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Complex networks play a crucial role in the study of collective behavior, encompassing the analysis of dynamical
properties and network topology. In real-world systems, higher-order interactions among multiple entities are widespread
and significantly influence collective dynamics. Here, we extend the synchronization alignment function framework to
hypergraphs of arbitrary order by leveraging the multi-order Laplacian matrix to encode higher-order interactions. Our
findings reveal that the upper bound of synchronous behavior is determined by the maximum eigenvalue of the multi-order
Laplacian matrix. Furthermore, we decompose the contribution of each hyperedge to this eigenvalue and utilize it as a basis
for designing an eigenvalue-based topology modification algorithm. This algorithm effectively enhances the upper bound
of synchronous behavior without altering the total number of higher-order interactions. Our study provides new insights
into dynamical optimization and topology tuning in hypergraphs, advancing the understanding of the interplay between
higher-order interactions and collective dynamics.
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1. Introduction

Collective behaviors, especially synchronization phe-
nomena, are prevalent in a wide range of fields, including
nature,[1–3] society,[4,5] engineering technologies,[6–8] and so
on. These behaviors can be analyzed through network sci-
ence from the perspective of the relationship between dynam-
ics and network structure, which provides a structural foun-
dation for analyzing dynamic processes across disciplines due
to its flexibility and broad applicability.[9–22] Beyond the typi-
cal pairwise interactions used to characterize the communica-
tion between individuals, numerous studies have demonstrated
that many real-world systems exhibit patterns of higher-order
interactions,[23–28] which are often modeled as simplicial com-
plexes or hypergraphs to capture the architecture of com-
plex systems.[19–22] With these effective representations of
higher-order networks, various higher-order Kuramoto mod-
els have been proposed to explore the synchronous behavior
of complex systems with higher-order interactions, providing
critical new insights into the dynamical processes.[23–28] Al-
though some studies have examined the role of higher-order
interactions in the synchronous behavior of heterogeneous
systems,[29–32] they have primarily focused on simplex net-
works, while real-world systems often involve more intricate

interactions.
The study of synchronization on complex networks en-

compasses not only analyzing the dynamical properties of the
system from the perspective of network topology, but also in-
vestigating how to achieve optimal synchronization.[33] On the
one hand, for a fixed network structure, the optimal synchro-
nization of a system can be achieved by adjusting individual
characteristics.[34,35] Skardal et al.[35] studied the optimiza-
tion of collective behavior in networks with higher-order inter-
actions encoded in clique complexes. They adapted the syn-
chrony alignment function framework to a composite Lapla-
cian matrix that encodes multi-order interactions and demon-
strated that higher-order interactions can better optimize net-
work synchronization. However, the optimization effects of
more general higher-order interactions (e.g., hypergraphs) on
collective dynamics remain insufficiently understood.

On the other hand, a more straightforward approach to
achieve optimal synchronization is to design the best net-
work architecture.[12,13] The underlying structure of a net-
work plays a pivotal role in determining its synchroniza-
tion capability.[36–39] Nowadays, most efforts to optimize
network topology have primarily been limited to networks
with pairwise interactions[40–42] or to stochastic reconnection
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methods.[43] The relationship between the interaction mode,
structural features, and synchronization behavior remains in-
completely elucidated. Therefore, another critical question in
the optimization of collective behavior is to identify or design
topologies or features that are more conducive to synchroniza-
tion optimization, and how synchronization performance can
be enhanced through topology modification.

In this study, we investigate the collective dynamics of
synchronization on hypergraphs, with a particular focus on
optimal synchronization and network topology. We introduce
a multi-order Laplacian matrix applicable to arbitrary hyper-
graphs, which encapsulates higher-order collective dynamics
under strong synchronization constraints and quantifies the op-
timal collective behavior allowed by a given network topol-
ogy with higher-order interactions. Furthermore, we extend
the synchronization alignment function (SAF) framework[34]

from simplicial complexes to hypergraphs and establish that
the upper bound of synchronous behavior in a hypergraph is
determined by the maximum eigenvalue of the multi-order
Laplacian matrix. Additionally, we decompose the contri-
bution to the maximum eigenvalue from individual hyper-
edges and, building on this analysis, propose an eigenvalue-
based hypergraph topology modification method. This ap-
proach effectively optimizes the eigenvalues of the multi-order
Laplacian matrix, thereby enhancing the upper bound of syn-
chronous behavior while preserving the number of higher-
order interactions.

Our findings contribute to a deeper theoretical under-
standing of the intricate relationship between network topol-
ogy and synchronous behavior, and provide a foundation for
future research on controlling and optimizing dynamical pro-
cesses in systems with higher-order interactions.

2. Higher-order Kuramoto model
We begin with a generalized higher-order Kuramoto

model with a population of N oscillators on a hypergraph,
incorporating many-body interactions with any order d =

1,2, . . . ,D, whose dynamics are governed by[44]

θ̇i = ωi +
K1

〈k(1)〉

N

∑
j=1

M(1)
i j sin(θ j−θi)

+
K2

2!〈k(2)〉

N

∑
j1, j2=1

M(2)
i j1 j2

sin(θ j1 +θ j2 −2θi)

+ · · ·

+
KD

D!〈k(D)〉

N

∑
j1, j2,..., jD=1

M(D)
i j1··· jD sin

(
D

∑
d=1

θ jd −Dθi

)
, (1)

where θi ∈ [0,2π) represents the phase of oscillator i and
ωi denotes its natural frequency. The adjacency tensors
M(d)

i j1··· jd describe multi-order interactions between oscillators

i, j1, . . . , jd . For example, M(1)
i j = 1 if oscillators i and j have a

pair-wise (1-hyperedge) interaction, and 0 otherwise; M(2)
i jl = 1

if oscillators i, j, and l have a three-body (2-hyperedge) inter-
action, and 0 otherwise. Kd denotes the coupling strengths of
d-hyperedge interactions. All interactions are assumed to be
unweighted and undirected. The generalized degree of oscil-
lator i at order d, i.e., the number of distinct d-hyperedges that
oscillator i is part of, is given by k(d)i = 1

d! ∑
N
j1, j2,..., jd=1 M(d)

i j1··· jd ,
which is normalized by a factor of d! to avoid repeated com-
putations of the same hyperedge,[21] and 〈k(d)〉 represents the
average generalized degree of all oscillators at order d.

To characterize the collective behavior of the ensemble,
the order parameter is introduced as follows:[6]

Re iψ =
1
N

N

∑
j=1

e iθ j , (2)

where R and ψ are the amplitude and argument, respectively.
The order parameter R measures the coherence of the oscilla-
tor population. R= 1 indicates that the oscillators are perfectly
synchronous, and the synchronization is progressively lost as
R decreases.

3. Optimizing dynamics on hypergraphs
3.1. Generalized Laplacian matrix

In the study presented in Ref. [35], the inscribability of
“open triangles” (e.g., the coincidental accumulation of pair-
wise edges that do not participate in three-body interactions,
meaning that only lower-order interactions exist) in simplicial
complexes is precluded due to the derivation of their higher-
order adjacency tensors from lower-order components within
their composite Laplacian matrices. Similarly, due to the
inherent limitations of simplicial complexes, structures with
higher-order interactions but no direct lower-order interactions
are also excluded. Instead of using simplicial complexes,
higher-order networks can alternatively be represented by hy-
pergraphs, which offer greater freedom in describing higher-
order interactions. Consequently, the introduction of a more
generalized Laplacian matrix, which can characterize the in-
terplay between the collective dynamics and the network struc-
ture of the dynamical systems on hypergraphs, is warranted.
The generalized Laplacian matrix of order d, which considers
only d-order interactions, can be defined as[30]

L(d)
i j = dk(d)i δi j−A(d)

i j , (3)

where δi j is the Kronecker delta, and A(d)
i j denotes the general-

ized degree between oscillators i and j at order d,

A(d)
i j =

1
(d−1)!

N

∑
j2, j3,..., jd=1

M(d)
i j j2··· jd , (4)

i.e., the number of d-hyperedges shared by i and j.
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3.2. Synchronization optimization with the multi-order
Laplacian matrix

Synchronization optimization refers to a system being as
strongly synchronized as possible. A detailed theoretical anal-
ysis framework can be found in Ref. [35]. In the context of
a strongly synchronized system, where the phase difference
between any two oscillators i and j, denoted as |θ j − θi|, is
sufficiently small (ideally much less than 1), it becomes feasi-
ble to linearize the governing equation by utilizing the Lapla-
cian matrix. This linearization simplifies the optimization of
the collective behavior into a formula that can be more readily
understood and manipulated mathematically,

𝜃̇ = 𝜔−𝐿(mul)𝜃, (5)

where 𝐿(mul) denotes the multi-order Laplacian matrix, i.e.,
the weighted sum of the normalized d-order Laplacian
matrices,[30]

L(mul)
i j =

D

∑
d=1

Kd〈
k(d)
〉L(d)

i j . (6)

For convenience, we transition into a rotating refer-
ence frame by applying the transformation 𝜃 → 𝜃 + 〈𝜔〉t,
thereby setting the average frequency to zero. By employing
the Moore–Penrose pseudoinverse method on the integrated
Laplacian, denoted as 𝐿(mul)† =∑

N
j=2 λ

−1
j 𝑣

(mul)
j 𝑣

(mul)T
j , where

0 = λ
(mul)
1 < λ

(mul)
2 ≤ ·· · ≤ λ

(mul)
N represent the eigenvalues of

𝐿(mul) and the corresponding eigenvectors {𝑣(mul)
j }N

j=1 estab-
lish an orthonormal framework for RN , we ascertain the fixed
point

𝜃∗ =𝐿(mul)†𝜔. (7)

By substituting the fixed point into the order parameter
R defined in Eq. (2), the degree of synchronization at the
fixed point is approximated by R ≈ 1−‖𝜃*‖2/(2N). Con-
sequently, the synchronization of the collective behavior can
be optimized by minimizing the variance of the fixed point,
‖𝜃∗‖2/N. Given the specified form of 𝐿(mul)† and the relation
‖𝜃∗‖2 = 〈𝜃∗,𝜃∗〉, it is inferred that

‖𝜃∗‖2

N
= J

(
𝜔,𝐿(mul)

)
=

1
N

N

∑
j=2

〈
𝑣
(mul)
j ,𝜔

〉2

(
λ
(mul)
j

)2 , (8)

where J
(
𝜔,𝐿(mul)

)
denotes the SAF.[34,35] Upon analyzing

the contributions to SAF, it is observed that each term cor-
responds to the squared projection of the frequency vector 𝜔
onto an eigenvector 𝑣(mul)

j , scaled by the inverse square of the

associated eigenvalue λ
(mul)
j . To minimize the function, the

main idea is to align 𝜔 as closely as possible with the dominant
eigenvectors, corresponding to the larger eigenvalues, while

orthogonalizing 𝜔 with respect to the subordinate eigenvec-
tors, associated with the smaller eigenvalues.[35] Therefore,
when fixing the variance of the frequency vector at σ2, the
optimal configuration is achieved by setting 𝜔 to σ

√
N𝑣

(mul)
N ,

where 𝑣
(mul)
N denotes the most prominent eigenvector.

At the optimal setting of 𝜔 = σ
√

N𝑣
(mul)
N , the optimal or-

der parameter corresponding to the optimal synchronization is
given by R = 1−σ2/(λ

(mul)
N )2. Therefore, the synchroniza-

tion limit of the higher-order Kuramoto model on an arbitrary
hypergraph depends on the maximum eigenvalue λ

(mul)
N of the

multi-order Laplacian matrix, with a larger maximum eigen-
value λ

(mul)
N indicating a higher synchronization limit.

3.3. Numerical simulations

For the sake of clarity, in what follows, we illustrate the
case of D= 2, i.e., the higher-order Kuramoto model with only
pairwise and three-body interactions, to validate our theoreti-
cal analysis results. The underlying network is configured as a
stochastic hypergraph characterized by an average degree 〈k1〉
and an average 2-hyperdegree 〈k2〉. The construction method-
ology is inspired by that of random simplicial complexes,[45]

and the algorithm is proposed as follows: Given N oscilla-
tors, every oscillator pair (i, j) is linked by an edge with a
probability p1 = k1/(N − 1); concurrently, every oscillator
triplet (i, j, l) is bound by a 2-hyperedge with a probability
p2 = 2k2/[(N−1)(N−2)].

0 20 40 60 80 100
10-6

10-4

10-2

100

Optimal

Normal


↩
R

K

Fig. 1. Optimal synchronization of the higher-order Kuramoto model on
a random hypergraph. The synchronization error 1− R vs. the scaled
coupling strength K (K = 2K1 = 2K2) for standard normal distribution
(blue circles) and optimal (pink triangles) natural frequencies, respec-
tively. The solid lines are theoretical values from Eq. (8). The network
size is N = 500, and the average degree and the average 2-hyperdegree
are 〈k1〉= 20, 〈k2〉= 6, respectively.

When the scaled coupling strength K (K = 2K1 = 2K2) is
small, synchronization does not occur, as depicted in Fig. 1,
likely due to insufficient coupling to achieve strong synchro-
nization. However, at larger values of K, the proposed method
in hypergraphs is validated, with the synchronization error
1−R reduced by an order of magnitude and a strong agree-
ment between theoretical and simulated results. Further ex-
periments confirm the algorithm’s applicability across hyper-
graph sizes and reveal the distribution of the optimal natural
frequency in a random case (see Figs. S1 and S2).
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4. Optimizing topology for synchronization
4.1. Component contributions of hyperedges to eigenval-

ues

As proved above, the upper bound of synchronous behav-
ior for the higher-order Kuramoto model on hypergraphs is
governed by the maximum eigenvalue λN of the multi-order
Laplacian matrix 𝐿(mul), which is entirely determined by the
topological structure of the hypergraph. Thus, modifying the
network topology to enlarge the maximum eigenvalue can ef-
fectively raise the upper bound, leading to optimal network
synchronization and a broader eigenvalue spectrum.

In practical scenarios, the total resource availability is
typically constrained, necessitating the optimization of re-
source allocation to maximize overall benefits. Consequently,
efforts to increase the maximum eigenvalue of the multi-
order Laplacian matrix must focus on redistributing hyper-
edges while maintaining a fixed total number of hyperedges.
Here, it is assumed that the quantity of hyperedges at each or-
der remains constant.

For a uniform hypergraph that contains only d-
hyperedges, the relationship between the d-order Laplacian
matrix 𝐿(d) and the normalized eigenvector 𝑣(d)

m correspond-
ing to the mth eigenvalue λ

(d)
m (m = 1,2, . . . ,N) (where eigen-

values λ
(d)
1 ,λ

(d)
2 , . . . ,λ

(d)
N are assumed to be sorted in ascend-

ing order unless otherwise stated) can be obtained by the fol-
lowing eigen equation:

𝐿(d)𝑣
(d)
m = λ

(d)
m 𝑣

(d)
m . (9)

Multiplying both sides of the above equation by 𝑣
(d)T
m yields

𝑣
(d)T
m 𝐿(d)𝑣

(d)
m = λ

(d)
m 𝑣

(d)T
m 𝑣

(d)
m = λ

(d)
m ‖𝑣(d)

m ‖2 = λ
(d)
m , (10)

where T is the matrix transpose operator. Hence, the d-order
eigenvalues λ

(d)
m (m = 1,2, . . . ,N, i.e., the d-order eigenvalue

spectrum) can be expressed as a quantity derived from the d-
order Laplacian matrix.

The key to maximizing λ
(d)
N lies in decomposing the con-

tributions of all hyperedges to the maximum eigenvalue. By
definition, the d-order Laplacian matrix can be expressed as a
linear combination of d-hyperedge components. Concretely,
we first define the component matrix of each d-hyperedge
e = {i1, i2, . . . , id+1} in the multi-order Laplacian matrix as

L(e)
i j =


d, if i = j and i, j ∈ e,
−1, if i 6= j and i, j ∈ e,
0, otherwise.

(11)

Then, the d-order Laplacian matrix can be represented as the
sum of the component matrices of all d-hyperedges,

𝐿(d) = ∑
e∈Ed

𝐿(e), (12)

where Ed denotes the set of d-hyperedges. Figure 2(a) presents
an example of a hypergraph with five oscillators, where two 2-
hyperedges correspond to the two green matrices in Fig. 2(b).
The second-order Laplacian matrix corresponds to the sum of
these two component matrices.

Moreover, the eigenvalues of the d-order Laplacian ma-
trix can be expressed as

λ
(d)
m = ∑

e∈Ed

𝑣
(d)T
m 𝐿(e)𝑣

(d)
m = ∑

e∈Ed

λ
(e)
m , (13)

where m = 1,2, . . . ,N, and λ
(e)
m represents the mth eigenvalue

of the component matrix of the d-hyperedge e.

i

m

l

k

j

(b)

(a) (c)

Fig. 2. Procedure for calculating the contribution of hyperedges to the eigenvalues. (a) Illustration of a hypergraph with five nodes, including
two 1-hyperedges (blue) and two 2-hyperedges (green). (b) The multi-order Laplacian matrix is obtained as a weighted sum of the first-order
Laplacian matrix (blue matrix) and the second-order Laplacian matrix (the sum of the two green matrices, each of which corresponds to the
component matrix of a 2-hyperedge in panel (a)). 〈kd〉 is the average generalized degree of order d. (c) Contribution of each hyperedge computed
according to Eq. (16).
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For the multi-order Laplacian matrix, we note that γd ≡
Kd/〈k(d)〉. Then, the multi-order Laplacian can be expressed
as

𝐿(mul) =
D

∑
d=1

γd𝐿
(d) =

D

∑
d=1

∑
e∈Ed

γd𝐿
(e), (14)

as shown in Figs. 2(a) and 2(b) (Ki = 1). The corresponding
eigenvalues (i.e., eigenvalue spectrum) are obtained by

λ
(mul)
m = 𝑣

(mul)T
m 𝐿(mul)𝑣

(mul)
m

= 𝑣
(mul)T
m

(
D

∑
d=1

∑
e∈Ed

γd𝐿
(e)

)
𝑣
(mul)
m

=
D

∑
d=1

γd ∑
e∈Ed

𝑣
(mul)T
m 𝐿(e)𝑣

(mul)
m , (15)

where m = 1,2, . . . ,N.
The above analysis indicates that the eigenvalues of the

multi-order Laplacian matrix for a hypergraph can be decom-
posed into a weighted sum of contributions from the compo-
nent matrices of each hyperedge and the corresponding eigen-
vector of the multi-order Laplacian matrix. Therefore, we de-
fine the contribution of each hyperedge e to the mth eigenvalue
of the multi-order Laplacian matrix as

C(e)
m ≡ γde𝑣

(mul)T
m 𝐿(e)𝑣

(mul)
m

= γde ∑
{i, j}⊂e

[(
𝑣
(mul)
m

)
i
−
(
𝑣
(mul)
m

)
j

]2

, (16)

where de denotes the order of hyperedge e; (𝑣
(mul)
m )i and

(𝑣
(mul)
m ) j are the ith and jth components of the mth eigenvec-

tor 𝑣(mul)
m , respectively. This indicates that the contribution of

a hyperedge to the eigenvalue is essentially the sum of the con-
tributions from each pair of oscillators within the hyperedge.
Finally, the eigenvalue spectrum of the multi-order Laplacian
matrix for an arbitrary hypergraph is obtained as

λ
(mul)
m = ∑

e
C(e)

m , (17)

with m = 1,2, . . . ,N (Fig. 2(c)). In particular, when the hy-
pergraph consists solely of d-hyperedges, the mth eigenvalue
λ
(mul)
m of the multi-order Laplacian matrix reduces to λ

(d)
m ,

with C(e)
m = γd𝑣

(d)T
m 𝐿(e)𝑣

(d)
m .

4.2. Eigenvalue-based topological modification algorithms

After determining the contribution of each hyperedge to
the eigenvalue of the multi-order Laplacian matrix for a hyper-
graph, a natural strategy is to remove hyperedges with lower
contributions and incorporate those with higher contributions
to enhance the maximum eigenvalue λ

(mul)
N , ultimately leading

to an improvement in the degree of synchronization between

oscillators. As the operations of removal and addition are re-
stricted to hyperedges of the same order, the average general-
ized degree of the network remains constant.

Taking the modification of d-hyperedges as an example,
the algorithm proceeds as follows: First, compute the eigen-
vector 𝑣(mul)

N corresponding to the maximum eigenvalue λ
(mul)
N

of the multi-order Laplacian matrix 𝐿(mul). Then, traverse
through all d-hyperedges f to calculate their contributions C( f )

N

to the maximum eigenvalue λ
(mul)
N and randomly delete one

hyperedge e from the set of n d-hyperedges with the smallest
contributions (i.e., the last n hyperedges when all contributions
are arranged in descending order). Next, iterate over all pos-
sible d-hyperedges f ′ to calculate their potential contributions
C( f ′)

N and randomly add one hyperedge e′ from the set of n
d-hyperedges with the largest potential contributions (i.e., the
first n hyperedges when all contributions are arranged in de-
scending order). Finally, check whether the maximum eigen-
value λ

(mul)
N increases: if it does, accept the change; otherwise,

accept it with a certain probability P. Repeat the above steps
until a termination condition is met (e.g., a specified number of
iterations or reaching a predefined threshold). The pseudocode
for the algorithm is displayed in Algorithm 1.

Algorithm 1: Optimize hypergraph to increase λ
(mul)
N .

Input: Hypergraph H, d-hyperedges set Ed , number of candidate
hyperedges n, accept probability P, termination condition.

Output: Optimized hypergraph H, Optimized d-hyperedges set Ed .

1: Initialize H, compute 𝐿(mul),𝑣
(mul)
N and possible d-hyperedge set E ′d

2: Compute the maximum eigenvalue λ
(mul)
N of 𝐿(mul)

3: while termination condition not met do
4: // Step 1: Delete d-hyperedges
5: for each d-hyperedge e ∈ Ed do
6: Compute the contribution C(e)

N

7: end for
8: Select n d-hyperedges with the smallest contribution
9: Randomly remove one d-hyperedge from the selected set
10: // Step 2: Add d-hyperedges
11: for each possible d-hyperedge e′ ∈ E ′d do
12: Compute the potential contribution C(e′)

N

13: end for
14: Select n possible d-hyperedges with the largest potential

contribution
15: Randomly add one d-hyperedge from the selected set
16: // Step 3: Validate changes

17: Recompute 𝐿(mul)′ ,𝑣
(mul)′
N and λ

(mul)′
N for the modified hypergraph

18: if λ
(mul)′
N ≥ λ

(mul)
N then

19: Accept the modification and update parameters
20: else
21: Accept the modification with probability P
22: Update P
23: end if
24: end while
25: Return: Optimized hypergraph H, Optimized d-hyperedges set Ed .

The complexity of the algorithm primarily lies in calcu-
lating the contributions of all already existing hyperedges and
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potential hyperedges. Suppose there are N oscillators, M1 ex-
isting d-hyperedges, and M2 possible d-hyperedges. Clearly,
the union of M1 and M2 represents all (d +1)-tuples. Accord-
ing to Eq. (16), computing the contribution for each hyper-
edge requires O(d2). Therefore, the algorithmic complexity
for one iteration is approximately O(

( N
d+1

)
d2). When the ter-

mination condition is set to a specified number of iterations
Citer, the overall complexity of the algorithm is approximately
O(Citer

( N
d+1

)
d2). Under specific conditions, such as simplicial

complexes or when the number of potential hyperedges is lim-
ited, this complexity can be significantly reduced.

4.3. Results of topological modification algorithms on syn-
thetic networks

Figure 3 illustrates an example of the topology modifica-
tion algorithm applied to a random hypergraph with D = 2.
The networks are randomly generated by specifying average
degrees. The topology modification algorithm modifies the
distribution of 2-hyperedges while keeping the 1-hyperedges
unchanged. The maximum number of iterations is T = 500,
and the acceptance probability is

P =

e

(
λ
(mul)′
N −λ

(mul)
N

)
/(T−t)

, λ
(mul)′
N < λ

(mul)
N ,

1, λ
(mul)′
N ≥ λ

(mul)
N ,

(18)

where λ
(mul)
N and λ

(mul)′
N are the maximum eigenvalues of the

multi-order Laplacian matrices 𝐿(mul) before and after the re-
moval and addition of a hyperedge, respectively, and t is the
current iteration step.

0 2 4 6 8 10
5

10

15

20

25
Random

Modified

λ
(m
u
l)

<k2>

N

λ
(mul)=5.35
N

λ
(mul)=17.21
N

Fig. 3. Changes in hyperedge distribution and the maximum eigenvalue
of the multi-order Laplacian matrix before and after topological modifi-
cation. Fixed 〈k1〉 = 10, with simulation results for random hypergraph
networks with different 〈k2〉. Blue and green represent the hyperedge
distributions before and after optimization by the modification algorithm,
respectively. Solid lines and shaded areas correspond to the average and
variance of results over 100 simulations. The subplot illustrates a visual
representation of a network with 〈k2〉= 5 before and after modification.

The results indicate a substantial increase in the maxi-
mum eigenvalue for the modified hypergraph, accompanied
by minimal variance, thereby confirming both the effective-
ness and stability of the algorithm. Following the modifica-
tion, the distribution of 2-hyperedges becomes notably more

heterogeneous, exhibiting a radial pattern around a few central
hyperedges, in contrast to the prior random distribution. This
outcome is consistent with the relationship between the max-
imum eigenvalue of the Laplacian matrix and the generalized
degree as follows.

By leveraging the Rayleigh quotient and the properties of
weighted Laplacians,[46] the largest eigenvalue of the hyper-
graph can be estimated to fall within the following interval:

k(mul)
max ≤ λ

(mul)
N < k(mul)

max + k(mul)
secondmax, (19)

with

k(mul)
max = max

{
k(mul)

i , i = 1,2, . . . ,N
}
,

k(mul)
secondmax = max

{
k(mul)

i | k(mul)
i < k(mul)

max , i = 1,2, . . . ,N
}
,

where k(mul)
i denotes the composite degree, corresponding to

the i-th diagonal element of the multi-order Laplacian matrix,

k(mul)
i =

K1

〈k(1)〉
k(1)i +

K2

〈k(2)〉
2k(2)i = L(mul)

ii . (20)

The maximum eigenvalue of the network’s multi-order Lapla-
cian matrix is closely related to the network’s composite de-
gree. Therefore, networks characterized by extremely large
composite degrees (e.g., hubs) typically exhibit a larger ex-
pected maximum eigenvalue λ

(mul)
N . This insight underscores

the notion that networks with stronger heterogeneity tend to
have superior optimization potential.

5. Simulation on real datasets
Furthermore, we validate our optimization algorithm and

topology modification strategy on real-world datasets. The
datasets include interaction information between individuals
from schools, workplaces, and academic conferences (see
Fig. S3 for results on synthetic networks). Using the recon-
struction method defined in Ref. [45], we construct a simpli-
cial network from real interaction data. The topology mod-
ification method is applied to reconstruct the three-body in-
teractions. We simulate these three networks using both ran-
dom natural frequencies and optimal natural frequencies, with
the results presented in Fig. 4. The schematic of the net-
work topology is shown in Figs. 4(a)–4(c), with the network
before and after modification represented in blue and green,
respectively. The modified network exhibits greater hetero-
geneity, displaying a hub-like structure centered around a few
central oscillators or hyperedges, consistent with the previ-
ous conclusion. In Figs. 4(d)–4(f), the optimal natural fre-
quencies significantly enhance synchronization across all so-
cial networks, closely aligning with theoretical values. More-
over, the modified network achieves a higher synchroniza-
tion upper bound compared to that of three-body interactions
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derived from real-world data. Before frequency optimiza-
tion, the modified topology demonstrates lower synchroniza-
tion, while after optimization, synchronization improves sig-
nificantly. This indicates that the topology modification strat-
egy expands the state space of the system, while the optimized

natural frequency positions the system in its optimal state. In
summary, in uncontrolled social systems, uniform interactions
facilitate faster message synchronization, while in regulated
systems, the presence of core nodes or links (such as influen-
tial media or leaders) can further enhance synchronization.

Original Modified

0 5 10 15

10-5

100

10-5

100

10-5

100

Thiers12

0 5 10 15

InVS15

0 5 10 15

Hypertext2009

Original + optimal Original + normal Modified + optimal Modified + normal

(a) (b) (c)

(d) (e) (f)


↩
R

K K K

Fig. 4. Illustration of topology modification and simulation experiments on three real social networks. (a)–(c) Schematic of three-body in-
teractions reconstructed from real interactions (blue) and after topology modification (green) across three social networks: schools (Thiers12),
workplaces (InVS15), and academic conferences (Hypertext2009). (d)–(f) Numerical simulation results before and after topology modification
and natural frequency optimization, showing the synchronization error 1−R vs. the scaled coupling strength K (K = 2K1 = 2K2) for different
combinations. The solid lines represent theoretical values from Eq. (8).

6. Conclusion
This paper presents synchronization optimization strate-

gies for the higher-order Kuramoto model on hypergraphs, in-
cluding the calculation of the optimal natural frequency dis-
tribution and a topology modification algorithm. The internal
mechanism is deeply analyzed from a microscopic perspec-
tive.

First, based on the multi-order Laplacian matrix of hyper-
graphs, we expand the synchronization optimization strategy
proposed by Skardal, which was originally based on simpli-
cial complexes, and extend it to more general hypergraphs of
arbitrary order. This modification overcomes the limitations
of the original approach, eliminating the effect of dependence
between structures of different orders on the results. Through
theoretical derivation, we conclude that the upper bound of
synchronous behavior for the higher-order Kuramoto model
on hypergraphs is determined by the maximum eigenvalue of
the multi-order Laplacian matrix, and the optimal natural fre-
quency distribution depends on its corresponding eigenvec-
tor. The larger the maximum eigenvalue, the higher the upper
bound.

Next, we propose a hypergraph topology modification al-
gorithm that effectively adjusts the eigenvalues of the multi-
order Laplacian matrix, thereby enhancing the upper bound of
synchronous behavior. Using the linear superposition prop-
erty of the multi-order Laplacian matrix, we decompose the
contribution of each hyperedge to the eigenvalue. The hy-
peredges with larger contributions are iteratively used to re-
place those with smaller contributions, leading to an increase
in the eigenvalue. The results demonstrate that the hetero-
geneous hypergraph has larger maximum eigenvalues of the
multi-order Laplacian matrix and higher upper bounds of syn-
chronous behavior, even though it exhibits lower synchroniza-
tion expectation when non-optimized.

The proposed optimization strategy and topology modi-
fication algorithm are validated on three real-world datasets.
The results show that natural frequency optimization effec-
tively improves synchronization, regardless of the topology.
Additionally, the modified topology achieves better optimiza-
tion, with a higher degree of synchronization compared to the
three-body interactions reconstructed from the real data. The
optimized topologies generally exhibit heterogeneous distri-
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butions, leading to higher upper limits of synchronous behav-
ior and lower synchronization expectations. This indicates
that homogeneous interaction systems are better synchronized
without the need for additional interventions, while heteroge-
neous interaction systems tend to show higher extremes under
certain regulatory conditions.

The topology modification algorithm proposed in this
paper is highly scalable and capable of tuning any eigen-
value of the multi-order Laplacian matrix of a hypergraph
(or simplicial complex) of arbitrary order. For instance, tun-
ing the eigenvalues of a simplex network can be accom-
plished by simply adjusting the range of selected hyperedges
within the simplex. The well-known Fiedler value λ2 can be
modified by altering the eigenvectors in the contribution for-
mula, thus enabling modifications to network stability-related
properties.[47]
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