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An N -breather solution and hybrid solutions of rogue wave and
breather for complex mKdV equation

Wenjing Hu(#] (&%) and Hasi Gegen(EHRI )T
School of Mathematical Sciences, Inner Mongolia University, Hohhot 010021, China
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A compact Grammian form for N-breather solution to the complex mKdV equation is derived using the bilinear
Kadomtsev—Petviashvili hierarchy reduction method. The propagation trajectory, period, maximum points, and peak value
of the 1-breather solution are calculated. Additionally, through the asymptotic analysis of 2-breather solution, we show
that two breathers undergo an elastic collision. By applying the generalized long-wave limit method, the fundamental
and second-order rogue wave solutions for the complex mKdV equation are obtained from the 1-breather and 2-breather
solutions, respectively. We also construct the hybrid solution of a breather and a fundamental rogue wave for the complex
mKdV equation from the 2-breather solution. Furthermore, the hybrid solution of two breathers and a fundamental rogue
wave as well as the hybrid solution of a breather and a second-order rogue wave for the complex mKdV equation are derived
from the 3-breather solution via the generalized long-wave limit method. By controlling the phase parameters of breathers,
the diverse phenomena of interaction between the breathers and the rogue waves are demonstrated.
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1. Introduction

Nonlinear integrable equations constitute an important
part of the nonlinear wave theory. These equations arise in
various physical areas encompassing fluid dynamics, nonlin-
ear optics, plasma physics, mathematical biology, and quan-
tum field.['?! The KdV equation is a fundamental mathemat-
ical model for describing weakly nonlinear wave propagation
in dispersive media. It was originally established by Korteweg
and de Vries in 1895 while developing a model for shallow
water waves. 3] A complex modified version of the KdV equa-
tion is the complex mKdV equation

@ +6€|q|*qx + g =0, (1)

where € = £1. When € = 1, it is referred to as the focusing
complex mKdV equation, and when € = —1, it is called the de-
focusing complex mKdV equation. The complex mKdV equa-
tion (1) is completely integrable, which belongs to the mem-
ber of the nonlinear Schrodinger hierarchy.®! Tt is important
to clarify that confusion must be avoided between Eq. (1) and
the non-integrable complex mKdV equation,

@+ (g q), + gu =0, )

which describes the propagation of few-cycle optical pulses in
cubic nonlinear media.'*>! The complex mKdV equation (3)
is a universal asymptotic equation that governs the evolution
of quasi-monochromatic unidirectionally propagating wave

TCorresponding author. E-mail: gegen@imu.edu.cn
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packets in strongly dispersive weakly nonlinear media. In
2003, Rodriguez et al. considered a model for a cylindric
nematic waveguide and derived the basic dynamic equations
for the electromagnetic modes and for orientation field. By
using a multiple scale technique to the coupled basic equa-
tions, they derived equations which govern the evolution of
light pulses in liquid crystals at different scales. The nonlin-
ear Schrodinger equation was obtained by scaling to the third
order, while the complex mKdV equation (1) arose from scal-
ing up to the fourth order.[®”) Compared with the nonlinear
Schrodinger equation, the complex mKdV equation has more
stable solitons.!”! Additionally, Karpman’s research reveals
that the complex mKdV equation (1) can also be obtained
from the extended third-order cubic NLS equation through a
Galilean transformation. ¥

Nonlinear localized waves are ubiquitous in vari-
ous branches of physics including hydrodynamics, plasma
physics, acoustics, condensed matter physics, nonlinear op-
tics, and photonics.!?! Breathers and rogue waves are im-
portant components of the nonlinear localized waves. Rogue
waves, also referred to as “freak waves”, “killer waves”
or “monster waves” are characterized by their spatial and
temporal localization, exhibiting amplitudes several times
greater than the surrounding background.!!'% Due to their
unique properties, rogue waves have received extensive
research.!! =151 Rogue waves appear in a variety of physi-

16,17

cal fields including oceanography,!'®!7! parametrically driven
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capillary waves,['8] plasmas,!"! liquid helium,”! and non-

21221 Since Solli et al. first observed optical

linear optics.!
rogue waves in nonlinear optical systems in 2007,2!! there
has been a growing interest in rogue waves within the fields
of optics and lasers.[>3-26! Breathers, also referred to as pe-
riodic solitons, are named ‘breathers’ due to their localized
and periodic oscillation patterns. The concept of breathers
was first proposed by Ablowitz while investigating the ini-
tial value problem for the sine-Gordon equation using the
inverse scattering method.!”’! The most well-known types
of breathers are Kuznetsov—Ma breathers and Akhmediev
breathers. Kuznetsov—Ma breathers, which display tempo-
ral periodicity and spatial localization, are first discovered
in the NLS equation by Kuznetsov in 1977.18] In contrast,
Akhmediev breathers, also derived in the NLS equation, are
discovered in 1986 by Akhmediev and exhibit spatial period-
icity and temporal localization.[*”! Subsequently, more gen-
eral breather solutions for the NLS equation were derived in
Ref. [30]. Experiments in optical fibers have demonstrated sig-
nificant connections among breathers, *!l modulation instabil-
ity (MI)*? and the Fermi—Pasta—Ulam recurrence. >3] Addi-
tionally, breathers are widely utilized in practical applications

5,134 ultrafast fiber lasers,[?!

such as optical microresonator:
and quantized superfluid vortices.[*®! Breathers are potential
prototypes for rogue waves, and they can transform into rogue

B37-391 1t is essential to

waves by taking the long-wave limit.
emphasize that the interactions between breathers and rogue
waves can produce complex hybrid wave structures, leading
to interesting dynamic behaviors.

Over the past few decades, various types of solutions of
the complex mKdV equation (1) have been studied. The in-
verse scattering method is performed to derive bound-state

0] A vari-

soliton solutions of the complex mKdV equation.
ety of exact traveling wave solutions of the complex mKdV
equation are investigated by using the tanh method and the
sine-cosine method.*! Superregular breathers in the complex
mKdV equation are discussed in Ref. [42]. Moreover, the Nth-
order rogue wave solution for the complex mKdV equation has
been derived using the generalized Darboux transformations
method in Refs. [43,44]. Besides, the 1-breather solution, 2-
breather solution, and hybrid breather-rogue wave solutions
for the complex mKdV equation were derived using the Dar-
boux transformation method in Refs. [45,46]. In addition, the
Nth-order rogue wave solution for complex mKdV equation is
derived by the bilinear Kadomtsev—Petviashvili hierarchy re-
duction method (KP hierarchy reduction method) in Ref. [47].

The KP hierarchy reduction method is one of the highly
efficient techniques for deriving nonlinear localized wave so-
lutions to the nonlinear wave equations. In the 1970s, the Ky-
oto school developed this method to derive soliton solutions

in integrable systems.*®! In 2012, Ohta and Yang applied the

KP hierarchy reduction method to derive the rogue wave solu-

n.[4%! Chen et al. applied this method

tions for the NLS equatio
to derive the breather solutions for the Yajima—Oikawa system
in 2017.15% From then on, breather solutions and rogue wave
solutions of a variety of integrable wave equations were con-
structed using the KP hierarchy reduction method. =38! The
advantage of this method is that N-breather solution and N-
th-order rogue wave solution can be compactly expressed in
terms of the Gram determinants. Moreover, the rogue wave
patterns associated with the root structures of various poly-
nomials can be derived from the rogue wave solutions ex-

m.5%-011 In this paper,

pressed in the Gram determinant for
starting from the proper bilinear equations from the KP hi-
erarchy and their Gram determinant solution, we derive the
N-breather solution for the complex mKdV equation through
dimensional reduction and complex conjugate reduction. By
taking the long-wave limit to the breather solutions, we derive
the rogue wave solutions and the hybrid solutions of breather
and rogue wave for the complex mKdV equation. In contrast
to the hybrid solutions of breather and rogue wave constructed
in Ref. [46], each hybrid solution constructed through the gen-
eralized long-wave limit method incorporates all free param-
eters from the individual rogue waves and breathers involved
in this solution, thereby revealing a rich variety of interaction
phenomena between breathers and rogue waves.

In this paper, we focus on the complex mKdV equation
with € = 1, represented by the form

4t +6|q* g + grex = 0. 3)

The rest of this paper is structured as follows. In Section 2,
we present the tau functions in Grammian form for the com-
plex mKdV equation (3). In Section 3, based on the tau
functions, we derive the N-breather solution for the complex
mKdV equation (3) by selecting proper determinant elements.
In Section 4, we discuss the dynamics of the 1-breather solu-
tion and the interaction between two breathers in the complex
mKdV equation (3). In Section 5, by applying the method
of the generalized long-wave limit to the breather solutions,
we derive the rogue wave solutions as well as the hybrid so-
lutions of breather and rogue wave for the complex mKdV
equation (3). Finally, we summarize and discuss the results of
this paper in Section 6.

2. Tau functions of the complex mKdV equation

Through the transformation

g= §ei(k(x76t)+k3t)7 (4)
f
equation (3) is transformed into the following bilinear form:
(D¥+2) - f =28, ®)

(D, —3(k* —2)D,+3kiD2 + D) g- f = 0. (6)

070202-2
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Here, f is a real function, g is a complex function, k is a real

constant, * denotes the complex conjugate, and D is Hirota’s

bilinear differential operator defined by!(®?!

DYD;f-g
0 d2\" /o a\" )
= (ax—ax,) (at_(%’) [f(xat)g(xJ)jl

To obtain the Gram determinant solutions for the bilinear

x=x't=t'

complex mKdV equations (5)—(6), we consider some higher-
dimensional bilinear equations in the KP hierarchy given in
Lemma 1.

Lemma 1 The following higher-dimensional bilinear
equations in the KP hierarchy

(Dxle | ) T = —2Tp41 T, (7a)
(Dx Dy,)—4Dy) Tyi1-T, =0,  (7b)
(D}, 4D,(3 +3Dy, Dy, ) Tug1 - T =0, (7c)
(Dﬁl —Dy,) Tys1 T =0 (7d)

have the following tau function expressed in terms of Gram
determinant:

_ (n)
Tn = lﬁ(ljstSN(mi’j )- ®)

Here, ml( ]) ¢( " and l[/] ) are functions with respect to x_1, Xy,
X2, and x3 satisfying the following differential and difference

relations:
Py = 0"y, (9a)
a mlzj) _ ¢,‘(n+1)llfj(n) +¢i(n) l’/j(n—l), (9b)
axgm( ]) _ ¢i(n+2) lIl](n) + ¢i(n+1)wj(n71) + (Pl(n) l//](-"fz), (90)
O ymf" = —g Dy, 9d)
mz(’;H) i,j) + ¢i(n> @;Hl)a (9e)
m D =m") — 9" V" 9
0" = 9", (%g)
oy = —y" M (k=-1,1,2,3). (9h)

The Gram determinant solution (8) of bilinear equa-
tions (7a)—(7d) have been proved in Refs. [49,58] and we
omit their proof process here. In order to reduce the
higher-dimensional bilinear equations (7a)—(7d) to a lower-
dimensional one, 7, in Eq. (8) needs to satisfy the following

dimensional reduction condition:
(0, +0y) T =CT,. (10)
Under the condition (10), equations (7a) and (7b) become

(D)Z(I +2)T, - T = 2Tpt1 - T,
(D} — Dy, Dy, +4Dy, )Tyt - Ty =0,

(11a)
(11b)

Substituting Eq. (7¢) into Eq. (11b), we get equation
(D}, — Dyy +3Dy, ) Tag1 - T =0. (12)
Then by taking 3ki xEq. (7d) 4+ Eq. (12), we obtain

3ki(D}, — D) Tus1 - T
+(D} —Dyy + 3Dy, )T 1 T = 0. (13)

By implementing the coordinate transformations

X1 =x+3(K:—1)t, xp=—3kit, x3=—1, (14)

and defining f = 19, g = 71, and h = 7_1, equations (11a) and

(13) can be converted into the following equations:

(DY +2)f - f =2gh, (15a)

(D, —3(k* —2)Ds+3kiD; +D}) g- f =0. (15b)
Furthermore, if the complex conjugate condition

T (x,1) = T_pn(x,1) (16)

is satisfied, then i = g*, and the bilinear equations (15a)—(15b)
would reduce to the bilinear equations (5)-(6). When we con-
struct N-breather solution for the complex mKdV equation (3)
in the following section, dimensional reduction condition (10)
and complex conjugate condition (16) can be satisfied by prop-
erly constraining the parameters.

3. The N-breather solutions for complex mKdV
equation

In this section, we derive the N-breather solution for the
complex mKdV equation (3).
Theorem 1 The complex mKdV equation (3) admits the
following N-breather solution:
C]N(XJ) _ gﬂei(k(x—6t)+k3t)’ (17)
Iy
where the real function fy(x,7) and the complex function
gn(x,t) are given by
fN:TO7 N = T1, (18)

and 7, is defined as the following determinant:

_ —_(n)
5= det (m) (19
[1] n
—(n) _ 1 P G+
Mij = T I =] ¢
+p] p]
)"
1 1 206 | pé e
P p[ '+ pg I+
2 \"
1 pi CC/*

O OE
J
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n

1 pm
+ —= (20)
[2] [2]* [2]* ’
i TP P;
&= ("= pPx+ 3k - 1)(pl" - p)
2 2 3 3
—3ki(p}" p,m )= (P = )1+ &0 21)

f,o are arbitrary complex con-

stants and the parameters pl[- ], p,[» ]

In the above expression, pl
satisfy the following con-
straint:

p= (22)

Proof We construct N-breather solution of the complex

mKdV equation (3) by choosing the matrix elements m! ]) of

7, in Eq. (8) as follows:

2 o] o, B
m) :aﬁzlp,”]“” _Zé’” S e
o = Y Pl g gy "
a=1 B=1
where
g = p[la]x P+ P s 4l £,
TI,['B] = %Ll +61£<mx1 —CIBB] X2 +q[ﬁ] x3+71,[~€}-

J

. v e ,
Taking A =1T; 1€ J, equation (23) can be expressed by

T, = A det (mﬁ"?), (25)

1<ij<N \ "/

m\"  _ m\”
—n _ 1 pi e ! P ¢
mi,' = — _— e J J’_i — e
AU ‘15 ] ( qy]) Py qu] q£21

! AN 2\
— | -] e ——— | - | ,26)
pl[Z] N q.[_] qgu on q‘[];] q.[;]

inwhich &= &l £, T, =0l —n? go = £} — £l ana
_ nl 2]
njo="Mjo —Mjo-
In order to satisfy the dimensional reduction condi-
tion (10) and the complex conjugate condition (16), we will
impose constraints on pl[a], qj , G, and CJ (¢ =1,2;i,j =

1,2,...,N). By defining Q(p) = pl!! — pP + fy — fy and
Q(q) qm qu] + ﬁ — ﬁ we have
gj 9
(O, + ) ")
~ p[.l] ! 1 .7
= (Q(P)+Q(6])) - El] m e§!+§_i

n

p[-l] 1 &
+2P) | g O e
4
2\ " ,
. [ 1
+9(q) _bi LS IR 4 27)
1] 2,
q; pi +q;
If 9(p) =0, @(q) =0, then
N
8,‘711',, = Z A,;,j&xflm
i,j=1
N
= - Y Aj0gm" =01, (28)

=

thus the dimensional reduction condition (10) is satisfied.
Therefore, we impose the following constraints on pl[.a] and
[a](a—1211—12 ,N):

1 1
p= e 4= (29)
(1] J (1]
Pi q;
such that Q(p) =0, O(g) = 0, and the dimensional reduction

condition (10) is satisfied. Besides, setting the following com-

plex conjugate conditions on the parameters:

o] _ la]*

q] pj 9 :172,]:1727aN)> (30)

njO = 6;07 (OC

mn
Jii
conjugate condition (16) is also satisfied.

we have ¢ = ¢, and mg:qj) =m; Therefore, the complex
Thus, under the parameter constraints (29)—(30) and the
coordinate transformations (14), the 7, function (25) reduces
to the N-breather solution of the complex mKdV equation (3)
for f = 79,g = 71. The factor A in Eq. (25) can be eliminated
from 7; /7p. Consequently, the N-breather solution of the com-
plex mKdV equation is derived, and Theorem 1 is proved.
Remark 1 To avoid singularities in the N-breather so-

Iution (17) for complex mKdV equation, p[-a] (i=1,2,...,N

1

o = 1,2) cannot be pure imaginary numbers, because the de-
*

nominator of the solution has a factor pl[a] + pl[.a]

[a]

become zero if p;

, which will
are purely imaginary.

4. Dynamics of breather solutions in complex
mKdV equation

In this section, we discuss the dynamics of 1-breather so-
Iution and 2-breather solution in complex mKdV equation (3).
4.1. Dynamics of 1-breather solution

By taking N =1 in Eq. (19), 1-breather solution can be
expressed as the following form:

070202-4
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VA cosh(ir +i¢c, +1In(\/A11p1)) +cos(Sir+ @ —ilnpe, )

(€29}

q1(x, 1) =A

VA1 cosh(&ir +1In(v/A11p1)) +cos(&ir + 1)

where

G =C0ir+il, (P[ll])2 = pclei‘b"l ;

p?h+Pw

— ig
[1] [1]* ple 9

+1)
>2

1
A}@lpl
AP+
el [k(x—6t)+K3t+¢c, ] )

A= ( =
p[11]+p[11]

!

A =
)

(32)

The peak |g1|max and the maximum points (Xmax,max ) are cal-
culated as follows:

cos -yv/Al11l — cosh(In
|q1(xmax,fmax)|maxz ((PCI) ( pCI) , (33)
VA1l —1
_ o). In(~/A
Xmax = (= 1) 2 +In(VA11p1) P +kT[x]7
—oy1Bo1 + P
k=0,£1,+2,..., (34)
T— -o1 +1In(/A
tmaxz( 1) - o1 +1In(+v/Ap1) B kT,
a1 B — ai2Pi
k=0,41,42,..., (35)

where 7}, and 7}, are the periods of 1-breather in the x direc-
tion and in the ¢ direction, respectively, expressed as

2Tog
Tgj=———""—— 36
g Baraiy — Brioaz (%6)
T[x]: 21wa) 37)

 Baour —Brian

The distance between two closest peaks of |g;| is given by

T:27r\/<ﬁ2

where a1, @12, Bi1, Bai1 are defined as

2, 2
o+ %

b

1ou1 — Prion)?

(38)

(39)
(40)

$ir = anix+ oot +Eior,
Cit = Bux+Part + &ion
with

P
PV
PiitPir

PIR
P%I +P%R 7
PR3P~ Pir)
(Pig + P10’
3( - 1)pir

Pir+ P

+6kpirpii +3(k* = 1)pig,

_ pu(phi—3pip)
(Pig + P10’

11 = PIR — Bii=pu+

6kpir P11

a2 =
(Pir +r1)?

+P1R(3P%I - P%R)

3k(pir — 1) |, 30K —Dpur
(P%R +P%1>2 P%R "'P%I
—3pir) — 3k(pig — p1) +3(K* — Dpur,

+P11(P%1

1 . .
[1] = pir +ipi. &10 = &ior + 18101, Therefore,

equations (38) is the period of the 1-breather solution in the
direction of trajectory. From Egs. (33)—(35), we know that the
propagation trajectory of the breather is {r +1n(y/A11)p1 =0.
Figure 1 displays the modulus of the 1-breather solution |g; |

(1] 1 3i 510 =0.

by setting the parameter values k = 1, p} 31

If a—a% = 0, 1-breather solution (31) is cyclical in space and
localized in time, which is called Akhmediev breather. If
ag% = 0, the 1-breather solution (31) is cyclical in time and

in which p

localized in space, which is called Kuznetsov—Ma breather.

1.5
(@) (b)
2 N
1 0.5
. | Ty Tl
0. ' '
—10 ~g —0.5
0 o5 15
2 N “o05 05 s
10 —1.5 t —10 -5 0 5 10
x
" 1.5
HING) ()
0.5 —22.36416486t—2.446271816 = 0
ER! ) /
—0.5
0 —1.5
—10 -5 0 5 10 —10 -5 0 5 10

x x

Fig. 1. (a) The I-breather solution with parameters &9 = 0, k = 1, and

[11] = % — %i, (b) The corresponding density plot of panel (a). (c) The inter-
section between panel (a) and the plane x —22.36416486¢ —2.446271816 = 0.
(d) The trajectory line of panel (a) in the x, ¢ plane: x — 22.36416486r —
2446271816 = 0.

N

—10"
v
0.5

0 1.5
h 0.5
t

€T R
10 —1.5

1.5

0.5 0.5
- BINININIe) -
0.5 -0.

5

—1.5 —1.5
—10 -5 0 5 10 —10 -5 0 5 10
xT xT
(a) (b)
Fig. 2. (a) Akhmediev breather with pl! = ei%, k =1, &g = 0.

(1 _

1 =15k=15,&0=0. In all panels,

(b) Kuznetsov—Ma breather with p
—10<x<10and —1.5<r<1.5.
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Akhmediev breather and Kuznetsov—Ma breather are dis-
played in Fig. 2 by taking specific parameters.

4.2. The interaction between two breathers

In this section, we study the interaction between two
breathers. When N = 2, by setting §; = {ir + 1811, & =
Or + 181, and &0 = Eaor + 18201, the equation (18) has the
following form:

_(0) —(0
m(n) mgz)

(0) —(0)

myy My,

_(1) —(1
m(11> m<12)

—(1) (1)
myy My

fa= ; 8&2= ; (41)

where mg’? (n=0;i,j = 1,2) are defined in Theorem 1. We

introduce
(1] (1"
1 i, Py +p i
(p[z])zzpcze ¢'27 [1] 2[1] [1]2* 7p26¢27
P2 (P2 )2 +1)
(1- pl p&”)(pw ) pei®
(14 plT pIT) (o0 — 11y 2=
1 Py — P
(P =)o)+ P eit2
[1] [1] _p12 )
PP+ 1)(p pz)

A Py'py +1
22 — [1] [1] * )
Py +P;

(i) Before collision (t — —oo):
(i)-1 Breather 1 ({1r & 0, {r — —o0):

P[zl] VA1 cosh(ir +i¢c, +1n(v/A11p1p12)) +cos(Ci+ @1+ ¢1 —ilnp,,)

("

A\: _p2 ei[k(x—ﬁt)+k3t+¢p2], (42)
(1]
1)
Oor = o 1x+ ot + Exr, (43)
12 O
W= ———, (44)
o1 O
where
(1] . DP2R
Py = PR+1p21, Ol =PR— S5 5,
g Pa+ PR
oy = pr(3p3 — P3R) 6kpor pat
(P%R +1’%l)3 (P%R +1’%l)2
3(k* — 1) par ) 9
————5— +pr(3p3 — P3R)
2 2
PRt P
+6kpar par +3(K2 — 1) par.
From Egs. (39), (43), and (44), we obtain
SR Or
— — — = Wqyt. 45)
o 02

We consider the asymptotic behavior of 2-breather solution
under the constraints o1 > 0, a1 > 0, and w2 < 0. By ap-
plying Eq. (45), we obtain the following asymptotic forms for
the 2-breather solution (41)

~A- 46)
1 p[zl] VA1 cosh(&ir +1n(v/A11p1pi12)) +cos(Sir+ @1 + 1) (
(i)-2 Breather 2 ({r & 0, §jr — +o0):
N * VArn cosh(C2R+1(j)L2+ln(\/§p2))+cos(é’21+(p2 ¢ — 1lnpcz) “n
q ~
[1] VAn cosh(C2R+1n(\/;p2)) +cos(&or+ @ — o)
(ii) After collision (1 — H-oo):
(ii)-1 Breather 1 (§1g & 0, Gor — +o0):
I VAiicosh(&ir + ¢, +ln(\//Tp1 ) +cos(Gii+ o1 — ¢ — 1lnpcl) “8)
[1]* NIT cosh(ClR—l—ln(\/;p‘))—l—cos(C]H—(p] 01)
(ii)-2 Breather 2 ({or & 0, §1r — —o0):
1P [ | VAn cosh({or + 19c, +In(v/Anpapi2)) +cos(Gor+ @2+ ¢ — 1lnp02)
~ * (49)
p“] VA cosh(§or +In(vAppap12)) +cos(Gor + @2 + ¢2)

From the above asymptotic analysis, we observe that the two breathers undergo an elastic collision with only changes in the

phases of the two breathers. Specifically, the first breather has the phase shifts (—21npj2, —2¢; ) and the second one has the phase
shifts (2Inp12,2¢>). Furthermore, when F12 5 222, the breathers exhibit an oblique interaction. Conversely, when g2 = 222

a1

apg o’

the breathers display a parallel interaction. Flgures 3 and 4 exhibit the interactions among two breathers and three breathers by

selecting specific parameters, respectively.
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(1] 1]

Fig. 3. (a) An oblique interaction between two breathers with parameters k = 1.5, p;” = 1—1i, p;' = 1-0.85i, &10 = 0. (b) A parallel interaction between

two breathers with parameters of k = 1.5, p[ll] =1.5, p[zl] =1.51,&0=5.

lq|

Fig. 4. 3-breather solution with parameters k= 1, &0 =0, &30 = 0 and (a) p}

S. The hybrid solution of breather and rogue
wave for the complex mKdV equation

In this section, we construct the hybrid solutions of
breather and rogue wave for the complex mKdV equation (3)
by taking the long-wave limit to the breather solutions. To
achieve this goal, we first obtain the fundamental rogue wave
and second-order rogue wave solutions from the 1-breather
and 2-breather solutions, respectively.

5.1. Rogue wave solutions for the complex mKdV equation

The long-wave limit method for obtaining rogue wave so-
lutions to a nonlinear wave equation from its breather solutions
relies on the flexibility of choosing the phase constants.*8! In
Theorem 1, we have obtained the N-breather solution (17)
by using the KP hierarchy reduction method. The N-th-
order rogue wave solution can be derived from N-breather
solution (17) by taking the long-wave limits pl[.l], pl[z] — 1
(I <i< N). By taking pl[.l] = ek, p,[.l]* — M, pl[z] =M,
pt[-z]* — e ", the determinant elements mﬁf’j) (1<i,j<N)of
T, function in N-breather solution (19) are represented by

—(n) _ 1y 1 GHE Hn(i—27)
" = D (eli+e%‘*e ] j

L Genaa))
ehifehi

x
(b) (c)

=1—i,pM =141, pl = 1.240.751, &0 = 0; ) p| = 144, i) = 1+ 1014,

P =08-0.651, &0 =2 () pll =11, pi! = 1 - 114, pi = 11,011, & = 2.

1]

L Gnl-a-2))

e~ i—l—e}”i*
1 CAAAE
e eyl Wﬂ) (50)
€ e

where

& = 2sinh(A;)x+ [6(k* — 1) sinh(2;)
— 6ki(sinh(24;) — sinh(34;))]t + . (51)

When N =1 in Eq. (17), 1-breather solution can be expressed

as
g1 = ei[k(x—61)+k3t}—ll+ll*ﬁ7 (52)
81
fi=1 +e§1+§1*+91 _|_e§1+92 +e§1*+92*’ (53)
gl = 1 el e H2(-47)+6
+e§1+211+92 +e§1**23~1*+92*’ (54)
in which

ehpet” o ehpeh — e
eh eh” e feh”t
¢1 = 2sinh(A; )x + [6(k* — 1) sinh(A;)
— 6ki(sinh(24) — sinh(34)))]r + E1p. (56)

» (59

Taking &9 = In(—1) + ¢4, we can rewrite Egs. (53)-(54) as

+EFH2(A A +24 F+2A5
fi = 14582 _e&it2h _ o241
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g1 = 1 4 eb1 8" 2 -47)+6,
+e§1+2ll+92 _ eél**2ll*+92*’ (57)
where

& = 2sinh(A)x+ [6(k* — 1)sinh(1;)
— 6ki (Sinh(Z)Ll) — Sinh(3)l,1))]t +017L], (58)

in which ¢y is a complex constant. By taking the long-wave
limit A; — 0,A; — 0 on Eq. (57), we have

fi= N +o(Ag), (59)
g1 =g A +o(liAg), (60)
where
A =Slw=1P 5, (61)
= 3=+, (62)
Y =2x+6 (K +2ki—2)1+c. (63)

By taking the coefficient of the leading order terms in Eqgs. (59)
and (60), we derive the following fundamental rogue wave so-
lution for complex mKdV equation (3):

—

. (1
a1 = Qi (k(x—61)+%1) % . (64)

~

1

We can determine the extremum points of the fundamental
rogue wave solution (64) as follows:

cnk? —2cirk —2c11+2k ¢
(Xmaxs fnax ) = ( 4 e 1—52) . (65)
C11k2 —2c1rRk —2c11 + 2k \/gk CciI
(xminytmin) = + s TAT |
4k 2 12k
C1]k2 —2c1rk —2c11 + 2k B \/gk CliI 66)
4k 2 12k )’

where cr and ¢y are the real and imaginary parts of parame-
ter ¢y, respectively. The fundamental rogue wave solution (64)
is displayed in Fig. 5 by selecting parameters k = 1 and ¢; = 0.
Due to the complexity of the calculations involved in the pro-
cess of the long-wave limits, the subsequent Taylor expansions
are supported by mathematical software.

(a) (b) 2
3;
2

=

™~ %
t -2-10 o 20 s 0 5 10
x
Fig. 5. (a) The three-dimensional (3D) plot of the fundamental rogue wave
solution with parameters k = 1 and ¢; = 0. (b) The corresponding density plot
of panel (a).

We now proceed to derive the second-order rogue wave
solution from the 2-breather solution (41). In Eq. (41), we
take

* * * *
p[ll] _ 6117 p[ll] — M , p[lz] _ eill, p[12] — e M :
(1]

pil=ela, ek pll—eche PP ok (67)

510 = ln(—l) + Clll,

&0 =In(—1)+ 1A+ 343, (68)
where ¢ and c3 are complex constants. By performing Taylor
expansions for f>, g» with respect to Ay, A" as A — 0,4, — 0,
we obtain
fa= AV +o(MA), (69)
g2 = WAL +o(MAf). (70)

The coefficient of the leading order terms in Egs. (69) and (70)
are fz(l) and ggl), respectively. Furthermore, by expanding
f2(1), ggl) in terms of the Taylor series of Ay, A} as 4, — 0,

Af — 0, we have

B = 57023 +0(33157), G
g5 = e’ +o(A3A37), (72)

where
@ _(Lys_ Ly,  t, 1
f2 _<576"" 102 ToggV YV

2V TRY TV T e e Y

%3

+

LIS S AR L B
v v A4 v

1 288 288" 247" 16

+ _i 3_|_i 2_i _|_l *
48"/ 16‘/’ 24‘I/ 41111 Vi

vy 1
Tea 16 16 (73)
@ _ (v 3 1 5, 13 1 . 1Y\ .3
& _(57 VY TV Y )Y
L3 1o, 1 Lo 1Y e
+ <192"’ RV TuY Y +64>"’
+ L 3_2 _i *_|_i *
g8’ " 288" 2a¥ Tag)V
+ _i 3_|_i Z_E +l *_1_1 *
RV TV TV Y T
vy 1
LA A 4
+ et e 74)
v = %x+(k2+8ki—10)t+C3, (75)

v is given in Eq. (63). Therefore, the second-order rogue wave
solution for the complex mKdV equation (3) is given by

i (k(x—61)+k31) ggz)
Jﬁ. (76)
2

We display the second-order rogue wave solution (76) in Fig. 6

g =€

by selecting specific parameters.
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lq|

-2
-10 -5 0 5 10

(a)

Fig. 6. The second-order rogue wave solution with parameters (a) k = 1,
c1=0,c3=0;(b)k=1,c; =0, c3 =50i.

5.2. The hybrid solutions of breather and rogue wave for
complex mKdV equation

Based on the method for obtaining the fundamental rogue
wave solution to the complex mKdV equation (3) from 1-
breather solution, we can obtain the hybrid solution of a
breather and a fundamental rogue wave from 2-breather so-

lution. In the 2-breather solutions f, and g, of Eq. (41),
we set p[ll] = ell, p[ll] = e’ll*, p[lz] = e_ll, p[12] = e"ll*, and

&0 = In(—1) + ¢ A1, while treating p[zl], p[zz], and &y as arbi-

trary complex parameters. By expanding f> and g; in terms of
Taylor series of A1, A as A1 — 0, ;" — 0, we have

fr=FAVNAF +o(MAg), (77)

g =2 MAf +o(MA]), (78)
where

A A s,

g =-myel” + Bh, (79)
and ") (n=0,1) is defined in Eq. (20) f(l) and g!"
ij (n=0, q. ) g are
given in Egs. (61) and (62), A;, I}, I7 (i, j = 1,2,3) are defined
as follows:

. _ egi(2—uj) N 2y
) )
2ebi 5
+ pl[_Z] (P;] 4 1>2 + pl[l] (pl[z] n 1)27 (81)
Fo (v +2) v 2
L pl[l]* (Pl[l]*—i— 1) + P,[Z]* (pl[z]*—|- 1)
_ 2¢5 - ) o

AT ) ()

where pl[a] (¢ =1,2), §; are given in Egs. (21) and (22), and y

is given in Eq. (63). Therefore, we obtain the hybrid solution
of a breather and a fundamental rogue wave

i (k(x—61)+k31) §(21)
g=c & (83)
2

To more significantly elucidate the interaction between

a breather and a fundamental rogue wave in the hybrid solu-
tions, we consider the asymptotic behavior of the obtained hy-
brid solution (83). Equation (65) shows that the position of the
fundamental rogue wave is controlled by the real and imagi-
nary parts of the parameter ¢, while the phase of the breather
is determined by the phase parameter &y. For the asymp-
totic analysis of breather, {or = Op1x + 0ot + Exor ~ 0, we
have y =2x+6 (k2+2ki —2)t+c1 =Yr+1iy, Y — Lo as
c11 — Too. For the asymptotic analysis of fundamental rogue
M}%‘,t ~ %c,thus YR ~0, Y1 ~0. As
a result, we have {Hr — +oo as {por — *oo. Based on these

wave, x &~

analyses, we derive the following asymptotic forms for the hy-

brid solution of a breather and a fundamental rogue wave (83)
(1) Asymptotic forms of the fundamental rogue wave
(i)-1 Before collision (W = 0,y ~ 0, {Hor — —oo)

1]* * *
'(k(x—6t)+k3t)p[2] (y+A-3)(y*+A*+1)+

1
g~e . (84)
I ly+A—1]2+1

(i)-2 After collision (Y &~ 0, y§ = 0, {or — +oo)

g E w22 gy ke B AW AL
1 ’ * _ 112 :
plar pPer 2 (P | Py ly—a-1p+1
(ii) Asymptotic forms of the breather
(ii)-1 Before collision (&R A 0, Y — —oo)
.y VA cosh(for +i¢c, +In(VAnp2)) +cos(Sa+ @2+ —ilnp.,) (86)
VA cosh(Gor +1In(v/A2pa)) +cos(or + @2 + 7)
(ii)-2 After collision ({r = 0, Y — +o0)
.y VA cosh(5or +i9c, +1In(vA2p2)) +cos(Gr+ @2+ T —ilnp, ) 87)

VA cosh(&r +1In(v/Axp2)) + cos(Sr + 2 + )
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In the above asymptotic analysis, A, A, Peys Ocys P2, P2
are given in Eq. (42), and the expression for A is given by

_ 200y + Py ()~ 1)
e 1 =2l 4 )

From the above asymptotic analysis, it can be observed that

(88)

when the phase parameter &;( of the breather is altered while
keeping the parameter c; of the fundamental rogue wave fixed,
the fundamental rogue wave undergoes a phase shift of 2A be-
fore and after its interaction with the breather. Conversely,
when the parameter c; of the fundamental rogue wave is al-
tered while keeping the phase parameter &g fixed, the breather
remains unchanged before and after its interaction with the
rogue wave.

Figures 7 and 8 illustrate the interaction between a fun-
damental rogue wave and a breather. In Fig. 7, the value of
the parameter c; for the rogue wave is kept constant, while the
phase parameter of the breather is varied. When & < 0, the

lql
NO N

Akhmediev breather is positioned on the positive time axis.
When &y > 0, the Akhmediev breather is positioned on the
negative time axis. As the value of & increases, the breather
moves along the negative direction of the 7-axis. When &g =
0, the breather merges with the fundamental rogue wave. The
maximum points (Xmax,/max) of the fundamental rogue wave
in Figs. 7(a) and 7(c) are (§ — ‘/75, —\1/—85) and (3 + ‘/?5, ‘1/—85), re-
spectively. Therefore, the fundamental rogue wave undergoes
a phase shift after its interaction with the breather. In Fig. §,
the phase parameter & of the breather remains unchanged,
while the value of the parameter ¢y for the fundamental rogue
wave in Eq. (83) is varied. As the value of ¢y decreases, the
fundamental rogue wave moves along the negative direction
of the ¢-axis and collides with the Akhmediev breather when
c1 = 0. Meanwhile, the shape and phase of the Akhmediev

breather remain unchanged after its interaction with the fun-

damental rogue wave.

Fig. 7. The interaction between a breather and a fundamental rogue wave with parameters k = 1, p[zl I = ein/ 3, ¢ =0and (a) &9 = -5, (b) & =0,

(©) &0 =5.

Similarly, we can obtain the hybrid solution of two
breathers and a fundamental Togue wave from 3-breather solu-
tion. We take pm e p[ll] = e}‘f p[ ] 12 e M,

&0 =In(—1)+c1A; and pz pz 1, &, p3 ,p3 , €3o, as arbl-
trary complex parameters in 3-breather solution f3, g3 given

— efxl 7]

by Eq. (18) with N = 3. The Taylor series expansions of f3
and g3 in terms of A1, A{ as 4; — 0, A — 0 give

=AM +o(MAT),
g3 = g MAf +o(MAf), (89)
where

0)-—(0 0)—(0)) , —(0) r+
A = 1Y (myyms—mm) +mias Ay

s s

+T A AS — mg MAoA; —TAASAS,  (90)
) g

+a B —m )6 - m)GH, ©D

and mf’}) (n=0,1) are given in Eq. (20), A;, I, E are given
in Egs. (80)—(82). Therefore, we obtain the hybrid solution of
two breathers and a fundamental rogue wave for the complex

mKdV equation (3)

O]
i(k(x76I)+k3t) gi ) (92)

g=e
£
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lq|

-5

15 15
2
1
EI08 - IRREsss
1 b/
—2
0 5 10 —-10 =5 0 5 10

-5

2

1
L L 2 r X U Ul 1

1

2

10 -5

—1 —
-2 —
10 -5 0 5 10 -
(a) (b) (c)

Fig. 8. The interaction between a breather and a fundamental rogue wave with parameters k = 1, p[zll =el®/4 &0 =0 and (a) c; = 10i, (b) c; =0,
(¢) c; = —10i.

{2 2

.llf!!ll

Fig. 9. The interaction between two breathers and a fundamental rogue wave with parameters k = 1, p[21] =el™/3, p[;] =el™/4 ¢ =0and (a) & =4,

&0 =—2;(b) &0 =1, &30 = —15(c) &0 =4, E30 = 05 (d) E20 = 0, &30 = 05 (€) Ea0 = 0, &30 = 4; () &0 = =2, &30 = 4.
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Figure 9 shows the interaction between a rogue wave and
two breathers by choosing different values for the phase pa-
rameters &y, &30 of the breathers. In Fig. 9, as parameters | x|
and |&39| decrease, two Akhmediev breathers approach the
rogue wave, and when &y = &39 = 0, the Akhmediev breathers
merge with the rogue wave. Furthermore, when the parameter
&y decreases from 4 to —2 and the parameter &3 increases
from —2 to 4, the two breathers pass through the rogue wave
and exchange positions. But their shapes remain unchanged
after the collisions.

To obtain the hybrid solution of a breather and a second-
order rogue wave for the complex mKdV equation (3), we fol-
low the procedure of deriving second order rogue wave solu-

* *
tion from 2-breather solution. We take p[ll] =eM, p[ll] =eM,

P = = e pl) =i gl =,
P =M g =In(=1)+ci A & =In(—1)+c1 g +c3A3

and p[;]

breather solution f3, g3 from Eq. (18) with N = 3. The ex-

= 672'2

, p[32]’ &30 as arbitrary complex parameters in the 3-

pansion of 3-breather solution f3 and g3 in terms of the Taylor

%)

fi 3+i Z,L ,L *3+ i 3,i 2+i +£ +i
Y TRy TRV m)Y BV T TRVt

series of A1, A as A1 — 0,4;" — 0 gives

fr= AV +o(MA)),
&3 = 83 AL +o(MA]).

93)
(94)

The coefficients of the leading order terms in Eqgs. (93) and
(94) are j?3(1) and ?31) , respectively. Furthermore, by expand-
ing ]?3(1), gél) in terms of the Taylor series of A, 1} as A, — 0,
A; — 0, we have

AV = 922257 + 03453, ©5)
g’(s]) =g§2)/123253+0(1§ﬂ£‘3>7 96)
where
12 =m0+ As(yari - i)
+§(§*f1(]>—llf3/\3*)> o7
gy = —m{igd) + B(waQ* — yel3)
+Q(Q% —ysh), ©8)
and

3 2

vy

+ _i 3_;’_1 2_1 _i *+ i Q_L _A'_i *_7_;’_7_1'_ 77777
RV TV VT )T RV TV T g)Y Tlar s s a7

— _i _|_i *3+ _14_1 *2_|_ _i_l * _|_1 *_|_1 *'f‘i
s = (Vs )V itV v A A A AR (R
(1l 5 3, 1 1 3\ oy oy oy oy ]
=¥ gV tavagn 8)"'+12 s sttt
%3 1 *2 1 *_i II/*?’_W*Z E_3W]* i
)Vt ity T2 T

1
Y5 = <12Vf +§‘I/ +§‘V1
_l’_

4

,i 2+i +i ,i *3+ i

eV TRYTRYI T 13
3

3 1 2+i +1 Jri 2
VoV TV gtV

3

%

2

v

i z_i _|_i *+ i 3_ - 2_|_1 _;’_1 _é *_74_7_’_ 77777
RV TV )V A\ RY sV VTV Ty ) Vi T T s s T a7

. 6(,,51“)1@[;]+1)4<<<w3+61,,1>pg113+<31,,3_
+ 3y — 6y + 18y +8)p}
L3y =392 — 3y + 18y —Z)p?]z

o - 1

6(py +1)*(p + 1)
+ (3P — 1592 + 21y + 18y +2)p

3
(v =392 + 3y + 6y — 2)pl + (ByP — 1292 + 129+ 18y —2)pl
+ 18y +2)p) + yP — 6y2 + 129+ 6y — 10)(p

in which fl<1> and g(ll) are given in Egs. (61) and (62), f2<2> and g

g(ll), fz(z), and géz) have the following relations:

3y =3y + 18y —2)py

+ 9 = 3y2 + 3y 461 —2)(ps +1)*eB + (W +6y1)p3

o

12

2] 23

+ (3 — 6y + 18y1 +8)p5) + v — 3y 13y +6y1 —2)(py )+ 1)),
3 2
(v =3y +3y+6y1 —2)p -+ (3y* — 1292 + 12y + 18y1 —2)p

+ 7 — 632 + 12y + 6y — 10)(py )+ 1) pl

2
17 | 3y — 1592 121y

+1)tespllh,

are given in Eqs. (73)—(74). Besides, v, W3, Wi, Vs, We, fl(l),
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vt — vy = 17, 99)
weg' — ways = gl (100)

Therefore, we obtain the hybrid solution of a breather and a

Y

second-order rogue wave for the complex mKdV equation (3)

(2)
i (k(x—61)+k31) 83

. (101)
2

q=¢€

i

W

Fig. 10. The interaction between a second-order rogue wave and a breather with parameters k = 1, p[;] —e'%,¢; =0, c3=10i and (a) &9 = —5,

() &30 =0, (c) &0 = 5.

Figure 10 shows the interaction between a breather and a
second-order rogue wave by altering the phase parameter 3.
As the value of &3 increases from —5 to 5, the Akhmediev
breather moves in the negative direction along the ¢-axis, and
passes through the second-order rogue wave, but their shapes

do not change after the collision.

6. Conclutions

In this paper, we have derived a compact Gram determi-
nant form for N-breather solution to the complex mKdV equa-
tion (3) using the KP hierarchy reduction method. The asymp-
totic behavior of the 2-breather solution has been analyzed,
revealing that the two breathers undergo an elastic collision.
Furthermore, the fundamental and second-order rogue wave
solutions have been derived from the 1-breather solution and
2-breather solution through the generalized long-wave limit
method, respectively. Applying this method to 2-breather so-
lution and 3-breather solution, we have derived the hybrid so-
lutions of breather and rogue wave. By managing the phase
parameter of the breathers, the interaction phenomena involv-
ing a breather and a rogue wave, two breathers and a rogue
wave, along with a breather and a second-order rogue wave,
have been demonstrated. The generalized long-wave limit
method can still be applied to construct the hybrid solutions
of multiple breathers and high-order rogue wave. However,
as the number of breather and order of rogue wave in the
hybrid solutions increase, the demands on the computer per-
formance become higher. The generalized long-wave limit

method of constructing hybrid solutions of breather and rogue
wave, which has been developed in this paper, is also appli-
cable to other 1+1 dimensional nonlinear wave equations pos-
sessing N-breather solution in Grammian form.

Compared to the breather solutions obtained through the
Darboux transformation method in Ref. [46], we provide
an explicit and compact Gram determinant form for the N-
breather solution, from which hybrid solutions of breather and
rogue wave can be derived conveniently through the long-
wave limit. The difference between the hybrid solutions in
this paper and the ones in Ref. [46] is that each hybrid solution
in this paper contains all free parameters from the individual
rogue waves and breathers involved in this solution and reveals
arich variety of interaction phenomena between breathers and

rogue waves.
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