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A finite equilibrium current density arises in the anomalous Hall effect (AHE) as a result of time-reversal symmetry
breaking, affecting both the differential current density and total current. In this paper, we illustrate the equilibrium current
density in a ribbon-shaped system within the AHE regime, consisting of two sets of counterpropagating channels arranged
in a zebra stripes pattern. While the middle channels are susceptible to scattering, the edge channels remain relatively
robust. Despite this difference, all channels exhibit the same differential current density when subjected to a differential
voltage across the two ends of the ribbon. When a differential voltage is applied to both sides of the ribbon, it results in
a snaking pattern of differential current density forming across it. Furthermore, in a four-terminal device comprising the
ribbon and two normal leads, it is found that Hall conductance is independent of ribbon width within certain scattering
strengths due to the differences in robustness between middle and edge channels. These findings disclose the details of the

AHE transport in a finite-sized system under weak scattering.
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1. Introduction

The anomalous Hall effect (AHE) is the phenomenon
of current carriers being deflected by the material’s magne-
tization rather than an external magnetic field.!'=*! This de-
flection arises from both extrinsic and intrinsic mechanisms,
with disorder playing a key role in distinguishing between the
two. Deflections induced by disorder are attributed to the ex-
trinsic mechanism, which includes skew-scattering and side
jump. Skew-scattering involves asymmetric scattering of cur-
rent carriers on impurities,’! while side jump describes the
displacement of the wave packet center at scattering sites due
to disorder.[®! On the other hand, the intrinsic mechanism ex-
plains that Berry curvature causes the wave packet to deviate
from the external electric field.["~!

Both extrinsic and intrinsic mechanisms explicitly
demonstrate the AHE in a homogeneous material. In practice,
mesoscopic transport in an AHE device inevitably involves
the influence of the boundary. The role of the boundary is
especially essential in the quantum AHE regime, where only
boundary states remain due to the absence of bulk state.[%-13]
In general, both bulk and boundary current coexist in AHE,
leading to a division of total current into bulk current and
boundary current.['%!7 The coexistence of bulk and boundary
current exhibits novel phenomena, such as the antichiral edge
state characterized by copropagating edge currents along with
counterpropagating bulk current.['8-23] Analysis on quantum
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transport in both boundary and bulk current is beneficial given
this context. However, since the distinction between boundary
and bulk currents is indistinguishable in the total current flow-
ing into the terminals, it is necessary to conduct further inves-
tigation beyond the total current. Current density emerges as
a promising candidate to uncover spatial details in AHE trans-
port that are not captured by total current flow analysis.
While current density is widely utilized in mesoscopic
transport research, it is often calculated as the component of
differential current, defined as the increment of current fol-
lowing the addition of a differential voltage to an equilibrium
state.[?*-26] This approach suffices for total current, as the
equilibrium state always ensures zero total current through a
contact. However, equilibrium current density is only guaran-
teed to be zero in time-reversal symmetric systems.[?’21 A
counterexample can be found in topological insulators (TILs),
where edge states carry a current even without an external

30-341 The equilibrium current density encom-

driving force.!
passes contributions from all Bloch waves below the Fermi
surface, but the transport is primarily influenced by those
near the Fermi surface. Time-reversal symmetry breaking in
AHE preserves the possibility of a finite equilibrium current

33361 Unlike symmetry-protected edge currents in TIs,

density.|
bulk equilibrium current density is fragile. Therefore, one im-
portant issue regarding equilibrium current density in AHE is
its response to scattering, which has not been thoroughly stud-

ied yet.
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In this paper, we use non-equilibrium Green’s function to
calculate both the equilibrium current density near the Fermi
surface and the differential current density in a metallic time-
reversal symmetry broken system. Such a system can be
achieved by modulating the Fermi surface in a topological
insulator to a metallic phase, hence referred to as topolog-
ical metal (TM) below.?’~*%! Biittiker probes (BPs) are uti-
lized to model the inelastic scattering, [41-43] 45 the intrinsic
mechanism necessitates a voltage gradient across the device,
which cannot be accomplished by elastic scattering processes.
For an infinite TM ribbon, the equilibrium current density ex-
hibits transverse oscillations, manifesting as two sets of coun-
terpropagating channels arranged in a zebra stripes pattern. [3]
Adding a differential voltage to the two ends of the ribbon
results in channels along the voltage drop experiencing an in-
crease in flow, while those against the voltage drop experience
depletion. Both sets of channels contribute the same differen-
tial current along the voltage drop. When scattering strength is
gradually increased, channels in the middle of the ribbon are
destroyed first, while channels near the boundary remain rel-
atively robust. With a differential voltage added to both sides
of the ribbon, a snaking pattern of differential current density
forms across it. This pattern transforms into a uniform Hall
current as scattering increases. Additionally, we examine a
four-terminal AHE device by attaching two normal metal con-
tacts to both sides of the TM ribbon. Applying a differential

(b)

Vi Er

voltage to these contacts causes Hall current to flow along the
TM ribbon. Due to its robustness compared to other chan-
nels, edge-channel conductance remains independent of rib-
bon width within certain scattering strengths. This example
demonstrates that current density distribution in AHE have an
impact on the total current.

2. Current channels in a topological metal rib-
bon

We begin with a pedagogical quantum transport system
to demonstrate the equilibrium and differential current den-
sity, which involves a TI ribbon connecting two contacts [see
Fig. 1]. This system is in equilibrium when the voltages of
the two contacts, —V;, and —Vg, are equal, and can be de-
scribed by a single Fermi energy Er. In this paper, we use
—VL,r to represent voltage, reserving Vi e for denoting the
chemical potential of electrons with negative charge. At zero
temperature, the energy bands are completely filled below the
Fermi energy and empty above it. The current density j is
contributed by all the Bloch waves below the Fermi surface,
but the response to the external fields is mainly contributed by
those near the Fermi surface. In the case of TI, bulk states are
far from the Fermi surface, leaving only two edge modes as
two counterpropagating channels on both sides of the ribbon.
These channels are filled with an equal amount of charged car-
riers, resulting in a finite equilibrium current density with zero

2¢/h
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Fig. 1. Equilibrium [(a)—(c)] transport and non-equilibrium [(d)—(f)] transport in a topological insulator (TT) ribbon. [(a) and (d)] The potential
distributions across the device. In the equilibrium state, the chemical potentials in the two contacts are aligned with the Fermi surface, with only
two edge modes crossing it. In the non-equilibrium situation, the differential voltage leads to a slight increase/decrease in chemical potential at the
left/right contact. [(b) and (e)] The schematic diagrams of ballistic transport in the TI ribbon. The two counterpropagating edge modes have an equal
quantity of flow, resulting in a finite equilibrium current density and a zero total current. In the non-equilibrium situation, the mode towards the
right/left gains/loses current corresponding to the differential voltage. [(c) and (f)] Numerical simulations of the equilibrium and differential current
densities, with color representing the intensity and arrows indicating the direction of electronic flow. The length of the ribbon is L, = 80 and the

width is L, = 90.
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total current. With a differential voltage V = Vi — Vr applied,
the chemical potential is slightly higher than EF in the left con-
tact and slightly lower than EF in the right contact. The change
in chemical potential leads to two effects on transport. Firstly,
incremental electrons from the left contact flow into the right-
ward channel. Secondly, fewer electrons flow into the leftward
channel due to the decrease in chemical potential in the right
contact. The differential current density refers to the incre-
ment of the current density following the differential voltage,
and both edge channels contribute to a rightward differential
current density. In this paper, we set the equilibrium Fermi

energy Er = 0, and use a—JF

35 to represent the equilib-

Ep=0,V=0

95

Y | Ee—0,y=0
to represent the differential current density. Both current den-

rium current density near the Fermi surface, and

sities can be numerically simulated using the non-equilibrium

Green’s function method, and the details of the simulation are
elaborated in the Appendix A.

By tuning the Fermi surface to intersect the bulk states,
we transform the TI into a TM [Fig. 2(a)]. The TM ribbon
lies on the x—y plane, with x along the length of the ribbon.
The two contacts are located at the two ends of the ribbon and
are assumed to be perfect, meaning that electrons in the TM
ribbon can flow directly into the contact without undergoing
reflection. In the equilibrium case, the current density near the
Fermi surface appears as a series of channels along the x direc-
tion. The current directions in these channels alternate along
the y direction in a zebra stripes pattern. When a differential
voltage is applied, the forward channels witness an increase
in flow, while the backward channels experience a decrease in
flow. Compared with the equilibrium state, all channels con-
tribute to a forward differential current density.

(©) &

0Er|g.—o,v=0 2e/h

20 40 60
r X

Fig. 2. Equilibrium [(a)—(c)] transport and non-equilibrium [(d)—(f)] transport in a topological metal (TM) ribbon. [(a) and (d)] The potential
distributions across the device. The Fermi surface intersects the bulk states, transforming the TI into a TM. [(b) and (e)] The schematic diagrams
of ballistic transport in the TM ribbon. A series of channels carry the current in alternating directions, which are distinguished by color in the
diagram. The red channels propagate along the potential drop, while the green channels are in the reverse direction. The equality of quantities
of flow in the red and green channels in equilibrium is disrupted by the differential voltage, generating a differential current density along the
potential drop in all channels. [(c) and (f)] Numerical simulations of the equilibrium and differential current densities, with color representing
the intensity and arrows indicating the direction of electronic flow. The length of the ribbon is L, = 80 and the width is L, = 90.

The equilibrium current density oscillation stems from
the combination of broken time-reversal symmetry and bro-
ken spatial translational symmetry. The bulk states in the rib-
bon comprise Bloch wave |k, > 0) and |k, < 0), carrying op-
posite current densities. Under time-reversal symmetry, each
Kramers pair |+ k) and | — k) have the same spatial distri-
bution, resulting in a neutralization of current density. In fact,
in the presence of time-reversal symmetry, the ground state

|Pp) only acquires an overall phase shift in 7). Since

the current density operator obeys T3T ' =—3, this gives
(| 7| Po) = —(Pp|7|Po). Thus we have j = 0. The breaking
of time-reversal symmetry leads to a mass-center separation
between | + k) and | — k), reserving a possibility for a non-
trivial equilibrium current density distribution. >3] However, if
the translational symmetry along the y direction is maintained,
the current density is uniform in y and can only be zero due to
the zero total equilibrium current. Specifically, if the system is

translational invariant along the y direction, the x component
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of the current density j, has to be uniform at the transverse
section y = yy. If jy is not zero, it leads a total electron transfer
between the regions y < yg and y > yo, which contradicts the
equilibrium condition. Such symmetry can be examined in an
infinite wide ribbon, or by applying periodical boundary con-
dition to the ribbon to transform it into a tube. For this reason,
the breaking of time-reversal symmetry generates a non-trivial
equilibrium current density distribution only when the spatial
translational symmetry is broken. The zebra stripes pattern of
the equilibrium current density originates from the bulk and
edge Bloch waves in the TM ribbon. Since all the bulk Bloch
waves are simple harmonic in the y direction, all the middle
channels have similar widths and flow intensities. This seem-
ingly contradicts the thermodynamic limit, as a wide ribbon
should approach an infinite plane. This contradiction results
from the ideal perfect coherence model. In fact, the asymp-
totic behavior is illustrated under the influence of scattering.
The scattering is simulated by Biittiker probes (BPs). A
BP is a fictitious contact with a zero total current, extracting
electrons from the TM ribbon and reinjecting the same amount
of electrons. The reinjected electrons lose all the information,
including momentum, energy, and phase. Such reinjection can
be regarded as an inelastic scattering at the terminal of the BP,
and the coupling strength ¢ between BPs and the TM can be
treated as the scattering intensity. Furthermore, the chemical
potential u in BPs reveals the chemical potential distribution
across the TM ribbon [Fig. 3(a)]. In the presence of inelastic
scattering and with a differential voltage V applied, the chem-
ical potential u continuously decreases along the x direction
from pp, = 0.5Ve in the left contact to ur = —0.5Ve in the right
contact. However, this potential drop varies in the y direction.
The most remarkable difference exists between the two edge
modes at y = 0 and y = L,, where Ly is the width of the rib-
bon. Electrons in the left contact flow into the y = L, edge
channel without reflection and propagate under relatively low
resistance, keeping ( almost in alignment with the left con-
tact until the electrons are strongly deflected at the right con-
tact. Due to the same mechanism, the opposite edge channel is
rather in alignment with the right contact in terms of chemical
potential. This mechanism also explains the potential drop in
the middle channels, which occurs near the left contact in the
leftward channels and near the right contact in the rightward
channels. The chemical potential distribution influences the
differential current density [Fig. 3(d)]. As the differential cur-
rent density represents the increment between non-equilibrium
and equilibrium, it is intense where u is far from Er and weak
where U is close to Er. In middle channels, the chemical po-
tential reaches EF earlier than in edge channels, indicating the
different robustness of the channels. The impact of the scatter-
ing on channels increases with the channel’s distance from the
boundary [Fig. 3(c)], which explains the asymptotic behavior

from a wide TM ribbon with finite equilibrium current density
to an infinite TM plane without equilibrium current density. In
the presence of the scattering, the equilibrium current density
is only distributed near the boundary of a wide TM ribbon,
and the major center region is current-free, resembling an in-
finite TM plane. It is worth noting that the difference in the
robustness of channels is only manifested in the current den-
sity but indistinguishable in the local density of state (LDOS)
[Fig. 3(b)].

LDOS

L Ve  (b)
(a) 0.4 0.24
0.22
20 .
0.2 0.20
40 0.18
> 0
0.16
60
—-0.2 0.14
80 0.12
—0.4
aj

9j

9Er|gp=0, v=0 2e/h VB =0, v=0 2e/h

0.15 9 S

Fig. 3. Quantum transport in Fig. 2 with the addition of weak scattering in-
tensity fc = 0.1. (a) The chemical potential distribution across the TM ribbon
under a differential voltage V. (b) Local density of state in the TM ribbon.
(c) Equilibrium and (d) differential current density in the TM ribbon.

3. Anomalous Hall effect in a topological metal
ribbon

The AHE describes the relationship between the cur-
rent and the corresponding perpendicular voltage, which is
not manifested in a simple two-terminal device. Figure 4(a)
presents a typical four-terminal device for measuring the Hall
conductance, consisting of a TM ribbon with two normal metal
contacts and shaped like a crossing. The TM ribbon extends
along the y direction with the width L,, and the two contacts
attach to the ribbon symmetrically with the width L,. A dif-
ferential voltage V is applied at the two contacts, generating
a differential Hall current along the TM ribbon. However, al-
though the crossing device resembles the real experiment, the
deflection at the corner of the contact complicates the current
density in the middle of the ribbon. To simulate a crossing
device with wide contact, we apply the period boundary con-
dition in the y direction and transform the crossing into a tube
in Fig. 4(b).

The tube-shaped two-terminal system eliminates the de-
flection at the corner and serves as an excellent sample for in-
vestigating the y ~ L, /2 region in the crossing device as shown

in Fig. 4(a) with wide contacts.
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M Normal metal
[l Topological metal

(b)

>

>
L, L,

Fig. 4. (a) Four-terminal transport device composed of a TM ribbon
and two normal metal contacts. A differential voltage V is applied at
the two contacts, generating a differential Hall current along the TM
ribbon. (b) The tube-shaped two-terminal transport device, imitating
the Ly — oo limit in (a).

Figure 5 presents the equilibrium and differential current
density in the tube-shaped system under fc = 0.1 and tc = 0.3
respectively. The channels extend along the y direction, corre-
sponding to the circumferential direction of the tube. Due to
the influence of scattering, the middle channels at x ~ L, /2 are
severely impaired, leading to a significant reduction in equi-
librium current density. Meanwhile, the side channels near
the two interfaces are relatively robust, maintaining the equi-
librium current density at a certain level. Under weak scat-
tering (fc = 0.1), the differential current is driven by the po-
tential drop along the x direction, meandering through a se-
ries of alternating channels, resulting in a snake-like pattern of
the differential current density. Under relatively strong scatter-
ing (#c = 0.3), the middle channels are significantly disrupted,
transforming the snaking pattern of the differential current into
a uniform Hall current in the middle.

0.02 0.04

0.06 2e/h 0.005 0.01 0.015 0.02 2e/h

Fig. 5. [(a) and (c)] Equilibrium and [(b) and (d)] differential current density
in the TM region of Fig. 4(b), with scattering intensity zc = 0.1 in panels (a)
and (b) and fc = 0.3 in panels (c) and (d). The potential drop is along the
x axis, while the y axis is along the circumferential direction of the tube.
The length of the TM region is L, = 90 and the circumference of the tube is
Ly=15.

Since the tube is translational invariant in the y direction,
we present the LDOS, chemical potential, and Hall current

density versus the x coordinate under different scattering in-
tensities in Fig. 6. In the pristine system without scattering,

the LDOS is high in the wide normal metal contact and drops
significantly in the TM near the interface. The LDOS in the
TM increases with the scattering intensity and trends from os-
cillation to uniformity in this process, indicating the dephas-
ing process [Fig. 6(a)]. In the Ohmic transport regime with
strong scattering, the chemical potential u linearly decreases
from 0.5Ve to —0.5Ve. While in the ballistic transport regime
with weak scattering, the chemical potential drops dramati-
cally near the terminal and oscillates in the middle region un-
der the phase coherence effect [Fig. 6(b)]. The most notable
ingredient is the Hall current density j,, which represents the
y component of the differential current density g—‘g/ B0y’
By comparing the equilibrium and differential current density
in Figs. 5(a) and 5(b), the disruption of the weak scattering
tc = 0.1 behaves differently in the equilibrium and differen-
tial current density. While the middle channels suffer more
damage than the side channels in the equilibrium current den-
sity, there is no distinct difference between the middle and side
channels (expect the two outermost edge channels) in the dif-
ferential current density. Such a difference is observable un-
der a stronger scattering 7c = 0.3 [see Fig. 5(d)]. In the weak
scattering regime, the Hall current density oscillates uniformly
over the majority of the x axis, and the amplitude decreases
with the increase of the scattering intensity 7c [Fig. 6(c)]. The
differential current density in the weak scattering regime can
be explained as follows: The voltage drop is perpendicular
to the channels, such that the channels are not fully occupied
by the differential current. Under weak scattering, the vari-
ous degrees of slight disruptions to the channels do not deter-
mine the differential current flux passing through the channel.
Under relatively strong scattering when middle channels are
severely disrupted, the differential current oscillation initially
fade away in the center of the tube.

1.0
8 —tc=0
A 0.5 —tc=0.1
— 0 (a) —tCZO.Q
g (b) —tc=04
= of |-~ —— " —tc=0.5
< —tc=0.6
= —tc=0.7
3 —tc=0.8
Q) —tc=0.9
2 —tc=1
0 L,
xr

Fig. 6. The distribution of (a) LDOS, (b) chemical potential, and
(c) Hall current density in the tube-shaped two-terminal system por-
trayed in Fig. 4(b) under different intensities of scattering denoted by
the color saturation. The chemical potential u at fc = 0 is absence due
to the disabled BPs. The length of the TM region is L, = 90.
Figure 7 illustrates the four-terminal system in Fig. 4(a)
where the width of the TM ribbon and the contacts are L, = 90
and L, = 20 respectively. A section in the TM ribbon near

the contacts is extracted, and numerical simulation is applied
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to obtain the equilibrium and differential current density. In
the pristine system with 7c = 0, the contacts slightly reduce
the equilibrium channels in the central region, indicating the
disruption of the translational symmetry in the y direction
[Fig. 7(a)]. When a differential voltage is applied, the snaking
pattern emerges in the differential current density in the mid-
dle of the TM ribbon [Fig. 7(b)].
nite scattering intensity fc = 0.1, both the equilibrium and

In the presence of a fi-

differential current are significantly suppressed except in the
two edge channels [Figs. 7(c) and 7(d)]. Notably, the weak
Hall current density in the middle of the four-terminal system
[Fig. 7(d)] contrasts with the robust middle Hall current in the
tube-shaped system [Fig. 5(b)] despite the same scattering in-
tensity fc = 0.1. This contrast stems from the different quali-
ties of the contacts in Figs. 4(a) and 4(b), as the contacts in the
tube are wider than in the crossing, injecting more electrons
into the TM region.

0 0.05 0.10 0.15 0.20 O

0.02 0.04 0.06
2e/h 2e/h

Fig. 7. [(a] and (c)] Equilibrium and [(b) and (d)] differential current
density in the four-terminal system in Fig. 4(a), with scattering intensity
tc = 0 in panels (a), (b) and tc = 0.1 in panels (c), (d). The width of
the TM ribbon and the contacts are L, = 90 and L, = 20 respectively.
The size of the extracted section is 100 x 60, with the abundance of 5 in
each contact and 20 in each end of the ribbon.

We investigate both the longitudinal and transversal
conductance varying with scattering in different-sized four-
terminal samples, as shown in Fig. 8. The samples are di-
vided into two groups based on the narrow (L, = 20) and wide
(Ly = 40) contact, and each group contains samples with dif-
ferent widths of the TM ribbon L. In the pristine system with-
out scattering, the incidence at the interface is affected by the
entire shape of the device due to the phase coherence effect, re-
sulting in different longitudinal and transversal conductances
atfc = 0. As ¢ increases, the Hall conductances of each group
rapidly converge within a certain section, and then diverge
near a critical scattering intensity 7o = 0.15. Meanwhile, the
longitudinal conductances in each group also briefly converge
at 9. The convergence section in Hall conductance indicates
that the major capacity of Hall current is held by the two edge
channels in the weak scattering regime with fc < fy. In this sit-
uation, the Hall conduction mainly depends on the flux in the

edge channels, which is irrelevant to the width of the ribbon.
When ¢ > 19, the weakened edge channels lose their domina-
tion over the bulk current, so the Hall conductance is related
to the width of the bulk. The brief convergence in longitudinal
conductance results from two different mechanisms with dis-
tinct effects. In the weak scattering regime, the dephasing ef-
fect reduces the variation of the injection at the interface, caus-
ing the longitudinal conductances in each group to get closer
as fc increases. When the scattering is intense enough to break
the phase coherence, a stronger scattering forces electrons to
follow a more tortuous propagation path, highlighting the dif-
ference in the shape of the device. The critical scattering inten-
sity fp indicates the minimal variance generated by these two
mechanisms. In the strong scattering regime, the longitudinal
conductance is entirely dependent on the ratio Ly : Ly, which
resembles the Ohm’s law in a two-terminal transport system.
On the other hand, the Hall conductance is mainly determined
by the width of the TM ribbon L,, because a wider TM rib-
bon offers more opportunities for electrons to deviate from the
contacts and reach the terminal of the TM ribbon. The width
of the contacts Ly is rather insignificant to the Hall conduc-
tance, as only electrons near the boundary of the contacts have
the possibility to deviate from the contacts.

< 1.0R0 ] Label L,XL,
§ 0 . @) 17 0xa0
< 0.5 — 3020
] : —40x20
e Og —50%20
< 0 i ' ' ' —60%20
Iy ! (b) —20%40
a —30%40
2 X —40x40
e O y !
0 tg 0.5 1.0 1.5 2.0
tc

Fig. 8. (a) The longitudinal conductance oy, and (b) transversal con-
ductance oy, varying with the scattering intensity fc in four-terminal
samples of different sizes. The conductance with the narrow conducts
Ly, = 20 is depicted by red curves, while that with the wide conducts
L, = 40 is depicted by blue ones, and the color saturation indicates the
width of the TM ribbon. The abundance in each contact and each end
of the ribbon is the same as in Fig. 7.

4. Discussion and conclusion

In summary, we have investigated the quantum transport
in the AHE regime within a finite-sized device by illustrating
the equilibrium and differential current density in a TM rib-
bon under various conditions. The equilibrium current density
appears as a series of alternating channels along the ribbon, re-
sembling a zebra stripes pattern. In the ballistic transport limit,
all the middle channels have similar widths and flow intensi-
ties. However, under the influence of scattering disturbance,
the middle channels collapse more rapidly than the side chan-
nels. With a differential voltage applied at both ends of the
TM ribbon, all these channels contribute to the current density
along the potential drop. The direction and robustness of the
channel affect the distribution of the chemical potential, which
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determines the intensity of the differential current density. The
AHE is examined in a four-terminal device consisting of a TM
ribbon with two attached contacts. In the wide contact limit,
the differential current meanders across the TM ribbon along
a snaking path under weak scattering, and reduces to uniform
Hall current density when scattering becomes more intense.
Since the transverse channels are not fully occupied by the
differential current, various degrees of slight disruptions to the
channels under weak scattering do not determine the differen-
tial current flux passing through the channel. When the width
of the contacts is finite, the longitudinal and Hall conductance
are related to the width of the contacts as well as the TM rib-
bon. A critical scattering intensity denotes the minimal vari-
ance of the longitudinal conductance within the same width
of the contact, and the Hall conductance is independent of the
width of the ribbon within a certain scattering intensity section
below the critical scattering intensity.

Although the current density distribution cannot be di-
rectly obtained through quantum transport experiments, it has
the potential to be manifested indirectly. The measurement of
the local transport signal can be carried out by STM probes. [+4]
Specifically, in a non-equilibrium transport device, using an
STM probe as a local lead, we can obtain the local chemi-
cal potential as shown in Fig. 3(a). On the other hand, the
local conductance can be acquired by two STM probes, with
one serving as the injector and the other as the detector. If
the equilibrium current density flows from the injector to the
detector, the local conductance should be greater than in the
reverse case.

Appendix A: Model Hamiltonian

In this appendix, we introduce the model Hamiltonian in
the numerical simulation, including the TI in Fig. 1, normal
metal contacts in Figs. 4-8, and the TM throughout the entire
work. In addition, we briefly introduce the BP model of our
model.

The two-band Hamiltonian of the TT is

Hn=d(k)- o, (Al)
with
d, = Asink.a, (A2)
dy = Asinkya, (A3)
d. = A —4Bsin® ]%“ — 4Bsin® %a (A4)

where a is the lattice constant and is the unit length a =1 in
the natural units. The energy gap closes and reopens at three
points: (i) A = 0; (ii) A = 4B; (iii) A = 8B, and topological
quantum phase transition happens at all these points. In the
case of A > 0, the Chern number of the valence band is C =0

mA<OandA >8B,C=1in0<A<4B,and C = —1 in
4B < A < 8B.
The Hamiltonian of the TM is

Hry = Hyp + €0y, (A5)

where € denotes the shift of the Fermi surface. In this paper,
we employ a pedagogical narrative to start from a topologi-
cal insulator Hry, then introduce €0y term to transform it into
a topological metal. Technically, this term can be introduced
by a gate voltage or nonmagnetic impurities. Nevertheless,
such transformation is not necessary in practice, as the Hamil-
tonian of topological metal Hry refers to a large variety of
metallic materials with finite Berry curvature, which are more
widespread than topological insulator.

The natural units are adopted in this paper and the energy
unit is chosen as A = 1. The parameters of TMs in this paper
are B=1, A =0.1, and € = 0.2. Particularly, the TI in Fig. 1
is obtained by removing the €0y term.

The numerical simulation is performed on the lattice
model. The discretized lattice Hamiltonian can be expressed
as the on-site Hamiltonian of a single lattice point Hég) and

hopping terms between two adjacent lattice points Hé:f) and

(T)
H,
(m _ 1
Hy' = EAGX + Bo;, (A6)
i
Hy) = 5A0; +Bo, (A7)
H)) = (A —4B)o. + poy. (A8)

Here H(g) denotes the hopping term from coordinate (x,y) to
(x+1,y), and HéyT,) denotes the hopping term from coordinate
(x,y) to (x,y+1).

In addition, the discretized lattice Hamiltonian of the nor-
mal metal contact is

(N) (N)

HY = HyY = iyo, (A9)
HY = exo. (A10)

with fy = 3 and ey = —2.
A BP is a half-infinite one-dimensional (1D) chain with
bandwidth #.. The surface Green’s function of such BP is

E—iy/4} —E2, E < 2|l
E—sgn(E)\/E*—42, E >2|n|

with #, = 1 in this paper. The coupling strength between the
BP and the TM fc determines the self-energy XX = 12Ggyr and
the linewidth function I; = fZImEiR of the BP.

Gui(E) = (A11)

Appendix B: Chemical potential distribution

In the present and subsequent Appendix, we develop the
non-equilibrium Green’s function method with BPs to simu-
late the chemical potential distribution and the current density.
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Consider a lattice model connected to several real leads and
many fictitious leads. The current flow in the i-th lead is

=Y Tw(E)

keall

— f(E)], (B1)
where the index k runs over all real and fictitious leads. The
scattering coefficient is

Tw(E) = Tt[[;(E)GR (E)IL (E)G* (E)], (B2)

where G is the Green’s function and I; is the linewidth func-
tion for the i-th lead. The Fermi distribution function in zero
temperature is

JilE) = 6(u;i —E). (B3)
Here y; denotes the chemical potential in the i-th lead.
The total current in the lead
L= / L(E)dE (B4)

is zero in the equilibrium state. When a differential voltage is
applied, the total current is equal to the differential current

=Y Ty(w

keall

(B5)

However, if the i-th lead is fictitious, the total current must be
zero, which means

L=Y Tj(wi—u)+ Y, Tim(ti—tn)=0.  (B6)
Jjefic méreal
We put Eq. (B6) in the following form:

Jjefic mereal

Here the index j runs over all fictitious leads, and m runs over
all real leads. Introduce the matrices T, Tyif and vectors pu,
Iiyi. Here T;; is the scattering coefficient within fictitious
leads. Tyif is a diagonal matrix where the j-th element on the
diagonal is Y 4coy Tjk. The vector p consists of the chemical
potentials in all ﬁctmous leads, and the j-th element of I, is
Y mereal TimMm. With the help of these notation, equation (B7)

is expressed in a matrix form

(Taise — T)p = Iipgi- (B8)

Since the chemical potentials in the real leads are given, and
the scattering coefficient can be obtained by the well devel-
oped non-equilibrium Green’s function method, the chemical
potential distribution in fictitious leads p can thus be obtained
through Eq. (B8). In this paper, each lattice point in TM is
connected to a fictitious lead with a bandwidth t = 1, so u
disclose the chemical potential distribution in the TM region.

Appendix C: Current density

The current from site 7 to the adjacent site 7’ is

L= ()

h o ZRe rr’ lj G E)}ij),
where i, j run over all the orbitals. Here ¢, denotes the hop-
ping matrix between 7 and 7’ in the discretized lattice Hamil-
tonian.

In the equilibrium state, the lesser Green’s function can
be obtained by the fluctuation—dissipation theorem

G=(E) = —f(E)[G'(E) — G(E). (C2)
The Fermi distribution function in zero temperature is
J(E) =6(Er—E), (C3)

where EF is the Fermi energy of the equilibrium state and is set
to be Er =
between two adjacent lattice points is

0. The equilibrium current near the Fermi surface

dl,,
dE

2e N
= =2 L Im([6 [5G (Er) — G*(ER))yj).  (C4)
ij
For every single site 7, the equilibrium current density near

the Fermi surface 2% can be obtained by summing
9EF | g0,y =0

the Eq. (C4) for all the adjacent 7.

When differential voltage is applied, the equilibrium is
broken, and the lesser Green’s function is no longer described
by the fluctuation—dissipation theorem but in the following
form:

G<(E) = G'(E)£<(E)G*(E). (C5)

The total lesser self-energy X<(E) is contributed from all the
leads, and the lesser self-energy in the /-th lead is

IE(E) =ifi(E)L

The current /.- can thus be expressed as

I, —— Zh"’ - ZRe( o ,,{GrZif,(E)F,G*‘] )
ij

[€all
(e0))

(C6)

If the differential voltage raises the potential in the real con-
tact L and decrease the potential in the real contact R by Ve/2
respectively, then the differential current in zero temperature

dI"/—ZIm< [ —|—Zx, ; } >,
iefic ij

(C8)

is

where x; = p;/Ve. The differential current density

ﬁ V0 can be obtained by summing Eq. (C8) for all the

adjacent 7',
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