order parameters inapplicable. In two-dimensional (2D)
quantum magnetism, QPTs also deviate from the Landau-
Ginzburg-Wilson (LGW) paradigm.!'*?% Furthermore, the

fCorresponding author. E-mail: wlyou@nuaa.edu.cn
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LGW theory fails to explain the critical behavior of various
zero-temperature phase transitions in quantum antiferromag-
nets and interacting boson systems. ! Recently, the eigen mi-
crostate approach (EMA) has emerged as a promising method
to characterize phase transitions in both equilibrium and
nonequilibrium systems.?!=3!1 When multiple phases emerge
in complex systems, defining order parameters that encapsu-
late phase transitions becomes challenging. Inspired by Gibbs’
statistical ensemble,3?! the information of equilibrium and
non-equilibrium complex systems can be stored in a statistical
ensemble matrix, which can be analyzed by EMA.[>328] The
eigenvectors and eigenvalues of the statistical ensemble matrix
represent the eigen microstates and their corresponding proba-
bility amplitudes. To date, the EMA has been successfully ap-
plied to study phase transitions in both equilibrium?-2%! and
out-of-equilibrium classical systems.!?’3! In this formalism,
the eigen microstates describe different phases, and the vary-
ing probabilities characterize the proportions of these phases.
The success of EMA in the quantum Rabi model (QRM)
has inspired further exploration of QPTs as the emergence of
eigen microstates.>3! In the QRM, analytical and numerical
EMA calculations determined the critical point, critical expo-
nents, and scaling functions of the superradiant phase tran-

sition. However, the QRM involves only a finite number of
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degrees of freedom. A key challenge in the field remains
the study of QPTs in quantum many-body systems. The suc-
cess of EMA in the QRM raises an important question: can
EMA serve as a fundamental framework for studying quan-
tum many-body phase transitions? To address this, we first
apply EMA to one of the most fundamental quantum many-
body models — the transverse-field Ising model (TFIM). If
EMA is effective here, it will strengthen the case for apply-
ing it to other complex quantum many-body phase transitions.
Hence, in this work, we focus on the TFIM and develop an
EMA scheme suitable for this spatially distributed system, us-
ing numerical exact diagonalization to assess EMA’s perfor-
mance.

The rest of the paper is organized as follows. In Section 2,
we apply EMA to the TFIM to analyze QPT the system from
a theoretical point of view. Then in Section 3, we calculate
the finite-size TFIM numerically, and use the finite-size scal-
ing method to analyze the QPT and its critical behavior. Next
we observe and analyze the eigen microstates corresponding
to the first three eigenvalues of the quantum correlation matrix
under different magnetic fields. Finally, we conclude the work
in Section 4.

2. Eigen microstate approach in the transverse-
field Ising model

The one-dimensional ferromagnetic TFIM with L sites

(assuming L is even) is described by the Hamiltonian as>*

~

H=—-
J

(Jofo5, ) +507), ()
1

where 0';" (e =x,y,z) are the Pauli operators defined on the j-
th site in the quantum Ising ring, and g denotes the transverse
field strength along the z-direction. For simplicity, we set the
nearest-neighbor exchange interaction J to unity. The periodic
boundary conditions 6/, | = o}* are imposed.

The 1D TFIM has emerged as a cornerstone in the study
of QPTs and many-body systems.!!3>! Tts simplicity allows
for profound insights into the nature of quantum fluctuations
and their role in driving order—disorder transitions, 30 offer-
ing a bridge between quantum mechanics and classical statis-
tical physics.®’ The model serves as a benchmark for pure
quantum systems>®! and finds applications in real systems,
such as ferroelectrics*°! and spin glasses.[*! Variants of the
transverse Ising model, including those subjected to quasi-

[41

periodic fields,*!! further enrich the landscape of study, al-

lowing researchers to explore complex phenomena like local-

42,43

ization and criticality in disordered systems.!*>*3] This exten-

sive versatility makes the transverse Ising model an essential

tool in theoretical and experimental investigations across vari-

[44-461 facilitating deeper understanding of quantum

5 147.48]

ous fields,
materials and emergent behaviors in many-body physic

In order to apply the EMA to quantum many-body sys-
tems, we need to establish an effective EMA scheme for quan-
tum many-body systems. Considering that the EMA scheme in
classical systems is based on the description of the ensemble,
dealing with quantum many-body problems requires a con-
struction of a characterization similar to the ensemble. Nat-
urally, we adopt the approach of dividing the system into two
parts, with one part serving as the subsystem and the other as
the environment, thus playing a role analogous to that of an
ensemble. Using this quantum scheme, we apply the EMA to
the one-dimensional TFIM. Consider a quantum system H that
can be partitioned into two subsystems A and B. The whole
Hilbert space is then expressed as the tensor product of the
two subspaces

I = I\ R . (2)

The basis sets for these subsystems can be denoted as {|y2)}
for A and {|y?)} for B. The dimensions of the respective
Hilbert spaces are Na for 7 and Ng for 7%, where Na and
Np may be either finite or infinite.

Thus, the ground state of the Hamiltonian (1) can be rep-
resented as

Na Np

G) =} ) auilvd) i), 3)
T=1i=1
where az; is the corresponding coefficient. Assuming the sub-
system is considered in a given basis |y3), the corresponding
coefficient is Y ;ar;|y?). Thus, we can define a state vector
corresponding to |y2):

Ac =) adilyy). )

The correlation between two bases |y;) and |y7) in subsys-
tem A is defined as

Cry = (A‘L')TAT/ = Za;iar’r Q)
i=1
We can construct the correlation matrix C' with the elements

C.». The matrix C' is Hermitian and has Na eigenvectors
V1, Va,..., Vi, with associated positive eigenvalues

117127"'7)’1\’/\ (6)

in decreasing order. With the quantum correlation matrix C,
we can determine the matrix V' via eigenvalue decomposition.
This allows us to construct the eigen microstates as

g(k) — Zél(@ ‘WzB> , )

where the coefficient §i<k) =Y ; Viraz; represents the i-th com-
ponent of the k-th eigen microstate.

In the following, we apply the EMA to the TFIM with
periodic boundary conditions. We first obtain the ground state

086401-2
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of the TFIM Hamiltonian via exact diagonalization. To mini-
mize finite-size effects, we partition the system of L sites into
two equal halves: subsystem A, consisting of sites 1 to L/2,
and environment B, consisting of sites L/2+ 1 to L. Although
alternative partitioning schemes are possible in principle, they
would generally lead to stronger finite-size corrections. Fol-
lowing Eq. (3), we reshape the ground state vector into a ma-
trix A, where rows correspond to orthonormal basis states of
subsystem A, and columns correspond to orthonormal basis
states of environment B. The coefficients a;; populate the en-
semble matrix A, which encodes the microstates of the ensem-
ble. Finally, we compute the correlation matrix C' between
subsystems A and B using Eq. (5).

Figure 1 shows the numerical results for several of the
largest eigenvalues as a function of the coupling strength g. We
consider a system size up to L = 26. The eigenvalues exhibit
non-trivial behavior near the critical point at g = 1, where the
largest eigenvalue increases significantly, while the second-
largest eigenvalue decreases, as shown in Fig. 1(a). Analytical
results for eigenvalues in limiting cases such as g — 0" and
g — oo, agree with the numerical findings.

For g = 0, the ground states with eigenvalue Ey = —L are
fully ferromagnetic, given by

| =)= ®§:1| ), &)= ®§:1| s @®)

where | —); and | «-); are the two eigenstates of o} with
eigenvalues +1.
H =gY;
turbed Hamiltonian, which flips individual spins from | 1) to

For small g > 0, the transverse field term
GJZ. can be treated as a perturbation to the unper-

| 1) and vice versa. To determine how the perturbation af-
fects these two degenerate states, we need to use degener-
ate perturbation theory. We construct an effective Hamilto-
nian in the subspace spanned by | =) and | <=). The single-
spin flips results in zero expectation value of the ferromag-
netic states | =) and | <=) in first-order perturbation theory,
ie., (= |H|=)=0, (<|H|<«)=0. The coupling be-
tween |=) and |<) remains vanishing in the first order, i.e.,
(= [Hi] <)
the second-order processes, where an intermediate state with

= 0 while the nontrivial contribution comes from

one spin flipped is involved. The second-order correction to
the effective Hamiltonian element between |=) and |<) is
given by

Z (=|Hy |m) (m|H, |<=)

=| Hegt| <)
(= Hent T

. €))

m
where |m) are intermediate states with one spin flipped and
Eo — E,, = 2J is the energy difference between |=) and a sin-
gle spin-flipped state |m). Each term contributes equally, and
there are L such terms, giving

—gzL

(= |Heti| =) = (10)

The effective Hamiltonian matrix in the {|=),|<)} subspace

_ 0 —g%L/2
Hefr = (—gzL/Z 0 ) (11)

In such a case, the ground state |G) of the TFIM for g — 07 is

1S now

the antisymmetric superposition

lim |G) =

g—07t

éu )| =), (12)

= —g’L/2. Then, we

can obtain the correlation matrix in Eq. (5) as

C= [162 ](/)2] . (13)

and the corresponding eigenenergy E_

We readily see that it has two equal non-zero eigenvalues of
1/2, which agree with the numerical results in Fig. 1.

For g — oo, the Zeeman-field term becomes overwhelm-
ingly larger than the exchange term. The ground state will be

the configuration with all aligning in the z direction, i.e.,

lim |G(g)) = ®j= il 1), (14)

where | 1); and | ]) ; are the two eigenstates of 7. The corre-

lation matrix in Eq. (5) is
1 0
C= {0 O} . (15)

Clearly, it has a nonzero eigenvalue of 1, while all other eigen-
values are zero. This result is consistent with the numerical
calculations in Fig. 1.

From the third-largest eigenvalue onwards shown in
Fig. 1(b), all eigenvalues reach a peak near g = 1 and the peaks
shift to a lower value. These results are consistent with the
presence of a critical point at g = 1, consistent with previous
studies. The peak deviations from g = 1 can be attributed to
finite-size effects. Given the expectation of a critical point at
g = 1, we anticipate that as L approaches infinity, the eigen-
values will display singularities. This indicates that the deriva-
tives of A; and A, will be discontinuous at the critical point,
and the eigenvalues starting from A3 are expected to diverge
at the critical point after appropriate rescaling. We emphasize
that the above analysis holds for an arbitrary L. The numerical
results in Fig. 1 are also consistent with the above analysis,
that is, as g approaches 0, A; equals A, at 1/2, and all other
eigenvalues are zero, while as g approaches infinity, A; equals

1, and all other eigenvalues are 0.

086401-3



Chin. Phys. B 34, 086401 (2025)

A)\l
~< N

"~ 3.0
.
o
=
~<

o 10 20 30

Fig. 1. Variations of (a) the second-largest eigenvalue A; (7 = 1,2), and
(b) the next four largest eigenvalues, A; (T = 3,4,...,6), as functions of
the transverse field strength g in the TFIM for a system size of L = 26.

3. Scaling analysis of probability A,

According to Fig. 1, we have already gained an initial
understanding of the critical phenomena in the TFIM without
prior knowledge of the order parameter, which demonstrates
the advantage of our EMA framework. However, due to the
finite-size effect, these numerical results only offer a coarse
estimation of the critical behavior. For a more precise de-
termination of the critical behavior in the TFIM, including
its critical point and critical exponents, it is essential to uti-
lize finite-size scaling techniques.**! This requires assuming a
finite-size scaling form for the eigenvalues in the EMA frame-
work.

First, the opposite behavior of A; and A, near the critical
point in Fig. 1(a) reminds us of liquid—gas phase transition,
where the order parameter is acknowledged as the difference
in density between the liquid and gas phases. This inspiration
leads us to consider the difference between A; and A, as the
order parameter of the system m, that is

mZ)q—)Q. (16)

Consider a second-order QPT with the critical point g.. In the
critical regime, the order parameter m should follow a finite-
size scaling form.[?3 In the asymptotic region with |¢| < 1,
the m, constructed from the two largest eigen values of mi-
crostates, is expected to have the finite-size scaling form

m=L"PBVm@L'/"), a7

where t = (g — g¢)/gc is the reduced distance from the critical
point, B and v are the critical exponents of the order parameter
and the correlation length, respectively. 7 is a certain univer-
sal scaling function, and tL'/V denotes the nonsingular scaling
variable.

To determine the critical values, it is convenient to take
the logarithm on both side of Eq. (17), to obtain the following
log—log relation:

logm = —(B/v)logL+logm(tL'"). (18)

Precisely in the critical point, namely ¢ = 0, the above log—log
relation becomes a linear form

logm = —(B/v)logL+logm(0), (19)

where logi(0) is a constant independent of system size L.
Figure 2(a) shows the log—log relation between order param-
eter m and system size L around the critical point. Only at
g = 1.00 is it clearly seen that the curve is a straight line. A
slight deviation of the coupling strength g from the value of
1.00 will cause the log—log relationship between m and L to
become curved. Thus, the critical point can be estimated with
its error as g = 1.00 £0.03, which coincides with the result of
the analytical calculation in Ref. [34]. Besides, we can also
obtain, from the slope of the line at g = 1.00, the critical ex-
ponent ratio /v, which is approximately 0.125. Figure 2(b)
shows the universal scaling function /2. We see that once the
value of critical exponent v is properly chosen, that is v is ba-
sically equal to 1, the 72 data in different size L collapse into a
single curve, which corresponds to the universal scaling func-

tion of 7.
706 L
—0.8r
g
)
<
—-1.0
—1.2r
2.0 2.4 2.8 3.2
log L
1.2 : : :
(b) o
1.0t MM .
0.8} &’(f& AL =18 A
& oL =20
& 0.6f &Q L=22 -
4 oL =24
0.4t *L =26 A
0.2}
o
O L L L
—4 —2 0 2 4
tLl/u
Fig. 2. (a) Log-log relationship between the order parameter m

and the linear system size L for different coupling strengths: g =
0.97, 1.00, 1.03. (b) The finite-size scaling function of the order pa-
rameter 71 as a function of the scaling variable L'V, where data from
different system sizes collapse onto a single curve.

The critical phenomenon of the TFIM is manifested not
only in the scaling behavior of the eigenvalues in Eq. (6),
but also in the reorganization of the corresponding eigen mi-
crostates defined in Eq. (7). In the following, we analyze how
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these eigen microstates reorganize as the system undergoes
the QPT driven by the transverse field. This reorganization
provides microscopic insight into the evolution of spatial cor-
relations and collective structures across the critical point.
Figure 3 presents contour plots of all components éim, with
t=1,2,3andi=1,2,... ,2L/2, as functions of the transverse
field g. In Fig. 3(a), the first eigen microstate is analyzed. As
g increases from zero, the dominant component 51(1), corre-
sponding to the configuration where all spins in subsystem
B are downward, i.e., |yf) = | |lll]), remains close to
zero. However, as g approaches the critical point g, 51(1)
exhibits a sharp increase and eventually approaches unity as
g — oo, signifying the formation of a fully polarized state in
subsystem B. This sharp change signals the occurrence of a
QPT. Figure 3(b) shows the second eigen microstate. In this
case, components 52(2) and §1£,2/>2 become dominant for g > g,
with both components increasing significantly and sharing the
same sign. This symmetrical enhancement highlights strong
correlations between specific spin configurations within sub-
system B after the transition, namely ’u/§> = | 1) and

32 1.0
(a)

1 : —1.0

(b)

)
H
(=]

(e}

1 —1.0

32 1.0
(c)

1 —1.
0 1 2 0

g

Fig. 3. Contour plots of all 25 = 32 components :‘;i(k) defined in Eq. (7) for the
first three eigen microstates as functions of the transverse field g. Here, we
choose L = 10 total spins, and subsystem B contains L/2 = 5 spins. (a) The
first eigen microstate, where 5[(1), corresponding to the configuration with all
spins down in subsystem B, becomes dominant as g approaches the critical
value g. and eventually reaches unity as g — c. (b) The second eigen mi-
crostate, showing that components 52(2) and é;,z/)Z increase and become domi-
nant for g > g, both having the same sign. (c) The third eigen microstate, in
which components 52(3) and 5]5;/)2 also become dominant for g > g, but with
opposite signs, indicating an antisymmetric configuration. subsystem B after
the transition, namely |w§3> =|1J44d) and ‘WE/2> =| JJ41). In Fig. 3(c),
the third eigen microstate

|l//]]\3, /2> = | J441). In Fig. 3(c), the third eigen microstate

is examined. Similar to the second case, components ézm
and 5,5,3/)2 also become dominant for g > g., but with oppo-
site signs, indicating an antisymmetric structure in the mi-
crostate. This antisymmetry reflects an alternative reorganiza-
tion of spin configurations in subsystem B as the system enters
the new phase.

4. Discussion and conclusions

In this work, we introduce the eigen microstate approach
(EMA) to analyze quantum phase transitions (QPTs) in quan-
tum many-body systems, without the need for prior knowledge
of an order parameter. In the EMA scheme, we partition the
quantum system 7 into subsystems .74 ® ¢, treating one
as the subsystem and the other as the environment, which is
analogous to an ensemble. For a given quantum state, the
microscopic description of the basis of a subsystem is rep-
resented by the expansion coefficients of the corresponding
quantum state. We define quantum correlation functions using
the correlations between these coefficients. The eigenvalues of
the quantum correlation functions represent the spectral distri-
bution of the system, while their eigenstates can be linearly
combined to produce the so-called eigen microstates.

By applying EMA to the transverse-field Ising model
(TFIM), we demonstrate its effectiveness in determining the
critical points and critical exponents through numerical calcu-
lations and finite-size scaling analysis. Due to the limitations
of numerical exact diagonalization (ED), which cannot handle
sufficiently large system sizes, the numerical results inevitably
exhibit finite-size effects. However, these effects do not under-
mine the qualitative conclusions of the study. The observed
behavior of the largest eigenvalues at the critical point agrees
with theoretical predictions. Moreover, we provide a compre-
hensive view of the changes in the eigen microstate structures
as the TFIM undergoes a phase transition. The distinct behav-
iors of the dominant components across different eigen mi-
crostates reveal how the configurations of subsystem B shift
in response to increasing transverse-field strength g, captur-
ing the critical behavior and symmetry properties of the sys-
tem. Our results demonstrate EMA’s potential for studying
complex quantum systems. It is particularly useful for sys-
tems like quasiperiodic Ising models and higher-spin systems,
where defining order parameters is challenging. EMA pro-
vides a powerful framework for exploring quantum criticality
and structural transitions in such systems.

Notably, the eigenvalues A; in Eq. (6), derived from
the quantum correlation matrix C' in Eq. (5), share concep-
tual similarities with the entanglement spectrum. > Specif-
ically, when the ground state in Eq. (3) is fully resolved, the
eigenvalues A; correspond to the squared Schmidt coefficients
of the bipartite entanglement decomposition. The difference

[52

A1 — A> mirrors the Schmidt gap,!®?! which has been widely
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employed not only to detect symmetry-breaking QPTs but also
to characterize other non-symmetry-breaking transitions. >3]
However, reconstructing the entanglement spectrum relies
critically on precise knowledge of the reduced density ma-
trix, a task that becomes increasingly challenging for sys-
tems with strong spatial correlations or in non-equilibrium set-
tings due to exponential growth in computational complex-
ity and sensitivity to noise. Hence, sophisticated numeri-
cal methods, such as density matrix renormalization group
(DMRG)* and quantum Monte Carlo (QMC),!5! excel at
computing entanglement spectra for large systems by leverag-
ing low-entanglement ansitze or stochastic sampling. How-
ever, the EMA exhibits inherent adaptability to scenarios in-
volving partial or noisy quantum state information — such as
experimentally limited measurement resolution or stochastic
sampling — enabling phase transition analysis without full-
state reconstruction. This positions EMA as a robust comple-
ment to entanglement-based methods (e.g., DMRG, QMC) in
regimes where traditional techniques face prohibitive compu-
tational costs or experimental constraints. While the current
study focuses on equilibrium TFIM, future work will extend
EMA to non-equilibrium dynamics, leveraging its capacity to
resolve critical precursors from sparse correlations.
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