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Cell division is a fundamental biological process in which a parent cell divides into two daughter cells. The cell cortex,
a thin layer primarily composed of actin filaments and myosin motors beneath the plasma membrane, plays a critical role in
ensuring proper cell division. In this study, we apply a hydrodynamic model to describe the actin cortex as an active nematic
surface, incorporating orientational order arising from actin filament alignment and anisotropic active stress produced by
myosin motors. By analyzing the linearized dynamics, we investigate how shape, flow, and stress regulators evolve over
time when the surface deviates slightly from a sphere. Our findings reveal that the active alignment of actin filaments, often
overlooked in previous studies, is crucial for successful division. Furthermore, we demonstrate that a cortical chiral flow
naturally emerges as a consequence of this active alignment. Overall, our results provide a mechanistic explanation for
key phenomena observed during cell division, offering new insights into the role of active stress and filament alignment in
cortical dynamics.
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1. Introduction
Active matter encompasses a wide range of systems and

has been extensively studied in both artificial and biological
contexts, where self-propulsion and self-assembly play cru-
cial roles.[1,2] On a macroscopic scale, a typical example is
bird flocks, whose collective motion and long-range diffu-
sion differ significantly from the Brownian motion observed in
equilibrium systems.[3,4] On the microscale, bacterial suspen-
sions exhibit complex behaviors and are generally classified
as pushers or pullers based on their interaction with the am-
bient fluid.[5,6] On both scales, activity plays an essential role
in shaping the movement and pattern formation.[7–10] Despite
their diversity, active matter systems can roughly be catego-
rized into polar and nematic types based on molecular symme-
try. Polar active matter consists of self-propelled particles with
a preferred direction of motion, while nematic active matter
consists of elongated, head–tail symmetric particles that align
but move in both directions. The hydrodynamic approach,
based on conservation laws and irreversible thermodynamics,
is a powerful tool to describe the motion of active matters, both
in flat space[11] and on curved surfaces.[12,13]

As a typical example of active matter, motor proteins reg-
ulate the cellular mechanics. They represent a class of active
matter that converts chemical energy into mechanical work

and are crucial in the shape of the cell.[14–16]

The cellular shape depends on two main structures, the
cytoskeleton and plasma membrane. As the scaffold of a cell,
the cytoskeleton, constructed by three main components: the
actin filaments, microtubule, and intermediate filament, sup-
ports the cell and determines the global shape. Although the
plasma membrane (about 5 nm thick) is usually treated as a
fluid, it also contributes to the elastic properties[17] and elec-
trical properties.[18,19] Theoretically, it is usually described by
the Helfrich model whose free energy is determined by the
deviation from the preferred curvature of a membrane.[20] Be-
neath the plasma membrane lies the cell cortex, which is a thin
fluid layer (about 100 nm thick) composed by grid-like actin
filaments connected by gel-forming proteins.[21,22]

In particular, motors can generate force or torque
when connected to other structures,[23,24] especially the
cytoskeleton.[25] Generally, they have three main categories:
myosin, kinesin, and dynein. Each of them has characteristic
motor domains that are responsible for converting the chemi-
cal energy into mechanical work. Furthermore, some of them
have domains that can be connected to cargoes to carry out
transport.[26]

Cell division is crucial for any cellular organism. Dur-
ing this process, assisted by many functional proteins, mo-
tor proteins drive the deformation of cortex and plasma mem-
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brane. A typical phenomenon during cell division is the for-
mation of a contractile ring, which is composed of a bun-
dle of antiparallel actin filaments and has been thoroughly
investigated in yeast cells.[27–29] After receiving signals,[30]

myosin motors (usually myosin II[31]), powered by ATP hy-
drolysis, generate sliding of actin filaments,[32] resulting in
contraction of the contractile ring.[33] Further research has in-
dicated that myosin-IIA and myosin-IIB play different roles,
the former generating cortex tension while the latter stabiliz-
ing the shape.[34] Meanwhile, various proteins participate in
this intricate process, such as anillin,[35] formin,[36] Mid1,[37]

cofilin,[38] Paxillin,[39] Rho family proteins,[40] F-BAR,[41]

and other complexes.[42] They and their associations are be-
lieved to be responsible for the assembly and positioning of
the ring, as well as the generation of force.[43–46] In addition,
the connectivity of the ring affects its contractility.[47–49] The
ring must be properly anchored by proteins such as Cdc15p to
the membrane; otherwise it will slide away from the equator
on the membrane.[50] In addition to the contractile ring, septin
rings triggered by constriction are observed,[51] in which the
septin is believed to increase the contractility of the acto-
myosin ring.[52] Both the cell cortex and the plasma mem-
brane are strongly constricted at the cleavage furrow[53] and
finally the cell is divided into two daughter cells with the help
of ESCRT-III family proteins.[54]

Another phenomenon observed during cell division is chi-
ral flow, where the cortex exhibits opposite directional flows in
the two hemispheres during the early stages of division.[55,56]

Computer simulations have shown that chiral flow can arise
from imposed chiral force.[57] However, whether the chiral
flow can spontaneously emerge from an active nematic surface
remains unclear.

Extensive theoretical work has been conducted on cell di-
vision. Salbreux et al.[58] applied the theory of active nemat-
ics to model contractile ring formation on a cylindrical sur-
face, showing that filament alignment within the ring at the
equator results from cortical flows towards the equator due to
flow-alignment coupling. However, their model did not ac-
count for surface deformation. Bell et al.[59] extended active
nematic theory to undeformed curved surfaces, although align-
ment was imposed rather than emerging spontaneously. More
recently, a dynamic model of epithelial shells driven by ac-
tive nematics was studied in Ref. [60], demonstrating that ne-
matic alignment influences shell shape transformation. How-
ever, when computing the nematic tensor gradient on a curved
surface, its coupling with the curvature tensor was not con-
sidered. A general framework based on irreversible thermo-
dynamics has been systematically constructed for isotropic[13]

and polar/nematic[12] active surfaces. Using a minimal exam-
ple from the general framework, Mietke et al. explored con-
ditions for the formation of contractile rings and the polariza-

tion phenomena for isotropic active surfaces.[61,62] However, a
more realistic model must incorporate the anisotropic nature of
active forces, which has been demonstrated in experiments.[63]

In this work, we describe the actin cortex as an active
nematic fluid surface based on the framework developed in
Ref. [12]. Assuming axisymmetry of the surface shape, we
study the linearized dynamics of the hydrodynamic equations.
Compared with studies discussed above, the novelty of our
model is summarized as follows. (1) We describe the cortex
as a curved, flexible surface with active nematics, allowing for
cellular deformation. (2) We employ a fully self-organized ap-
proach based on the Landau–de Gennes model of liquid crys-
tals to reveal contractile ring formation without imposing the
nematic order. (3) Our model incorporates the curvature and
nematic tensor coupling when calculating the nematic tensor
gradient. (4) Unlike most previous studies that typically ne-
glect active alignment,[59,60] we find that active alignment is
vital to promote cell division. (5) Instead of imposing a chi-
ral force, chiral flows spontaneously emerge in our model as a
result of active extensile (not contractile) stress.

This paper is organized as follows. In Section 2, we in-
troduce the hydrodynamic model of the actin cortex. We study
the linearized dynamics of the system around a steady state in
Section 3, discuss its relevance to cell division in Section 4,
and conclude the paper in Section 5.

2. Model of actin cortex
2.1. Geometry of the surface

We describe the shape of the cellular cortex as a surface
that is parameterized as 𝑋(s1,s2, t), with the surface coordi-
nates s1, s2 and the time coordinate t. The covariant tangential
basis vectors are given by 𝑔i = ∂i𝑋 , where ∂i = ∂/∂ si denotes
the partial derivatives with respect to the surface coordinates.
The metric tensor is defined by gi j = 𝑔i · 𝑔 j and gi jg jk = δ i

k.
Hereafter we use the Einstein summation convention for re-
peated upper and lower indices. The unit normal vector of the
surface reads 𝑛 = 𝑔1×𝑔2/ |𝑔1×𝑔2|. The Levi–Civita tensor
εi j is defined by the equation 𝑔i× 𝑔 j = εi j𝑛. The curvature
tensor 𝐶 = Ci j𝑔

i⊗ 𝑔 j, defined as the gradient of the normal
vector 𝑛, is given by Ci j =−𝑛 ·(∂i𝑔 j). The mean curvature of
the surface is defined as the trace of the curvature tensor Ck

k .

2.2. Surface vectors and tensors

For a general vector field 𝑎 = ai𝑔 j + an𝑛, we use the
notation 𝑎‖ = ai𝑔 j to denote its tangential components and
𝑎⊥ = an𝑛 to denote its normal components. For a second-
rank tensor field 𝐵 = Bi j𝑔i ⊗ 𝑔 j +Bi

n𝑔i ⊗𝑛 on the surface,
we use 𝐵‖ = Bi j𝑔i⊗ 𝑔 j to denote its tangential components
and 𝐵⊥ = Bi

n𝑔i⊗𝑛 to denote its cross components between
tangential and normal directions.

088705-2
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To describe the spatial variation of the field, we introduce
the covariant derivative of 𝑎(s1,s2, t) and 𝐵(s1,s2, t) as

∇ jai = (∂ j𝑎) ·𝑔i, (1)

∇kBi j = (∂k𝐵) : 𝑔i⊗𝑔 j, (2)

where ∇ j denotes the covariant derivative with respect to the
surface coordinates.

With these notations in preparation, we define the gradi-
ent of the vector field 𝑎 and the tensor field 𝐵 as

∇⊗𝑎= 𝑔i⊗∂i𝑎, (3)

∇⊗𝐵 = 𝑔i⊗∂i𝐵. (4)

The divergence of 𝑎 and 𝐵 reads

div(𝑎) = 𝑔i ·∂i𝑎, (5)

div(𝐵) = 𝑔i ·∂i𝐵. (6)

To describe the motion of the cortical flow, we introduce
a velocity field 𝑣(s1,s2, t) on the surface,

𝑣 = vi𝑔 j + vn𝑛. (7)

The tangential components 𝑣‖ represent the in-plane flows,
and the normal components 𝑣⊥ represent the deformation of
the surface. With the flow field 𝑣 defined, we can introduce
the total time derivative d𝑎/dt and d𝐵/dt to describe the
temporal variation of the vector field 𝑎 and the tensor field 𝐵,

d𝑎
dt

= ∂t𝑎+qi
∂i𝑎, (8)

d𝐵
dt

= ∂t𝐵+qi
∂i𝐵, (9)

where the components qi of the coordinate flow 𝑞 = qi𝑔i de-
scribe the motion of a surface point 𝑋 at fixed coordinates
si, relative to the in-plane center-of-mass velocity 𝑣‖ of that
surface point. The velocity field 𝑣 in Eq. (7) is related to the
surface shape 𝑋 via the equation

𝑣 =
d𝑋
dt

. (10)

Different choices of qi lead to distinct coordinate representa-
tions of the surface. If qi = 0, the surface coordinates si con-
stitute the material coordinates and represent the Lagrangian
representation. If qi = vi, the motion of the surface point 𝑋
with fixed si only has a normal component, therefore leads to
the Eulerian representation. The other choices of qi are termed
arbitrary-Lagrangian–Eulerian (ALE) representation.[64] For a
more detailed explanation of the coordinate flow 𝑞, we refer
the readers to our work in Ref. [65]. The total time derivatives
(also called the material derivatives) defined in Eqs. (8) and (9)
represent the rate of change of a physical quantity as observed

while moving with a fluid particle. It accounts for both local
and convective changes in the field 𝑎 and 𝐵.

We next introduce the corotational time derivative of 𝑎

and 𝐵 as
D𝑎

Dt
=

d𝑎
dt
−𝜔×𝑎, (11)

D𝐵

Dt
=

d𝐵
dt
−𝜔×1 𝐵−𝜔×2 𝐵, (12)

where 𝜔 = 1
2 ∇×𝑣 is the vorticity of the velocity field 𝑣. The

notations ×1 and ×2 in Eq. (12) represent cross products with
the first and second members of the dyad forming 𝐵, respec-
tively. In covariant forms, Eq. (12) can be expressed as

DBi j

Dt
=

dBi j

dt
+ vnC j

kBik + vnCi
kBk j

+

(
1
2
εlm (∇lvm)

)(
εikBk

j +ε j
kBik

)
. (13)

The corotational time derivative defined in Eqs. (11) and
(12) represents the material change of the field while exclud-
ing the contribution from rotation of the surface in which the
vector/tensor is embedded.

2.3. Surface strain rate tensor

To characterize the in-plane deformation of the flow field
𝑣, we introduce the strain rate tensor 𝑆 = Si j𝑔i×𝑔 j, which is
defined as the symmetric part of 𝑔i · ∂ j𝑣. The components of
𝑆 read

Si j =
1
2
(∇iv j +∇ jvi)+Ci jvn. (14)

We further split the symmetric tensor Si j = S̃i j + Siso
i j into its

traceless part

S̃i j = Si j−
1
2

Sk
kgi j, (15)

which describes the shear rate of the flow, and the isotropic
part

Siso
i j =

1
2

Sk
kgi j, (16)

which describes the area change rate of the flow.

2.4. Surface nematic tensor

To describe the local orientational order of actin fila-
ments, we introduce a second-rank tangent tensor 𝑄(s1,s2, t)
on the surface,

𝑄= Qi j𝑔i⊗𝑔 j, (17)

with the symmetry Qi j = Q ji, and its trace Qk
k = 0. It can be

decomposed as

Qi j = SQ

(
pi p j−

1
2

gi j

)
, (18)

where the normalized tangent vector 𝑝 = pi𝑔i denotes the di-
rection of the actin filaments. The scalar SQ represents the
degree of alignment, with SQ = 1 indicating perfect alignment
and SQ = 0 indicating isotropic (no preferred direction).
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2.5. Active stress regulators on the surface

Actin cortex is an out-of-equilibrium system driven by ac-
tive stress regulators within the cortex, such as myosin motors,
that are able to convert the chemical energy into mechanical
stress. Gradients of the stresses create cortical flows that re-
distribute the stress regulators on the surface. We describe
the active stress regulators with a surface concentration field
ρ(s1,s2, t), whose dynamics are governed by the equation

∂tρ +qi
∂iρ =−div(𝑣)ρ +D∆ρ− k (ρ−ρ0) . (19)

The left side denotes the total time derivative of the concentra-
tion field ρ . On the right side, the first term describes the accu-
mulation/reduction of concentration due to the local area com-
pression (div(𝑣)< 0)/dilation (div(𝑣)> 0). In-plane diffusion
of the stress regulators is captured by the Laplace–Beltrami
operator ∆ρ = ∇i∇iρ in the second term with a diffusion con-
stant D. The last term describes the turnover of stress reg-
ulators between the cortex and the cytoplasm, which results
in a preferred concentration of the stress regulators ρ0 and a
turnover rate k.

Furthermore, we assume that the chemical reaction as-
sociated with stress generation proceeds with a rate rp and
the chemical potential difference ∆µ is maintained constant
in space and time.

2.6. Constitutive relation on the surface

In Ref. [12], the authors have laid out a framework to
systematically derive the constitute relations of active nematic
surfaces using the Onsager reciprocal relation. The idea re-
lies on calculating the entropy production rate Θ , which is ex-
pressed as the product of a number of conjugate fluxes and
forces. The constitutive law is then obtained by expressing
the fluxes as a linear combination of the forces. The coupling
coefficients have to obey symmetry/anti-symmetry rules im-
posed by the Onsager reciprocal relation according to the time
reversal symmetry of the forces.[66,67] We refer the readers to
Ref. [12] for the detailed calculation of the entropy production
rate Θ . Here we directly provide the result

Θ =
∫ (

𝑇d : 𝑆+
D𝑄

Dt
: 𝐻tan + rp∆µ

)
dA, (20)

where the fluxes and forces are listed in Table 1. For simplic-
ity, contributions from the gradient of vorticity and chemical
potentials in Eq. (20) are neglected.

Table 1. List of conjugate forces and fluxes for an active fluid nematic sur-
face. The third column lists the time reversal signature of the force ε, with
ε = +1 indicating that the force is invariant under time reversal, ε = −1
indicating that the force reverses its sign under time reversal.

Force Flux ε

Strain rate tensor 𝑆 In-plane dissipative stress 𝑇d −1

Tangential part of the molecu-
lar field tensor 𝐻tan

Corotational time derivative of
nematic tensor D𝑄/Dt

+1

Chemical energy difference ∆µ Fuel consumption rate rp +1

The constitutive laws associated with the entropy produc-
tion rate in Eq. (20) are listed below:

D𝑄

Dt
= β1𝑆̃+

1
β2

𝐻tan +ζ ∆µ f (ρ)𝑄, (21)

𝑇d = 2ηs𝑆̃+2ηb𝑆
iso−β1𝐻tan +ξ ∆µ f (ρ)𝑄, (22)

rp = ζ f (ρ)𝑄 : 𝐻tan−ξ f (ρ)𝑄 : 𝑆+Λ∆µ. (23)

Equation (21) defines the dynamics of the nematic ten-
sor 𝑄. The first term represents the flow-alignment coupling,
where the filaments generally tend to align along the direc-
tion of stretching, resulting in β1 > 0.[58] The second term
describes the relaxation of the filament orientation to mini-
mize elastic energy FQ, which will be discussed in Subsec-
tion 2.7, with rotational viscosity β2. The molecular field 𝐻

is obtained by varying the elastic energy FQ with respect to
the nematic tensor 𝑄, which yields 𝐻 = −δFQ/δ𝑄, whose
tangential components are denoted by 𝐻tan. The final term in
Eq. (21) represents active alignment induced by chemical reac-
tions, characterized by the alignment strength ζ . The physical
origin of this term can be understood as follows: When two
motor proteins are positioned between two filaments at a tilt
relative to their orientation, the forces they generate have par-
allel and perpendicular components with respect to the direc-
tion of the filament. The parallel component induces filament
sliding, while the perpendicular component acts as a torque,
aligning the filaments. However, this contribution has often
been overlooked in previous studies on flat surfaces.

Equation (22) gives the expression for the dissipative
stress 𝑇d. The first two terms represent the viscous stresses
associated with shear (ηs) and area change (ηb), respectively.
The third term represents the cross-coupling between the flux
𝑇d and the force 𝐻tan. The minus sign in front of β1 is due to
the opposite time-reversal symmetry between 𝑇d and D𝑄/Dt.
The last term in Eq. (22) represents the active stress produced
by stress regulators that could be contractile (ξ > 0) or ex-
tensive (ξ < 0). For the actin cortex, active stress is typically
considered contractile.[68–71] Note that the nematic tensor 𝑄
in the last term indicates that when the actin filaments are in
an isotropic phase 𝑄 = 0, the active stress vanishes. Further-
more, this suggests that the active stress is anisotropic, which
means that the stresses differ in their signs between the di-
rections parallel and perpendicular to the actin filaments. In
general, an isotropic active stress (proportional to the metric
tensor 𝐺) is also allowed. In this study, we focus on the effect
of anisotropic stress and neglect isotropic active stress.

Equation (23) gives the fuel consumption rate rp. The first
term indicates that cross coupling between the flux rp and the
force 𝐻tan and the coupling constant ζ is symmetric because
∆µ and 𝐻tan have the same time reversal signature. The sec-
ond term represents the coupling between rp and 𝑆, while the
coupling constant ξ is antisymmetric due to the opposite time
reversal signature of ∆µ and 𝑆.
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The function f (ρ) in Eqs. (21), (22), (23) represents the
regulation strength of the active stress and the active alignment
tuned by the concentration field ρ of the stress regulators. We
use a saturating Hill function

f (ρ) =
ρm

ρm +ρm
s

(24)

to describe the regulation dependence on ρ and use m = 2 in
this paper. The density dependence simply indicates that a
higher number of motor proteins generates greater stresses in
both the parallel and perpendicular directions relative to the
orientation of the filament.

2.7. Elastic energy of the surface

The elasticity of the cortical surface has two origins, one
from the curvature of the surface itself, the other from the ori-
entational order of actin filaments embedded in the surface.
The former is described by the Helfrich energy

FH =
∫

fH dA =
∫

Ω

[
σ +

κ

2

(
Ck

k

)2
]

dA, (25)

where σ denotes the surface tension and κ denotes the bend-
ing rigidity. We do not include the Gaussian curvature term
which only contributes a constant if no topological change
of the surface is considered due to the famous Gauss–Bonnet
theorem.[72] In addition, we introduce a Lagrangian multiplier
p, which can be interpreted as the pressure difference between
inside and outside of the cell, to impose a conserved volume V
of the cell,

Fp =−pV. (26)

The Helfrich model has been widely used to discuss cel-
lular deformations.[73–75] The value of model parameters can
be determined by either experiment or field theory.[76] More-
over, its elastic properties can be adjusted by the interaction
with the nanoparticles.[77,78] Besides the cellular morphology,
the mathematical aspect of this model is also attractive, lead-
ing to many intriguing results. In the axisymmetric case, some
analytical solutions[79] and a first integral[80] have been found.

The elastic energy associated with the nematic tensor 𝑄
reads

FQ =
∫

fQ dA, (27)

where the energy density fQ is given by the following expres-
sion:

fQ =
K
2

[
A1𝑄 : 𝑄+

A2

2
(𝑄 : 𝑄)2 +L2

n(∇𝑄 : ∇𝑄)

]
. (28)

In covariant forms, it can be written as

fQ =
KA1

2
Qi jQi j +

KA2

4
(
Qi jQi j

)2

+
KL2

n

2
(∇kQi j)

(
∇

kQi j
)

+
KL2

n

2

(
Ql jQk

jC
p
l Cpk +QilQ j

i C
k
l Ck j

)
. (29)

The first line in Eq. (29) is known as the phase energy. The
constant A2 > 0 is required to ensure that the free energy has a
lower bound. The constant A1 > 0 indicates an isotropic phase
(SQ = 0) is preferred in equilibrium and A1 < 0 indicates a ne-
matic phase (SQ > 0). The second and third lines arise from the
spatial variation of the nematic tensor 𝑄. They together can be
seen as a simplified generalization of the well-known Landau–
de Gennes energy in liquid crystals on curved surfaces.[81] We
stress that the third line introduces a coupling between the
nematic tensor 𝑄 and the curvature tensor 𝐶, therefore the
shape of the surface can influence the actin orientation, and
vice versa.

Given the free energy density fQ in Eq. (29), the tensor
𝐻tan, which is the conjugate force to the flux D𝑄/Dt in the
entropy production rate (Eq. (20)), can be expressed as

𝐻tan =
(
−KA1−KA2

(
QlmQlm

))
𝑄+KL2

n

×
[
∇k∇

kQi j−QilCk
l C j

k −Q jlCk
l Ci

k

]
𝑔i𝑔 j

+KL2
nQlmClmCk

k𝐺. (30)

The last line in Eq. (30) is to ensure 𝐻tan is a traceless tensor.
The total elastic energy FE is a sum of the three types of

elastic energies mentioned above

FE = FH +FQ +Fp. (31)

2.8. Force balance equation

To describe the surface dynamics as a result of the me-
chanical stresses 𝑇 within it and the external force 𝑇ext acting
on it, in the limit of small Reynolds number, we can neglect
the inertial term and write the force balance equation as

div(𝑇tot) =−𝑓ext, (32)

where the total stress 𝑇tot is composed of three parts

𝑇tot = 𝑇d +𝑇e +𝐻tan ·𝑄−𝑄 ·𝐻tan. (33)

The first term in Eq. (33) denotes the dissipative stress which
is given by Eq. (22). The equilibrium stress 𝑇e in Eq. (33) is
derived from the Helfrich elastic energy (25) and the nematic
elastic energy (27).[12] The contribution to 𝑇e from the Hel-
frich energy FH has its tangential components

t i j
E = fHgi j−KikC j

k , (34)

and normal components

t i
E,n = ∇ jK ji, (35)
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where Ki j = ∂ fH/∂Ci j denotes the passive bending moment
tensor. The contribution to 𝑇e from the nematic elastic energy
FQ has its tangential components

t i j
Q = fQgi j−𝛱 i : ∂

j𝑄, (36)

and normal components

t i
Q,n =−εi

j(𝐻tan×1 𝑄+𝐻tan×1 𝑄) ·𝑔 j, (37)

where 𝛱 i = 𝑔i ·𝛱 and 𝛱 = ∂ fQ/∂ (∇⊗𝑄). The last term
in Eq. (33) denotes the antisymmetric tensor arising from ro-
tational invariance of the free energy fQ.

Additionally, we introduce an effective frictional force
acting on the surface, which describes the dissipative inter-
action between the surface flow and the ambient environment.
This is captured by the tangential components of the external
force density

f i
ext =−Γ vi. (38)

The pressure energy in Eq. (26) leads to a normal component
of the external force density

fext,n = p. (39)

So far, we have introduced the model for the active ne-
matic surface to describe the active deformation of actin cor-
tex. One can solve the force balance equation (32), the dy-
namic equations for the nematic tensor 𝑄 (21) and the con-
centration field ρ (19) to obtain the dynamic evolution of the
shape 𝑋 , the cortical flow 𝑣, the nematic tensor 𝑄, and the
concentration of stress regulators ρ .

3. Linearized axisymmetric surface dynamics
The general dynamic equations (19), (21), (32) form a set

of coupled, nonlinear equations governing the surface shape
𝑋 , the cortical flow 𝑣, the nematic tensor 𝑄, and the concen-
tration field ρ . Solving these equations numerically is highly
challenging. To simplify the analysis, we impose axisymmetry
and linearize the equations around a steady state with a spheri-
cal surface. The resulting linearized equations are analytically
tractable and provide valuable insights into the conditions re-
quired for self-organized cell division.

3.1. Field variables on an axisymmetric surface

An axisymmetric surface can be parameterized as

𝑋(u,φ , t) = {r(u, t)cos(φ),r(u, t)sin(φ),z(u, t)}. (40)

We introduce a dimensionless coordinate u ∈ [0,1] to spec-
ify the meridional position on the surface, where u = 0 and
u = 1 correspond to the north and south poles, respectively
(Fig. 1(a)).

We also introduce two auxiliary functions ψ(u, t) and
h(u, t) that satisfy the geometric relations

r′ = hcosψ, (41)

z′ =−hsinψ. (42)

Hereafter, we use prime to denote the derivative with respect to
u. The function ψ(u, t) represents the angle spanned between
the tangential direction along the u-coordinate and h(u, t) is
related to the arclength s(u, t) via the equation s′ = h. With the
help of the two functions, the metric tensor gi j and curvature
tensor Ci j read

gi j =

[
h2 0
0 r2

]
, (43)

Ci j =

[
hψ ′ 0

0 r sinψ

]
. (44)

The two principal curvatures can be simplified as

Cφ

φ
=

sinψ

r
, (45)

Cu
u =

ψ ′

h
. (46)

The axisymmetric velocity field 𝑣 reads

𝑣 = vu(u, t)𝑒u + vφ (u, t)𝑒φ + vn(u, t)𝑛, (47)

where 𝑒u = ∂u𝑋/h and 𝑒φ = ∂φ𝑋/r are normalized basis
vectors that span the tangential space of the surface. The sym-
metric and traceless nematic tensor 𝑄 with axisymmetry can
be expressed as

𝑄(u, t) = Qa(u, t)(𝑒u⊗𝑒u−𝑒φ ⊗𝑒φ )

+Qb(u, t)(𝑒φ ⊗𝑒u +𝑒u⊗𝑒φ ). (48)

Last, the concentration field ρ = ρ(u, t) only depends on the
meridional coordinate u.

Meridional flow vu 

Azimuthal flow vφ Contractile ring

Cell cortex(b)
(a)

φ

ψ

u/

u/

O r

dr

-dz

dS

z

Fig. 1. (a) Geometric representation of an axisymmetric surface with spher-
ical topology. The dimensionless coordinate u ∈ [0,1] is to denote the
meridional position along the surface profile {r(u, t),z(u, t)}, with u = 0 and
u = 1 corresponding to the north and south poles of the surface, respectively.
(b) The sketch of the deformation and cortical flows induced by nematic in-
stability l = 2. The shape coefficient δR(2) > 0 indicates that the surface is
squeezed at the equator (blue line). The concentration coefficient δρ(2) < 0
indicates that stress regulators are concentrated at the equator (red line). The
velocity coefficient δv(2)u < 0 indicates that the meridional flows go from the
poles to the equator (green arrows on the left), δv(2)

φ
6= 0 indicates that the

azimuthal flows go in opposite directions in the two hemispheres (orange
arrows on the right).
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3.2. A steady state solution

The system of Eqs. (19), (21), and (32) has a steady state
where the shape of the surface is spherical

r∗(u) = R0 sin(uπ), (49)

z∗(u) = R0 cos(uπ), (50)

with a radius of R0. The cortical flow is immobile, i.e., 𝑣∗ = 0,
and the orientational order of actin filaments is isotropic, i.e.,
𝑄∗ = 0. Stress regulators are uniformly distributed on the
sphere with ρ∗ = ρ0. The pressure difference p∗ = 2σ/R0.
This steady state always exists regardless of the model param-
eters. However, the stability of the steady state may vary with
parameters. In this section, we make a small perturbation to
the steady state, and investigate how the stability of the steady
state depends on model parameters.

3.3. Linearized equations

Following Refs. [61,62], we make a perturbation of the
field variables around the steady state,

ρ = ρ
∗+δρ(u, t), (51)

r = r∗+δR(u, t)sin(uπ), (52)

z = z∗+δR(u, t)cos(uπ), (53)

𝑣 = 𝑣∗+δ𝑣(u, t), (54)

𝑄=𝑄∗+δ𝑄(u, t). (55)

We then substitute Eqs. (51)–(55) into Eqs. (19), (21), (32),
and expand the equations up to first order of the perturbations,
thus obtaining 6 linearized equations, including 3 force bal-
ance equations, 2 dynamic equations about the nematic tensor,
and 1 dynamic equation about the concentration field. We then
expand the perturbation functions as

δρ(u, t) =
∞

∑
l=1

δρ
(l)(t)Yl0(uπ), (56)

δR(u, t) =
∞

∑
l=1

δR(l)(t)Yl0(uπ), (57)

δ𝑣(u, t) =
∞

∑
l=1

δv(l)u (t)𝛹l0(uπ)+δv(l)
φ
(t)𝛷l0(uπ), (58)

δ𝑄(u, t) =
∞

∑
l=2

δQ(l)
a (t)𝛹̄l0(uπ)+δQ(l)

b (t)𝛷̄l0(uπ), (59)

where Ylm, 𝛹lm/𝛷lm, 𝛹̄lm/𝛷̄lm are scalar, vector and tensor
spherical harmonic functions, respectively, whose definitions
are provided in Appendix A. As we restrict our study to the ax-
isymmetric case, we only choose spherical harmonic functions
with m = 0, whose values are independent of the azimuthal
angle φ . We do not include l = 0 mode in the expansion be-
cause volume conservation implies that δR(0) = 0. The coef-
ficient δρ(0) implies a homogeneous change of the concentra-
tion which only leads to relaxation of the concentration to its

preferred value ρ0, therefore, it is always stable. The modes
δR(l) with l ≥ 1 do not, to linear order, affect the enclosed
volume. Consequently, there are no first-order contributions
to pressure perturbations δ p(l) for l ≥ 1.

We stress that different l-modes represent distinct trends
for the dynamics. For instance, the l = 1 mode represents a po-
larization mode that breaks the up-down symmetry. The l = 2
mode represents a nematic mode that is particularly relevant
for cell division in four aspects (see Fig. 1(b)): (1) the surface
shape is squeezed at the equator (δR(2) > 0); (2) the cortical
flow goes from the poles to the equator (δv(2)u < 0); (3) the
stress regulators are concentrated at the equator (δρ(2) < 0);
(4) actin filaments at the equator are aligned in the azimuthal
direction (δQ(2)

a < 0). Therefore, finding parameter regimes
where l = 2 is the only unstable mode is particularly relevant
to achieving robust cell division against small perturbations.

Furthermore, the coefficient δv(2)
φ
6= 0 indicates a chiral

flow such that flows in the two hemispheres are rotating along
azimuthal directions but in opposite trends. The coefficient
δQ(2)

b 6= 0 implies a chiral alignment of the actin filaments
whose direction has a tilted angle relative to the azimuthal di-
rection.

3.4. Jacobian matrix and stability

We substitute Eqs. (56)–(59) into the 6 linearized equa-
tions. It turns out that the different l-modes are decoupled
and for each l we obtain 6 equations about the six coefficients
{δρ(l),δR(l),δv(l)u ,δv(l)

φ
,δQ(l)

a ,δQ(l)
b }. Using the two force

balance equations in the tangent directions, we can express
δv(l)u ,δv(l)

φ
as a function of the other 4 variables. The rest four

equations can be finally reduced to the form

d
dt

(δ𝛺(l)) = 𝐽 (l)
δ𝛺(l), (60)

where δ𝛺(l) = (δR(l),δρ(l),δQ(l)
a ,δQ(l)

b )T denotes the col-
umn vector of the perturbation coefficients, and 𝐽 (l) is the
4× 4 Jacobian matrix. If one of the eigenvalues of the Ja-
cobian matrix 𝐽 (l) has a positive real part, the l-mode will
become unstable, thus growing over time. We use the largest
real part of the eigenvalues Reλi to define the growth rate of
the mode.

3.5. Choices of parameters

Our model includes multiple parameters whose combi-
nation can make up 5 length scales R0,Lh =

√
ηb/Γ , LH =√

κ/σ , LK =
√

κ/K, Ln. We use the cell size R0 as the unit
length to rescale the other lengths. The ratio of the cell size
R0 to the hydrodynamic length Lh tells whether the internal
viscosity or the external friction dominates the system’s dis-
sipation. If R0 � Lh, the internal viscosity overwhelms the
external friction. In contrast, R0 � Lh means that the cortex
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flow is strongly affected by the interaction with its surround-
ings. Later we will see that this ratio is important for inducing
nematic (l = 2) instability. For simplicity, we fix all the other
length scales the same as the cell size R0, including LH, LK,
Ln.

The combination of parameters can make up 4 time scales
τD = R2

0/D, τξ = ηb/(ξ ∆µ),τζ = 1/(ζ ∆µ),τk = 1/k. We use
the diffusion time τD as the unit time to rescale other time
scales. The velocity scale is defined as vc = R0/τD. The ratio
of diffusion time τD to convective time τξ determines a dimen-
sionless parameter Pe = τD/τξ = ξ ∆µR2

0/(ηbD), the Péclet

number, which measures the strength of the active stress that
induces convective flows relative to diffusive flows. The ratio
τD/τζ = ζ ∆µR2

0/D measures the strength of the active align-
ment of actin filaments. Later, we will vary these two dimen-
sionless parameters and fix the ratio τD/τk = 1.

The flow-alignment coupling constant β1 is a dimension-
less parameter that also plays an important role in generating
nematic instability. We will vary β1 later to show its effect.
The other dimensionless parameters are given as ηs/ηb = 1,
β2/ηb = 1, A1 = 1, ρs/ρ0 = 0.5. To summarize, one can refer
to Table 2 for more details on model parameters.

Table 2. The meaning and value of model parameter. The basic length scale is chosen as the initial radius of the cell R0, and the basic time
scale is chosen as R0

2/D, where D is the diffusion coefficient of motors. The concentration is scaled by the equilibrium motor concentration
ρ0. The energy is scaled by the bending rigidity, κ , of the Helfrich model.

Parameter Meaning Value Unit
σ surface tension of fluid 1 κ/R0

2

K bending modulus of Landau–de Gennes model 1 κ/R0
2

A1 linear phase energy of nematic matter 1 dimensionless
A2 quadratic phase energy of nematic matter 1 dimensionless
Ln characteristic length of nematic alignment 1 R0

ηb bulk viscosity 1 κ/D
ηs shear viscosity 1 κ/D
Γ external friction variable κ/(R2

0D)

β1 flow-alignment coupling variable dimensionless
β2 rotational viscosity 1 KR0

2/D
ζ active alignment variable D/(R2

0∆µ)

ξ nematic active stress variable κ/(R2
0∆µ)

vc characteristic velocity 1 D/R0

k motor turnover rate 1 D/R0
2

ρs saturated motor concentration 0.5 ρ0

Lh hydrodynamic length variable R0

LH characteristic length of the Helfrich model 1 R0

LK characteristic cortical bending length 1 R0

Pe Péclet number variable dimensionless
ζ ∆µR2

0/D measurement of active alignment variable dimensionless

4. Results
4.1. Instability induced by active contractility and active

alignment

We first present a simple example of the linear stability
analysis to demonstrate how the active contractility strength
Pe influence the stability of different modes. In Fig. 2, we
show the growth rates for the first five modes under different
Pe. The active alignment strength is fixed at ζ ∆µ = 20/τD.
Note that even in the absence of active stress (i.e., Pe = 0 ), the
l = 2,3 instabilities can be promoted, because the active align-
ment allows excitation of the nematic tensor 𝑄, which leads to
nonzero −β1𝐻tan in the dissipative stress 𝑇d in Eq. (22) that
deforms the surfaces. If the contractility is within the range of
Pe ∈ [15,70] (e.g., see Pe = 35 line in Fig. 2), only the l = 2
mode is promoted. However, when the active contractility in-
creases above Pe = 70, all the five modes become stable. It
seems strange that a ‘stronger’ contractility is unable to in-
duce instability. We will show later that this results from the
fact that a large and positive Pe tends to inhibit the excitation
of the nematic tensor 𝑄.

Note that the growth rate for l = 1 mode is always zero
(Fig. 2). This is because l = 1 mode represents a polarization
mode that breaks the nematic symmetry. The nematic active
stress (proportional to 𝑄) used in our model cannot give a po-
larized mode. However, with an isotropic active stress, the
polarization mode (l = 1) can be promoted, which has been
studied in Ref. [82].

Mode number

R
e
(λ

i
)τ
D

Pe/↩

Pe/

Pe/

Pe/

Pe/

Pe/

Fig. 2. The mode growth rates under different Péclet numbers. The
growth rate is defined as the largest real part of the eigenvalues of the
Jacobian matrix 𝐽 (l). The other key dimensionless parameters are set
to ζ ∆µR2

0/D = 20,β1 = 1,R0/Lh = 1.

In addition to the active contractility, we stress that active
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alignment is also important in generating instabilities. To see
that, we set ζ ∆µ = 0 and keep all the other parameters the
same as in Fig. 2, and show the growth rates for each mode in
Fig. 3. All the unstable modes in Fig. 2 become stable, regard-
less of how strong the active contractility Pe is.

R
e
(λ

i
)τ

D

Mode number

Pe/↩

Pe/

Pe/

Pe/

Pe/

Pe/

Fig. 3. The mode growth rates under different Péclet numbers
(ζ ∆µR2

0/D = 0). The other key dimensionless parameters are given
by β1 = 1, R0/Lh = 1.

4.2. Time evolution of the linearized dynamics

We then demonstrate the linearized dynamics for the per-
turbations with Pe = 35 such that only l = 2 mode is un-
stable. We start with an initial condition δ𝛺(l)(t = 0) =
(0,0,−0.01,−0.01)T, which implies that actin filaments are
slightly aligned in the azimuthal direction with weak chirality.
We solve Eq. (60) to get the time evolution of the perturbations
δ𝛺(l)(t). The velocity perturbations δv(l)u (t) and δv(l)

φ
(t) are

derived from the linearized force balance equations in the tan-
gential directions. We show the time evolution of the pertur-
bations for l = 2 in Fig. 4(a). The tiny initial perturbations in
the nematic tensor δQ(2)

a and δQ(2)
b induce a nonzero δv(2)u

and δv(2)
φ

. As the time evolves, all the perturbations grow

over time except for δv(2)
φ

and δQ(2)
b . This indicates that the

chirality finally disappears. The perturbations δR(2) > 0 and
δQ(2)

a < 0 at large t indicate a squeezed cell at the equator and
alignment of actin filaments in the azimuthal direction, con-
sistent with observations of cell division. However, δv(2)u > 0
and δρ(2) > 0 indicate cortical flows from the equator to the
poles and more motors at the poles than at the equator, incon-
sistent with observations during cell division. We stress that if
the initial perturbation reverses its sign, the final perturbation
will also reverse its sign. Therefore, the linearized dynamics
always predicts two consistent and two inconsistent observa-
tions with cell division, regardless of the initial conditions. As
for the l = 3 or higher modes, all the perturbations decay over
time.

When the active stress is extensile (i.e., Pe < 0), the lin-
earized dynamics give rise to chiral flow, characterized by
δv2

φ
6= 0 and δQ(2)

b 6= 0, as illustrated in Fig. 4(b). In Sub-
section 4.1, we show that this phenomenon arises from the
fact that extensile stress promotes the growth of δQ(2)

b (see
Eq. (62)), leading to a chiral alignment of actin filaments. This
alignment, in turn, induces chiral flows, where cortical flows

occur in the azimuthal direction and exhibit opposite trends in
the two hemispheres.
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δρ/ρ
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0
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0 0.2 0.4 0.6 0.8 1.0

t/τD
0 0.2 0.4 0.6 0.8 1.0

δvu/vc

δQa

δQb

δvφ/vc

δR/R

δρ/ρ

Fig. 4. Time evolution of the linearized equations for only l = 2 unstable
mode. (a) The perturbations δvu,δR,δρ,δQa grow over time, which rep-
resent a squeezed sphere at the equator and actin filaments aligned in the
azimuthal direction, cortical flows going from the equator to the poles and
more motors at the poles than at the equator. (b) The perturbations δvφ and
δQb grow over time, which represent a chiral flow with counter-rotating az-
imuthal flows in the two hemispheres. The key dimensionless parameters
are set as Pe = 35, ζ ∆µR2

0/D = 20, β1 = 1, R0/Lh = 1 in (a), Pe = −30,
ζ ∆µR2

0/D = 0, β1 = 1, R0/Lh = 1 in (b).

4.3. Stability diagram of the linearized dynamics

To systematically investigate the dependence of the sta-
bility of different modes on model parameters, we choose four
important dimensionless parameters, Pe, ζ ∆µR2

0/D, R0/Lh

and β1, and construct the stability diagram as a function
of pairs from {Pe,R0/Lh,β1} with varied active alignment
strength ζ ∆µR2

0/D. The results are displayed in Figs. 5–7,
where the parameter space is divided into the stable region
(white) and the unstable region (gray).

Firstly, we fix the flow-alignment coupling β1 = 1 and
scan the parameters in the range Pe ∈ [−30,30],R0/Lh ∈ [0,5]
with varied ζ ∆µR2

0/D. When the system displays no active
alignment (Fig. 5(a)) or week alignment (Fig. 5(b)), a con-
tractile stress (Pe > 0) cannot lead to the instability no matter
how strong it is. However, one may find that there is still an
unstable region of negative Pe, i.e., extensile stress. As the
active alignment grows larger, the l = 2 mode at the Pe > 0
region begins to be motivated, especially in the region with
larger R0/Lh. Thus, one witnesses a boundary curve (red lines)
with positive slopes in Figs. 5(c) and 5(d). When horizontally
crossing the boundary curve from left to right, the system goes
from stable to unstable. It indicates that with the same contrac-
tility, a large cell can divide while a small cell cannot. When
vertically crossing the the boundary curve from down to up in
Figs. 5(c) and 5(d), the system goes from unstable to stable. It

088705-9



Chin. Phys. B 34, 088705 (2025)

indicates that for a fixed cell size, too large contractility pre-
vents the motivation of the l = 2 mode. As for strong active
alignment, the l = 3 mode (orange lines in Figs. 5(c) and 5(d))
emerges following the l = 2 mode, which also becomes more
significant with the increase in active alignment. The region
between the l = 2 boundary curve (red) and l = 3 boundary
curve (red) indicates a region with only l = 2 unstable mode.
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Fig. 5. The Pe–R0/Lh mode stability diagram.

Secondly, we fix the cell size R0 = Lh and scan the param-
eters in the range Pe ∈ [−30,30],β1 ∈ [0,10]. Likewise, the
l = 2 instability induced by a contractile stress (Pe > 0) does
not appear until the active alignment gets large enough. (see
Figs. 6(a) and 6(b)). As the active alignment grows, more un-
stable modes can be activated (see Figs. 6(c) and 6(d)). When
vertically crossing the boundary curve (red line) from down to
up in Figs. 6(c) and 6(d), we find a similar phenomenon that
too strong contractility prevents the l = 2 mode from going un-
stable. In contrast, an extensile stress can indeed promote the
l = 2 mode. Moreover, when horizontally crossing the bound-
ary line (red) from left to right in Figs. 6(c) and 6(d), one re-
veals that under very strong flow-alignment coupling, neither
contractile nor extensile stress is favorable for the mode insta-
bilities.

Thirdly, we investigate the stability of a cell with a fixed
contractility Pe = 20, and scan the parameters in the range
R0/Lh ∈ [0,5],β1 ∈ [0,10] (Fig. 7). Generally, we have re-
produced our observation in Figs. 5 and 6. When the cor-
tex is driven by contractile stress, with a fixed flow-alignment
strength β1, a larger cell can divide while a smaller cell can-
not. The expansion of the unstable regions in Figs. 7(a)–7(d)
proves the importance of the active alignment to this self-
organized system.
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Fig. 7. The R0/Lh–β1 mode stability diagram.

5. Discussion
5.1. Strong contractility inhibits alignment of actin fila-

ments

We have shown that strong contractility suppresses the
l = 2 instability. This can be understood by analyzing the lin-
earized nematic dynamics for the l = 2 mode:

dδQ(2)
a

dt
=
−2β1

(
6κ +R2

0σ
)

R5
0Γ +4R3

0ηs
δR(2)+CδQ(2)

a , (61)

dδQ(2)
b

dt
=CδQ(2)

b , (62)
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where the constant C is given by

C = −
K
(
4Ln2 +A1R2

0
)(

R2
0Γ +4ηs +2β2β 2

1
)

R2
0β2
(
R2

0Γ +4ηs
)

−2β1ξ ∆µ f (ρ0)

R2
0Γ +4ηs

+ζ ∆µ f (ρ0) . (63)

From Eqs. (61) and (62), it follows that the excitation of δQ(2)
a

and δQ(2)
b requires C to be positive. However, the second term

in Eq. (63) indicates that contractile stress (i.e., ξ > 0) drives
C toward negative values, thus suppressing the growth of ne-
matic order. Active stress, given by ξ ∆µ f (ρ)𝑄, depends both
on ξ ∆µ and the nematic tensor 𝑄. If an increase in ξ ∆µ sig-
nificantly reduces 𝑄, the active stress ultimately decreases as
the nematic order 𝑄 approaches zero. Equation (63) also sug-
gests that extensile stress (Pe < 0) increases C, promoting the
growth of the nematic order δQ(2)

b . This, in turn, gives rise to

the chiral flow patterns, manifested by the growth of δv(2)
φ

in
Fig. 4(b). To see the connection between the off-diagonal ele-
ment of the nematic tensor δQ(2)

b and the chiral flow δv(2)
φ

, we

show the expression for the coefficient δv(2)
φ

associated with
the chiral flow pattern 𝛷20, which is derived from the force
balance equation (32) in the tangential direction,

δv(2)
φ

=
−2R0

R2
0Γ +4ηs +2β2β 2

1

(
ξ ∆µ f (ρ0)δQ(2)

b

+β1β2ζ ∆µ f (ρ0)δQ(2)
b −β1β2

dδQ(2)
b

dt

)
. (64)

Equation (64) clearly shows that the chiral flow δv(2)
φ

is moti-

vated by δQ(2)
b .

5.2. Anisotropic active stress alone cannot reproduce all
the phenomenon observed in cell division

In this work, we consider only anisotropic active stress,
given by

𝑇 a = ξ ∆µ f (ρ)𝑄, (65)

which is commonly adopted in studies on active nematic mat-
ter in flat space. Since 𝑄 is a traceless tensor, the stress com-
ponents in the meridional and azimuthal directions have oppo-
site signs,

(T a)u
u =−(T a)

φ

φ
. (66)

This implies that if motors generate contractile stress in the az-
imuthal direction, they simultaneously induce extensile stress
in the meridional direction and vice versa. Consequently, in
our model, the nematic active stress alone struggles to drive
meridional flows from the poles to the equator. When the cell
is compressed at the equator due to contractile stress in the
azimuthal direction, that is, (T a)

φ

φ
> 0, the resulting extensile

stress in the meridional direction, (T a)u
u < 0, tends to push the

flow away from the equator rather than towards it. This be-
havior is reminiscent of the flow patterns observed near push-
ers (extensile) and pullers (contractile) in active nematics (see
Ref. [6]).

Furthermore, the divergence of the anisotropic active
stress, div(𝑇 a), which appears in the force balance equations,
consists of a tangential component

𝑓 t =

[
ξ ∆µ f (ρ)(∇kQk

i )+ξ ∆µ
∂ f (ρ)

∂ sk Qk
i

]
𝑔i, (67)

and a normal component

𝑓n =−ξ ∆µ f (ρ)QklCkl𝑛. (68)

In the axisymmetric case, the term QklCkl is given by

QklCkl = Qu
u

(
ψ ′

h
− sinψ

r

)
, (69)

which is proportional to the difference between the two prin-
cipal curvatures. For a constricted sphere at the equator, the
curvature term ψ ′/h decreases, while sinψ/r increases. As a
result, we obtain (

ψ ′

h
− sinψ

r

)
< 0. (70)

Consequently, if the active stress is contractile (ξ > 0), the
normal component of the force, 𝑓n, points inward only if the
filaments are aligned in the azimuthal direction, i.e., Qu

u < 0.
Incorporating isotropic active stress into the model could

resolve the problem of inconsistent flow directions. Since the
isotropic active stress, 𝑇 iso = ξ iso∆µ f (ρ)𝐺, is a symmetric
tensor that satisfies

(T iso)u
u = (T iso)

φ

φ
, (71)

allowing it to generate either contractile or extensile stress in
both the meridional and azimuthal directions. Consequently,
furrow constriction at the equator due to positive (T iso)

φ

φ
and

flows from the poles toward the equator due to positive (T iso)u
u

can occur simultaneously. However, isotropic active stress
tends to trigger polarized instability (l = 1) with increasing
ξ iso before nematic instability (l = 2).[61] Consequently, the
contractile ring tends to slide from the equator to the poles
while constricting.[65]

The divergence of the isotropic active stress, div(𝑇 iso),
consists of a tangential component

(𝑓 iso)t = ξ
iso

∆µ
∂ f (ρ)

∂ sk gk j𝑔 j, (72)

and a normal component

(𝑓 iso)n =−ξ
iso

∆µ f (ρ)Ck
k𝑛. (73)

If the active stress is contractile (ξ iso > 0), the normal force
points inward only if the mean curvature, Ck

k (the sum of the
two principal curvatures), remains positive.
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5.3. Biological implications

When examining how the stability of the system depends
on the model parameters, we have identified the ratio R0/Lh

as a crucial dimensionless parameter. Our analysis reveals that
as the cell size continuously decreases, the system transitions
from an unstable state to a stable state, suggesting a loss of
division capability. This finding is consistent with biological
observations in C. elegans embryogenesis, where, after several
rounds of cell division, the daughter cells gradually lose their
ability to divide.[83,84] Our results provide a potential mech-
anistic explanation for this phenomenon, suggesting that the
interplay between cell size and stability may play a fundamen-
tal role in the regulation of the cessation of cell division during
development.

We emphasize that incorporating the nematic tensor into
our model introduces several new parameters, including the
elastic constants in the Landau–de Gennes energy (K, A1, A2

and Ln), as well as the flow-alignment coupling constant (β1)
and the active alignment strength (ζ ). These phenomeno-
logical parameters are challenging to measure experimentally,
which limits the quantitative predictive capacity of our results.
In particular, for simplicity, we set all length scales, includ-
ing LH, LK, and Ln, equal to the cell size R0. However, the
qualitative behavior of our key conclusions, such as the cru-
cial role of active alignment in cell division, remains robust,
as demonstrated by the analytical results of the linear stability
analysis.

6. Conclusions
In this paper, we apply a hydrodynamic model of active

surfaces to describe the surface deformation and cortical flows
induced by molecular motors during cell division. The model
can be applied to the cell cortex to investigate the emergence
of two phenomena during cell division: the contractile ring
and chiral flow. By solving the linearized dynamic equations,
we show the time evolution of the perturbations of different
modes. The l = 2 instability is associated with the emergence
of two phenomena during cell division: the contraction of the
equator and chiral flows. We demonstrate that the active align-
ment is vital to the motivation of l = 2 instabilities. With suf-
ficiently strong active alignment, actin filaments are aligned
azimuthally and the sphere tends to contract at its equator.
Furthermore, we find that a strong contractile stress inhibits
cell division by suppressing the nematic order and a strong
extensile stress promotes the emergence of chiral flows with
counter-rotating azimuthal flows in the two hemispheres. Our
results provide a mechanistic explanation for the key phenom-
ena observed during cell division, offering new insights into
the role of active stress and filament alignment in cortical dy-
namics.

Appendix A: Scalar/vector/tensor spherical har-
monics

We express the perturbation as a linear combination of
spherical harmonic functions of different types. For the scalar
field ρ , we expand it using the scalar spherical harmonic Yl0,
defined as

Yl0 =

√
2l +1

4π
Pl(cosθ), (A1)

where Pl(x) denotes the Legendre polynomial.
For the vector field 𝑣, we expand it using the vector spher-

ical harmonic functions 𝛹l0 =Ψ
(l0)

i 𝑔i and 𝛷l0 = Φ
(l0)
i 𝑔i, with

components given by

Ψ
(l0)

i = R0∂iYl0, (A2)

Φ
(l0)
i = ε j

i∂ jYl0. (A3)

Here, 𝛹l0 lies in the meridional direction and is curl-free,
while 𝛷l0 lies in the azimuthal direction and is divergence-
free. In particular, the divergence-free vector field 𝛷20 repre-
sents a chiral flow characterized by counter-rotating directions
in the two hemispheres.

For the nematic tensor field 𝑄, we expand it using the
tensor spherical harmonic functions 𝛹̄l0 = Ψ

(l0)
i j 𝑔i ⊗ 𝑔 j and

𝛷̄l0 = Φ
(l0)
i j 𝑔i⊗𝑔 j, with components

Ψ
(l0)

i j = R0∇iΨ
(l0)
j +

1
2

l(l +1)Yl0gi j, (A4)

Φ
(l0)
i j =

1
2

(
∇iΦ

(l0)
j +∇ jΦ

(l0)
i

)
. (A5)

There are four linearly independent tensor spherical harmonic
functions; however, we select only two that satisfy the trace-
less and symmetric conditions required for the 𝑄 tensor. The
tensor 𝛹̄l0 represents alignments either in the meridional or az-
imuthal direction, while 𝛷̄l0 describes a chiral alignment with
projections in both meridional and azimuthal directions.
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