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This study presents a (2+1)-dimensional complex coupled dispersionless system. A Lax pair is proposed, and the Dar-
boux transformation is employed to construct multisoliton solutions. These solutions exhibit a range of wave phenomena,
including bright and dark solitons, S-shaped formations, parabolic profiles, and periodic wave patterns. Additionally, it is
shown that the system is equivalent to the sine-Gordon equation and the negative flow of the modified Korteweg–de Vries
hierarchy through appropriate transformations.
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1. Introduction
Nonlinear evolution equations play a crucial role in a va-

riety of scientific disciplines, including fluid dynamics, con-
densed matter physics, and plasma physics.[1,2] These equa-
tions are notable for their integrability properties, which in-
clude the Lax pair structure, infinite conservation laws, and
soliton solutions. The study of soliton equations has at-
tracted significant attention, leading researchers to apply var-
ious mathematical techniques. Among these, scholars such
as Ablowitz et al.,[3] Wang et al.,[4] Zhang et al.,[5] and
Ma et al.[6] have thoroughly examined the inverse scatter-
ing method. Painlevé analysis has also received considerable
attention, with contributions from Ablowitz et al.,[8] Liu et
al.,[7] and Xu.[8] The Bäcklund transformation has been cov-
ered in works by Konno and Wadati,[9] Gao et al.,[10] and
Xie and Fan.[11] The algebraic geometry approach received
attention in work by Belokolos et al.,[12] while the authors
in Ref. [13] explored the similarity reduction technique. Yao
et al.[14] employed the bilinear method to investigate fem-
tosecond soliton interactions influenced by higher-order non-
linear and dispersion effects. Similarly, Shao and Sudao in
Ref. [15] used the method to derive and analyze localized and
interaction solutions for a (3+1)-dimensional nonlinear equa-
tion. Among these methods, the Darboux transformation (DT)
is thoroughly examined by Matveev and Salle.[16] This tech-
nique is well known for generating a variety of analytical so-
lutions, including breather solutions,[17] as well as rational,
periodic, bright, and dark solitons.[18] The generalized DT has
been applied to the three-component Gross–Pitaevskii equa-
tions in F = 1 spinor Bose–Einstein condensates, leading to
the derivation of high-order solutions, such as bright–dark–
bright rogue waves, periodic waves, and their interactions.[19]

Over the past few decades, the dispersionless or quasi-
classical limits of integrable equations and hierarchies have
attracted significant interest from researchers. These limits
emerge in the study of various problems in applied mathemat-
ics and physics, including quantum field theory and conformal
mappings in the complex plane.[20,21] In Ref. [22], Konno and
Ono introduced a coupled dispersionless (CD) integrable sys-
tem, given by

∂τ ρ +2v∂ξ v = 0, ∂ξ ∂τ v−2ρv = 0, (1)

where ρ = ρ(ξ , τ) and v = v(ξ , τ) are scalar functions of
space and time, and ∂τ and ∂ξ represent partial derivatives
with respect to the corresponding variables. The system equa-
tion (1) is referred to as dispersionless because it lacks a dis-
persion term, rather than arising as a semiclassical limit. A
generalized form of the CD system, proposed by Kakuhata
and Konno,[23] is expressed as

∂τ ρ +∂ξ (vw) = 0, ∂ξ ∂τ v−2ρv = 0,

∂ξ ∂τ w−2ρw = 0, (2)

where w = w(ξ ,τ) is a scalar function dependent on ξ

and τ . When w = v*, we obtain the complex CD sys-
tem. Physically, the generalized CD system describes the in-
teraction of a current-fed string in a specific external mag-
netic field.[24] The CD system and its complex counterpart
have been shown to be gauge-equivalent to the sine-Gordon
equation and the Pohlmeyer–Lund–Regge model.[24] More re-
cently, the relationship between the motion of space curves,
the real and complex CD systems, and the real and com-
plex short-pulse equations has been established through hodo-
graph transformations.[26] The CD and complex CD systems,
along with their extensions to non-Abelian Lie groups and
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non-commutative versions, have been widely studied over the
years. These systems can be fully solved using methods
such as the Darboux transformation, Hirota’s bilinear method,
and other solution-generating techniques (see, for example,
Refs. [26–28], and references therein).

A common approach in theoretical studies is to begin
with the simplest models to grasp fundamental principles. In
nonlinear physics, this often involves (1+1)-dimensional sys-
tems, where significant progress has been made. However,
despite their simplicity, these systems remain an active area
of research with many open questions. Moving to higher-
dimensional systems is a natural step forward. Since the laws
of nature are nonlinear and often modeled in multiple dimen-
sions, studying higher-dimensional problems has become in-
creasingly important. In this work, we focus on the com-
plex CD (CCD) system in (2+1) dimensions, referred to as
the (2+1)-CCD system hereafter, given by

(∂τ −∂η)ρ +
(
∂ξ −∂η

)
|v|2 = 0,(

∂ξ −∂η

)
(∂τ −∂η)v−2ρv = 0. (3)

Assuming that v is a real function, that is v = v*, the system
described by Eq. (3) is referred to as a real (2+1)-CD system.
The solutions of the system (3) can be represented in terms of
the solutions to the well-known equations.

(i) Using the transformations ρ =(1/2)cosu and v= v*=
(1/2)(∂τ −∂η)u, where u= u(ξ ,η ,τ) is a real scalar function,
the (2+1)-CCD system (3) reduces to the (2+1)-dimensional
sine-Gordon equation[29](

∂η −∂ξ

)
(∂η −∂τ)u = sinu. (4)

(ii) Using ρ =
√

c− (∂ξ u−∂η u)(∂ξ u*−∂η u*), where c
is a constant, we convert the system (3) into(

∂ξ −∂η

)
(∂τ −∂η)v

= 2
√

c− (∂ξ v−∂η v)(∂ξ v*−∂η v*)v. (5)

This equation is just the negative flow of modified Korteweg–
de Vries hierarchy in (2+1) dimensions.[30]

(iii) Under the transformation ρ(ξ , η , τ) =

P(κ, t), v(ξ , η , τ) = W (κ, t), u(ξ , η , τ) = Q(κ, t), and
ξ +η +τ = σ , ξ = κ , τ = t, η = η(σ , κ, t), ξ = ξ (σ , κ, t),
τ = τ(σ , κ, t), we have

∂η = ∂σ , ∂ξ = ∂σ +∂κ , ∂τ = ∂σ +∂t , (6)

and equations (3)–(5) reduce to their respective (1+1)-
dimensional forms with new fields P, Q, and W :

∂tP+∂κ |W |2 = 0, (7)

∂t∂κW −2PW = 0, (8)

∂κ ∂tQ = sinQ, (9)

∂t∂κW = 2
√

c−∂κ |W |2W. (10)

In this work, we study a (2+1)-dimensional complex cou-
pled dispersionless system and show that it is equivalent to
the sine-Gordon equation and the negative flow of the mod-
ified Korteweg–de Vries hierarchy through suitable transfor-
mations. We construct a Lax pair for this system, which allows
us to generate multisoliton solutions using DT. These solutions
are expressed as ratios of simple determinants and exhibit di-
verse structures, including bright and dark solitons, S-shaped
formations, parabolic profiles, and periodic wave patterns.

The paper is structured as follows. Section 1 provides an
overview of the CD system, highlights significant past find-
ings, and introduces the system (3). Section 2 discusses the
Lax pair and DT, and elaborates on the derivation of multi-
soliton solutions for the system (3). Section 3 is dedicated to
the computation and analysis of one- and two-soliton solutions
against a zero background using DT. The paper concludes with
Section 4, which summarizes the main findings and proposes
potential avenues for future research.

2. Lax pair and Darboux transformation
The Lax pair of (2+1)-CCD system is given by the fol-

lowing system of linear differential equations:

∂ξ Φ = ∂η Φ +ζ𝒰Φ , (11)

∂τ Φ = ∂η Φ +(ζ−1
Γ +𝒱)Φ , (12)

where Φ = Φ(ξ , η , τ;ζ ) is the eigenfunction, ζ is the spec-
tral parameter, the matrices U , V , and G are given by

𝒰 =−i
(

ρ (∂ξ −∂η)v
(∂ξ −∂η)v* −ρ

)
, 𝒱 =

(
0 −v
v* 0

)
,

Γ =

(
i/2 0
0 −i/2

)
. (13)

The compatibility condition of the Lax pair [Eqs. (11) and
(12)] yields (2+1)-CCD system (3). We now proceed to derive
the DT of the (2+1)-CCD system. We utilize a DT to derive
solutions for both the Lax pair and the (2+1)-CCD system (3).
We introduce a new solution Φ [1] of the Lax pair Eqs. (11)–
(12), which is linked to the original solution Φ through a 2×2
matrix T (ξ , η , τ; ζ ), referred to as the Darboux matrix. The
one-fold DT for the solution of the Lax pair is expressed as

Φ
[1] ≡ T (ξ , η , τ; ζ )Φ = (ζ−1I −M)Φ , (14)

where I is 2× 2 identity matrix, and M is a 2× 2 auxiliary
matrix that simplifies the system, enabling the Lax pair for-
mulation to derive soliton solutions in terms of specific matrix
solutions. The matrix M is expressed as M = θZ−1θ−1, where
Z is a diagonal matrix of eigenvalues, and θ represents the ma-
trix solution of the Lax pair equations (11) and (12):

θξ = θη +𝒰θZ, (15)

θτ = θη +Γ θZ−1 +𝒱θ . (16)

Quasideterminants have found applications in the study
of integrable systems, particularly in constructing multisoliton
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solutions. The quasideterminant |Y |i j is defined as an expan-
sion around the element yi j

|Y |i j =

∣∣∣∣∣Y
i j li

j

p j
i yi j

∣∣∣∣∣= yi j − p j
i

(
Y i j)−1

li
j, (17)

where p j
i is the i-th row of Y excluding the j-th entry, li

j is
the j-th column of Y excluding the i-th row, and Y i j ̸= 0 is the
submatrix obtained by removing the i-th row and j-th column
from Y . For further details, see Ref. [31].

Theorem 1 Suppose (θ1, θ2, . . . , θk) represents partic-
ular matrix solutions of the Lax pair defined in Eqs. (15) and
(16), which correspond to the eigenvalues (Z1, Z2, . . . , Zk),
respectively. By using properties of quasideterminants. the
k-fold application of the DT can be expressed as

𝒰 [k] = 𝒰 +(∂ξ −∂η)

∣∣∣∣ F ℰ (k)

F̃ O

∣∣∣∣ , (18)

where ℰ (k) =
(
O O · · · I

)
is a 2k×2 matrix, I and O denoting

the identity and zero matrices of sizes 2×2, respectively. The
matrix F̃ =

(
θ
(k)
1 θ

(k)
2 · · · θ

(k)
k

)
, the 2× 2k matrix, and F is

a 2k×2k matrix given by

F =


θ1 θ2 . . . θk

θ
(1)
1 θ

(1)
2 . . . θ

(1)
k

...
...

. . .
...

θ
(k−1)
1 θ

(k−1)
2 . . . θ

(k−1)
k

 ,

where θ (1) = θZ−1, and θ (k) = θZ−k.
Note that representing the solution as a ratio of determi-

nants is more practical from a computational point of view.
Therefore, rather than using quasideterminants, we simplify
the representation of the solution Eq. (18) by stating it as a
ratio of simple determinants. Thus, we have the following the-
orem.

Theorem 2 Suppose Φn = (χn, ψn)
T (1 ≤ n ≤ 2k) rep-

resent the eigenfunctions of the Lax pair Eqs. (11)–(12) eval-
uated at the eigenvalues ζn. Then, ρ [k] and v[k] with the seed
solutions ρ = ρ [0] and v[0] satisfy Eq. (3) and represents a so-
lution to the system when χ2k = −ψ*

2k−1, ψ2k = χ*
2k−1 and

ζ2k = ζ *
2k−1

ρ
[k] = ρ

[0]+ i(∂ξ −∂η)


1

θ̃

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

χ1 . . . χ2k 0
ψ1 . . . ψ2k 0
...

...
...

χ
(k−1)
1 . . . χ

(k−1)
2k 1

ψ
(k−1)
1 . . . ψ

(k−1)
2k 0

χ
(k)
1 . . . χ

(k)
2k 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣


,

v[k] = v[0]+ i


1

θ̃

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

χ1 . . . χ2k 0
ψ1 . . . ψ2k 0
...

...
...

χ
(k−1)
1 . . . χ

(k−1)
2k 0

ψ
(k−1)
1 . . . ψ

(k−1)
2k 1

χ
(k)
1 . . . χ

(k)
2k 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣


, (19)

where

θ̃ =

∣∣∣∣∣∣∣∣∣∣∣∣

χ1 . . . χ2k
ψ1 . . . ψ2k
...

...
χ
(k−1)
1 . . . χ

(k−1)
2k

ψ
(k−1)
1 . . . ψ

(k−1)
2k

∣∣∣∣∣∣∣∣∣∣∣∣
. (20)

3. Explicit solutions
In this section, we apply the DT to the fields of the (2+1)-

CCD system (3) to explicitly derive solutions, including bright
and dark solitons, S-shaped structures, parabolic forms, and
periodic solitons. These solutions are obtained using the DT
expressions Eq. (19) by starting with a constant seed solution
and appropriately adjusting the free parameters. To calculate
explicit expressions for solution of one and two solitons, we
take the seed solution as ρ = ρ [0] = a, v = v[0] = 0, where a is
a constant. In this background, we obtain the solutions to the
Lax pair Eqs. (11)–(12):

χn = exp
[
−iaζnξ +

i
2ζn

τ +An f (ξ , η , τ)

]
, (21)

ψn = exp
[

iaζnξ − i
2ζn

τ +Bng(ξ , η , τ)

]
. (22)

Here, An and Bn are constants. By substituting Eqs. (21)–(22)
into Eq. (19), we derive the one-fold (k = 1) solution of the
(2+1)-CCD system (3) under reduction χ2 = −ψ*

1 , ψ2 = χ*
1

,ζ2 = ζ *
1 , A1 = B2, and A2 = B1, with the following choices

for the arbitrary functions f (ξ , η , τ) and g(ξ , η , τ):

(I) When f (ξ , η , τ) = g(ξ , η , τ) = (ξ +η + τ):

ρ
[1] = a+

−2(ζ1 −ζ2)
2ae2µ1(B1+B2)

ζ1ζ2

(
exp
(

2iaξ ζ1 ζ 2
2 +(−2iζ 2

1 aξ+4B2µ1ζ1+iτ)ζ2−iτζ1
2ζ1ζ2

)
+ exp

(
2iaξ ζ 2

1 ζ2+(−2iζ 2
2 aξ+4B1µ1ζ2+iτ)ζ1−iτζ2

2ζ1ζ2

))2 ,

v[1] =
i (ζ1 −ζ2)exp

(−2iaξ ζ 2
1 ζ2+(−2iζ 2

2 aξ+2(B2+B1)µ1ζ2+iτ)ζ1+iτζ2
2ζ2ζ1

)
ζ2ζ1

(
exp
(

2iaξ ζ1 ζ 2
2 +(−2iζ 2

1 aξ+4B2µ1ζ1+iτ)ζ2−iτζ1
2ζ1ζ2

)
+ exp

(
2iaξ ζ 2

1 ζ2+(−2iζ 2
2 aξ+4B1µ1ζ2+iτ)ζ1−iτζ2

2ζ1ζ2

)) , (23)
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where µ1 = ξ +η + τ .
(II) When f (ξ , η , τ) = g(ξ , η , τ) = (ξ +η + τ)2:

ρ
[1] = a+

−2(ζ1 −ζ2)
2ae2µ2(B1+B2)

ζ1ζ2

(
exp
(
−2iaξ ζ 2

1 ζ2+(2iζ 2
2 aξ+4µ2

2 B2ζ2−iτ)ζ1+iτζ2
2ζ1ζ2

)
+ exp

(
2iaξ ζ 2

1 ζ2+(−2iζ 2
2 aξ+4µ2

2 B1ζ2+iτ)ζ1−iτζ2
2ζ1ζ2

))2 ,

v[1] =
i (ζ1 −ζ2)exp

(−2iaξ ζ 2
1 ζ2+(−2iζ 2

2 aξ+2(B2+B1)µ2ζ2+iτ)ζ1+iτζ2
2ζ2ζ1

)
ζ1ζ2

(
exp
(
−2iaξ ζ 2

1 ζ2+(2iζ 2
2 aξ+4µ2

2 B2ζ2−iτ)ζ1+iτζ2
2ζ1ζ2

+ exp
(

2iaξ ζ 2
1 ζ2+(−2iζ 2

2 aξ+4µ2
2 B1ζ2+iτ)ζ1−iτζ2

2ζ1ζ2

)) , (24)

where µ2 = (ξ +η + τ)2.

(III) When f (ξ , η , τ) = g(ξ , η , τ) = sin(ξ +η + τ):

ρ
[1] = a+

−2(ζ1 −ζ2)
2ae2µ3(B1+B2)

ζ1ζ2

(
exp
(

4B2µ3ζ1ζ2−2i(aξ ζ2ζ1+
τ
2 )(ζ1−ζ2)

2ζ1ζ2

)
+ exp

(
4B1µ3ζ1ζ2+2i(aξ ζ2ζ1+

τ
2 )(ζ1−ζ2)

2ζ1ζ2

))2 ,

v[1] =
i (ζ1 −ζ2)exp

(−2iaξ ζ 2
1 ζ2+(−2iζ 2

2 aξ+2(B2+B1)µ3ζ2+iτ)ζ1+iτζ2
2ζ2ζ1

)
ζ1ζ2

(
exp
(

4B2µ3ζ1ζ2−2i(aξ ζ2ζ1+
τ
2 )(ζ1−ζ2)

2ζ1ζ2

)
+ exp

(
4B1µ3ζ1ζ2+2i(aξ ζ2ζ1+

τ
2 )(ζ1−ζ2)

2ζ1ζ2

)) , (25)

where µ3 = sin(ξ +η + τ).

(IV) When f (ξ , η , τ) = g(ξ , η , τ) = (ξ +η + τ)3:

ρ
[1] = a+

−2(ζ1 −ζ2)
2ae2µ4(B1+B2)

ζ1ζ2

(
exp
(

2iayζ1 ζ 2
2 +(−2iζ 2

1 ay+4B2µ3
4 ζ1+it)ζ2−itζ1

2ζ1ζ2

)
+ exp

(
2iayζ 2

1 ζ2+(−2iζ 2
2 ay+4µ3

4 B1ζ2+it)ζ1−itζ2
2ζ1ζ2

))2 ,

v[1] =
i (ζ1 −ζ2)exp

(−2iaξ ζ 2
1 ζ2+(−2iζ 2

2 aξ+2(B2+B1)µ4ζ2+iτ)ζ1+iτζ2
2ζ2ζ1

)
ζ1ζ2

(
exp
(

2iayζ1 ζ 2
2 +(−2iζ 2

1 ay+4B2µ3
4 ζ1+it)ζ2−itζ1

2ζ1ζ2

)
+ exp

(
2iayζ 2

1 ζ2+(−2iζ 2
2 ay+4µ3

4 B1ζ2+it)ζ1−itζ2
2ζ1ζ2

)) , (26)

where µ4 = 2(ξ +η + τ)3.

In Eqs. (23)–(26), we derived the one-fold solution,
which serves as a foundation for obtaining more general so-
lutions of the (2+1)-CCD system (3). The solutions ρ [1] and
v[1] in Eq. (23) correspond to dark and bright solitons, respec-
tively, and solutions ρ [1] and v[1] in Eq. (24) correspond to dark
and bright parabolic structures. Equation (25) describes peri-
odic solitons, while equation (26) produces S-shaped soliton
structures. Note that, when the function f (ξ ,η ,τ) = ξ +η+τ

is linear, the envelope soliton propagates with a well-defined
velocity, given by

vη =
(B1 −B2)(B1 −B2 −ζ1I/|ζ1|2)

4(a2ζ 2
1I − (B1 −B2)aζ1I +(B1 −B2)2/2)

in the η-direction and

vξ =
(B1 −B2 −2aζ1I)(B1 −B2 −ζ1I/|ζ1|2)

4(a2ζ 2
1I − (B1 −B2)aζ1I +(B1 −B2)2/2)

in the ξ -direction. However, when f (ξ ,η ,τ) is quadratic, si-
nusoidal, or cubic, the argument of the envelope function con-
tains nonlinear terms, introducing spatial and temporal varia-
tions in velocity. As a result, the envelope no longer moves
with a uniform speed, and the soliton may experience defor-
mation, acceleration, or changes in its shape over time. The

propagation dynamics become more intricate, depending on
the form of f (ξ ,η ,τ). These solutions are plotted in Fig. 1.

Next, we compute the two-soliton solution using the two-
fold (k = 2) DT from Eq. (19). These solutions can be clas-
sified based on different behaviors observed in the (2 + 1)-
dimensional system. Hence, we have

ρ
[2] = ρ

[0]+ i(∂ξ −∂η)


1

θ̃

∣∣∣∣∣∣∣∣∣∣∣

χ1 . . . χ4 0
ψ1 . . . ψ4 0
χ
(1)
1 . . . χ

(1)
4 1

ψ
(1)
1 . . . ψ

(1)
4 0

χ
(2)
1 . . . χ

(2)
4 0

∣∣∣∣∣∣∣∣∣∣∣

 ,

v[2] = v[0]+ i


1

θ̃

∣∣∣∣∣∣∣∣∣∣∣

χ1 . . . χ4 0
ψ1 . . . ψ4 0
χ
(1)
1 . . . χ

(1)
4 0

ψ
(1)
1 . . . ψ

(1)
4 1

χ
(2)
1 . . . χ

(2)
4 0

∣∣∣∣∣∣∣∣∣∣∣

 , (27)

where

θ̃ =

∣∣∣∣∣∣∣∣
χ1 . . . χ4
ψ1 . . . ψ4

χ
(1)
1 . . . χ

(1)
4

ψ
(1)
1 . . . ψ

(1)
4

∣∣∣∣∣∣∣∣ , χ
(1)
1 = ζ

−1
1 χ1, ψ

(1)
1 = ζ

−1
1 ψ1. (28)
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By solving Eq. (27) using symbolic computation, we have

ρ
[2] = a+ i(∂ξ −∂η)

ρnum

dl
, v[2] =

vnum

dl
, (29)

where ρnum, vnum, and dl are respectively given in Eqs. (A1)–(A3) in Appendix A.
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Fig. 1. Profiles of the solutions from Eqs. (24)–(26), under different parameter configurations: (a) corresponds to solution Eq. (24) with
ζ1R = 0.1, ζ1I = 1.4, and B1 =−B2 = 0.2; (b) corresponds to solution Eq. (25) with ζ1R = 0.1, ζ1I = 0.4, and B1 =−B2 =−1.5; (c) corresponds
to solution Eq. (26) ζ1R =−0.1, ζ1I = 1.8, and B1 =−B2 =−0.005, and a =−0.8.
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Fig. 2. Profiles of the solution v[2] (a) and ρ [2] (b) from Eq. (29) for the (2+1)-
CCD system, under different parameter configurations: ζ1R = −ζ1I = 0.3,
ζ2R = ζ2I = 0.6, B1 = −B2 = −0.1, and B3 = −B4 = 0.2, and B3 = −B4 =
0.001, and a =−0.8.

The solutions in Eq. (29) exhibit a range of dark and
bright soliton profiles, shaped by the spectral parameters and
the specific form of ν in Eqs. (A1)–(A3). When ν is linear,
that is, ν = ξ +η + τ , the solutions correspond to standard
bright and dark solitons. A quadratic form, ν = (ξ +η + τ)2,

results in parabolic profiles, while a sinusoidal form, ν =

sin(ξ + η + τ), leads to periodic solutions. A cubic form,
ν = (ξ + η + τ)3, gives rise to S-shaped soliton structures.
Figure 2 illustrates the interaction dynamics of two bright v[2]

and two dark ρ [2] solitons in the (2+1)-CCD system. Bright
solitons (Fig. 2(a)) exhibit localized peaks propagating with
inherent acceleration, sustained by a balance of nonlinear fo-
cusing and dispersion. Meanwhile, dark solitons (Fig. 2(b))
appear as stable intensity dips on a background, maintained
through phase-modulated interactions with their surroundings.

These figures highlight soliton interactions influenced by para-
metric sensitivity: bright solitons emerge in regimes domi-
nated by focusing nonlinearity, whereas dark solitons prevail
under defocusing conditions.

Figures 3(a) and 4(a) highlight parabolic soliton struc-
tures in the (2+ 1)-CCD system. Figure 3(a) shows a bright
parabolic soliton corresponding to the v[2] solution, character-
ized by a localized peak propagating in the ξ –τ plane. In
contrast, figure 4(a) presents a dark parabolic soliton associ-
ated with solution ρ [2], distinguished by a localized dip. These
visualizations reveal the distinct behaviors of bright and dark
solitons, providing insight into the dynamics of the system and
the impact of parameter variations.

Figures 3(b) and 4(b) depict the interaction of two peri-
odic solitons in the (2+1)-CCD system. The solitons exhibit
a repeating wave structure, maintaining their periodic nature
as they propagate along the ξ - and τ-directions. The interac-
tion region, visible at the center, shows a localized increase
in wave intensity in Fig. 3(b), indicating constructive interfer-
ence, while figure 4(b) shows a localized dip at the center. The
periodic pattern remains intact after interaction, demonstrating
a stable soliton collision where the wave profiles preserve their
structure. This behavior highlights the integrability of the sys-
tem, confirming the persistence of solitonic features even after
nonlinear interactions.
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Fig. 3. Profiles of the solution v[2] from Eq. (29) for the (2+ 1)-CCD system, under different parameter configurations: (a) corresponds
to ζ1R = −ζ1I = 0.5, ζ2R = ζ2I = 0.6, B1 = −B2 = 1.2, and B3 = −B4 = 0.001; (b) corresponds to ζ1R = ζ1I = 0.5, ζ2R = ζ2I = 0.6,
B1 = −B2 = 1.2, and B3 = −B4 = 1.5; (c) corresponds to ζ1R = 0.8, ζ1I = ζ2I = 0.5, ζ2R = 0.6, B1 = −B2 = 0.02, and B3 = −B4 = 0.001,
and a =−0.8.
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Fig. 4. The solution profiles of ρ [2] from Eq. (29) for the (2+1)-CCD system. These profiles are generated under different parameter settings,
with all parameters kept the same as in Fig. 3, except for B1 =−B2 =−0.1 and B3 =−B4 = 0.2, corresponding to (a).

Figure 4(c) illustrates an S-shaped or cubic dark soliton
in the (2 + 1)-dimensional CCD system. The soliton has a
central dip, indicating a decrease in wave intensity, while fig-
ure 3(c) shows a central peak. The soliton extends outward
in opposite directions, forming an S-like shape. The left and
right parts propagate along the ξ -axis, while the upper and
lower sections spread along the τ-axis. The central region rep-
resents the main interaction zone, where the wave undergoes
significant changes. This structure arises because of specific
system conditions, which demonstrate how solitons interact
and evolve over time.

4. Conclusion
In this work, we have studied a (2+1)-CCD system and

demonstrated its equivalence to the sine-Gordon equation and
the negative flow of the modified Korteweg–de Vries hierarchy
through suitable transformations. We constructed a Lax pair
for this system, enabling the generation of multisoliton solu-
tions using the Darboux transformation. These solutions, ex-
pressed as ratios of simple determinants, exhibit a wide range
of structures, including bright and dark solitons, S-shaped for-
mations, parabolic profiles, and periodic wave patterns.

Further exploration of this system could involve its gener-

alization to an arbitrary nonabelian Lie group, where the Dar-
boux transformation could be applied to derive broader classes
of solutions. Furthermore, integrating machine learning tech-
niques, such as physics-informed neural networks for unsu-
pervised learning and Bayesian regularization backpropaga-
tion for supervised learning, could provide deeper insights into
the system’s behavior and facilitate the analysis of more com-
plex scenarios. Another promising direction is the extension
of the generalized (2+1)-dimensional complex coupled disper-
sionless system to more intricate configurations of current-fed
strings in external magnetic fields, incorporating nonlocal ef-
fects. This would involve investigating the influence of vary-
ing magnetic field strengths, currents, boundary conditions,
and external perturbations on wave dynamics, stability, and
nonlinear interactions.

Future work will also focus on exploring the existence
of rational solutions, such as lump solutions, for the equation
studied. Identifying lump-type structures could provide valu-
able insights into the interplay between localized and nonlo-
cal interactions. Furthermore, explicit solutions will be in-
vestigated by considering the seed solution ρ = a and v =

ce i(ξ κ+ηk+wτ). This approach is expected to lead to the dis-
covery of breather and rogue wave solutions, which are of
great interest in nonlinear wave phenomena.

Appendix A: Explicit expressions of ρnum, vnum, and d1

ρnum = (ζ2 −ζ1)(ζ3 −ζ4)

×
(

ζ3ζ4(ζ1 +ζ2)exp
(−2iaξ ζ 2

1 ζ2ζ3ζ4 +(−2iξ ζ 2
2 ζ3ζ4a+(2iξ ζ 2

3 ζ4a+(2iζ 2
4 aξ +2Biνζ4 − iτ)ζ3 − iζ4τ)ζ2 + iζ3ζ4τ)ζ1 + iτζ2ζ3ζ4

2ζ1ζ4ζ3ζ2

)
+ζ2ζ1(ζ3 +ζ4)exp

(2iaξ ζ 2
1 ζ2ζ3ζ4 +(2iξ ζ 2

2 ζ3ζ4a+(−2iξ ζ 2
3 ζ4a+(−2iζ 2

4 aξ +2Biνζ4 + iτ)ζ3 + iζ4τ)ζ2 − iζ3ζ4τ)ζ1 − iτζ2ζ3ζ4

2ζ1ζ4ζ3ζ2

))
+ζ2ζ4(ζ3 −ζ1)(ζ1 +ζ3)(ζ2 −ζ4)

× exp
(−2iaξ ζ 2

1 ζ2ζ3ζ4 +(2iξ ζ 2
2 ζ3ζ4a+(−2iξ ζ 2

3 ζ4a+(2iζ 2
4 aξ +4(B2 +B4)νζ4 − iτ)ζ3 + iζ4τ)ζ2 − iζ3ζ4τ)ζ1 + iτζ2ζ3ζ4

2ζ1ζ4ζ3ζ2

)
+ζ2ζ3(ζ4 −ζ1)(ζ1 +ζ4)(ζ2 −ζ3)

× exp
(−2iaξ ζ 2

1 ζ2ζ3ζ4 +(2iξ ζ 2
2 ζ3ζ4a+(2iξ ζ 2

3 ζ4a+(−2iζ 2
4 aξ +4(B2 +B3)νζ4 + iτ)ζ3 − iζ4τ)ζ2 − iζ3ζ4τ)ζ1 + iτζ2ζ3ζ4

2ζ1ζ4ζ3ζ2

)
+ζ1(ζ4(ζ2 −ζ3)(ζ2 +ζ3)(ζ4 −ζ1)

× exp
(2iaξ ζ 2

1 ζ2ζ3ζ4 +(−2iξ ζ 2
2 ζ3ζ4a+(−2iξ ζ 2

3 ζ4a+(2iζ 2
4 aξ +4(B1 +B4)νζ4 − iτ)ζ3 + iζ4τ)ζ2 + iζ3ζ4τ)ζ1 − iτζ2ζ3ζ4

2ζ1ζ4ζ3ζ2

)
+ζ3 exp

(2iaξ ζ 2
1 ζ2ζ3ζ4 +(−2iξ ζ 2

2 ζ3ζ4a+(2iξ ζ 2
3 ζ4a+(−2iζ 2

4 aξ +4(B1 +B3)νζ4 + iτ)ζ3 − iζ4τ)ζ2 + iζ3ζ4τ)ζ1 − iτζ2ζ3ζ4

2ζ1ζ4ζ3ζ2

)
× (ζ2 −ζ4)(ζ2 +ζ4)(ζ3 −ζ1)), (A1)
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vnum =−i(ζ3 −ζ1)(ζ2 −ζ3)ζ
2
4 (ζ2 −ζ1)

× exp
(−2iaξ ζ 2

1 ζ2ζ3ζ4 +(−2iξ ζ 2
2 ζ3ζ4a+(−2iξ ζ 2

3 ζ4a+(2iζ 2
4 aξ +2(B2 +B1 +2B4)νζ4 − iτ)ζ3 + iζ4τ)ζ2 + iζ3ζ4τ)ζ1 + iτζ2ζ3ζ4

2ζ3ζ4ζ1ζ2

)
− i(ζ2 −ζ1)(ζ4 −ζ1)ζ

2
3 (ζ2 −ζ4)

× exp
(−2iaξ ζ 2

1 ζ2ζ3ζ4 +(−2iξ ζ 2
2 ζ3ζ4a+(2iξ ζ 2

3 ζ4a+(−2iζ 2
4 aξ +2(B2 +B1 +2B3)νζ4 + iτ)ζ3 − iζ4τ)ζ2 + iζ3ζ4τ)ζ1 + iτζ2ζ3ζ4

2ζ3ζ4ζ1ζ2

)
− i(ζ 2

2 (ζ4 −ζ1)(ζ3 −ζ1)

× exp
(−2iaξ ζ 2

1 ζ2ζ3ζ4 +(2iξ ζ 2
2 ζ3ζ4a+(−2iξ ζ 2

3 ζ4a+(−2iζ 2
4 aξ +2(2B2 +B4 +B3)νζ4 + iτ)ζ3 + iζ4τ)ζ2 − iζ3ζ4τ)ζ1 + iτζ2ζ3ζ4

2ζ3ζ4ζ1ζ2

)
+ζ

2
1 exp

(2iaξ ζ 2
1 ζ2ζ3ζ4 +(−2iξ ζ 2

2 ζ3ζ4a+(−2iξ ζ 2
3 ζ4a+(−2iζ 2

4 aξ +2(2B1 +B4 +B3)νζ4 + iτ)ζ3 + iζ4τ)ζ2 + iζ3ζ4τ)ζ1 − iτζ2ζ3ζ4

2ζ3ζ4ζ1ζ2

)
× (ζ2 −ζ4)(ζ2 −ζ3))(ζ3 −ζ4), (A2)

dl =−
((

exp
(−2iaξ ζ 2

1 ζ2ζ3ζ4 +(−2iξ ζ 2
2 ζ3ζ4a+(2iξ ζ 2

3 ζ4a+(2iζ 2
4 aξ +2Biνζ4 − iτ)ζ3 − iζ4τ)ζ2 + iζ3ζ4τ)ζ1 + iτζ2ζ3ζ4

2ζ1ζ4ζ3ζ2

)
+ exp

(2iaξ ζ 2
1 ζ2ζ3ζ4 +(2iξ ζ 2

2 ζ3ζ4a+(−2iξ ζ 2
3 ζ4a+(−2iζ 2

4 aξ +2Biνζ4 + iτ)ζ3 + iζ4τ)ζ2 − iζ3ζ4τ)ζ1 − iτζ2ζ3ζ4

2ζ1ζ4ζ3ζ2

))
(ζ3 −ζ4)(ζ2 −ζ1)

+(ζ3 −ζ1)
(

exp
(−2iaξ ζ 2

1 ζ2ζ3ζ4 +(2iξ ζ 2
2 ζ3ζ4a+(−2iξ ζ 2

3 ζ4a+(2iζ 2
4 aξ +4(B2 +B4)νζ4 − iτ)ζ3 + iζ4τ)ζ2 − iζ3ζ4τ)ζ1 + iτζ2ζ3ζ4

2ζ1ζ4ζ3ζ2

)
+ exp

(2iaξ ζ 2
1 ζ2ζ3ζ4 +(−2iξ ζ 2

2 ζ3ζ4a+(2iξ ζ 2
3 ζ4a+(−2iζ 2

4 aξ +4(B1 +B3)νζ4 + iτ)ζ3 − iζ4τ)ζ2 + iζ3ζ4τ)ζ1 − iτζ2ζ3ζ4

2ζ1ζ4ζ3ζ2

))
(ζ2 −ζ4)

+(ζ2 −ζ3)exp
(−2iaξ ζ 2

1 ζ2ζ3ζ4 +(2iξ ζ 2
2 ζ3ζ4a+(2iξ ζ 2

3 ζ4a+(−2iζ 2
4 aξ +4(B2 +B3)νζ4 + iτ)ζ3 − iζ4τ)ζ2 − iζ3ζ4τ)ζ1 + iτζ2ζ3ζ4

2ζ1ζ4ζ3ζ2

)
+
(

exp
(2iaξ ζ 2

1 ζ2ζ3ζ4 +(−2iξ ζ 2
2 ζ3ζ4a+(−2iξ ζ 2

3 ζ4a+(2iζ 2
4 aξ +4(B1 +B4)νζ4 − iτ)ζ3 + iζ4τ)ζ2 + iζ3ζ4τ)ζ1 − iτζ2ζ3ζ4

2ζ1ζ4ζ3ζ2

))
(ζ4 −ζ1)

)
×ζ3ζ1ζ2ζ4, (A3)

where Bi = B1 +B2 +B3 +B4.
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