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We perform a comprehensive study of the electron-doped t–t ′–J model on cylinders with density matrix renormal-
ization group (DMRG). We conduct a systematic study on the finite-size and boundary condition effects on t–t ′–J model
on cylinders. Periodic and anti-periodic boundary conditions are implemented along the circumference direction, with the
system’s width extending up to as large as 8 lattice units. We study doping levels of 1/6, 1/8, and 1/12, which represent
the most interesting region in the phase diagram of electron-doped cuprates. We find that for width-4 and width-6 systems,
the ground state for fixed doping switches between anti-ferromagnetic Neel state and stripe state under different boundary
conditions and system widths, indicating the presence of large finite size effect in the t–t ′–J model. We also have a careful
analysis of the d-wave pairing correlations which also change quantitatively with boundary conditions and widths of the
system. However, the pairing correlations are enhanced when the system becomes wider for all dopings, suggesting the
existence of possible long-range superconducting order in the thermodynamic limit. The width-8 results are found to be
dependent on the starting state in the DMRG calculation for the kept states we can reach. For the width-8 system, only Neel
(stripe) state can be stabilized in DMRG calculation for 1/12 (1/6) doping, while both stripe and Neel states are stable in
the DMRG sweep for 1/8 doping, regardless of the boundary conditions. These results indicate that 1/8 doping is likely to
lie on the boundary of a phase transition between the Neel phase with lower doping and the stripe phase with higher doping,
consistent with the previous study. The sensitivity of the ground state on boundary conditions and size observed for narrow
systems is similar to that found in the t ′-Hubbard model, where the t ′ term introduces frustration and makes the stripe state
fragile. The study of different boundary conditions provides a useful tool to check the finite size effect in the future DMRG
calculations.
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1. Introduction

Hubbard model and its descendant t–J model[1–8] play
a paradigmatic role in the study of strongly correlated quan-
tum many-body physics.[9,10] Though their forms are simple,
many exotic quantum states are arguably related to these mod-
els. It is believed that these models on square lattice are con-
nected to the high-Tc superconductivity in cuprates.[2,9–12] Re-
cent state-of-the-art numerical results show that the ground
state of pure Hubbard model (with only nearest hoppings) is
a stripe state[13,14] without long-range superconductivity,[15]

which indicates the necessity to modify the Hamiltonian if
we want to pursue superconducting ground state in the single-
band framework.

It is well known that the next nearest neighboring hop-
ping t ′ term is necessary to account for the particle–hole asym-
metry in the phase diagram of cuprates.[9] Band structure
calculations[16,17] also show the existence of a t ′ ≈−0.2 term
in the single band description of cuprates. The effect of the
t ′ term on the ground state of Hubbard and t–J models was

extensively explored before.[18–39] The t ′ term frustrates and
weakens the long-range antiferromagnetic Neel order in the
parent compound. When the system is doped, the stripe or-
der should also be suppressed by the t ′ term which is believed
to benefit superconducting pairing. Calculations on the t–t ′–J
model[25–27] show the ground state turns into a superconduct-
ing one in the electron doped side. Superconductivity was also
found in the t ′-Hubbard model[40] and matches quantitatively
with the phase diagram of cuprates, in which superconductiv-
ity is stronger in the hole doped side than that in the electron
doped side.

One of the important findings in Ref. [40] is that the
ground state of the t ′-Hubbard model becomes very sensitive
to the system width and boundary conditions, which indicates
the presence of large finite size effect in the model. For this
reason, the authors in Ref. [40] utilized twist averaged bound-
ary conditions and careful finite size scaling to obtain physical
quantity in the thermodynamic limit. For the t–t ′–J model, the
most recent studies[27,29] on cylinders with finite width show
that the superconductivity is stronger in the electron doped
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side than that in the hole doped side if it exists, contradic-
tory to the phase diagram of cuprates and the recent results
of the t ′-Hubbard model.[40] Given the presence of very large
finite size effect in the t ′-Hubbard model, it is natural to ask
whether the t–t ′–J model also has large finite size effect and
how it influences the superconducting behaviors, which will
be ultimately beneficial to resolve the inconsistency between
the t ′-Hubbard and the t–t ′–J models.

While previous study[23] with only periodic boundary
condition also indicates finite-size effect on hole doped t ′-
Hubbard model by observing the change of pairing symmetry
for different system widths, exploring the sensitivity of bound-
ary conditions is another useful and complementary indicator
to reflect properties in the two-dimensional thermodynamic
limit, especially when DMRG calculations on wider (> 8)
cylinder systems are not accessible at present. In this work, we
conduct a comprehensive study of the t–t ′–J model with den-
sity matrix renormalization group (DMRG)[41–43] by adopting
both periodic and anti-periodic boundary conditions along the
circumference direction, in conjunction with different system
widths, to explore its finite size effect.[40] We only study the
electron doped side in this work, which was believed to be
simpler than the hole doped side, without the competition of
different states.[9] We study doping levels of 1/6, 1/8, and
1/12 which represent the most interesting region in the phase
diagram of electron-doped cuprates.

Our results show that the ground state of the t–t ′–J model
is also very sensitive to the boundary conditions and width of
the systems, similar to the t ′-Hubbard model.[40] We find that
for width-4 and width-6 systems, the ground state for fixed
doping switches between anti-ferromagnetic Neel state and
stripe state under different boundary conditions and with sys-
tem widths. We find the pairing correlation also changes quan-
titatively with boundary conditions and widths. But for all
dopings, the pairing correlations are enhanced when the sys-
tem becomes wider, suggesting the existence of possible long-
range superconducting pairing in the thermodynamic limit.
The width-8 results are found to be dependent on the starting
state in the DMRG calculation for the kept states we can reach.
For the width-8 system only Neel (stripe) state can be stabi-
lized in DMRG calculation for 1/12 (1/6) doping, while both
stripe and Neel states are stable in the DMRG sweep for 1/8
doping. Although a reliable finite width scaling of the DMRG
results is infeasible at present, these results indicate that 1/8
doping is likely to lie on the boundary of the phase transition
between the Neel state with lower doping and stripe state with
higher doping, consistent with the previous study.[27]

The rest of this paper is organized as follows. In Sec-
tion 2, we discuss the t–t ′–J model and the detailed method
we employ. Our results under various boundary conditions
and within different size constraints are presented in Section 3

starting with the spin and charge densities, followed by an
analysis of the pairing correlations. In Section 4, we have a
discussion of the intricate relationship between superconduc-
tivity and stripe based on the above results. We finally con-
clude this work in Section 5.

2. Model and methods
The Hamiltonian for the t–t ′–J model is defined as

H =−t ∑
〈i, j〉,s

c†
i,sc j,s− t ′ ∑

〈〈i, j〉〉,s
c†

i,sc j,s + J ∑
〈i, j〉

SiS j, (1)

where ĉ†
i,s (ĉi,s) creates (annihilates) an electron on site i =

(xi,yi) with spin species s and Ŝi = 1/2× ĉ†
i,sσ̂ ĉi,s′ (herein σ̂

is the Pauli matrix). The doubly occupied states are explic-
itly excluded in the Hilbert space. We consider electron hop-
ping terms up to next-nearest neighbors (t ′) and set the nearest
neighboring hopping t as the energy unit. We choose J = 1/3
which is relevant to cuprates. We intend to study the physics
related to the electron doped cuprates in this work. But in prin-
ciple, only hole doping is allowed in the t–t ′–J model because
double occupancy is excluded in the local Hilbert space. How-
ever, by connecting the t–t ′–J model as the large U limit of
the t ′-Hubbard model and through a particle–hole transforma-
tion, we can investigate the electron doped cuprates by study-
ing the hole doped t–t ′–J model with the sign of t ′ reversed
from −0.2 in cuprates to 0.2.[16,17] So in this work we study
the model in Eq. (1) with t = 1, t ′ = 0.2 and J = 1/3. We
study cylinders with size Lx×Ly (see Fig. 1) and impose pe-
riodic or anti-periodic boundary conditions (PBC or APBC)
along the circumferential direction. We also apply an antifer-
romagnetic pinning field hm× Ŝz with strength hm = 0.5 on the
left open edges in the Hamiltonian in Eq. (1), which allows
us to calculate spin density instead of the more demanding
correlation function, and makes the DMRG calculation eas-
ier to converge. By carefully comparing DMRG results with
and without pinning fields, we find magnetic pinning fields on
the left edge have negligible effect in the bulk of the system
(see Appendix A1 for detailed results). The average hole con-
centration away from half-filling is defined as δ = Nh/N with
Nh = ∑i(1− ni) (herein n̂i = ∑s ĉ†

i,sĉi,s and N = Lx×Ly). We
study dopings with δ = 1/12, 1/8 and 1/6, which represent
the most interesting region in the phase diagram of cuprates.

The method we employ in this work is DMRG, which
can provide accurate results for ladder systems. In the calcu-
lations, the total particle number of each spin species and total
Sz are conserved. For width-4 and width-6 systems, we push
the number of the kept states to ensure the calculation is con-
verged (with truncation error in the order of 10−6 for width-4
systems) or in the converged region (with truncation error in
the order of 10−5 for width-6 systems). For width-8 systems,
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within the kept states (m = 30000) that we can reach, the re-
sults depend on the starting state in the DMRG sweep. So we
try different states (Neel and stripe) to start the DMRG cal-
culation and try to determine which one is stable during the
sweep.

y

x

y

x

(a)

(b)

Fig. 1. (a) Square lattice adopted in the calculations and (b) the cylin-
der geometry. Periodic or anti-periodic boundary conditions are imposed
along the circumferential direction.

3. Results
In Table 1, we summarize the results for spin and charge

density as well as pair–pair correlation for the t–t ′–J model

on cylinders with different boundary conditions and widths
for 1/12, 1/8 and 1/6 dopings. For the pair–pair correla-
tion, Ksc (ξsc) implies the system has a long-distance power
(exponential)-law decaying behavior. The values of Ksc and
ξsc are obtained from the fit of real-space pair–pair correla-
tion functions with the reference bond set as the 8th vertical
bond from the left edge, while the values in the parentheses are
results by setting the reference bond as the 4th vertical bond
from the left edge. In Table 1, we can find that the ground state
switches between stripe and antiferromagnetic Neel states un-
der different boundary conditions and widths. For all dopings,
the pair–pair correlations are enhanced when the cylinder be-
comes wider from 4 to 6. The DMRG calculations for width
8 systems are not well converged for the largest kept states we
can reach (m = 30000). But we try different starting states in
the DMRG calculation and find that only Neel (stripe) state
can be stabilized in DMRG calculation for 1/12 (1/6) dop-
ing, while both stripe and Neel states are stable in the DMRG
sweep for 1/8 doping, regardless of the boundary conditions.
These results indicate that 1/8 doping is likely to lie on the
boundary of the phase transition between the Neel and stripe
phases, consistent with the previous study.[27] In the follow-
ing, we discuss the details of the results.

Table 1. Summary of all the results, including the spin and charge densities, as well as the singlet pair–pair correlations. All systems have d-wave pairing
symmetry except the 1/6 doping case on width-4 cylinder under PBC, for which the pairing symmetry is plaquette d-wave.[23] Ksc and ξsc are obtained
from the fit of pair–pair correlation with the reference bond set at the 8th (4th for the values in the parentheses) vertical bond from the left edge.

Width-4 Width-6 Width-8

PBC APBC PBC APBC PBC APBC

1/12
spin Neel, short-ranged filled stripe Neel, short-ranged Neel, (quasi) long-ranged

charge half-filled stripe filled stripe 1/3 filled stripe 1/3 filled stripe only Neel stablized

pair
power-law, exponential, power-law, power-law,

Ksc ≈ 1.1 (0.98) ξsc ≈ 9.82 (9.9) Ksc ≈ 0.49 (0.49) Ksc ≈ 0.48 (0.41)

1/8
spin Neel, short-ranged filled stripe filled stripe, short-ranged Neel, (quasi) long-ranged

charge half-filled stripe filled stripe filled stripe, short-ranged uniform both filled stripe & Neel stablized

pair
power-law, exponential, power-law, power-law,

Ksc ≈ 1.3 (1.38) ξsc ≈ 13.3 (13.4) Ksc ≈ 0.60 (0.82) Ksc ≈ 0.59 (0.69)

1/6
spin stripe, short-ranged filled stripe filled stripe, short-ranged Neel,(quasi) long-ranged

charge modulated stripe filled stripe filled stripe, short-ranged uniform only filled stripe stablized

pair
power-law, exponential, power-law, power-law,

Ksc ≈ 1.5 (1.8) ξsc ≈ 14.4 (14.3) Ksc ≈ 1.0 (1.2) Ksc ≈ 0.76 (0.83)

3.1. Spin and charge densities

We firstly discuss spin and charge properties. The
staggered spin density is defined as (−1)ix+iy × 〈Ŝz

i 〉 with
Ŝz

i = 1/2× (ni↑ − ni↓) and the charge density is defined as
the average density along the circumference direction ni =

∑
Ly
y=1

〈
n(ix, iy)

〉
/Ly.

3.1.1. Width-4 results

Figure 2 displays the staggered spin density and electron
density for doping levels of 1/12 (upper panel), 1/8 (middle

panel) and 1/6 (lower panel) on width-4 cylinders under PBC
(left two columns) and APBC (right two columns). Results for
different kept states in DMRG calculations are plotted and we
can find good convergence of the results with kept states.

We start with results under PBC. For 1/12 and 1/8
dopings, the staggered spin density has the same sign and
decays exponentially (see the insets of Figs. 2(a) and 2(e))
with the distance to the antiferromagnetic pinning fields on the
left open edge, indicating the systems have short-ranged Neel
correlation, while the charge density shows a half-filled
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stripe structure with periodic amplitude modulation with
wavelength λ = 1/(2δ ). When the doping level increases to
1/6, the spin density displays short-ranged stripe structure and
the charge density has small fluctuations without a clear pat-
tern.

The ground states, however, exhibit distinct characteris-

tics under APBC as shown in the right two columns of Fig. 2.
For all the three dopings, we find that the staggered spin den-
sity displays a spatial modulation with a wavelength (λ = 2/δ )
twice that of the charge density and has a π phase flip at the
hole-concentrated sites, indicating the systems all have a filled
stripe ground state.

m=3000

m=4000

m=5000

m=5500

(a) 1/12 doping, PBC

m=3000

m=4000

m=5000

m=5500

m=5000

m=6000

m=7000

m=5000

m=6000

m=7000

m=5000

m=4000

m=3000

m=6000

m=6500

(b) 1/12 doping, PBC (c) 1/12 doping, APBC (d) 1/12 doping, APBC

(e) 1/8 doping, PBC (f) 1/8 doping, PBC (g) 1/8 doping, APBC (h) 1/8 doping, APBC

(i) 1/6 doping, PBC

x
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Fig. 2. Staggered spin density and electron density for 1/12 (upper panel), 1/8 (middle panel) and 1/6 (lower panel) dopings on width-4
cylinders (system sizes are 4× 48, 4× 32 and 4× 36 for 1/12, 1/8 and 1/6 dopings, respectively) under PBC (left two columns) and APBC
(right two columns). Results of finite kept states are plotted to show the convergence of the DMRG calculations. The insets in panels (a) and
(e) are plotted in semi-logarithmic scale to show the exponential decay of the staggered spin density for 1/12 and 1/8 dopings under PBC. The
dashed horizontal lines represent zero for the staggered spin density.

3.1.2. Width-6 results

As demonstrated above, the sensitivity of ground state to
boundary conditions in width-4 system reflects the nonnegli-
gible finite size effect in the model, so we extend our inves-
tigation into width-6 systems. We show the staggered spin
density and electron density for 1/12 (upper panel), 1/8 (mid-
dle panel) and 1/6 (lower panel) dopings on width-6 cylinders
under PBC (left two columns) and APBC (right two columns)
in Fig. 3. We also present results with different kept states to
illustrate the convergence process during DMRG calculations.

For 1/12 doping under both PBC and APBC on the up-
per panel of Fig. 3, we find that the spin density is Neel-
type (no sign change in staggered spin density) and charge
has 1/3 filled stripe structure (with wavelength λ = 1/(3δ )),
though the Neel order in spin density is short-ranged (see
exponentially-decaying behaviors in the inset of Fig. 3(a)) un-
der PBC but (quasi) long-ranged under APBC.

The staggered spin and charge density profiles for both
1/8 and 1/6 dopings are shown on the remaining panels of
Fig. 3. Spin and charge densities display short-range filled

stripe order under PBC, but they have quasi-long-range Neel
order in spin density with nearly uniform charge density under
APBC.

Delving deeper into the spin structures of the model, the
antiferromagnetic Neel correlation in the spin density at 1/12
doping level appears to be firmly established on the width-
6 cylinders. However, for doping levels of 1/8 and 1/6, the
nature of the ground state varies with different boundary con-
ditions applied. Additionally, it is observed that the ground
states differ between width-4 and width-6 systems, even when
subjected to the same doping and boundary conditions. This
observation underscores the significant impact of finite size ef-
fects in the model.

3.1.3. Width-8 results

As anticipated, the DMRG calculations for width-8 sys-
tems is still a formidable challenge due to the linear increase
in entanglement entropy with the cylinder’s width. Even with
the maximum kept states we can achieve (m = 30000 in the
U(1)×U(1) symmetry sector), the truncation error in the
DMRG calculations remains at the order of 10−4, indicat-
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ing that the calculations have not yet reached a satisfactory
level of convergence. To overcome this problem, we pro-
ceed with DMRG calculations initiated from various starting
states, including antiferromagnetic Neel and filled stripe con-
figurations, in an effort to ascertain their stability throughout
the DMRG sweep process. We find that for width-8 system,
only Neel (stripe) state can be stabilized in DMRG calculation
for 1/12 (1/6) doping, while both stripe and Neel states are
stable in the DMRG sweep for 1/8 doping, regardless of the
boundary conditions. The stable states are depicted in Fig. 4
for the 1/12 and 1/6 dopings, and in Fig. 5 for the 1/8 dop-

ing scenario. We notice that the Neel state at 1/12 doping
persists in the width-8 system from the width-6 system and
the charge is more uniform in the width-8 system. Besides,
both filled stripe and Neel states are stable at 1/8 doping on
width-8 cylinders but exhibit a switching behavior on width-6
cylinders under different boundary conditions, consistent with
the previous study.[27] The fact that both filled stripe and Neel
states are stable in the DMRG sweep for 1/8 doping suggests
that 1/8 doping level may reside at the cusp of a phase tran-
sition, marking the boundary between the Neel state at lower
doping levels and the stripe state at higher ones.
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It is interesting to relate our findings to cuprates. On the
electron-doped side of the phase diagram for cuprates, the an-
tiferromagnetic Neel phase in the undoped parent compounds
extends to electron doping levels exceeding 0.1. In our calcu-
lations, while a precise extrapolation with system width is not
feasible, it is highly likely that the ground state for 1/12 dop-
ing has antiferromagnetic Neel order. In this sense, the t–t ′–J
model is in accordance with cuprates.

3.2. Pairing correlation

The singlet pair–pair correlation function between bond
i (the reference bond, consisting of sites (ix, iy) and (ix,
iy + 1)) and bond i + r, defined as D(r) = 〈∆̂ †

i ∆̂i+r〉 with
∆̂

†
i = 1/

√
2(ĉ†

(ix,iy),↑ĉ
†
(ix,iy+1),↓− ĉ†

(ix,iy),↓ĉ
†
(ix,iy+1),↑), is shown in

Fig. 6 for width-4 cylinders and Fig. 7 for width-6 cylinders.
The pairing symmetry is found to be d-wave with opposite
signs for vertical and horizontal bonds except the width-4 PBC
system at 1/6 doping, for which the pairing symmetry is pla-
quette d-wave.[23] As mentioned above, the width-8 calcula-
tions are not well converged, thus we do not show the pair–
pair correlation for width-8 systems. In Figs. 6 and 7, both
results for finite kept states and the extrapolated results with
truncation error are shown.

We only show representative results for D(r) with refer-
ence bond as the 8th vertical bond (consisting of site (8, 2)
and site (8, 3)) from the left open edge. It is known that the
value of D(r) depends on the position of reference bond.[44]

We also calculate D(r) with reference bond as the 4th verti-
cal bond (consisting of site (4, 2) and site (4, 3)). The results
don’t change qualitatively but there are indeed variations in the
correlation lengths/exponents (see Table 1).

3.2.1. Width-4 results

Figure 6 shows the pair–pair correlation function D(r)
for width-4 systems. The numerical results are carefully ex-
trapolated with truncation errors to remove the finite kept state

effect. We find that for all dopings, D(r) decays algebraically
with exponent Ksc as D(r) ∝ r−Ksc (exponentially with corre-
lation length ξsc as D(r) ∝ e−r/ξsc ) under PBC (APBC) in
a modulated manner with the period of charge density wave-
length. The difference in ground state between systems under
PBC and APBC is also observed for spin and charge densities
in Fig. 2. The fitted exponents Ksc or correlation length ξsc

using the extrapolated data are also shown in Fig. 6. We no-
tice that for the system under APBC, when the spin and charge
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Fig. 6. Singlet pair–pair correlation for 1/12 (upper panel), 1/8 (middle
panel) and 1/6 (lower panel) dopings on width-4 cylinders under PBC
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density show a strong filled stripe state, D(r) decays exponen-
tially. This relationship indicates that a strong filled stripe state
is harmful for pairing as seen in the pure Hubbard model.[15]

3.2.2. Width-6 results

Figure 7 shows the pair–pair correlation function D(r) for
width-6 systems. For all the results in Fig. 7, D(r) has a fast
decaying tail which bends upward with the increase of kept
states. We attribute this tail to the intrinsic consequence of
finite number of kept states in DMRG calculations since the
matrix-product state always exhibits exponentially decaying
correlations at long distances[45] when the bond dimension is
not large enough. From the data we find the extrapolation of
D(r) with truncation error at the tail is not as reliable as at
the head. We also notice that the behavior of D(r) for r ≤ 4
does not fit in the long-range behavior. These observations
are also consistent with the BCS analysis that pair–pair cor-
relation D(r) at intermediate distances already equals to those
of the two-dimensional system.[46] Thus the small r and very
large r data are not included when performing the fit of D(r)
to obtain the exponent Ksc.
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Fig. 7. Similar to Fig. 6 but for width 6 cylinders. Singlet pair–pair corre-
lation for 1/12 (upper panel), 1/8 (middle panel) and 1/6 (lower panel)
dopings on width-6 cylinders with PBC (left) and APBC (right). The ref-
erence bond is placed at the bond consisting of sites (8, 2) and (8, 3). Both
results for finite kept states and extrapolated results with truncation error
are shown. Solid lines are algebraic fits of the extrapolated data and the
corresponding exponents are listed in the legend.

For all doping and boundary conditions, D(r) decays
polynomially for width-6 systems as shown in Fig. 7. Since
the static pair–pair superconducting susceptibility diverges as
χsc(T ) = T−(2−Ksc), all the systems display quasi long-range

pairing with Ksc < 2 as T approaches 0 K. For fixed doping,
the difference of Ksc between systems under PBC and APBC
is small. Moreover, for all the dopings, Ksc is reduced com-
pared to the width-4 results in Fig. 6. Similar conclusion can
be found in works such as Ref. [29]. The coexistence of 1/3
charge stripe and d-wave superconductivity at 1/12 doping but
a robust superconducting phase with short-ranged spin and
charge order at 1/8 and 1/6 dopings under PBC is consistent
with results from Ref. [25]. We also notice the increase of Ksc

when the doping is reduced.

4. Discussion
It was known that the filled stripe state is stable in the

pure Hubbard model for different widths,[15] where long-range
pairing is notably absent. In the t–t ′–J model, we also no-
tice that when strong filled stripe order is found in the ground
state for the width-4 system under APBC, superconducting
pairing is also short-ranged. This correlation suggests that
a robust filled stripe order may potentially impede the emer-
gence of superconductivity. In other cases, short-range stripe
states with fractional fillings are accompanied with quasi-
long-ranged superconducting pairing. In general, the t ′ term
makes the electron more mobile, causing the paired electrons
in the stripe state[15] to gain coherence and consequently, ex-
hibit superconductivity.[40] The pronounced sensitivity of the
ground state in both the t–t ′–J and t ′-Hubbard models[40] to
boundary conditions and system widths can be interpreted as
an indication of the stripe state’s vulnerability when the t ′ term
is incorporated. These findings underscore the critical impor-
tance of scrutinizing finite size effects in forthcoming research
on systems confined to narrow cylinders, ensuring a compre-
hensive understanding of the interplay between stripe order
and superconductivity.

5. Conclusion and perspective
We study the finite size effect in the electron doped t–t ′–J

model on cylinders. We have identified the notable sensitiv-
ity of the ground state to both boundary conditions and sys-
tem width, congruent with previous findings in the t ′-Hubbard
model.[40] For width-4 and width-6 systems, the ground state
switches between Neel and stripe states under different bound-
ary conditions and different system widths. For the width-
8 system and up to the number of kept states we can reach,
only Neel (stripe) state can be stabilized in DMRG calculation
for 1/12 (1/6) doping, while both stripe and Neel states are
stable in the DMRG sweep for 1/8 doping, regardless of the
boundary conditions. These results indicate that 1/8 doping
is likely to lie in the boundary of the phase transition between
the Neel phase at lower doping and the stripe phase at higher
doping, consistent with previous studies.[27] Our results offer
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useful insights into the ground state of the electron doped t–t ′–
J model by adopting the boundary condition and system size
as useful indicators and underscore the necessity of checking
the finite size and boundary condition effect in the future study
of systems on narrow cylinders. It will be interesting to also
analyze the finite size effect in the hole doped region in the
future, which is more complicated due to different competing
states in the ground state.[9]

Appendix A
A1. Effect of magnetic pinning fields

To evaluate the effect of the pinning fields, we carefully
compare the results from DMRG calculations with and with-
out pinning fields for the 1/8 doping case. Figure A1 shows the
charge and spin density (correlation) on the width-4 (4× 32)
cylinders under periodic and anti-periodic boundary condi-
tions. Here we only present converged results with truncation
error ∼ 10−7. We find the charge density exhibits the similar
behavior with the same wavelength with and without the pin-
ning fields, indicating pinning fields at the left edge have tiny
impact on the charge density only for sites near the bound-
ary. Without magnetic pinning fields, we can only calculate
spin-spin correlation to probe the magnetic structure. We find
the magnetic structures are the same with and without pin-
ning fields. We find the value of spin-spin correlation is much
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Fig. A1. Charge and spin densities (correlation) on 4×32 cylinders under
PBC (a), (b) and APBC (c), (d) with and without magnetic pinning fields
for the 1/8 doping case. The results show that the edge pinning fields
have tiny effect on the bulk properties of the system.

smaller than local spin density, so it is better to probe the mag-
netic correlation in a system by applying pinning fields at the
edges.

A2. Larger-length results for width-4 systems

We show a comparison of DMRG results for 4× 32
and 4× 64 systems under PBC and APBC at 1/8 doping in
Fig. A2. We only show converged results with truncation error
in the order of 10−6. We can find systems with different length
have the same charge and spin distributions. These results im-
ply that the system with length 32 is already long enough to
study the spin and charge structures in the model.
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Fig. A2. Comparison of charge and spin densities on 4× 32 and 4× 64
cylinders under PBC (a), (b) and APBC (c), (d) with magnetic pinning
fields on the left edge for the 1/8 doping case. The wavelength and de-
caying behaviors are the same for the two systems, indicating a system
with length 32 is long enough for the study of the model.
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