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Dynamical decoupling (DD), usually implemented by sophisticated sequences of instantaneous control pulses, is a
well-established quantum control technique for quantum information and quantum sensing. In practice, the pulses are
inevitably imperfect with many systematic errors that may influence the performances of DD. In particular, Rabi error and
detuning are primary systemic errors arising from finite pulse duration, incorrect time control, and frequency instability.
Here, we propose a phase-modulated DD with staggered global phases for the basic units of the pulse sequences to suppress
these systemic errors. By varying the global phases appended to the pulses in the dynamical decoupling unit alternatively
with 0 or π , our protocol can significantly reduce the influences of Rabi error and detuning. Our protocol is general and
can be combined with the most existing DD sequences such as universal DD, knill DD, XY, etc. As an example, we further
apply our method to quantum lock-in detection for measuring time-dependent alternating signals. Our study paves the
way for a simple and feasible way to realize robust dynamical decoupling sequences, which can be applicable for various
quantum sensing scenarios.

Keywords: dynamical decoupling, quantum sensing, quantum lock-in amplifier
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1. Introduction
Dynamical decoupling (DD) is a well-established

quantum control technique and widely used in a wide
range of applications,[1–8] such as protecting qubits from
decoherence,[9–14] increasing the signal-to-noise ratio of quan-
tum sensors for alternating signals,[15] implementing high-
fidelity quantum gates,[16] and detecting noise spectrum.[17]

In general, a DD sequence is based on the ideas that under-
lie the spin-echo effect and comprised a series of pulses, sep-
arated by certain interpulse delays.[18] In experiments, there
are many systematic errors that may influence DD sequence,
especially for a larger number of pulses.[19–21] For example,
the incorrect time duration or laser strength is called Rabi
error[22] which cause the rotation angle error. Moreover, the
incorrect laser frequency leads to the detuning.[23] These er-
rors can cause DD scheme fail to achieve the expected per-
formance. To suppress these imperfections, different DD se-
quences have been proposed, such as XY(4,8,16,. . .),[23] knill-
dynamical-decoupling (KDD),[24,25] and universal dynamical
decoupling (UDD) sequences[26] and so on.[47] Especially, a
phase randomization protocol for DD sequences has been pro-
posed and realized in experiment to efficiently suppress spu-

rious response, while maintaining the expected signal.[13,27]

However, these protocols are not absolutely robust against to
the undesired effects as mentioned above. Hence, how to de-
velop a universal DD method with high robustness against sys-
tematic errors remains a challenging task.

Meanwhile, it is well known that DD methods has been
extensively used to realize the quantum lock-in detection for
quantum sensing, such as frequency measurement,[28–30] mag-
netic field sensing,[28,31] vector light shift detection,[32] and
weak-force detection.[33] However, these systemic errors may
also influence the quantum lock-in detection. Therefore, it is
important to improve the DD sequences for realizing a quan-
tum lock-in detection with high robustness against these er-
rors.

Based on the existing study, it is natural to ask the fol-
lowing questions: (i) Can one develop a universal DD method
with robustness against the systematic errors? (ii) Can one
realize a robust quantum lock-in detection with this method?
In this work, we propose a robust phase-modulated dynam-
ical decoupling sequence to suppress the Rabi error and de-
tuning. Our protocol adds the global phases Φm which are
0 or π alternately to all the pulses of each unit. This pro-
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tocol is general and can be combined with the most existing
DD sequences. Especially, we find that our protocol can sig-
nificantly suppress the Rabi error. We also apply our proto-
col on quantum lock-in detection for highly robust quantum
sensing. And our protocol has broad application prospect in
magnetometer,[26,31,34–36] atomic clocks,[37–39] gravimeter,[40]

gyroscope,[41] and so on.[10,33,42]

This article is organized as follows. In Section 2, we in-
troduce our general protocol of phase-modulated dynamical
decoupling sequences. We demonstrate the robustness of our
protocol. In Section 3, we apply our protocol to quantum sens-
ing. We demonstrate how to achieve the robust quantum lock-
in detection for alternating signals estimation. Finally, we give
a brief summary in Section 4.

2. The phase-modulated dynamical decoupling
sequences
In general, a DD sequence is consistent of many π pulses.

For a two-level system such as NV center[29,43–45] and single
trapped ion,[28] its energy levels are labeled by |↑⟩ and |↓⟩,

and can be described via the Pauli operators σ̂x,y,z. The control
Hamiltonian of a sequence of π pulses can be written as

Ĥctrl(t) = h̄Ω(t)[cos(φ(t))σ̂x + sin(φ(t))σ̂y]/2 (1)

with

Ω(t) =
{

π/TΩ , |t − t j| ≤ TΩ/2,
0, others, (2)

and the pulse phase

φ(t) =
{

φ j, |t − t j| ≤ TΩ/2,
0, others. (3)

Ideally, the π pulse is hard with TΩ → 0. In realistic exper-
iments, limited by the Rabi frequency Ω , there is the pulse
length TΩ ̸= 0. Without loss of generality, we suppose a
π pulse with phase φ(t j) = φ j is applied at time node t j

( j = 1,2, . . . ,n) (see Fig. 1(a)). DD sequences with differ-
ent pulse phases or the pulse intervals have been proposed,
such as the UDD sequences have the same pulse phase (i.e.,
φ j = 0), while have different pulse intervals (i.e., (t j − t j−1)),
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Fig. 1. Dynamical decoupling sequence composed of π pulses. (a) The generic model of DD sequences. A π pulse with phase φ j is applied at time
node t j ( j = 1,2, . . . ,n). For most sequences, we have φ j = φn− j+1. Considering the real experimental system, limited by the Rabi frequency Ω , we
define the pulse length as TΩ . (b) The π pulses of UDD sequence have the same φ j = 0 while have different pulse intervals (t j − t j−1). (c) The XY4
and (d) KDD sequences have the same pulse interval (t j − t j−1) while have different pulse phases φ j . (e) Standard way to construct a longer sensing
sequence by repeating the same basic pulse unit in (a) M times. The global phase imposed on the m-th unit is Φm = Φ , (f) phase randomization
protocol shifting all the pulses within each unit by a common random phase Φr,m at different blocks is independent. (g) The staggered sequence
{Φ1,Φ2, . . . ,Φr,M−1,Φr,M}= {0,π, . . . ,0,π} (M is even) of the randomization protocol when each unit is symmetry, i.e., φ j = φn− j+1.
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see Fig. 1(b). However, the XY(4,8,16,. . .)[13] sequences and
KDD sequences[13,24,25] have the same pulse interval τe = t j −
t j−1 while have different phases, see Figs. 1(c) and 1(d). More-
over, to realize more robust protocol, the authors in Ref. [13]
proposed a phase randomization protocol. The phase random-
ization protocol is achieved by, first, adding a global phase to
the applied π pulses within one elemental unit and, second,
randomly changing this phase each time the unit is repeated
(see Fig. 1(f)). And the simplified randomization protocol
does not change the global phase, just repeats the same basic
pulse, which is called standard protocol, as shown in Fig. 1(e).

Now we illustrate our phase-modulated dynamical decou-
pling sequences. Based on the idea of phase randomization
protocol of DD sequences, our protocal contains M repetitions
of the basic DD unit (see Fig. 1(e)). Considering the Rabi error
and detuning,[13,25] the Hamiltonian of a sequence of π pulses
in our protocol becomes (see Appendix A for more details)

Ĥ(ε,∆) = Ω(t)(1+ε)σ̂m, j/2+∆σ̂z/2 (4)

with

σ̂m, j = cos(Φm +φ j)σ̂x + sin(Φm +φ j)σ̂y. (5)

Here, ε denotes the Rabi error, ∆ denotes the detuning. Global
phases Φm is imposed on all the pulses within the m-th unit
(m= 1,2, . . . ,M where M is even), as shown in Figs. 1(e)–1(g).
In general, the robustness of a DD sequences against systemic
errors varies with global phases {Φm}.[13,24,46] Different from
the phase randomization protocol of DD sequences, the global
phases added to all the pulses of DD unit are 0 or π alternately,
not a common random phase (see Fig. 1(g)).

To study the robustness of our protocol, one can use
fidelity[47] to evaluate the DD sequence performance and it
is[47]

F(ε,∆) = Tr[Û†(ε,∆)Û(0,0)]/Tr[Û†(0,0)Û(0,0)] (6)

with

Û(ε,∆) =
M

∏
m=1

n

∏
j=1

exp
(
−i∆

τ −TΩ

2
σ̂z

2

)
× exp

(
−iπ(1+ε)

σ̂m, j

2
− i∆TΩ

σ̂z

2

)
× exp

(
−i∆

τ −TΩ

2
σ̂z

2

)
(7)

and Tr[Â] means tracing Â. For convenience, we consider the
fidelity with ∆ = 0. Thus, we have

Û(ε,0) =
M

∏
m=1

n

∏
j=1

exp
(
−iπ(1+ε)

σ̂m, j

2

)
. (8)

Here, we assume {Φm}= {0,π, . . . ,0,π} and utilize cos(φ j +

π)σ̂x + sin(φ j + π)σ̂y = −[cos(φ j)σ̂x + sin(φ j)σ̂y], one can

have

Û(ε,0) = Û(0,0). (9)

That means the Rabi error has no effect at all on our phase-
modulated DD sequences. In the Bloch sphere, the unitary op-
eration Û(ε,0) is equivalent to a state turning less επ and earn-
ing more επ along the same axis, which is equivalent to not
turning. Hence, when choosing {Φm} = {0,π,0,π, . . . ,0,π}
(see Appendix C for more details), one can obtain

Ûopt(ε,0)

=

[
n

∏
j=1

exp
(
−iπ(1+ε)

−σ̂ j

2

) n

∏
j=1

exp
(
−iπ(1+ε)

σ̂ j

2

)]M/2

=

[
exp
(

iπ(1+ε)
σ̂n

2

)
×·· ·× exp

(
iπ(1+ε)

σ̂1

2

)
×exp

(
−iπ(1+ε)

σ̂n

2

)
×·· ·× exp

(
−iπ(1+ε)

σ̂1

2

)]M/2

=

[
exp
(

iπ(1+ε)
σ̂1

2

)
×·· ·× exp

(
iπ(1+ε)

σ̂n

2

)
×exp

(
−iπ(1+ε)

σ̂n

2

)
×·· ·× exp

(
−iπ(1+ε)

σ̂1

2

)]M/2

= ℐ (10)

with σ̂ j = cos(φ j)σ̂x + sin(φ j)σ̂y, φ j = φn− j+1, and ℐ denot-
ing unit matrix. Substitutting Eq. (10) into Eq. (6), one can
have F(ε,0) = 1. Thus, our protocol can suppress the Rabi
error absolutely.

Our protocol is general and can be combined with the
most existing DD sequences with symmetric phase, i.e., φ j =

φn− j+1, such as XY-(4,8,16,. . . ) sequences and KDD se-
quence. As shown in Figs. 2(a) and 2(e), we study the fidelity
of F(ε,0) with different global phases for XY4 and KDD. We
find the fidelity of our protocol is always 1 for both XY4 and
KDD sequences being the same as Eq. (10). Thus our proto-
col can suppress the Rabi error absolutely for XY4 and KDD
sequences when ∆ = 0. We also numerically calculate the fi-
delity of F(ε,∆) for different DD sequences. According to our
result, we find that our protocol has the most yellow areas rep-
resenting the highest fidelity in the vicinity of the center point
(ε= 0,∆ = 0) (see Appendix E for more details), as shown in
Fig. 2. The increasing size of this yellow area demonstrates the
improvement in error tolerance of our protocol in the vicinity
of the center point.[48] Thus our protocol has the best robust-
ness in our consideration.

Moreover, due to the fact that the global phases do not
change the internal structure (i.e., the relative phases among
π pulses) of the basic unit, the robustness of the basic DD se-
quence still can be preserved in our protocol. To show the
application of our protocol in quantum sensing, in the follow-
ing, we utilize our scheme for quantum lock-in detection as an
example.
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Fig. 2. Fidelity F(ε,∆) of XY4 and KDD sequences as a function of Rabi frequency error ε and detuning ∆ . (a) Fidelity of XY4
sequences as a function of Rabi frequency errors F(ε,0) for the standard Φm = 0 (blue solid line), a random randomization {Φr,m} =
{5.47,0.31,0.53,3.17,3.15,1.37,2.77,4.66,2.36,2.06} (red dashed line), and the alternation {Φm}= {0,π, . . . ,0,π} (green dotted line) with-
out detuning (∆ = 0). (b)–(d) Fidelity F(ε,∆) of XY4 sequences as a function of Rabi frequency error ε and detuning ∆ for the standard
(XY4) (b), the randomization (RXY4) (c), and the alternation ([0,π]) (d). (e) Fidelity of KDD sequences as a function of Rabi frequency errors
F(ε,0) for the standard (blue solid line), a random randomization {Φr,m} = {2.37,5.66,2.92,0.74,1.55,5.72,3.77,2.88} (red dashed line),
and the alternation (green dotted line) without detuning. (f)–(i) Fidelity F(ε,∆) of KDD sequences as a function of Rabi frequency error ε and
detuning ∆ for the standard (KDD) (f), the randomization (RKDD) (g), and the alternation ([0,π]) (h). Here, we choose pulse number Mn = 80
for both XY4 (n = 4) and KDD (n = 5) sequences.

3. Robust quantum lock-in measurement

Precision magnetic field measurements is an essen-
tial task in both fundamental physics[49–53] and practical
applications.[54–57] Quantum lock-in detection is an essential
technique in quantum metrology, which can be used to extract
alternating signals from noise by employing dynamic decou-
pling to mitigate the influence of unwanted spectral compo-
nents. In this section, we illustrate how to use our protocol
to realize a quantum lock-in detection with robustness against
systematic errors.

In general, quantum lock-in detection can be real-
ized via quantum interferometry under a periodic multipulse
sequence[28,31,47,58,59] to extract the weak alternating signal
S(t) = S0 cos(ωt) = γeBac cos(ωt) with the gyromagnetic ra-
tion γe and the target magnetic field amplitude Bac. The cou-
pling between the probe and the external signal is described
by the Hamiltonian (see Fig. 3(a))

Ĥint =
h̄
2

S(t)σ̂z. (11)

Further, to implement the quantum lock-in detection, one can
use the DD pulse sequence as an reference signal and it can
be written as Eq. (1). Under the DD sequences, we have
˜̂A(t) = Û†(t)ÂÛ(t) with Û(t) = 𝒯

∫ t
0 Ĥctrl(t ′)dt ′ and 𝒯 is the

time-ordering operator. Especially, if the operator Â = σ̂z, one
can obtain ˜̂σz = Fz(t)σ̂z +Fxσ̂x +Fyσ̂y with

Fµ =
1
2

Tr( ˜̂σzσ̂µ), (12)

where Tr(X̂) is the trace of matrix X̂ . After some algebras,
the Hamiltonian ĤI in the interaction picture of the DD pules
sequence Ĥctrl can be written as (see Appendix D for more

details)[13]

ĤI(t) =
h̄
2

Fz(t)S(t)σ̂z+
h̄
2

S(t)(Fxσ̂x+Fyσ̂y) , (13)

with Fµ = 1
2 Tr( ˜̂σzσ̂µ) (µ = x,y,z). In our consideration of the

pulse length TΩ , we choose the DD sequence as

Ω(t,TΩ ) =

{
π/TΩ , |t − ( j−1/2)τe|< TΩ/2,
0, others, (14)

where j = 1,2, . . . ,N (N = nM) denotes the pulses number
and TΩ denotes the pulse length. For ideal pulses TΩ = 0,
F⊥(t) = 0 (see Figs. 1(c) and 1(d)), the interaction Hamilto-
nian can be simplified as

ĤI =
h̄
2

S(t)Fz(t)σ̂z, (15)

with Fz(t) is filter function and it is

Fz(t) =
{

1, 2 jτe ≤ t +1/2τe ≤ (2 j+1)τe,

−1, (2 j+1)τe ≤ t +1/2τe ≤ 2( j+1)τe.
(16)

Initializing the quantum system into the state |Ψ(0)⟩ =

(|↑⟩+ |↓⟩)/
√

2, the instantaneous state in the interaction pic-
ture at time tN = Nτe = nMτe becomes

|Ψ(tN)⟩I = (e−iϕN/2|↑⟩+ e iϕN/2|↓⟩)/
√

2 (17)

with ϕN =
∫ tN

0 Fz(t)S(t)dt. Especially, one can choose an even
pulses number N to suppress DC noise due to

∫ tN
0 Fz(t)dt =

0.[49] The role of a quantum lock-in detection is to tailor Fz(t)
synchronized with the target signal S(t), allowing the phase
accumulation coherently owing to S(t). Finally, a unitary op-
eration e−i π

4 σ̂x (π/2 pulse along x axis) is applied for readout,
the population difference between the states |↑⟩ and |↓⟩ reads

⟨σ̂z⟩N = sin(ϕN). (18)

For CPMG sequence, XY4 sequence, and KDD sequence, we
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have

ϕN =
2S0

ω
cos
[

Nω · (τe − τ)

2

]
×
[

1+ sin
(

ω · (τe − τ)

2

)]
sin[Nω · (τe − τ)/2]
sin[ω · (τe − τ)/2]

. (19)

Here, τ = π/ω is the half-period of the target signal. Ob-
viously, ϕN is the antisymmetric phase with respect to the
lock-in point τe = τ . Moreover, if 2S0N/ω ≪ 1, we have
⟨σ̂z/2⟩N ≈ ϕN/2.[29,30] Thus, one may determine the lock-in
point from the pattern symmetry by modulating the pulse rep-
etition period τe.

However, in realistic situations, the π pulses are not in-
stantaneous due to limited light power, so the function F⊥(t)
has a nonzero value during π pulse execution and Fz(t) de-

viates from ±1[13] (Figs. 1(c) and 1(d)). The presence of
nonzero F⊥(t) = Fx(t)+ iFy(t) may alter the expected signal
or cause spurious peaks to appear. In our study, we find that
the Rabi error and the detuning will affect the measurement
results,[59] as shown in Figs. 3(b) and 3(f). Further, we study
the relative deviation of the amplitude S0 for the different am-
plitude error ε and detuning ∆ . We define the relative devia-
tion of the amplitude as δ/A = |Best

ac −Bac|/Bac. As shown in
Figs. 3(c), 3(d), 3(e), 3(g), 3(h), and 3(i), we numerically cal-
culate the relative deviation δ/A for different XY4 and KDD
sequences. Compared with previous protocols, we find our
protocol improves the relative error of measurement results by
orders of magnitude, as shown in Fig. 3. Thus our protocol
can enhance the performance of quantum lock-in detection for
quantum sensing.
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Fig. 3. The robustness of our protocol in quantum lock-in detection. (a) Quantum lock-in detection scheme. (b) Quantum lock-in signal ⟨σ̂z/2⟩ with XY4
sequences for the standard Φm = 0 (green dash-dotted line), a random randomization {Φr,m}= {5.47,0.31,0.53,3.17,3.15,1.37,2.77,4.66,2.36,2.06}
(orange dotted line), and the alternation Φm = {0,π, . . . ,0,π} (purple dashed line) with ε=−0.001, ∆ =−200 and all XY4 sequences results without
error (blue solid line). (c)–(e) The magnetic field amplitude measurement relative error δ/A at the lock-in point τe = π/ω for XY4 (c), RXY4 (d),
and XY4-[0,π] (e). (f) Quantum lock-in signal ⟨σ̂z/2⟩ with KDD sequences for the standard Φm = 0 (green dash-dotted line), the randomization
(orange dotted line), and the alternation (purple dashed line) with ε = −0.001, ∆ = −200, and all KDD sequences results without error (blue solid
line). (f)–(h) The magnetic field amplitude measurement relative error δ/A at the lock-in point τe = π/ω for KDD Φm = 0 (f), RKDD {Φr,m} =
{2.37,5.66,2.92,0.74,1.55,5.72,3.77,2.88} (g), and the alternation [0,π] (h). Here, the gyro-magnetic ration γe = 2×π ×2802400 Hz/Gs (Yb+171), the
target magnetic field amplitude is 10−8 Gs (1 Gs = 10−4 T), frequency ω = 100π , pulse length TΩ = 0.1τ , and pulse number Mn = 80.

4. Discussion and conclusion
We theoretically propose a robust phase-modulated dy-

namical decoupling sequences to suppress systemic errors,
which is based on the idea of phase randomization protocol
of DD sequences, the differences are the global phase added
to all the pulses of DD unit being 0 or π alternately, not a
common random phase. On the basis of our protocol, we
find that our protocol can significantly reduce the Rabi error.
Compared with the most existing DD sequences, our protocol
also can suppress detuning mostly. In addition to varying the
global phases appended to the pulses in the dynamical decou-
pling unit alternatively with 0 or π , we find that for M = 4k

(k = 1,2,3, . . .) repetitions of the basic DD unit, varying the
global phases with [0,π,π,0] have a better error tolerance (see
Appendix C for numerical results).

Furthermore, we also numerically demonstrated that our
protocol can be used in a quantum lock-in detection to mea-
sure ac signal. After some numerical calculation, we find the
relative errors of our protocol are smaller than the standard
protocol and the randomization protocol’s, especially for weak
signal. Our protocol is general and can be combined with
the most existing DD sequences, such as XY(4,8,16,. . .) se-
quences, KDD sequences, UDD sequences, and so on. Thus it
is simple to implement in many two-level experimental sys-
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tems, such as NV centers, trapped ions, and so on which
can even be applied in many-body entanglement system to
achieve high precision and high robustness metrology.[31,60]

In addition to the Rabi error and detuning, the robustness
of our protocol to other common experimental noises (such
as phase noise and temperature drift) is also important and
can be studied in the future. Considering the global phases
does not change the internal structure of the basic unit, our
protocol still is robust to the other common experimental
noises.[13,27] Our study may pave a simple and feasible way
to realize robust DD sequences, and achieve robust quantum
lock-in detection for quantum sensing. And our protocol is
widely used in many diverse fields, ranging from fundamen-
tal physics,[38,61–63] geographic metrology[64,65] to material
science,[26,66] and biomedical sensing.[67–69]

Appendix A: Modulation function of dynamical
decoupling sequence

Usually, a DD sequence can be generated by a sequence
of microwave pulses[13] or optical pulses[70] whose Hamilto-
nian is

ĤDD = Ω(t)cos[ωpt +φ(t)]σ̂x (A1)

with ωp is the coupling field angle frequency. The two-level
system internal Hamiltonian is Ĥ0 = ω0σ̂z/2 with the energy
difference ω0 between |↑⟩ and |↓⟩, hence the whole Hamilto-
nian is

Ĥ = ω0σ̂z/2+Ω(t)cos[ωpt +φ(t)]σ̂x. (A2)

Usually, we have ω0 ≫ |∆ | with the detuning ∆ = ω0 −ωp.
In the interaction picture with respecting to ωpσ̂z/2, the time-
evolution obeys

i
∂ |Ψ(t)⟩I

∂ t
=

1
2

HI|Ψ(t)⟩I (A3)

with

ĤI = ∆σ̂z/2+Ω(t) [cos(φ(t))σ̂x + sin(φ(t))σ̂y]/2, (A4)

which is Eq. (4) in the main text after rotating wave ap-
proximation (RWA). Under the Ĥctrl scene, we have ˜̂A(t) =
Û†(t)ÂÛ(t) with Û(t) = 𝒯

∫ t
0 ĤI(t ′)dt ′ and 𝒯 is the time-

ordering operator. Specially, if the operator Â is the angular
momentum operator σ̂z/2, one can obtain ˜̂σz/2 = Fz(t)σ̂z/2+
Fx(t)σ̂x/2+Fy(t)σ̂y/2 and F⊥ =Fx+ iFy. Hence we can easily
obtain

Fµ =
1
2

Tr( ˜̂σzσ̂µ), (A5)

where Tr(X̂) is the trace of matrix X̂ .
For a sequence of π pulses, if a π pulse is ap-

plied at time t j, the evolution driven by ĤI reads P̂j(θ) =

e−iθ [cos(φ j)σ̂x/2+sin(φ j)Ĵy], where θ = θ(t) = π(t − t j −
TΩ/2)/TΩ ∈ [0,π] is the angle of rotation and φ j = φ(t j).

Defining P̂j(θ) = P̂j(π) as the propagator of a single π pulse,
one can obtain the propagator for 2 j+1 ( j = 0,1, . . .) pulses

Û2 j+1 = P̂2 j+1P̂2 j · · · P̂2P̂1

= 2(−1) j+1 sin(Φ2 j+1)σ̂x/2

−2(−1) j+1 cos(Φ2 j+1)Ĵy, (A6)

and for 2 j pulses

Û2 j = P̂2 j · · · P̂1 = (−1) j e−2iΦ2 jσ̂z/2, (A7)

where Φk = ∑
k
l=1(−1)lφl . According to Eqs. (A5)–(A7), we

can obtain the modulation functions as follows:

Fz(t) = (−1) j−1 cos(θ), (A8)

F⊥(t) = i(−1) j−1 e−i(Φ j−1+Φ j) sin(θ). (A9)

Because θ = θ(t) in Eqs. (A8) and (A9) is the pulse area that
the j-th pulse has rotated at the moment t, for ideal pulses
(TΩ → 0), F⊥(t) has no effect (because sin(θ) = 0 for all time
t) and Fz ∈ {±1}. However, in the realistic case, the pulses
are not instantaneous (TΩ > 0), F⊥(t) is non-zero during the π

pulses. And the F⊥(t) varies with the phases {φ j},{Φm} for
the same TΩ > 0.

Appendix B: Filter function of dynamical decou-
pling sequence

The filter function is actually the frequency domain repre-
sentation of the modulation function Fµ ,[13,49] i.e., the Fourier
transform of the modulation function

f µ

k =
1

MT

∫ MT

0
Fµ(t)exp

(
−i

2πkt
MT

)
dt. (B1)

Under the randomization protocol, a random phase Φr,m (m =

1,2, . . . ,M) is added to all pulses in the m-th repetition of the
basic unit. These random phases do not affect Fz(t) but alter
F⊥(t) to Fr,⊥(t) = F⊥(t)e iΦr,m . And we have

f⊥k =
1

MT

∫ MT

0
Fr,⊥(t)exp

(
−i

2πkt
MT

)
dt

=
1

MT

M

∑
m=1

∫ mT

(m−1)T
F⊥(t)e iΦr,m exp

((
−i

2πkt
MT

))
dt

= Zr,k,M f̃⊥k/M, (B2)

where

Zr,k,M =
1
M

M

∑
m=1

e i[Φr,m−2πk(m−1)/M],

f̃⊥k/M =
1
T

∫ T

0
F⊥(t)exp

(
−i

2πkt
MT

)
dt.

For the randomization protocol in Ref. [13], considering Φr,m

is random and hence Φr,m−2πk(m−1)/M is also random, one
can obtain Zr,M = 1

M ∑
M
m=1 exp(iΦr,m). And then the correlated

randomization protocol is proposed by Wang et al.[27] How-
ever, for difference random digit {Φr,m}, the fidelity which
characterizes the DD sequence performance is different as
shown in Fig. 2. And we have found the optimial {Φr,m}
for symmetric DD sequence whose fidelity is always 1 when
∆ = 0.
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Appendix C: The robustness enhancement of op-
timized randomization protocol

In this section, we will discuss the robustness enhance-
ment of our protocol and we concentrate on the Rabi frequency
control error. Compared with Ref. [13], we ignore the influ-
ence of detuning and phase error because their robustness has
been improved obviously in the random scheme especially the
detuning has almost even no effect on the standard model. The
evolution driven by the single j-th π pulse with Rabi error
takes the general form

Ûs, j(ε) = e−iπ(1+ε)/2(cosφ jσ̂x+sinφ jσ̂y)

=

(
−sin(επ/2) −i cos(επ/2)e−iφ j

−i cos(επ/2)e iφ j −sin(επ/2)

)
, (C1)

where ε is the relative Rabi error. Here, we assume that each
pulse has the same ε, and equation (C1) describes a perfect
π pulse when ε = 0. Consider a basic unit with N π pulses
applied at t j ( j = 1,2, . . . ,N) with phases φ j. And we have the
propagator of a basic pulse unit

Ûunit = Ûs,NÛs,N−1 · · ·Ûs,2Ûs,1. (C2)

When one adds a random global phase Φr,m on all the π pulses
in a basic DD unit, each Ûs, j(ε) in the m-th block becomes

Ûs, j,m(ε) =

(
sin(επ/2) −i cos(επ/2)e−i(φ j+Φr,m)

−i cos(επ/2)e i(φ j+Φr,m) sin(επ/2)

)
. (C3)

The robustness can be described by the fidelity Tr[Û†
M(ε)ÛM(ε= 0)]/Tr[Û†

M(ε= 0)ÛM(ε= 0)]. Moreover, if there are detuning
∆ , each Ûs, j(ε) in the m-th block becomes

Ûs, j,m(ε,∆) = exp
(
−i∆

τ −TΩ

2
σ̂z

2

)
exp
(
−iπ(1+ε)

σ̂m, j

2
− i∆TΩ

σ̂z

2

)
exp
(
−i∆

τ −TΩ

2
σ̂z

2

)
(C4)

with σ̂m, j =

(
0 e−i(φ j+Φr,m)

e i(φ j+Φr,m) 0

)
. And we can judge its robustness by the fidelity Eq. (6).

In the main text, we have shown that our protocol has the best robustness against the Rabi error when |∆ | ≤ 1000.
However, when ∆ is large, we find a new sequence [0,π,π,0] with more symmetries being better than [0,π] which has a

larger yellow area as shown in Fig. C1.
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Fig. C1. Fidelity F(ε,∆) of XY4 and KDD sequences as a function of Rabi frequency error ε and detuning ∆ . (a)–(d) Fidelity F(ε,∆) of
XY4 sequences as a function of Rabi frequency error ε and detuning ∆ for the standard (XY4) Φm = 0 (a), the randomization (RXY4) {Φr,m} =
{5.47,0.31,0.53,3.17,3.15,1.37,2.77,4.66,2.36,2.06} (b), the staggering ([0,π]) (c), and the new alternation ([0,π,π,0]) (d). (e)–(i) Fidelity F(ε,∆)
of KDD sequences as a function of Rabi frequency error ε and detuning ∆ for the standard (KDD) Φm = 0 (e), the randomization (RKDD) {Φr,m} =
{2.37,5.66,2.92,0.74,1.55,5.72,3.77,2.88} (f), and the optimized (KDD-[0,π]) (h), and the new alternating (KDD-[0,π,π,0]) (i). Here, we choose pulse
number N = Mn = 80 for both XY4 and KDD sequences.

Appendix D: Quantum lock-in detection

In this section, we will give the derivation of Eq. (19).
For a two-level single-particle system obeying the following
Hamiltonian:

Ĥ =
h̄
2
[M(t)σ̂z +Ω(t)[cos(φ(t))σ̂x + sin(φ(t))σ̂y]] ,

its Schrödinger equation can be written as

i
∂ |Ψ(t)⟩S

∂ t
=

1
2
[M(t)σ̂z +Ω(t)[cos(φ(t))σ̂x

+ sin(φ(t))σ̂y]]|Ψ(t)⟩S. (D1)

Here, M(t) = S(t) +N(t), and S(t) = S0 cos(ωt) is the sig-
nal with the angle frequency ω and the amplitude A, and
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N(t) = ∆ is the detuning. In the interaction picture with re-
spect to Ĥref =

h̄
2 Ω(t)[cos(φ(t))σ̂x + sin(φ(t))σ̂y], substitut-

ing |Ψ(t)⟩S = e−i/h̄
∫ t

0 Ĥref(t ′)dt ′ |Ψ(t)⟩I into Eq. (D1), the time-
evolution of |Ψ(t)⟩I obeys

i
∂ |Ψ(t)⟩I

∂ t
=

ĤI

h̄
|Ψ(t)⟩I

= (Fz(t)σ̂z +Fx(t)σ̂x +Fy(t)σ̂y)|Ψ(t)⟩I, (D2)

where Fz is Eq. (A8) and Fx + iFy is Eq. (A9). At time t, the
state |Ψ(t)⟩I becomes

|Ψ(t)⟩I = 𝒯 exp
(
− i
∫ t

0

[
Fx(t ′)σ̂x +Fy(t ′)σ̂y

+Fz(t ′)σ̂z

]
dt ′
)
|Ψ(0)⟩I, (D3)

where 𝒯 is the time-ordering operator.
In our protocol, we choose the reference signals as

Ω(t,TΩ ) =

{
π/TΩ , |t − t j|< TΩ/2,

0, others, (D4)

where TΩ denotes the pulse length. For ideal pulses, the inter-
action Hamiltonian can be simplified as

ĤI =
h̄
2

S(t)Fz(t)σ̂z, (D5)

where the filter function is given as

Fz(t) =

{
1, 2 jτe ≤ t +1/2τe ≤ (2 j+1)τe,

−1, (2 j+1)τe ≤ t +1/2τe ≤ 2( j+1)τe.
(D6)

Choosing each quantum system is initialized into |Ψ⟩in =
|↑⟩+|↓⟩√

2
. At time t, the final state in the interaction picture is

|Ψ(t,λ )⟩I = exp
(
−i

σ̂z

2

∫ t

0
S(t ′)Fz(t ′,λ )dt ′

)
|Ψ⟩in

=
|↑⟩+ e iφz(t,λ )|↓⟩√

2
. (D7)

For the results determined by the density matrix ρ = |Ψ⟩⟨Ψ |,
the global phase e−iϕN/2 can be ignored. The total accumula-
tion phase φz(t) is

φz(t) =
∫ t

0
S(t ′)F(t ′)dt ′. (D8)

In the Schrödinger picture,[28,31] the corresponding final state
is

|Ψ(t)⟩S = exp
(
−iFz(t)

σ̂x

2

)
|Ψ(t)⟩I

=
|↑⟩+ e i(−1)nφz(t)|↓⟩√

2
, (D9)

with the pulse number n, which is usually even. After a suit-
able unitary operation U = e−i π

4 σ̂y for recombination,[31,71]

the readout state is

|Ψ⟩re(t)

= e iφ ′
z(t)/2

[
−i sin

(
φ ′

z(t)
2

)
| ↑⟩+ cos

(
φ ′

z(t)
2

)
| ↓⟩
]
, (D10)

with φ ′
z(t) = (−1)nφz(t) being the total accumulation phase

under the Schrödinger picture.[28,31] Usually, n is even, hence
the half probability difference between | ↑⟩ and | ↓⟩ is

⟨σ̂z/2⟩(t) = sin [φz(t)]/2. (D11)

Generally, one may consider how to obtain the target signal
under two different situations, and determine the lock-in point
from spectrum symmetry. Here, the two situations are consid-
ered: fixing the number of pulses and fixing the sensing time.

Firstly, we consider the situation of fixed pulse num-
ber Np. Substituting the target signal S(t) = Acos(ωt) into
Eq. (D8) and ignoring the noise N(t), the phase accumulation
at tn = nτe is

ϕN = φz(tn)

=
∫ tn

0
S0 cos(ωt ′)Fz(t ′)dt ′

=
S0

ω

∫ −sin(ωtn)

0
Fz(t ′)d[sin(ωt ′)]

=
S0

ω
sin(ωtn)

+2
S0

ω

n

∑
j=1

∫ tn

0
(−1) j sin(ωt ′)δ

[
t ′− ( j−1/2)τe

]
dt ′

= 2
S0

ω
cos
[

nω · (τe − τ)

2

]
×
[

1+ sin
(

ω · (τe − τ)

2

)]
sin[nω · (τe − τ)/2]
sin[ω · (τe − τ)/2]

, (D12)

where τ = π/ω is the half period of the target signal. Ac-
cording to Eq. (D12), the accumulated phase ϕN is sym-
metric to the lock-in point (τe − τ)/τ = 0.[28,31] And the
maximum value of the lock-in signal reflects the ampli-
tude A of the target signal. Specially, if S0 ≪ ω/2n, we
have ⟨σ̂z/2⟩max ≈ S0n/ω . However, in experiments, there
are Rabi errer ε and the error from detuning ∆ with Ĥ =
h̄
2 [(S(t)+∆)σ̂z +(1+ε)Ω(t)[cos(φ(t))σ̂x + sin(φ(t))σ̂y]],
and the relative error of estimating A versus ε and ∆ is shown
in Fig. 3.

Appendix E: Quantitative analysis about error
tolerance of different DD sequences

In this section, we will give a qualitative description to
illustrate that our protocol is more robust than the standard
and randomization protocol. To quantitatively analyze the er-
ror tolerance of different protocol based on XY4 and KDD
sequences, we calculate the yellow area where the fidelity is
higher than 0.95 in the vicinity of center point (ε= 0,∆ = 0).
As shown in Fig. E1, we give the contour line with fidelity
of 0.95 near the center point in Fig. 2. The area within the
contour line represents a fidelity higher than 0.95, and be-
yond the contour line, the fidelity begins to lower than 0.95.
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After some calculations, the area of contour parcel areas are
{16,65,1127,425,617,1523} for the standard (XY4) (a), the
randomization (RXY4) (b), the alternation ([0,π]) (c), the
standard (KDD) (d), the randomization (RKDD) (e), and the
alternation ([0,π]) (f) respectively, see Fig. E1. Hence we can
quantitatively analyze the error tolerance of different protocols
based on XY4 and KDD sequences via the area of contour par-
cel areas which are {16,65,1127,425,617,1523} for the stan-
dard (XY4) (a), the randomization (RXY4) (b), and the alter-

nation ([0,π]) (c), the standard (KDD) (d), the randomization
(RKDD) (e), and the alternation ([0,π]) (f) respectively, see
Fig. E1. Thus our protocol has the most yellow areas repre-
senting the highest fidelity in the vicinity of the center point
(ε = 0,∆ = 0). Moreover, the increasing size of this yellow
area demonstrates the improvement in error tolerance of our
protocol in the vicinity of the center point. Thus our protocol
has the best robustness in our consideration.
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Fig. E1. Error tolerance of different protocols based on XY4 and KDD sequences. The contour line (black dashed-dotted line) with fidelity of
0.95 near the center point in Fig. 2. The area of contour parcel areas which are {16,65,1127,425,617,1523} for the standard (XY4) (a), the
randomization (RXY4) (b), and the alternation ([0,π]) (c), the standard (KDD) (d), the randomization (RKDD) (e), and the alternation ([0,π])
(f) respectively. Here, we choose pulse number Mn = 80 for both XY4 (n = 4) and KDD (n = 5) sequences.
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