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The widespread popularization and application of laser technology have provided a powerful tool for a deeper un-
derstanding of the material world and given birth to several emerging research fields. This study mainly focuses on the
following three key aspects. First, the classical ensemble method is adopted to conduct a comprehensive and in-depth
analysis of two-dimensional (2D) matter—wave pulses in Bose—Fermi mixed gases (including linear and nonlinear pulses).
Second, under the strict constraints of unitary systems, a coupled KdV equation is successfully derived, and the prolongation
structure theory is skillfully used to carry out detailed calculations and analyses on this equation. Thus, the prolongation
algebra of this equation is accurately determined, and the corresponding Lax pair is rigorously derived. Finally, based on
the carefully obtained Lax pair from the prolongation structure theory, the soliton solutions of this equation are further ana-
lyzed in depth, and intuitive images of each soliton solution are carefully drawn. This lays a solid foundation for subsequent
detailed research on these soliton characteristics and provides great convenience.
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1. Introduction

At present, solving the three-dimensional (3D)
Schrodinger equation of a two-electron system numerically
by quantum mechanics methods is facing tremendous com-
putational challenges. Conversely, classical methods have
provided effective solutions to this issue through the imple-
mentation of novel methodologies.!!?] Therefore, this study
adopts the classical ensemble method to explore the phe-
nomenon of atomic ionization in elliptically polarized strong
laser fields. In recent years, laser cooling and atomic trap-
ping techniques have made significant breakthroughs in the
field of mathematical physics. These breakthroughs have not
only realized Bose—FEinstein condensation (BEC), but also in-
cluded phenomena such as mixtures of two types of bosons,
Fermi degenerate atomic gases, and Bose—Fermi mixtures. 34!
Subsequently, the academic community has carried out ex-
tensive and in-depth research on these phenomena at both
experimental and theoretical levels. In particular, the Gross—
Pitaevskii (GP) equation has been used for systematic research
on BEC.[>-3! Furthermore, research on Bose—Fermi mixtures
has been extended to the crossover regime between BEC and
weakly correlated atomic BCS condensation, resulting in the
establishment of numerous related parameters.

In 1975,Wahlquist and Estabrook established the prolon-
gation structure theory of (1+1)-dimensional nonlinear evo-
lution equations based on the system of exterior differential
forms and Lie algebra representation theory, and systemati-

cally proposed an effective method for solving the linear spec-

TCorresponding author. E-mail: jiayangjie123@ 163.com

CSTR: 32038.14.CPB.adcdf1

tral problems of nonlinear evolution equations. The core of
this method is to express the (1+1)-dimensional integrable
nonlinear differential equation as a set of exterior differential
2-forms and ensure that these exterior differential forms con-
stitute a closed ideal. By introducing potentials or pseudopo-
tentials and related exterior differential 1-forms, and requiring
that these newly introduced exterior differential 1-forms to-
gether with the original exterior differential 2-forms form a
new closed ideal, the Lax representation and Backlund trans-
formation of the integrable equation are successfully derived.
They applied this theory to the KdV equation and system-
atically obtained the linear spectral problem and Bicklund
transformation of the KdV equation. Since its inception,
this theoretical approach has been extensively employed in
the analysis of (1+1)-dimensional integrable nonlinear evolu-

9-111 Recently, researchers have used this the-

tion equations.|
ory to conduct in-depth analysis and research on the Heisen-
berg ferromagnetic chain equation,[!?! higher-order nonlinear
Schrodinger equation,!?! and reaction—diffusion equation.!!#!
With the in-depth study of soliton theory, in recent years,
a series of systematic methods have been developed to find
exact solutions of nonlinear evolution equations, including
the inverse scattering method,!>! nonlinearization method, %!
Hirota bilinear method,!'”! geometric algebra method,!'®!
Darboux transformation method, ! Biicklund transformation
method,?! and Painlevé analysis method, 211 etc. Among
these methods, the Darboux transformation method has at-
tracted much attention for its simplicity and effectiveness. The
core idea of this method is to start from a known seed solution
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and obtain new and more meaningful solutions of the equation
through a specific transformation process, thereby obtaining
the exact solution of the nonlinear evolution equation. This
process can also be described as follows: if a solution to a
certain nonlinear partial differential equation is known, then
further solutions to the differential equation can be found; if
a solution to the same equation is known, then another solu-
tion to the integrable evolution equation can be obtained.*?! In
addition, by using iteration techniques, higher-order Darboux
transformations can be realized, and thus higher-order so-
lutions of the equation can be obtained from simple solu-
tions through higher-order transformations. So far, rich re-
search results have been achieved in solving nonlinear evolu-
tion equations related to 2 x 2 matrix spectral problems using
the Darboux transformation method. 23241

In recent years, the research on various types of coupled
KdV equations has attracted widespread attention. This pa-
per focuses on the properties of two-dimensional matter-wave
pulses in Bose—Fermi mixed gases, covering linear and nonlin-
ear Bose—FEinstein condensates (BEC) and Bardeen—Cooper—
Schrieffer (BCS) theory, as well as the derivation of solitary-
wave equations under the limit conditions of unitary systems.
Subsequently, this paper conducts an in-depth study on the
coupled KdV equation using the prolongation structure theory,
explores its prolongation algebraic structure, and successfully
constructs the corresponding Lax pair. In this study, we em-
ploy the Darboux transformation method to systematically de-
rive the single-soliton, double-soliton, triple-soliton, and gen-
eral n-soliton solutions of the equation. Furthermore, graphi-
cal representations of these solutions are presented to facilitate
a comprehensive analysis of their dynamical properties and in-
teraction behaviors.

2. The evolution of dynamic equations

The spatial correlation properties of one-dimensional
(1D) strongly interacting Bose—Fermi mixed gases were inves-
tigated at absolute zero and finite low temperatures. For Bose—
Fermi mixed quantum gases in the Tonks—Girardeau atomic
gas regime, the two-body spatial correlation function was cal-
culated, and the complex many-body wave function spatial
correlation function was transformed into an easily calcula-
ble matrix determinant form. By solving this equation exactly,
the microscopic mechanism of interparticle interactions was
revealed, and the critical conditions for quantum phase tran-
sitions in low-temperature environments were further verified,
providing theoretical support for experimental control of the
properties of mixed gases. In addition, the study found that
as the temperature decreased, the correlation strength between
particles significantly increased, causing significant changes
in the macroscopic properties of the mixed gas. This finding
is of great significance for understanding the unique behavior

of low-temperature quantum systems. Therefore, for Bose—

Fermi mixed gas systems containing a large number of parti-
cles, the following 2D nondimensionalized dynamic equation
is satisfied at specific temperatures: (>

{ihgt% =[-

2
QhWbVZ“FUb“FIJb(”lbﬂb) + Gop| B %,
. 2
ing% = [—Z}?Tpvz‘*‘Up‘F#p(”p:“p

)+ Goplt4 15,
Here, wy,(np,an) = cbongbo (14 cblnb ) denotes the chemical
formula for bosons, p,(np,a,) = cponp o1+ cplnp ') repre-
sents the chemical formula for a fermion, The dependence
of the propagation velocity, amplitude and the width of the
solitary wave on the dimensionless interaction parameter y =
1/(kpasc) is presented for the limited cases of the BEC regime
and unitarity. Uy = Uy = Sm[@? (x* +y?) + ©22%] denotes the
= /ny(r,1)e® ) constitutes an or-
der parameter for bosons, ¥ (r,¢) = /ny(r,1)e% ") consti-
tutes an order parameter for fermions, n; (j = b,p) denotes

external potential, ¥, (r,7)

the ionic density, The parameter Gy, characterizes the interac-
tion between bosons and fermions.

Substituting ¥ (r,7) = /np (r,1) e® (") into the first equa-
tion of Eq. (1) and ¥ (r,t) = \/np(r,)e% ") into the second
equation of Eq. (2), simplification yields

anb + V (nb;V‘Pb) = Oa

i2 a, +2mb[( ¢)? ﬁVZ\/’Tb]
[Ub +.Ub(n ,ap)] +Gbp”p =0,
2
(npav¢P)

"’P ol A ((Vp)? - THT,VW]
+3 [Up + tp(np,ap)] + Gopnp =0

Assuming a particle is confined within a potential
well characterized by a disk-shaped potential, Uy, = U, =
sm[o? (x> +y%) + w?7?], where @, represents the transverse
frequency along the x or y axes, and @, denotes the poten-
tial well frequency along the z axis. To facilitate the non-
dimensionalization of variables, we define the following trans-

formation of equation set (2):

(x,3,2) = a;(¥',y,2),

=o',
HE
nj=njn’, (j=b,p),
3
a; = [mT,Z]l/z, )
njo=N/a3,
pj=hopu’,  (j=b,p).

Substituting these variables into Eq. (2), and given that
the disk potential @, /@, is exceedingly small, we can neglect
the term (@, /@z)?. The subsequent discussion is as follows:

1
Up=Up = 5m[aﬁ(x2 +y) + 0] (0, < 0,).

Consequently, equation (1) in equation set (2) and Eq. (3)
can be transformed into
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al/

T [V (V' 8])] = 0 = %2 4 [V (n,V6,)] =0,
a//

TE AV (V' 6)] = 0= G2+ [V (1,V6,)] = 0.

“

Note: (V' = %V), In equation set (2), the second and fourth equations can be correspondingly transformed into the following

equivalent forms:

a'6) @?
ig?+3 [(V’Gb w% (X2 +y?)+ 2%+ ;l"—zagub—&—Gbpnp =0,
a'6; 2
i o F 45 [(V/ , % X +y )+Z2] + h%a%[.lp +Gbpnb =0.

In this investigation,

(o= ) = 2= ) = s = =)

Consequently, equation (5) can be reformulated as

08 1oy i 7] 2 / _
iyh+5[(V Ob wz (2 +y?) +z ]+ 1y + Gpnp = 0,
26} rg/y2 _ Ly Y ﬁ 2y, 2 / _
iz +3[(V'6) V Vil +algr @ 242 4+ 2]+t + Gopn, = 0

Equation (7) is thus transformed into the following equivalent form:

1% 1 1[(Vey)? — ViVl +ilg L (2 49%) + 2] + iy + Goprtp = O,

2
. d
% 1 1](V6,)? —ﬁvzﬁ}+%[—5(x +37) + 22+ ttp + G = 0.

Consequently, the system of Eq. (2) can be recast in the following form:

3”"+[ (nbveb)]=0
1%+ 11(V6,)% — V2 ] 4+ 3155 (2 +3%) + 22+ o + Gopitp =0,
I (V- (np7 6p)] =0,

26, g
PG+ 5[(V6)? — = V2] + 305 (02 +57) + 2]+ iy + Gty = 0.

Hypothesis:

{\/» Aj(x,,2)Gj(z), (j=Db,p)
:_ét"‘q)/(x Yz )

and assuming:

1 d2Gj
2 dz?

1
+ EZZG]' = VGj.

Forv = —%, G;j= e /2 (eigenvalue). Substituting Eqgs. (10) and (11) into the system of Eq. (9) yields

2 2
"A"+‘9£"‘3%b+9*‘y"‘9"’*’+‘/4b(" 4+ 2% =0,

—Li(5% + Zh) + (— + 1 )Ab+Ab{5€b+%[<7“’”) (R + Koo + Gpo3G; =0,

dAp | dAp 8(pp dAp 9@y gy

ot dx +)3y+A(8x2+ ) 0,
L
2

Pay, | %A J J
(G +520)+ (~E+DAp+Ap {52 + 3G+ (G2} + HpAp + GopApAR Gy = 0

2
In this derivation, given @; < @, it follows that % (x> +y%) — 0. Based on the established conditions:

{ wi(nj,a;) = cjon” (1+cpni"),

2 L
—A]G], (]_bap)
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Substituting Eq. (13) into the second and fourth equations of system (12) yields

2
_71<aAb+Mb)+(—§+ )Ab+Ab{ 2 K%%b) +(%)2”
+Abcb0”b0 +Abcbon|§bocblnb +GprbA2G2 0,
%A a A a g
+Apcponp +Apcp0n;p°cp1n;pl + GppA pAgG% =0.

(14)

The preceding equation is thus transformed into the following equivalent form:

2 2
~Li <aa)i12b+3f\b>+(_§+ )Ab+Ab{ +3 [(%) +(8%D) }}
ooy G eppepi Ay TG 4 Gy AbAzG%:O’
2
(% 2+ g b a2 (2 (22) )

2ry0+1 2ro0+2rp1+1 _2r 0+2r,
PO PO pl PO pl 22
+epdy ™ Gy G, + GpApAZG2 = 0.

s)

2rp0

+ cpocp1Ap
2 . . . .
Moreover, for v = —%, Gi=¢e* /2 (eigenvalue), which reduces the governing equation to

(3 50) el 1) (2)])
te OAzrbo+1 —1poz +Cb0cb1A2Vb0+2rbl+1 —(fbo+rb|)2_|_Gb AbA%e_ZZZZO,
(5 52) H e a (B 3[(R) + () ])
Te 0A2rp0+1 —rp02 +CPOCPIA2rpo+2rp1+1 —(rpo+rp1)z +GprpA%672H —o.

Upon multiplying both sides of the aforementioned equation by e’zz, and integrating with respect to z over the do-
main ([7_ e Tdz= \/T), we obtain

(16)

U3+ ) b1 (2)7+ (3))
\/%Airbo+l+ r;)bicrt;lﬂr A2rb0+2rb1+l+\/—GprbA —0, -
(5 ) s () (2))
oAt AT rGa ] o
Consequently, the system of Eq. (17) can ultimately be reduced to
"Ab+6£ba%+a£P%+lAb(az—%+az—f§b):o,
s N CaT CaRIC)
_’_\/% 2rb0+1+ r;biiilﬁ Azr"°+zrb1+l+bepAbA —0, -

JdA dAp 09, dAp 09, 1
Tttty eyt (8x2 + avz)zo’

55+ 5) e+ Dy a2 +4[(32) 4 (3)])

p0 2rpo+1 Cp0Cpl 2rpo+2rp1+1 2
+\/rpo+1 P + 1p0+7p1+1 P +ﬁGprPAb 0

Assuming, concurrently, that A; = ujo+ €%ajo+ €*aji, ¢; = €0+ €>9j1, (j=b,p), E =€(z—c;t) (j=b,p), T=¢€, and
substituting this expression into equation set (18), we obtain, after computation and simplification,

iag‘;o _ i 9;?;0 4 23ucbb ap, 8;% + ﬂGbp(Zupoapo)ag% + Gp (2unyap, + 2up0ab0)ag% 0, 19
iagzo - % a;ggo + 23L;p ap, 8520 + T Gpp (2upyap,) 8350 + TGrop (2up, an, +2ub0ap0)a§% =0.
Consequently, we derive the coupled KdV equations
13320 _ %8;% + ZSLZJb A, 850 4 ZﬂGbpubOapo 35 —|-27'CGbpupO l;élpo) —0, o0
% oL 98220 i ap, 20 4 2 Gty iy e -+ 2G5 —

070201-4
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3. Prolongation structure of the coupled KdV
equations

The KdV equation, a cornerstone in the study of the dy-
namics of Bose—Fermi mixtures, provides a precise descrip-
tion of the behavior of certain non-ideal fluids. Through the
exact analytical solutions of the KdV equation, researchers
can predict phenomena such as solitons and shock waves in
fluid dynamics. These phenomena have significant applica-
tions in diverse fields including astrophysics, oceanography,
and acoustics. In the realm of mathematics, the development
of soliton theory has revealed the nature of the KdV equation
as a nonlinear evolution equation with soliton solutions, lead-
ing to the development of various methods within mathemati-
cal physics for solving such nonlinear partial differential equa-
tions. This paper aims to solve the Lax pair of this nonlinear
evolution equation via prolongation structures.

Proposed hypothesis: ﬁ = % =1, 2nGppupy =
2nGypupy = 4, dap, = u, dap, = v, a;% = u, a;% = u,,

d a
% =, S—ZO = v, Therefore, the coupled KdV system ob-

tained in the second section admits the following transforma-
tion:

{ iuy 4+ 4uny — iy +4vvy +4(uv), =0, 2

v +4vvy — iy + duy +4(uv), = 0.

In the case where v = 0, the coupled KdV equations pre-
sented herein simplify to the canonical KdV equation.

We now define the following transformations: u, = p,
Uy = Py = ¢, Vx = @, and vy, = @, = Y. Consequently, equa-
tion (21) can be reformulated as an equivalent first-order sys-
tem of partial differential equations

Uy =p,
Uxx = DPx,
Vx = (pv

22
Vix = P, (22)
i, =gy —4dup —4(u+v)p —4vp,
v =y, —4vo —4(u+v)p —4ug.

On the manifold U = {x,t,u,v, p,q, @, W}, we define a set
of exterior 2-forms

o) =dtAdu+dxAde p,
o =dtAdp+dxAdz g,
oz =dt ANdv+dxAdre,
oy =dtANde+dxAdty,
o5 =idxAdu+dtAdg—dxAdrd(ue +ve +vp),
o =idxANdv+drAdy—dxAdrd(up+vp+ue).

(23)

In this context, d signifies the exterior derivative, and A
symbolizes the wedge product. Applying the exterior deriva-
tive to Eq. (23) results in

doy = dx A oy,

dop = dx A as,

doz = dx Ay,

doy = dx A g,

dos = dx A (oudp + cau + agdu),
doag = dx A (o4 + asdv).

(24)

Therefore, I = {o,, 03,04, 05,06} forms a closed
ideal on the manifold U.
2-forms o
fret, () (), plx, 1), q(x,0), 9, W),
tion (21) is derived. We now introduce n 1-forms @*:

Upon restriction of the
to zero on the solution manifold U =

equa-

wh = dyf + FX(x,t,u,v,p,q, 0, v,y dx
—i—Gk()c,t,u,v,p,q,(p,l/l,y")dt7 (k=1,...,n). (25)

In this context, yi denotes the augmented variables, and
we stipulate that they, in conjunction with ¢, define a novel
closed ideal. Specifically, we impose the following condition

on (Dki

6 n
dof = Zlf}a/+2nj’-/\a)1. (26)
j:

Given that f; represents a 0-form and n; represents a 1-
form, the following system of partial differential equations is

satisfied by F¥(u,v, p,q, ¢, v.y") and G*(u,v, p,q, 9, y,y").

Fy=F,=Fy=Fy =0, 27)
Gy=F., Gy=F. (28)
PGy +qGp+ 0G, + Gy

+(4up +4vp +4vp)F,

+(4up+4vp+4u)F, + [G,F] =0. (29)

Integrating Eq. (29) over the variables ¢ and y produces
the subsequent outcome

G = gF,+ WF, +Gi(u,v,p, 0,y"). (30)

Substituting expression (30) into Eq. (29) yields the fol-
lowing result:

! 1
Gl = _l(iszuu+2p(vau+§(p2Fvv)
= plFu, F] = @[F,, F] + G2 (u,,y"). (€)Y}

Inserting expression (31) into Eq. (30) and performing the
subsequent derivation produces the following system of equa-

tions:
Fuuu:()a [FuuaF]:Oa
Fyy = 07 [FVWF] = 07
Fy = 0; [FWM;F] = Oa
32
Fu=0, [FiF]=0, G2
Gy, = —4vF, — 4uF, — 4vF, +i[|F,, F], F],
Gy, = —4uF, — 4vF, — 4uF, + i[[Fv,F],F], [GZ,F] =0.

Based on Eqgs. (27), (30), (31), and (32), we posit that
F:i(Xo-i-qu—‘rVXQ). (33)

Here, we posit that the variables X; (i =0, 1,2,) are func-
tions exclusively of the prolonged variables y/. Given that
[X1,X0] = X4, [X1,X2] = X5, [X2,X0] = X, substitution of F

070201-5
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into Eq. (10) allows us to derive the subsequent relations via
application of the Jacobi identity:

[X4,X1] 4X, =0, [X6,X2] —4X,
[X4,X2] =4X,, [X5,X2] 0
[X6,X0] —4X,, [X7,X2] =
[X6,X1] + [XQ,XS] 4X, (34)
(X2, Xs]+ [X0,X5] =0, X1 =—Xo,
Gy, = IM[X6,X0}+M [X4,X1]—4MVX1
+ 23X, +iv[Xg, Xo] +iX5.

Substituting G into the equation [G,, F] = 0, we obtain
the following relation:

X4+ [[X4,X1],Xo] + [[X6,Xo0],X1] = 0,

(X4, X1}, Xo0] + [[X4, Xo], X1] + [X6, X1 ], X1] = 0,

Xo + [[X67X2LXO] —2Xs5+ HX67X0]7X2} = 0,

—2X4 + [[X6,Xo0], Xo] — 2X5 + [X3,X2] = 0, (35)
—2X6 + [[X67X0]7X0] + [X3,X1] =0,

[[Xs,X2],X2] = 0,
[[Xs,X1],X1] =0,

[X3,X0} =0.

Assuming that [X4,X0} =Xg, [X47X1] = Xo, [X4,X2} = X0,
[X@Xo} =X, [X6,X1] = Xj2, and [X6,X2] = Xj3, the subse-
quent relations are derived from Eq. (35):

[X9,X1] =0, X;-+ [Xg,X()] = —2X5—
—2Xe + [X11,X0] + [X3,X1] =0,

—4Xe + [Xs, Xo] — 4X4 + [X12, Xo]
+X11,Xa] + [X11,X1] =0,

X5 + [Xo,Xo] + [Xg,X]] + [X12,X1] =0, (36)
[X3,X2] —4Xs5 — X5 — [X5,X6| =0,

Xe + [X13,X0] —2X5 +[Xi11,X2] =0,

72X4 + [Xll ,X()] + [X3,X2] - 0,

X5+ [X12,X] =0, [X3,X0]=0.

[X11,Xo),

By combining Egs. (35) and (36), we obtain

[Xs,X1] = [X3,X2], [X3,Xo] = Xa,

[Xo,Xo0] = [Xo,X3] = [Xo,X2],

[Xo,X1] = [Xo,X2] =0, 37)
[X10,Xo0] = [Xo,Xa], [X10,X1] = [X10,X2] =0,
[X11,X0] = [Xo0,X2],  [X11,X1] = [X11,X2] =0,
[X12,X0] = [Xo0,X2],  [X12,X1] = [X12,X2] = 0.

From Eq. (34), we find that [X4,X;] = —X; and [X;,Xp] =
X4, which implies that X is a nilpotent element, whereas X4

B 0 -l
“\irt+u+v 0 )7

- (2u2 +20?

—2iA%u—2iA%v —4iA* A+ g+ v

is a central element within the algebraic structure. Moreover,
equation (21) displays a particular scaling symmetry, where A
denotes the spectral parameter.

x> A% oA u— 2w, v AR (38)

If we impose the invariance of @' under the aforemen-
tioned scaling transformation, we obtain

F > AF, G— AG. (39)

And the condition on X; is

Xo — iﬁ,X(), X — l_1X1, X, — )L_IX% (40)
X3—>ilSX3, X4 — X4, X5 —Xs, X — 1Xp-
Employing the basis of generators {X;,i =1,2,...,6}, by

Xo=—X1, [Xa,X1]=-X1, [X1,X0]=Xy. 41)

Within this investigation, we effect an embedding of the
algebra y' into the Lie algebra SL(2,c), subject to the subse-
quent constraints:

X1 =e_, X4 =h. (42)

Then, we have

(00 L (10 (01
““=\-10) "“\o=1)" ¢~ \oo0)

To explicitly define Xy, X1, X>, this study derives a closed

Lie algebra generated by (Xy,...,Xs) based on Egs. (35) and

(36)
[XzﬂXl] 07 [X27X0] = X67 [X37X1] = _4’X47
(X3, Xo] = —4X47 [X3,X4] =4X3,  [X4,X0] = Xo, @3)
[X57X0] [X57X1] = 07 [XS;XZ} = O;
[X(,,XO] 7X17 [X67X1] :X17 [XG,XZ] == *X2~

Consequently, we establish the corresponding generators,
where A denotes the spectral parameter

{ Xo=e,+iL%e_, Xo=e_, (44)

X3 =2iA%e, —4idte_.

Substituting the aforementioned generators into
Egs. (31)—(34) yields the explicit forms of F and G,

—p— irZ—2oy—
P—9 ZIXPJFZ(L; 2v>. 45)

Assuming |y = 0, we can derive the Lax representation of Eq. (21)

1 1 1 1
(2 () <)
X t

Employing the symmetry relation y,,

= Y;x, the original equation (21) is immediately recovered.
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In the investigation of the coupled KdV equations,
we have successfully employed the prolongation structure
method, which is crucial for revealing the intrinsic algebraic
structure of nonlinear partial differential equations. Through
this approach, we derived the Lax pair for the equation, a sig-
nificant mathematical result. This not only confirms the inte-
grability of the equation but also provides a powerful tool for
solving it. The existence of the Lax pair is fundamental to
constructing the Darboux transformation, an effective method
for obtaining exact solutions of nonlinear evolution equations.
Utilizing the Darboux transformation, we can systematically
generate new, more complex solutions, such as soliton solu-
tions, from known seed solutions. These solutions are par-
ticularly important in describing physical phenomena like the
nonlinear propagation and interaction of waves. Furthermore,
the Darboux transformation allows us to explore the algebraic
structure and geometric properties of the solutions, as well as
their underlying physical significance.

Subsequent research will concentrate on utilizing the ob-
tained Lax pair to construct the Darboux transformation for
the coupled KdV equations. This step is not only a critical
component of the theoretical derivation but also a key bridge
for translating abstract mathematical structures into concrete
physical applications.

4. Employing the Darboux transformation to as-
certain exact solutions

Within the Lax pair formalism, we have successfully
derived the single-soliton solutions of a nonlinear evolution
equation system. This was achieved by introducing seed so-
lutions, employing variable transformations, and utilizing the
Darboux transformation method, all facilitated by symbolic
computation. This approach not only simplifies the solution
process for complex equations but also elucidates the intrin-
sic structure of soliton solutions, thereby providing a robust
foundation for subsequent investigations into multi-soliton so-
lutions and their interactions. Subsequently, by constructing
a Darboux matrix and iteratively applying the Darboux trans-
formation method, we computed and obtained the explicit ex-
pressions for two-soliton and three-soliton solutions, which
validated the reliability of the method. Through iterative cal-
culations, we ultimately derived the n-soliton solutions of the
equation.

Initially, based on the prolongation structure, we obtained
the Lax pair for the linear spectral problem, which served as
the basis for the precise solution of the studied equation

{ &b, =FP, 47

D = GP.

Here, A denotes the spectral parameter, and we define
w = u+v. Consequently, the original Lax pair (45) can be

reformulated as follows:

F:112<?8)+($_01>=112J+R
o a (00N .2 [0 I
G = 4id (10>+21l (w O>

n —wy 2w
2w? +we Wy
= 4iA% +2iA°P+Q. (48)

The vector @ = (f, )T constitutes an eigenfunction asso-
ciated with the spectral parameter A and the potential function
u(x,t). This eigenfunction, composed of two complex-valued
functions f = f(x,¢) and g = g(x,1), satisfies the compatibility
condition of the zero-curvature equation, which can be verified
as

u — vy + [u,v] = 0.
We introduce the single Darboux transformation CP[] ] @canon-
ical transformation of a countable nature. This transformation
is expressed as
d’m = Dm PD.

Here, the Darboux transformation Dyy) is defined as Dy =
AE — Sp, where E represents the 2x identity matrix, and
Sio] = Sjo(x,2) is a 2x matrix dependent on the variables x
and ?.

Py =Dy P,
&, = FP, (49)
Py = Fiy Py

Considering F;) = iAZJJer, Dy = AE + Sjg), and
F = iA%J + P, we can then deduce the formula for a single
Darboux transformation, and subsequently derive the expres-
sion for the single-soliton solution
Pupe = Fuy Py = Fy by @
= (iA’J +Py))(AE + S @
= (iA’J —iAJS + APy — PyySpo)®@,  (50)
Pjx = Dppe® +Dpyy P
= Sop® + (AE — S0 (IA*] + P)®
= (S +iA’T —iAS(qJ + AP — S P)®. (51)
From the difference between Egs. (50) and (51), we ob-
tain
Py (A— S[O]) = Sjo)x — Sjo)P — ilz[S[o] J+HAP. (52)
Suppose Sjo) = H AH™', where A = diag(41,12,43) is
a diagonal matrix, and H = H(x,?) is a nonsingular matrix.
Given the Lax pair (45) with eigenfunction (fi,g1)T at A = 4y,
it is straightforward to demonstrate that (—gi, f1)7 is also an

eigenfunction of the Lax pair (45) at A;. Consequently, we
select the matrix function

_(fi —&1
H_(gl N >’

S (511[0] 512[0]) I
[0 Sa2170] S22(0] |f1l? +1g1]?
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MIAP+ Mg (M —A)figr
X —— 2 e |- B3
(M=) figr Mlgil”+Alf]
For computational convenience, we define a = A, |f1|* +
Algil b= (M —A)figh, e = (M — M) figr, b= Ailgi|* +
A1) f1]%, where a and d are constants. Consequently, S() and
Sjox can be simplified to the following form:

S - 1 <ab)
AP g \ed )

1 0b
Sk = —5—— * ). 54
[0k |f1|2+|g1|2<cx 0) o9

By computation of Eq. (52), we find

Py = (Siop — Sjo)P — iA[Sjg),J] + AP) (A — ) !
B —b(w—i—llz) by+a—2A
- wd—d)+iA*(a—d) c—iA%b

o A—db—21
c—A A—a

_ ( Pup P12[1]> 55
(P21[1] Pony ) (53)

To simplify the expression of matrix P, we will now
elucidate its constituent elements as follows:

Py = (d—A)b(w+iA?) +(c—A)(bx+a—1),
Ppp = (A=b)b(w+iA%) + (A —a)(bs+a—A),
Py = (A—=d)(ex—w(d —d)
+iA%(a—d)) + (c—2A)(c—iA>D),
Py = (b—2)(cx—w(A —d)
+iA%(a—d))(A —a)(c—iA?b).

By comparing P; and P, the single-soliton solution of the
KdV equation can be derived

wi = wd —d)* + (A —d)[cx +iA(a—d)]
+(c=2A)(c—iA%D).

Assuming z = (A —d)[cx +iA(a—d)] + (c — A)(c —
iA%b), we obtain

wy =w(d —d)* +z. (56)

Based on the initial implementation of the Darboux trans-
formation, we can deduce that
Pp) =Dy Py = (AE = 1)) Py = Dy Dy @ (57)

Here L2 = (fz,gz)T

o >
Ly = = (ME —Si)L
0 (82[1] ) 0))L2

_ <7Lz—511[0] —S1200] ><f2)
=S A2—Sn0 /) \ &

_ ((12—511[0])f2—512[0])82> (58)
A2 —Sy0)82— Sz f2 )

Thus, within the framework of the H|;j space:
Fopy = A2 = S11(0) f2 — S1200) &2+
g1 = A2 — Sx001)82 — S1200)) f2-

From S}y = H|y) /\H[I]l, we can deduce

Sy = (Sum Slzm) S
1] Sa1p1] Sa2p1 | fo 1 + lg2p 12

" Lol fo? +Ralgop P (A2 = A2) fopyap] .
(A=A fopgan) A2lgap* + A2l fopl?
(59)

Employing a comparative analysis of P and P}, we can
derive the two-soliton solution of the KdV equation

wi = wi(A —dp))* + (A —dpy)[eqe +iA (ap) —dp)]
Jr(Cm *QL)( o — ir? b[l])-
Given <= (), —d[l])[me + il(dm —d[l])] + (C[]] - ﬁ,)(Cm -
iA%byy)), it follows that
wi =w(Ad —dp))* +2p1). (60)

Employing an iterative approach, in conjunction with a

second-order Darboux transformation, we obtain
D3 = Di3) Pj = (AE — Sp) Py = D3y Dy Dy @ (61)

Here, L; is defined as (f3,g3)".

Ly = <f[2]) = (BE—=Sy) x Ls

8[2]
_ </13 Sup =Sz )x <f3)
—521[1] A3 —Sxp 83
(A3 = S1ip)fs =Stz )82)
= . 62
( A3 —82011)83 — S121)) 13 (62)
Thus, within the framework of Hiyj:
B = ffon = A =Sup)fs —Sia))83

X (A2 = S110)) .2 — S1200))82):

g3 = 8pi&2) = (A3 —Sap1))&3 — Si2p1)) f3)
X A2 = Sxj0))82 — S12[0])f2)~

= H[ 2] NH .

From the relation Sp) it follows that

St 512[2]>
S =
2 (521[2] $22p
_ (f3[2] —83[2]) o <l3 0) (fs[z] —3[2)_1
8 J2p 0 A3 ) \ &2 f22p2
1
AP +lgp

o [ Al P+2Alespl® (A —%4)fapgap _
(M —A3)fapgsp Mleapl* + sl fap
(63)

[2] ’
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By comparing P3; and Ppj, the three-soliton solution of
the KdV equation can be derived

wi = wiy(A —dp))* + (A —dp))[cpe + A (ap — dpy)]
+ (C[z] - l)(C[z] — ilzb[z]).

Given i = ()» — d[z])[C[Z]x + il(a[z] — d[z])] + (C[z] —
ﬁ,)(C[z] - iﬂ,zb[z]), it follows that

wp) = w(d — d[z])z +2p2- (64)
|

Therefore, new Lax pairs can be formulated and calcu-
lated through mathematical induction

Dy = Dy Pv—1) = (AE — Siy—17) Piv—1]

_ (A =Sun-11 —Sian-1]

Diy_q1. 65
=S21N-1] Szz[zv—1]> -y (69

That is ¢[N] = D[N]D[Nfl] . ~D[1]¢.
From Spp) = Hpy) /\H[g]l, we can deduce

s _ (511[1\11] Sl2[N1]> _ (fN[Nl] - N[Nl]) « (ﬂw 0) y (fN[Nl] —8NN_1] >_1
V=] S21N—1] S22[N—1] gNIN-1] SNV 0 Ay SNIN-1] INv-1]

_ 1 M fuv—y? +Avlgn-1* (A — E)fzv[zv;l]gzv[zvq] (66)
|fviv— >+ lenv—1 >\ (A = An) fviv—njgvv—1] - Avlgniv—ul* + vl fvv—1* )’
| 3
where j=0,1,..., N-2 where R, = m and W = 2/|a;|/uy, refer to the

Ivv—1) = [T = Suip) v — Siap)gn),
gviv—1] = [ J(An = Sao)gn — S fv)-

Employing an (n — 1)-fold iterative procedure and n ap-
plications of the Darboux transformation, we derive the n-
soliton solution of the KdV equation

W[N] = W[N,]]()u —d[N,]])z + (}L _d[Nfl])
X [ev—1x +HiA (a1 —dy-1))]
+ (eyo1) = A)(e—1) —iA%bpy_1)).

Given zpy_y) = (A —diy 1)) [ev—1 +iA(an—1) — dy-—1))] +
(cv—1] — A) (cjy—1) — iA%byy_y)). it follows that

Wiy = w(A — d[N—l])2 +2ZN-1]- (67)

In this research work, we employ the Darboux transfor-
mation method to construct exact multi-soliton solutions for
the coupled KdV equations. Considering the remarkable ef-
ficiency of the Darboux transformation in solving complex
nonlinear partial differential equations, we will subsequently
present detailed graphical representations to deeply analyze
and demonstrate the dynamic behavior characteristics of non-
linear waves within the system.

Now, our research focus shifts to solving the coupled
KdV equation set, specifically including Eqgs. (20), (56), (60),
(64), and (67). To simplify the analysis process, we propose
an assumption that there exists a solution in a specific form
@p, = X Wy,, where x is an undetermined constant, and for all
i=1,2,3,4, a; = b;, besides, it is also assumed that up, = uy,.
Based on these premises, we can derive and organize to ob-
tain a stationary solitary wave solution of the coupled KdV
equation, and this result has been verified and supported in
Ref. [26].

E—up, T

Wy = Ry - sech? ( W

), if a <0,
(68)

e

wa:Rm'SGChz( 7;}“), if a; >0,

amplitude and the width of soliton, respectively.

5. Conclusion

By means of the exact expressions of single-soliton,
double-soliton, triple-soliton, and n-soliton solutions ob-
tained through the Darboux transformation method, this pa-
per presents the graphical representation of soliton solutions,
which exhibit different propagation characteristics due to the
different parameter selections. By systematically adjusting
and analyzing specific parameter values, we have carried out
a comprehensive study on dynamic behavior. This research
work provides profound and valuable insights into the prop-
agation dynamics of solitary waves in various integrable sys-
tems. Especially in the fields of wave force research and ocean
engineering applications, the results are helpful for better un-
derstanding and explaining complex physical phenomena ob-
served in reality, thus further promoting the development of
related theories and applications.

Based on the (1+1)-dimensional coupled KdV Eq. (68),
Figures 1 and 2 in the article show in detail the propagation and
evolution process of solitons over time. These figures not only
reveal the fine structure of soliton waves, but also provide an
intuitive basis for exploring the stability and changing trends
of soliton behavior under different parameter conditions.

Through the analysis of Eq. (68), we can find that the am-
plitude and width of solitary waves are affected by multiple
parameters, including cpg, ¢p1, 7> Y0, Pbl» dscs Cbs and g,
etc. In the BEC region of the BEC-BCS crossover system,
figures 1 and 2 specifically show the dependence relationship
between the soliton width W and the scattering length ay. as
well as the parameter upy. It is worth noting that, with the

gradual increase in the values of upy and ag, the width of the
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soliton shows a decreasing trend. This phenomenon indicates
that under the influence of these specific parameters, the soli-
ton exhibits particular dynamic behavior during its propaga-
tion, which has profound implications for understanding and
regulating the application of solitons in different physical en-
vironments.

1.2
1.0}
0.8}

= 0.6}
0.4}

0.21

02 04 06 08 10

Qsc

oF

Fig. 1. The dependence of the width, W, of the soliton on the scatter-
ing length, ag, for different parameter Upy, » ie., up, = 1.0 (solid line),
up, = 2.0 (dash line), up, = 3.0 (dot line), where cpo = 3.77, cp; = 3.10,
o=2171,y=283 mo=1,%1 =1/2, x =0.2, v=1.15, ¢, =4.50.

6
—as.=0.1
5t ase=0.4 1
n — a5 =0.8 ]
B3 1
2. o
l. o
0% 1 2 3 4 5

Ub,

Fig. 2. The dependence of the width of soliton, W, on system pa-
rameter, uy,, for different parameter ac, i.e., asc = 0.1 (solid line),
asc = 0.4 (dash line), asc = 0.8 (dot line), where cpg = 3.77, ¢p1 = 3.10,
o0=2171,y=283 mo=1, %1 =1/2, x =0.2, v=1.15, ¢, = 4.49.

Based on Eq. (68), the propagation and evolution of three-
soliton and n-soliton solutions for the (1+1)-dimensional cou-
pled second-order KdV equation (21) with respect to time ¢
are presented in Figs. 3-5, for parameter values &, 7, agc, s
X, and v. Utilizing the aforementioned methodology, we have
extended our derivation to encompass three-soliton solutions
and higher-order soliton solutions. This approach primarily
employs the well-established similarity balance method, cou-
pled with iterative techniques, to ascertain multi-soliton so-
lutions for nonlinear evolution equations. Through the solu-
tion process, we have elucidated the phase diagram’s evolu-
tion from the BCS regime to the unitarity regime, identifying
the coupling coefficient @y, and asc scattering length as piv-
otal factors influencing the unitarity regime’s phase diagram.
By analyzing Eqgs. (56), (60), (64), and (66), we have system-
atically investigated the propagation characteristics of solitons
and their underlying physical mechanisms. Our research re-
veals the direct influence of parameters &, ¥, asx, @y, X, V,
and A on the soliton’s propagation velocity and width. In the

deep BEC regime Fig. 3, the soliton amplitude R, decreases
with the increase of the scattering length ag., while it increases
with the increase of the parameter uyg. Figure 4 further shows
the characteristics of the soliton waveform changing with uy.
That is, as the value of uyg increases, the soliton amplitude in-
creases and its width decreases, which indicates that the soli-
ton amplitude increases with the increase of the Bose—Einstein
condensate number density, and at the same time, its width de-
creases with the increase of the number density. On the other
hand, figure 5 shows the dependence of the soliton waveform
on ag.. As the value of ay increases, both the soliton ampli-
tude and width decrease, which means that both the soliton
amplitude and width decrease with the increase of the scatter-
ing length between bosons and fermions. In conclusion, the
soliton amplitude and width are affected by the parameters ag
and uyg, where the amplitude is inversely proportional to a.
and directly proportional to upy, while the width has an oppo-
site trend to the changes of these two parameters. During the
propagation process, the energy distribution of solitons may
undergo dynamic changes, where the decrease in amplitude
may indicate a gradual process of energy diffusion or trans-
fer. These meticulous observations not only enhance our un-
derstanding of the complex interrelationship between soliton
behavior and parameter values, but also provide crucial guid-
ance for the precise control of soliton applications in physical
systems.

0 02 04 06 08 10

Fig. 3. The dependence of the amplitude of soliton, R,,, on the scatter-
ing length, ag, for different parameter Upy > ie., Up, = 1.0 (solid line),
up, = 2.0 (dash line), up, = 3.0 (dot line), where cpg = 3.77, ¢y =3.10,
o=2171,y=283 ho=1, %1 =1/2, x =02, v=1.15,¢, = 7.42.

3.5
3.0f
2.5F

- 2.0f
3 1.5F
1.0f
0.5F
ok

Fig. 4. The waveform of soliton, @y, versus & for different parameter
Uy 1.€., Up, = 1.0 (solid line), up, = 2.0 (dash line), up, = 3.0 (dot line),
where Cho) = 3.77, Cpl = 3.10, a =21.71, Y= 2.83, o = 1, Y1 = 1/2,
x=02,v=1.15,¢c,=20l.
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— asc=0.2
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— asc=0.4

- 1.0} ]
2
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Fig. 5. The waveform of soliton, @y, versus & for different scattering
length ag, i.e., asc = 0.2 (solid line), asc = 0.3 (dash line), asc = 0.4
(dot line), where cyg = 3.77, cp; = 3.10, ¢ =21.71, y=2.83, ho = 1,
Wi =1/2,x=02,v=1.15 ¢, =247.

Based on the above findings, the future research direc-
tion can focus on the following key areas: First, it is necessary
to deeply explore how these parameters specifically affect the
stability and propagation characteristics of solitons under dif-
ferent physical conditions. Second, attention should be paid
to the behavior of solitons in complex media, especially con-
sidering the inhomogeneity and non-linearity of the medium.
Finally, the research on parameter modulation is crucial to op-
timize the application of solitons in fields such as optical com-
munication and matter-wave control. By carrying out these
in-depth studies, we expect to build a more comprehensive
and integrated understanding framework of soliton physics,
thereby laying a solid theoretical foundation for the progress
and development of related technologies.

In short, this study not only reveals the core factors affect-
ing the propagation characteristics of solitons, but also opens
up new ways and possibilities for future scientific research and
technical applications in the field of soliton physics. These ad-
vances herald that in the near future, we will see the practi-

cal applications and far-reaching impacts of soliton physics in
many frontier scientific and technological fields.
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