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We theoretically investigate the elliptical high-order harmonic generation from H; in two-color cross-linearly-
polarized laser fields by numerically solving the two-dimensional time-dependent Schrédinger equation. Numerical sim-
ulations show that the crossing-angle-dependent harmonic ellipticity exhibits a prominent antisymmetric structure, which
tends to disappear as the internuclear distance increases. Furthermore, ground-state electrons experience resonant transi-
tions to the first excited state at larger internuclear distances, where the disruption of symmetric electron motion suppresses
the antisymmetric structure. Additionally, a near-circularly-polarized attosecond pulse can be obtained by modulating the

crossing angle.
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PACS: 33.80.Rv, 42.65.Ky, 42.65.Re
DOI: 10.1088/1674-1056/add00a

1. Introduction

High-order harmonic generation (HHG) is an interest-
ing nonlinear phenomenon in strong field physics.!!®! The
dynamical process can be explained by three-step model.l”]
Firstly, the electron is tunneling ionized, and then the ionized
electron is accelerated in the external field. Finally, the elec-
tron recombines with the parent ion and releases high-energy
photons. The HHG can be employed to generate attosecond
pulses,®9 detect the atomic and molecular structures,!'%!!]
monitor ultrafast electron motion, %3] track chemical reac-
tion processes,!'* and so on. Moreover, the elliptical harmon-
ics have attracted widespread interest,!!>!%] due to its unique
advantages such as chiral recognition of molecules,!!”l mea-
surement of magnetic circular dichroism. 8!

For several decades, numerous methods have been pro-
posed to generate elliptically polarized harmonics.!!*-26! Kfir
et al. " pointed that the elliptically polarized harmonics could
be emitted when the atoms are irradiated by the bichromatic
counter-rotating circularly polarized laser pulses. Moreover,
the related harmonic intensity is comparable to that generated
in the linearly polarized laser field. Dorney et al.!?°! demon-
strated that both the right-handed and left-handed polarized
harmonic intensities can be enhanced by adjusting the relative
intensity ratio of the bichromatic circularly polarized driving
laser field. It results in the generation of the elliptically polar-
ized attosecond pulses with ellipticity of 0.64. Huang et al.[*!]
found a linear relationship between the ellipticity of the har-
monic emission and the ellipticity of the bichromatic counter-
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rotating driving pulses. And the polarization of harmonics can
be modulated from linearly to circularly polarized. Chang et
al.”?*) controlled the polarization of harmonics via a transient

nonlinear dipole grating. Li et al.!*?!

reported that the corotat-
ing bicircular laser fields were superior to the counter-rotating
configurations in the harmonic generation with larger ellip-
ticity. Furthermore, elliptically polarized attosecond pulses
with the ellipticity of 0.88 were obtained by optimizing the
frequency ratio. Son et al.”**! proved that the larger elliptic-
ity arises from molecular orbital symmetry and two-center in-
terference effect based on the high-precision calculations and
analyses of the harmonics from H2+ with arbitrary orientation.
Xing et al.”>>! showed that the near-circularly polarized har-
monics can be generated from the ring-current state of the Ne
atoms in the two-color orthogonally polarized laser field by
adjusting the intensity ratio. Sun ez al.?] revealed that the ef-
ficiency and polarization characteristics of the harmonics are
closely related to the molecular alignment angle and the ellip-
ticity of the driving laser field.

The laser-field parameter plays a crucial role in con-
trolling the harmonic emission, making it advantageous to
Notably, the two-
color cross-linearly-polarized laser field encompasses a vari-

utilize as many parameters as possible.

ety of adjustable parameters, including intensity, wavelength,
crossing angle as well as relative phase. These parameters
could provide multiple degree of freedoms for optimizing the
harmonic generation. In recent years, the two-color cross-
linearly-polarized laser fields were employed to generate el-
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5.[27-291 The crossing angle and

liptically polarized harmonic
the relative phase attracted much more attention in the geome-
try of the two-color cross-linearly-polarized laser field. Habi-
bovié et al.”’! regulated the intensity and the ellipticity of har-
monics from Ne atoms by changing the frequency ratio and
crossing angle of the two incident laser beams. In addition to
investigating the impact of crossing angle on atomic harmonic

28301 Fang et al.3!! delved into the influence of

generation, [
relative phase on harmonics from He atoms. And the har-
monic ellipticity was attributed to the different contributions
of multiple quantum orbits. Compared with atomic systems,
molecular systems offer additional degrees of freedom, en-
abling richer electron dynamics encoded in harmonics. More-
over, these dynamics are significantly modulated by the inter-
nuclear distance. However, the underlying physical dynamics
and the polarization characteristics of harmonics from molec-
ular ions remain unclear in two-color cross-linearly-polarized
laser fields. Therefore, it is essential to further investigate the
harmonic emission from molecular ions with varying internu-
clear distances.

In this work, the H2+ is employed to investigate the prop-
erties of the elliptical harmonics in two-color cross-linearly-
polarized laser fields. As demonstrated in previous studies

[28-311 the crossing angle

about the atomic harmonic emission,
remains an important parameter in molecular harmonic emis-
sion. Moreover, the results indicate that the crossing-angle-
dependent harmonic ellipticity is sensitive to the internuclear
distance. The obvious antisymmetric structure diminishes as
the internuclear distance increases. Nevertheless, the har-
monic ellipticity will be enhanced. This feature can be pre-
dominantly ascribed to the disruption of symmetric electron
motion at larger internuclear distance. The underlying physical
mechanism can be revealed via the electron population, time-
resolved harmonic ellipticity and electron probability density
distribution. Finally, an isolated near-circularly polarized at-
tosecond pulse can be obtained from molecular harmonics

emitted in the two-color cross-linearly-polarized laser field.

2. Theoretical method

By solving the two-dimensional TDSE, the elliptical har-
monic emission from Hj in the two-color cross-linearly-
polarized laser field has been investigated. The TDSE can be
written as

lathvya - 2” 2“ C x7y

+xEx<r>+yE,<r>}w<x,y,r>, W

here V,(x,y) is the soft-core Coulomb potential with the ex-
pression as follows:
1

Velry) = = V(x—R/2)2+y2 +a?

1
_ 2
VE+R2)2+y2+a? @

where R is the internuclear distance. The soft-core param-
eter a = 0.735 is adopted to match the ionization potential
I, = 1.09 a.u. (atomic unit) of the ground state at R =2 a.u.[3!
For the two-color cross-linearly-polarized laser field, one is
polarized along the y direction and the other one forms a cross-
ing angle 0 with the y direction, expressed as

E\(t) = E>f(t)sin(0) cos(2t — @),
E,(t) =Eif(t)cos(wt) + E> f(t)cos(0) cos(2wt — @), (3)

here E; (i = 1,2) is the peak amplitude of the electric field.
f(¢) is a five-optical-cycle (o.c.) trapezoidal envelope with one
cycle ramp on, three cycles constant and one cycle ramp off.
@ = 0.04558 a.u. is the laser frequency, and ¢ = 95° is the
relative phase. The time-dependent wave-function y(x,y,t)
is obtained via second-order split operator method.*3-3% The
time step is 0.05 a.u. The spatial grid ranges from —200 a.u.
to 200 a.u. in x direction and from —100 a.u. to 100 a.u. in the
y direction, with 999 and 499 points, respectively. Namely,
Ax = Ay = 0.4 a.u. The dipole acceleration is given by the
Ehrenfest theorem,3”]

_@%%Q+EUHW@%U%

ay(1) = (W, .1) | ‘9V§;’”+Ey<r> W), @)

Clx(l) = <llj(xayvt) |

The x and y components of harmonics (P,(®), P,(®)) can
be calculated by the Fourier transformation of dipole acceler-
ation
2

i

P(w) = ‘\/%/ax(t)e_iw’dt
P(0) = ‘\/%/ay(z)e*iwfdt

The time-resolved harmonics Hg(¢) can be given via the
wavelet transform of dipole acceleration.?!! The harmonic el-

&)

‘ 2

lipticity can be expressed as!3®]

by|—|b_

o (bl =l ©

(b4 | +1b-1)
where by = %(bx +1iby), with b, and by being the x and y
components of dipole acceleration in frequency domain, re-
spectively. Based on the Hy(t), the time-resolved harmonic
ellipticity &(¢) can also be obtained by Eq. (6). Additionally,
the ellipticity can also be written as!>*]

(N

1+72 =147 +2r2cos28
14724+ VT+r*+2r2c0s28

here r = |bx(w)/by(w)| and bx,y(w) = fj:,oax,y(t)eiiwtdt.
8 = ¢y(0) — ¢:(w) is the phase difference between x and y
components of harmonics, and ¢, ,(®) = argfa, ,(®)]. The
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attosecond pulse can be generated by superposing harmonics
in platform region,

. 2
Ly (6) = | L bes(@)e | ®)
q

where ¢ is the harmonic order.

3. Results and discussion

In numerical simulation, the HEL is selected to investi-
gate the properties of elliptical harmonics in the two-color
cross-linearly-polarized laser field, as expressed in Eq. (3).
Figure 1(a) shows the harmonic ellipticities for different R.
Here, the crossing angle 8 is equal to 90°. The peak intensity
is) =5 =2.0x 10" W/em? (E; = E; = 0.075 au.) un-
less otherwise stated. One can notice that the harmonic ellip-
ticity is significantly sensitive to R. The ellipticity is about
zero for the case of R < 3.8 a.u., and then becomes higher
for larger R. When the internuclear distance increases to
R = 4.3 a.uu., the ellipticity is 0.96 for 25th order harmonic.

of molecular harmonics. In order to get deep understanding
about the influence of crossing angle, figures 1(b) and 1(c) de-
pict the harmonic ellipticity as a function of crossing angle
at R=2.0 a.u. and R = 4.3 a.u., respectively. Astonishingly,
the crossing-angle-dependent harmonic ellipticity is antisym-
metric about 8 = 90° at R = 2.0 a.u. in Fig. 1(b). However,
this antisymmetric character is suppressed at R = 4.3 a.u., as
demonstrated in Fig. 1(c). Additionally, the suppression of
antisymmetric character can also be observed at larger inter-
nuclear distances, such as R = 7.0 a.u. and R = 10.0 a.u.,
where charge-resonance-enhanced ionization is typically ex-
pected to occur. The relative phase influences the value of har-
monic ellipticity, but its effect on the symmetry of the structure
in crossing-angle-dependent harmonic ellipticity could be ne-
glected. Moreover, for the case of ¢ = 95°, harmonics from
the 17th to 31st orders exhibit positive ellipticity at R =4.3 a.u.
and 0 = 90°, with some harmonics achieving values exceed-
ing 0.8. This feature enhances the feasibility of generating at-
tosecond pulse with higher ellipticity. Therefore, we primarily
concentrate on the results at ¢ = 95° in the subsequent discus-

So the crossing angle can dramatically affect the ellipticity  sion.
Ellipticity
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Fig. 1. (a) Harmonic ellipticities of H}' from R = 2.0 a.u. to R = 10.0 a.u. at crossing angle 6 = 90°. (b)—(c) Crossing-angle-dependent

harmonic ellipticities at R = 2.0 a.u. and R = 4.3 a.u., respectively.

To investigate the underlying electron dynamics in anti-
symmetric structure of crossing-angle-dependent harmonic el-
lipticity at R = 2.0 a.u., figures 2(al)-2(cl) present the time-
resolved harmonic ellipticity € () (pink shading) and har-
monic intensity Hy(¢) (blue line) for the 32nd order harmonic
in one optical cycle at 8 = 80°, 6 =90°, and 8 = 100°, respec-
tively. Obviously, two harmonic bursts contribute to the 32nd

order harmonic in one optical cycle. For the case of 8 = 80°

in Fig. 2(al), the time-resolved ellipticity for harmonic burst
Aj is much smaller than that of B;. After the time accumula-
tion, the ellipticity of the 32nd order harmonic, dominated by
B1, is negative. When the crossing angle increases to 8 = 90°
in Fig. 2(b1), harmonic bursts A; and B, exhibit identical in-
tensities but opposite helicities; consequently, the ellipticity
of the 32nd harmonic approaches zero. In Fig. 2(cl), the el-
lipticity at 8 = 100° is dominated by A3, resulting in a posi-
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tive value. Because harmonic emission is intrinsically linked
to electron distributions, the populations of electrons in the
ground state and the first excited state at R = 2.0 a.u. are illus-
trated in Figs. 2(a2)—2(c2). It can be seen that electrons mainly
locate in ground state, and undergo gradual variation induced
by external laser field. Consequently, at R = 2.0 a.u., harmonic
emission is dominated by electrons in the ground state. More-
over, the harmonic intensity is mainly determined by electric
field along x-direction, which is parallel to the molecular axis.
According to Eq. (3), the amplitude of E, (8 = 80°) is equal
to that of E, (6 = 100°), which results in nearly identical har-
monic intensities at these symmetric crossing angles as blue
lines depicted in Figs. 2(al) and 2(c1). To further understand
the mechanism of opposite helicities at 6 = 80° and 6 = 100°,
electron probability density distributions in the x and y direc-

tions are demonstrated in Figs. 3(a)-3(d). Under the influence
of laser field, only electrons recombining with nucleus simul-
taneously in both the x and y directions, could contribute to
harmonic emission. Due to the periodicity of electron mo-
tion, we present electron probability density distributions from
2 o.c. to 3 o.c. in Figs. 3(a)-3(d). As shown by dash lines in
Figs. 3(a) and 3(b), the elliptical harmonics at 8 = 80° pri-
marily originate from the electron distribution in the second
half-cycle, whereas those at 8 = 100° arise from the electron
distribution in the first half-cycle, as illustrated in Figs. 3(c)
and 3(d). The elliptical harmonics at 8 = 100° are generated
a half cycle earlier than those at 6 = 80°. In other words, the
phase difference between harmonics at 6 = 100° and 6 = 80°
is equal to w. Therefore, the harmonic helicities are opposite
for crossing angles symmetric about 6 =90° at R = 2.0 a.u.

1.0 1075 1.0 1075~ 1.0 — 107% —
[ Ellipticity 2 [ Ellipticity = [ Ellipticity 2
Intensity = — Intensity g — Intensity =
=] =]
5 05 o C oz 08 N\ Lo 7oz 00 o
2 5 2 £ 3 £
5_ 0 \; é 0\/ & § 0 :
0.5 z —0.5 2 " o5 2
(&)
2
_oleno=s0 Lo E I [COTET S Lot E _ olen 6= 100° 10— =
22 24 26 28 3.0 22 24 26 28 3.0 22 24 26 28 3.0
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Fig. 2. (al)—(c1) Temporal distributions of the 32nd order harmonic’s ellipticity (pink shading) and intensity (blue line) in one optical cycle at
different crossing angles (a) 6 = 80°, (b) 8 =90°, and (c) 6 = 100°, respectively. (a2)—(c2) Populations of electrons in the ground state and

the first excited state. Here R is 2.0 a.u.
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Fig. 3. Electron probability density distributions in the x and y directions at R = 2.0 a.u. for different crossing angles: (a)—(b) 8 = 80°, and (c)—(d) 6 = 100°.
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Unlike the results at R = 2.0 a.u. as shown in Fig. 1(b),
the antisymmetric structure is significantly suppressed at R =
4.3 a.u. Additionally, the ellipticities of certain harmonics
at 6 = 90° are markedly enhanced. For instance, the 25th-
order harmonic demonstrates an ellipticity of 0.96 at point
A in Fig. 1(c). What accounts for the distinct difference in
crossing-angle-dependent ellipticity structures between large
and small internuclear distances? It is well known that the
coupling between the ground state and the first excited state
becomes stronger as R increases, thereby facilitating the elec-
tron transition between these two states. To elucidate the dif-
ferences in the crossing-angle-dependent ellipticity structures
between R = 2.0 a.u. and R = 4.3 a.u. in Fig. 1, the popu-
lations of electrons in the ground state and the first excited
state at R = 2.0 a.u. (red line) and R = 4.3 a.u. (black line)
for 6 = 90° are demonstrated in Figs. 4(a) and 4(b), respec-
tively. At R = 2.0 a.u., the energy difference between the
ground state and the first excited state is 0.42 a.u. Owing
to this considerable energy gap, electron transition between
these two electronic states is significantly suppressed. As de-
picted in Figs. 4(a) and 4(b), the population of electrons in the
ground state (red line) is greatly higher than that of the first ex-
cited state at R =2 a.u. Consequently, the electron transition at
R = 2.0 a.u. has negligible impact on the harmonic ellipticity.
The energy gap between the ground state and the first excited

1.0

(a)
Ground state

— 2.0 a.u.
— 4.3 a.u.

0.81

o
=

Population
e
[y

e
o

o
p
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[ e S e S
o O O O
Lol

109

Intensity (arb. units)

10—11

[P ——

10 20 30 40 50 60

Harmonic order (w/wp)

state decreases with the increasing of R. At R =4.3 a.u., the
energy gap approaches twice the photon energy of the fun-
damental field (@ = 0.04558 a.u.). Therefore, the resonant
transition from the ground state to the first excited state oc-
curs via two-photon absorption, leading to a notable increase
in the population of electrons in the first excited state (black
line) as shown in Fig. 4(b). On the one hand, electrons in the
first excited state could be easily ionized, resulting in harmonic
intensities of P, and P, at R = 4.3 a.u. approximately three or-
ders magnitude higher than those at R = 2.0 a.u., as depicted
in Fig. 4(c). Additionally, the intensities of P and P, are com-
parable at R = 4.3 a.u. On the other hand, the first excited
state also affects the harmonic phase. In Fig. 4(d), the phase
difference between the x and y components remains around
0 w or £7 at R = 2.0 a.u., which dominated by electrons in
the ground state. However, the phase difference between the x
and y components shifts around +0.57 from 17th to 31st or-
der harmonics at R = 4.3 a.u. For the 25th order harmonic at
R = 4.3 a.u., the intensity ratio between the x and y compo-
nents is 1.06, and the related phase difference is 0.5 7. Based
on Eq. (7), the 25th-order harmonic is near-circularly polar-
ized. In a word, the resonant transition from the ground state
to the first excited state plays an important role in harmonic
ellipticity at R = 4.3 a.u. and 6 = 90°.
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Fig. 4. (a)—(b) Populations of electrons in the ground and first excited states at R = 2.0 a.u. (red line) and R = 4.3 a.u. (black line), respectively.
(¢) The x and y components of harmonic spectra at R = 2.0 a.u. (P, P) and R = 4.3 a.u. (P, Py), respectively. (d) Phase difference between x and y

x>ty

components of harmonics from the 17th to 31st orders at R = 2.0 a.u. and R = 4.3 a.u., respectively. All results are under the condition of 6 = 90°.

To elucidate the physical mechanism of the antisymmet-
ric structure suppression at R = 4.3 a.u., electron dynamics of
harmonic emissions at 8 = 80° and 6 = 100° are investigated.
In Fig. 5(a), ellipticities of harmonics from 19th to 30th orders

are positive both at 8 = 80° and 6 = 100°, indicating a lack of
antisymmetric characteristics. As above mentioned, the reso-
nant transition from the ground state to the first excited state

significantly affects the harmonic ellipticity at R =4.3 a.u. and
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6 =90°. In Fig. 5(b), we provide the populations of electrons
in the first excited state at 6 = 80° (black line) and 6 = 100°
(red line), respectively. It can be seen that the population of
electrons in the first excited state at 6 = 80° is similar to that
at 6 = 100°, which is attributed to the resonant transition via
two-photon absorption. A great number of electrons in the first
excited state could considerably enhance the ionization pro-
cess. Subsequently, these ionized electrons will be accelerated
in the two-color cross-linearly-polarized laser field. Moreover,
electron motion is affected by E, and E,. Based on Eq. (3),
E.(0 =80°) = E((6 = 100°), E,(6 = 80°) # E,(6 = 100°).
As expected, electron motion in the x direction at 0 = 80° is
similar to that at & = 100° under the interaction of identical
laser intensity in the x direction, as demonstrated by electron
probability density distributions in Figs. 5(c) and 5(d). Since
there are substantial ionized electrons at both 8 = 80° and
6 = 100°, the effects of the laser intensity in y direction are
amplified. As dash line shown in Figs. 5(e) and 5(f), elec-

1.0
> (a) ——0=100°
5 ——0 = 80°
2 05
=
0 20 22 24 26 28 30
Harmonic order (w/wp)
g i0.010
= 90 0.0029
kS
~ 8.4X10~*
5 0
—20 2.4X10*
1.0 15 2.0 25 3.0 _5
Time (o.c.) 7.1x10
20 KGR 2.1X10-°
/;? 10 5.9x10-6
kS
T 0 A I1.7><106
>
10 5.0X10-7

1.0 1.5 2.0 2.5 3.0
Time (o.c.)

0.5

tron motion in the y direction at 6 = 80° differs from that at
6 = 100°. In other words, the symmetry of electron motion is
disrupted due to Ey (6 = 80°) # E, (6 = 100°). In this case,
the ionized electrons tend to recombine with parent ions via
trajectories without symmetry. As a result, the antisymmetric
structure in crossing-angle-dependent ellipticity is suppressed.
Additionally, this mechanism can be verified by setting E| (¢)
along the x direction instead of the y direction. Specif-
ically, E.(t) = Ef(¢)sin(0)cos(20t — @) + E1 f(t) cos(wt)
and Ej(t) = Eyf(t)cos(0)cos(2mwt — ¢). In this scenario,
E.(0) = E((r—0) and E,(8) = —E, (7w — ). Moreover, the
antisymmetric structure of the crossing-angle-dependent har-
monic ellipticity is independent of R. Due to its similarity with
the results in Fig. 1(b), the simulation results for the case of
E (1) along the x direction not presented here. Therefore, it is
the disruption of the symmetric electron motion at R =4.3 a.u.
that suppresses the antisymmetric structure in crossing-angle-
dependent harmonic ellipticity.

= L0 (b) First excited state
9 0.8 P
- — 60 =100°
< 06 — 6 =80°
2 04
g 0.2
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Fig. 5. (a) Harmonic ellipticity at & = 80° and 6 = 100°, respectively. (b) Populations of electrons in the first excited state at 6 = 80° (black line) and
6 = 100° (red line), respectively. (c)—(f) Electron probability density distributions in the x and y directions at @ = 80° and 6 = 100°, respectively.
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Fig. 6. (a) Crossing-angle-dependent ellipticity (black circles) and duration (pink circles) of the attosecond pulse. (b)—(c) Temporal profile and projection of
the attosecond pulse on the x—y plane at 6 = 92°, respectively. Here, the superposed harmonics range from the 23rd order to the 30th order at R = 4.3 a.u.

The harmonic generation is viewed as an ideal source
for generating attosecond pulses.!""%11 As can be seen from
Fig. 1(c), the harmonic ellipticity is larger in the range from
6 = 80° to 8 = 100°. So an isolate elliptically polarized at-
tosecond pulse can be obtained by superposing several orders

of harmonics at appropriate crossing angle. Figure 6(a) illus-
trates the crossing-angle-dependent ellipticity (black circles)
and the duration (pink circles) of the attosecond pulse. The at-
tosecond pulse is synthesized by superposing harmonics from
the 23rd to the 30th orders at R = 4.3 a.u. Here, I} and I,
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are 2.0 x 10'* W/cm?. It shows that both the duration and the
ellipticity are sensitive to the crossing angle. Moreover, at-
tosecond pulses with the maximum ellipticity of 0.99 could be
generated at 8 = 90°, 6 =91°, and 6 = 92°, respectively. As
depicted in Fig. 6(b), the shortest duration is 191 as at 6 =92°,
and the projection of electric field of the attosecond pulse on
the x—y plane is presented in Fig. 6(c). The results indicate that
superposing harmonics from molecular ions in the two-color
cross-linearly-polarized field is an effective method to gener-
ate near-circularly-polarized attosecond pulses.

4. Conclusion

In general, we have theoretically investigated the el-
liptical harmonics from Hj in the two-color cross-linearly-
polarized laser field by solving the two-dimensional time-
dependent Schrodinger equation. The numerical results show
that the crossing-angle-dependent harmonic ellipticity is anti-
symmetric about 8 = 90° at R = 2.0 a.u. However, with the
increase of internuclear distance, this antisymmetric structure
tends to be suppressed. It reveals the significant role of the first
excited state in elliptical harmonic emission by analyzing the
harmonic ellipticities at different internuclear distances. Fur-
thermore, an isolated attosecond pulse with the ellipticity of
0.99 can be obtained at R = 4.3 a.u. by adjusting the cross-
ing angle. This work could provide an effective way to gen-
erate near-circularly-polarized attosecond pulses from aligned
molecules.
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