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Efficient elastic wave focusing is crucial in materials and physical engineering. Elastic coding metasurfaces, which
are innovative planar artificial structures, show great potential for use in the field of wave focusing. However, elastic coding
lenses (ECLs) still suffer from low focusing performance, thickness comparable to wavelength, and frequency sensitivity.
Here, we consider both the structural and material properties of the coding unit, thus realizing further compression of
the thickness of the ECL. We chose the simplest ECL, which consists of only two encoding units. The coding unit 0
is a straight structure constructed using a carbon fiber reinforced composite material, and the coding unit 1 is a zigzag
structure constructed using an aluminum material, and the thickness of the ECL constructed using them is only 1/8 of the
wavelength. Based on the theoretical design, the arrangement of coding units is further optimized using genetic algorithms,
which significantly improves the focusing performance of the lens at different focus and frequencies. This study provides a
more effective way to control vibration and noise in advanced structures.

Keywords: coding metasurface, elastic wave focusing, genetic algorithm
PACS: 43.40.+s, 46.15.Cc, 46.40.–f
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1. Introduction
In large weigh beam, plate, and shell structures such

as bridges, floor slabs, and wings, the majority of structural
noise propagates in the form of elastic waves.[1,2] To reduce
or even eliminate noise interference, effective control of elas-
tic waves needs to be realized. The emergence of metama-
terials has provided an effective means of controlling elas-
tic waves, and the use of metamaterials has enabled the re-
alization of a large number of anomalous physical phenomena
that are not possible with natural materials,[3–5] such as neg-
ative equivalent mass and negative bulk modulus,[6–9] invisi-
bility cloaks,[10–12] and perfect acoustic absorption.[13,14] The
bandgap effect of locally resonant[15,16] or inertially amplified
metamaterials[17,18] can be utilized to shield elastic waves in
certain specific frequency regions. Placing these metamate-
rial structures between the noise source and the building pre-
vents noise by reflecting or absorbing the propagating elastic
waves.[19] However, such an approach makes the potential en-
ergy carried by the noise not effectively utilized and is a waste
of energy.

The energy carried by noise or waves is a form of clean
energy that is characterized by its absence of pollution. The
utilization of this energy and the transformation of waste into
valuable resources are subjects of significant importance in
both academic research and engineering applications. Har-
vesters are suitable devices for capturing energy from struc-

tural vibrations and converting it into electricity for various
applications. To ensure its effective collection of noise or wave
energy, the phenomenon of wave focusing needs to be realized
first.[20] The prioritization of elastic wave focusing as energy
harvesting can permit rational arrangement of harvesters.[21,22]

In recent years, the study of elastic ultrathin metamaterials,
also known as metasurfaces,[23–26] has facilitated the devel-
opment of techniques such as elastic wave focusing.[27–29] For
the sake of simplicity in production, the most basic elastic cod-
ing metasurfaces need only have elements of two types corre-
sponding to the 0 and π phases.[30–33] However, the limitation
of the number of coding unit types leads to the low focus-
ing performance of the elastic coding lens (ECL). In addition,
ECLs typically have a thickness comparable to the wavelength
and are frequency sensitive, which also limits their further ap-
plication in practice. Therefore, the current issues that require
urgent attention include the focusing performance, thickness,
and operating frequency of the ECL.

In this work, we choose ECLs constructed from two cod-
ing unit types. Further compression of the ECL thickness is
achieved by simultaneously considering the structural and ma-
terial properties of the coding unit. The coding unit 0 is a
straight structure constructed using a carbon fiber reinforced
composite material, and the coding unit 1 is a zigzag struc-
ture constructed using an aluminum material. Based on the
theoretical design, the optimal arrangement of the proposed
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coding units is investigated using a genetic algorithm. Simu-
lation results verify the excellent performance of the ECL in
elastic wave focusing after the optimized coding unit arrange-
ment. Furthermore, based on the genetic algorithm, we can
optimize the arrangement of the coding units that make up the
ECL, thus achieving efficient elastic wave focusing at different
operating frequencies.

2. Theoretical framework
Figure 1(a) shows a schematic diagram of the focusing of

an elastic wave through an ECL. The designed ECL consists
of two types of coding units (defined as coding units 0 and 1).
The coding units 0 and 1 have high transmission amplitudes
and simultaneously satisfy a phase difference of π . An ECL
consisting of a single coding unit can also achieve elastic wave
focusing. Compared to it, the ECL composed of two types of
coding units produces greater focusing intensity and enables
more precise control of the focus position. According to the
Huygens–Fresnel principle, a proper arrangement of coding
units 0 and 1 can focus a vertically incident elastic wave at a
predetermined position. In order for an elastic wave to produce
constructive interference at the focused position, the phase dif-
ference between two adjacent positions on the ECL should be
π . This implies that the wave range difference must satisfy

l±(i+1)− l±i =
λ

2
, (1)

where l±i =
√

f 2
y +( fx− x±i)2 (i = 0,1,2, . . .) is the wave

path of the elastic wave from the center of position xi to the
focus, xi is the horizontal distance from the center position to
the center of the ECL, λ = cA/ f is the wavelength, f is the
operation frequency. cA denotes the propagation speed of the
waves in the host plate (aluminum), which can be expressed as

cA =
[
Eω

2(H/2)2/3ρ(1−υ
2)
]1/4

, (2)

where H is the thickness of the plate, ω = 2π f is the angular
frequency, E, ρ , and ν are the elastic modulus, mass density,
and Poisson’s ratio, respectively, each of which is constant for
any given material. From Eq. (1), we can obtain the recursive
formula between adjacent positions

x±(i+1) =±
(√(

λ

2
+
√

f 2
y +( fx− x±i)2

)2

− f 2
y ± fx

)
. (3)

Coding units 0 and 1 are placed in two adjacent positions to en-
sure that constructive interference is generated at the focusing
position. Here, we place coding unit 0 at the center of the ECL,
coding unit 1 at an adjacent position, and so on. Coding units
0 and 1 occupy two rectangular regions with the same length
and width, and their lengths and widths are h = 3.6 mm and
t = 6 mm, respectively, as shown by the green and red rectan-
gular boxes in Fig. 1(a). Previous designs[29] have shown that

it is possible to convert an elastic wave from the S0 mode to the
A0 mode using a resonant unit to achieve full coverage of the
2π propagation phase. However, this results in a low power of
the transmitted wave. Therefore, we design ECLs with neg-
ligible mode conversion, which can realize the modulation of
asymmetric flexural wave (A0 mode) wavefronts. Coding units
0 and 1 consist of two different materials. The material se-
lected for coding unit 1 is aluminum, which is the same as the
material of the plate. An isotropic homogeneous material with
a high Young’s-modulus-to-mass-density ratio is selected for
coding unit 0. Carbon fiber reinforced composites are used
here. Other materials can also be used for coding unit 0 as
long as they have a higher Young’s-modulus-to-mass-density
ratio than aluminum, and the thickness of the ECL can be fur-
ther compressed by choosing the right material. The Young’s
modulus, Poisson’s ratio, and mass density of aluminum are
70 GPa, 0.33, and 2700 kg·m−3, respectively. The Young’s
modulus, Poisson’s ratio, and mass density of carbon fiber
reinforced composites are 500 GPa, 0.31, and 2000 kg·m−3,
respectively.[26] In addition to the choice of material, the de-
lay of the transmitted phase of the flexural wave can be real-
ized by changing the shape structure of the coding unit. The
zigzag structure has a longer propagation distance compared to
a straight bar, which is used as coding unit 1 to provide a larger
phase delay. The increase in the folding width b of the zigzag
structure can further compress the thickness of the ECL, but
this also leads to an increase in the width of the individual
coding units, which is not conducive to accurate bending wave
focusing. Here, the operating frequency of the incident wave
is set to 74 kHz. The inset of Fig. 1(a) shows a schematic dia-
gram of coding units 0 and 1. The coding unit 0 with a straight
bar has a structure width a = 1 mm, the coding unit 1 with a
zigzag structure has a notch spacing s = 1 mm and a folding
width b = 4.6 mm. The flexural wave will propagate along the
straight or zigzag structure when it passes through the ECL
consisting of coding unit 0 and coding unit 1. Since there is
no contact surface between adjacent coding units, the inter-
action between adjacent units is negligible. In addition, edge
effects are negligible when the focal point is far from the ECL.
Based on full-wave numerical simulations with the finite ele-
ment software, we investigate the transmission amplitude and
phase of the coding units. Figure 1(b) shows a model of a strip
with coding units. A perfectly matched layer (PML) is used at
both ends of the strip model to simulate infinite boundary and
to absorb all transmitted waves beyond this point, thus avoid-
ing the influence of flexural wave reflections on the results. In
the finite element software, the coding unit and strip models
are modelled using free tetrahedral meshes with user-defined
element size. The maximum and minimum element sizes are
2 mm and 0.1 mm, respectively. The PML is discretized using
a scanning mesh, with the number of distribution layers being
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20. The thickness H of the strip model is set to 5 mm, and
the same free tetrahedral mesh is used for modelling in the
thickness direction, and the transmitted waves are travelling
waves in the A mode. Apply continuous periodic boundary
conditions to both sides of the strip model. An initial excita-
tion along the z-direction is applied to the left side of the strip
model to generate an incident flexural wave. The displacement
phase shift of the z-component of the flexural wave transmit-
ted through the coding unit can be detected by a probe line
placed in the far field. The transmission ratio formula can be
expressed as[28]

T =
∫∫

S2

|A| ds
/∫∫

S1

|A| ds, (4)

where |A| is the out-of-plane displacement, and the S1 and S2

regions are areas of the same size before and after the cod-
ing unit, respectively. The amplitude and relative phase shift
of the flexural wave as a function of frequency after passing
through coding units 1 and 0 are illustrated in Fig. 1(c). It can
be observed that the phase difference between coding units 0
and 1 at 74 kHz is approximately π , which satisfies our de-
sign requirements. In addition, the transmission amplitudes of
coding units 0 and 1 at 74 kHz are approximately equal, both
close to 0.9, which facilitates the ECL to achieve focus. The
transmission amplitude of coding unit 1 is highest at 77.2 kHz,
but at this point the phase difference between coding units 0
and 1 is 1.2π and the difference in transmission amplitude is
large compared to that at 74 kHz. Actually, from 74 kHz to
75 kHz, coding units 0 and 1 can well meet the required trans-
mission amplitude and phase difference, but the flexural wave
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Fig. 1. (a) Schematic diagram of elastic wave focusing by using elastic cod-
ing lens (ECL) with coding units 1 and 0. (b) Schematic diagram of the strip
model for a single coding unit. (c) Variation of transmission amplitude and
relative phase shift with frequency. (d) Simulated out-of-plane displacement
field produced by the coding units 1 and 0.

has the longest wavelength at 74 kHz, which we chose to select
in view of the need for a thinner thickness of the ECL. To pro-
vide a more detailed illustration of the working mechanism, a
simulation of the out-of-plane displacement field correspond-
ing to the flexural wave generated by coding units 1 and 0 at
74 kHz is presented in Fig. 1(d).

3. Implementation and optimization
The ECL is a collection of two coding units that are dis-

tributed parallel to each other in the direction of propagation
perpendicular to the incident flexural wave and connected at
both ends to plates. Focusing of flexural waves can be realized
by adjusting the arrangement of coding units. We first verify
that the focusing on the central axis of the ECL ( fx = 0), at
which case equation (3) simplifies to

x±(i+1) =±
(√(

λ

2
+
√

f 2
y + x2

±i

)2

− f 2
y

)
. (5)

The focus is set to (x,y) = ( fx, fy) = (0,53 mm). The ECL
consists of 31 coding units, and the total length of the ECL
will limit the range of focus. As the total length of the ECL
increases, the number of adjacent positions will increase, and
the adjustable range of focus will increase accordingly. Con-
versely, as the total length of the ECL decreases, the number
of adjacent positions decreases, which reduces the adjustable
range of focus and even affects focus formation. The arrange-
ment of the coding units and the transmitted intensity field they
realize are shown in Fig. 2(a). The flexural wave propagates
from the bottom toward the ECL, and most of the transmitted
energy converges to a finite-length region on the central axis
of the ECL. Here, we only consider the coding units in the ad-
jacent positions, and the rest of the region is filled with coding
unit 0. However, in the actual design the type of coding units
in the remaining area also affects the intensity of the focus.
Therefore, the type of coding units for the remaining regions
needs to be carefully selected. When the number of codes is
sufficiently large, the traditional parameter scanning approach
is cumbersome, even when guided by empirical knowledge.
This is a prototypical inverse design problem, the objective of
which is to ascertain the optimal coding unit alignment from
the intensity response of the target region. Accordingly, we
have elected to adopt a genetic algorithm, a metaheuristic in-
spired by the rule of natural selection, for the purpose of opti-
mizing the alignment of the coding units. Genetic algorithms,
as evolutionary algorithms, not only overcome the local opti-
mum pitfalls of gradient-based algorithms such as topological
optimization and concomitant variable algorithms, but also do
not necessitate the generation of a substantial number of well-
labeled datasets, and thus can be used to solve problems with
discrete parameters.[15,34] Figure 2(b) shows the optimization
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process. The genetic algorithm starts with a randomly gener-
ated initial population of 200. We treat each coding unit as a
gene, and they form a chromosome encoded by binary-valued
genes, the designed ECL. The transmittance and phase shift of
coding units 0 and 1 at the operating frequency are input into
the algorithm. We define the intensity in a circle centered on
the target focus position in the working plane with a radius of
1 mm as the fitness function. The parameters corresponding
to each chromosome are input into the finite element simu-
lation software, where the corresponding ECLs are generated
and numerically simulated. The intensity at the target loca-
tion obtained from the numerical simulation is passed back to
the genetic algorithm. The fitness of each candidate solution
is numerically evaluated and ranked by computing all chro-
mosomes. If the results converge or the iteration reaches the
maximum number of generations, the program is stopped; oth-
erwise the chromosomes within the population are subjected
to operations such as crossover interchanges, mutations, etc.
and the fitness values are evaluated again until the results con-
verge or the maximum number of iterations is reached. Fig-

ure 2(c) shows the optimized ECL arrangement and the cor-
responding transmitted intensity field. It can be seen that the
focusing intensity achieved by the ECL after optimizing the
arrangement of the coding units can reach 2.4 times that be-
fore optimization. We show the intensity distribution along
dashed lines “I” and “III” in Fig. 2(d) and along dashed lines
“II” and “IV” in Fig. 2(e). To better compare the focusing
intensities before and after EPL optimization, we normalize
the intensity fields in Figs. 2(d) and 2(e). The full width at
half maximum (FWHM) of the flexural wave focusing before
and after the EPL optimization is about 0.47λ and 0.42λ , re-
spectively, and the focusing intensity produced by the ECL
before the optimized arrangement is only 0.42 of the opti-
mized one, as shown in Fig. 2(d). The depth of focus be-
fore and after EPL optimization is about 1.69λ and 1.84λ , re-
spectively. Meanwhile the focus positions obtained before and
after the EPL optimization are (x,y) = ( fx, fy) = (0,52 mm)

and (x,y) = ( fx, fy) = (0,53 mm), respectively, as shown in
Fig. 2(e), which are both consistent with the theoretical de-
sign.
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Fig. 2. (a) Focusing intensity field distribution by unoptimized ECL. (b) Flow graph of the genetic algorithm. (c) Focusing intensity field
distribution by optimized ECL. Intensity profiles on (d) the lines “I” and “III”, and (e) the lines “II” and “IV”.

Next, we change the position of the focus by changing
the arrangement of the coding units. The first demonstration
is the modulation of the focal length. Change the focus of the
ECL to ( fx, fy) = (0,17 mm). Based on Eq. (5), we obtain the
initial arrangement of coding units on the ECL. Then we opti-
mize it using a genetic algorithm and the arrangement of cod-
ing units on the ECL after optimization is shown in Fig. 3(a).
It can be seen from the transmitted intensity field that the opti-
mized ECL achieves effective focusing of flexural waves. Fig-
ures 3(b) and 3(c) show the focusing intensity distributions

along the “I” and “II” dashed lines, respectively. The red
dashed line indicates the distribution of focusing intensity pro-
duced by the conventional ECL before the optimized arrange-
ment, whose maximum intensity is only 0.34 of the optimized
one. The focus positions obtained from numerical simulations
before and after optimization are both ( fx, fy) = (0,17 mm),
which are consistent with the theoretical settings. It can also
be seen that the FWHM of the focus before and after optimiza-
tion is about 0.37λ and 0.33λ , respectively, and the depth of
focus is 0.84λ for both.
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Fig. 3. (a) Intensity field distribution for axial focusing achieved by the optimised ECL. Intensity profiles along (b) dotted line “I” and (c) dotted
line “II”. (d) Intensity field distribution for off-axis focusing achieved by the optimized ECL. Intensity profiles along (e) dotted line “III” and
(f) dotted line “IV”. The red dashed line indicates the distribution of focusing intensity produced by the unoptimized ECL.

Second, we realized off-axis focusing by changing the ar-
rangement of coding units. Set the off-axis focus coordinates
to ( fx, fy) = (30 mm,40 mm). Based on Eq. (3) and the ge-
netic algorithm, we obtain the positional parameters of the op-
timized coding units and simulated intensity distributions, as
shown in Fig. 3(d). The vertically incident flexural wave pro-
duces off-axis focusing after passing through the ECL. Fig-
ures 3(e) and 3(f) show the focusing intensity distributions
along the dashed lines “III” and “IV” near the focus, respec-
tively. The red dashed line indicates the focusing intensity
distribution before the optimized arrangement, whose maxi-
mum intensity is only 0.5 of the optimized one. The focus
positions obtained from numerical simulations before and af-
ter the optimized arrangement are ( fx, fy) = (30 mm,40 mm)

and ( fx, fy)= (29 mm,41 mm), respectively, which are consis-
tent with the theoretical design. The above simulation results
show that the designed subwavelength ECL is able to maxi-
mize the focus intensity while achieving precise control of the
focus position.

Finally, we further investigate the effect of the optimiza-
tion method on the frequency response characteristics of the
ECL. From Fig. 1(c), it can be seen that the relative phase shift
of the coding unit varies between 0.5π and 2π as the frequency
increases from 62.9 kHz to 85.1 kHz (15% fluctuation in oper-
ating frequency). At 62.9 kHz and 85.1 kHz, the transmission
amplitudes of the coding unit 1 are 0.51 and 0.52, respectively,
and the relative phase shifts of the two coding units are 0.68π

and 2.06π , respectively.
The transmission intensity distribution after changing the

operating frequency of the incident flexural wave in Fig. 2(a)

to 62.9 kHz is shown in Fig. 4(a1). The focusing effect dete-

riorates because the transmission amplitude and relative phase

shift of the coding unit are changed. Based on the genetic al-

gorithm, the arrangement of the coding units of the ECL is

optimized. Figure 4(a2) shows the coding unit arrangement of

the optimized arrangement of the ECL and the transmission

intensity distribution at 62.9-kHz frequency. Figures 4(b1)

and 4(b2) show the intensity distributions for dashed lines “I”,

“III”, and dashed lines “II”, “IV”, respectively. It is seen that

the maximum value of intensity produced by the conventional

ECL before the optimized arrangement is only 0.62 of the in-

tensity after the optimization. Meanwhile, the focus position

before optimization deviates from the theoretical prediction,

and the focus position produced by the ECL after optimiza-

tion is ( fx, fy) = (0,51 mm), which is consistent with our

theoretical design. Figures 4(c1) and 4(c2) show the trans-

mission intensity distribution of the ECL before and after the

optimized arrangement at 85.1-kHz frequency, respectively.

Figures 4(d1) and 4(d2) show the intensity distributions for

dashed lines “V”, “VII”, and dashed lines “VI”, “VIII”, re-

spectively. The maximum value of the focusing intensity pro-

duced by the conventional ECL before the optimized arrange-

ment is only 0.18 of the focusing intensity after the optimiza-

tion. Thus, our proposed coding unit can be used to prepare

ECLs with different operating frequencies. By optimizing the

arrangement of the coding bits, the focusing position can be

corrected while further enhancing the focusing intensity at the

focusing position.
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Fig. 4. Focusing intensity field distribution by (a1) unoptimized ECL and (a2)
optimized ECL at f = 62.9 kHz. Intensity profiles on (b1) the lines “I” and
“III”, and (b2) the lines “II” and “IV”. Focusing intensity field distribution by
(c1) unoptimized ECL and (c2) optimized ECL at f = 85.1 kHz. Intensity
profiles on (d1) the lines “V” and “VII”, and (d2) the lines “VI” and “VIII”.

4. Conclusion

The simplest ECL is used to realize effective elastic wave
focusing. The optimization of the arrangement of coding units
using genetic algorithms improves the focusing performance
of ECLs. In the configuration, coding unit 0 is a straight car-
bon fiber reinforced composite structure, and coding unit 1 is a
zigzag aluminum structure. The ECL constructed by these two
coding units has a thickness of only 1/8 of the wavelength. We
numerically simulate the ECL realization with different focal
lengths and off-axis focusing cases. Simulation results verify
the excellent performance of the proposed ECL in focusing
elastic waves at arbitrary positions. Finally, we optimize the
coding unit arrangement of ECL based on a genetic algorithm
to achieve efficient focusing at 62.9 kHz and 85.1 kHz.
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