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SPECIAL TOPIC — Computational programs in complex systems
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Quantum error correction is essential for realizing fault-tolerant quantum computing, where both the efficiency and
accuracy of the decoding algorithms play critical roles. In this work, we introduce the implementation of the PLANAR
algorithm, a software framework designed for fast and exact decoding of quantum codes with a planar structure. The
algorithm first converts the optimal decoding of quantum codes into a partition function computation problem of an Ising
spin glass model. Then it utilizes the exact Kac—Ward formula to solve it. In this way, PLANAR offers the exact maximum
likelihood decoding in polynomial complexity for quantum codes with a planar structure, including the surface code with
independent code-capacity noise and the quantum repetition code with circuit-level noise. Unlike traditional minimum-
weight decoders such as minimum-weight perfect matching (MWPM), PLANAR achieves theoretically optimal performance
while maintaining polynomial-time efficiency. In addition, to demonstrate its capabilities, we exemplify the implementation
using the rotated surface code, a commonly used quantum error correction code with a planar structure, and show that
PLANAR achieves a threshold of approximately pyc ~ 0.109 under the depolarizing error model, with a time complexity
scaling of O(N%-9?), where N is the number of spins in the Ising model.

Keywords: quantum computing, quantum error correction, planar Ising model
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1. Introduction

The realization of fault-tolerant quantum computing
(FTQC) marks a pivotal milestone in the advancement of
quantum technologies, and significant progress has been
achieved in recent years.[l‘g] To achieve FTQC, the devel-
opment of quantum error correction codes (QECCs) with ro-
bust properties, as well as fast and accurate decoders, is of

e.l1-151 A quantum code, denoted as

paramount importanc
[n,k,d], encodes k logical qubits with minimum distance d us-
ing n physical qubits. The encoded states are fixed points (i.e.,
as eigenvectors with eigenvalue 1) by operators generated by
m generators, which are known as stabilizers S.!1®! Measuring
the ancilla qubits corresponding to the stabilizers yields a re-
sult of 1 without affecting the encoded states. When a Pauli
error O € {I,X,Y,Z}" occurs and anti-commutes with the sta-
bilizers, the stabilizer measurements produce —1, resulting in
syndromes y € {1,—1}". This tells us that there were errors
and we need to identify the error and then correct it to recover
the encoded states. Identifying the possible errors given syn-
drome 7 is the task of decoding.

There are two kinds of decoding approaches, the first one

TThese authors contributed equally to this work.
fCorresponding author. E-mail: panzhang @itp.ac.cn

CSTR: 32038.14.CPB.adcb26

finds the most probable error with

O = argmax P(0|y), 1
o

where P(O|7) is the conditional probability of finding the error
operator O given syndrome 7 in the error model. This kind is
known as minimum weight decoding (MWD),!17-1°1 where the
weight can be understood as the negative log probability. The
most commonly used MWD algorithm is the minimum-weight
perfect matching (MWPM) algorithm.[!7] In the case of quan-
tum Calderbank—Shor-Steane (CSS) code, where X and Z sec-
tors can be decoded independently, the MWD of these sec-
tors can be reformulated as matching problems. Efficient im-
plementations of MWPM, such as Blossom” and Union-
Find,?! can rapidly resolve the MWD problem for specific
codes. The advantage of the minimum-weight decoding is the
efficiency, as it turns the problem into an optimization task that
can be effectively addressed across various codes and noise
models.

However, in quantum codes, a degeneracy issue arises,
where multiple errors produce identical effects on the encoded
logical space. The effect is presented by the logical sectors L
characterized using the commutation relation between the er-
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ror operator O and logical operators /, Ly, Ly, and Lz. In other
words, the optimal decoding problem is to estimate the logical
sector L given the syndrome 7. This is actually the principle of
the maximum likelihood decoding (MLD),*?>?3 which max-
imizes the conditional probability of the logical sector given
syndrome

L = argmax P(L|y) = argmax Z PIL,S|y], )
L L ses

where L ranges over all possible logical sectors and the sum-
mation extends over all elements of the stabilizer group. Since
MLD accounts for the properties of the stabilizer group and in-
corporates quantum degeneracy, its performance is generally
superior to MWD. However, MLD is more computationally
demanding, as it requires the evaluation of 4 coset probabil-
ities, each of which belongs to the #P-hard complexity class
and lacks a polynomial-time exact solution.

For specific quantum codes with lattice-like structures,
the maximum likelihood decoding can be effectively per-
formed using tensor network algorithms, especially the bound-
ary matrix product state (bMPS) algorithms.?*! The perfor-
mance of such algorithms can closely approach the theoreti-
cal optimum as they rigorously adhere to the MLD decoding
formula. Additionally, the approximation error in these algo-
rithms can be accurately controlled using the canonical form
of MPS. However, the primary limitation of this method is its
scaling, which is O(nx3), where Y is the bond dimension of
MPS. As the bond dimension typically increases with code
size, the tensor network decoding method becomes less effi-
cient for larger codes. Recently, an exact maximum likelihood
encoding approach!?! has been established for the repetition
code with circuit-level noise. We refer to it as PLANAR. The
approach has a polynomial time complexity to the number of
qubits. Regarding decoding accuracy, PLANAR achieves op-
timal performance by strictly adhering to the MLD criterion.
For decoding speed, it scales polynomially with the number of
stabilizers. This scaling is comparable to the performance of
the MWPM algorithm and significantly faster than MLD algo-
rithms based on tensor network contraction. Additionally, it
outperforms the minimum weight perfect matching algorithm
on various noise models in repetition codes.!!! In this work,
we extend the study of the PLANAR to a broad class of quan-
tum error-correcting codes with planar structures, using an ex-
ample of rotated surface code with independent code-capacity
noise and explain the details of the implementation. [>6]

In the following sections, we first present the statistical
mechanical mapping of quantum error correction code prob-
lems and the principles of PLANAR decoding. This includes
examining the planar Ising model mapping for specific QECCs
and introducing a polynomial-time solver for the planar Ising
model partition function. Subsequently, we detail the mapping

procedure using Python code for rotated surface codes of arbi-
trary distances. We then provide numerical results to demon-
strate the performance of PLANAR. Finally, we conclude with
discussions and outline potential future research directions.

2. Principles of the PLANAR decoder
2.1. The maximum likelihood decoding

PLANAR belongs to the maximum likelihood decoding,
which aims to identify the most likely logical sector by com-
puting the probability P(L) for each logical sector L. Here,
P(L) represents the total probability of all error configurations
that are consistent with the syndrome measurements and have
the same commutation relation with the logical operator. This
is achieved by considering all possible error configurations
through the decomposition of each Pauli error O into three
components: O = S-L-E, where S represents the stabilizer
group element, L denotes the logical operator, and E corre-
sponds to the pure error operator. Each component comprises
Pauli operators acting on all encoded qubits under the given
stabilizer code, with each operator parametrized by a binary
configuration {a, B, Y} indicating the activation state of each
constituent operator. We will abuse the notation of syndrome
y € {+1,—1}" and pure error configuration y € {0, 1}". Con-
sequently, the pure error configuration y € {0, 1}™ is fixed by
the syndrome, requiring summation over all stabilizer group
elements (parametrized by a € {0,1}™) to determine the op-
timal logical operator. For the details of the ELS decomposi-
tion, we refer to Ref. [27]. Then the probability of the error
belonging to the logical sector L is given by

P(L) =Y P[O(S,L,E)], A3)
ses
and the most probable logical operator can be selected using
Loptimal = argmax Z P[O(S,L,E)]. ()
L ses

The challenge of the MLD as shown in the last equation
is performing the summation over all possible stabilizer op-
erators S € S, which requires enumerating all possible binary
configurations o € {0,1}". This problem belongs to the #P
complexity class, and no general polynomial-time algorithms
exist for solving it exactly. However, in Ref. [25], it has been
shown that for quantum codes with planar structures, such as
the repetition codes with circuit-level noise, there exist exact
MLD algorithms with polynomial complexity.

2.2. Mapping to planar Ising model and exact solution via
Kac-Ward formula

To achieve a polynomial-complexity exact algorithm for
quantum codes with a planar structure, PLANAR first maps
the decoding problem to the partition function computation
of an Ising spin glass model on a planar graph. The map-
ping allows the error correction problem to be expressed as
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a statistical mechanics problem, where the partition function
of the Ising model corresponds to the probability of the sum
of all error configurations consistent with the syndrome mea-
surements and belongs to the same logical sector. During the
mapping, stabilizer generators serve as spins while data qubits

correspond to (hyper)edges. The Hamiltonian is formulated

as [28]

n

~YY (o000 I s

o i=l {kl(o.(gx)i)=—1}
where O; denotes the component of Pauli error operator O act-
ing on the i-th qubit. (g;); is the i-th component of the k-
th stabilizer. Such representation holds under the Nishimori

condition %!

1
J(G)=ZZ<67p>~logp(p), o.p€{lx,yz}, (6

p
where ( ) represents the scalar commutator which equals 1 if
the two inputs commute and —1 otherwise, p(p) represents
the probability of error p occurring on a specific qubit. We
can easily check the probability of an error

P(0) = e Hols=D)

:exp{ Z<0-70i>'~](0-)i}
:exp{ ; Z

(ngE

™=

.P) -logp(P)}

i=1 p
—eXp{iiZZ 0,0i-p) logp(P)}
i=1
((A,B)-(A,C) = (A,BC))

=

{ZZSPO logp(p }

i=1p

(Xt =00)
- i]jpwz)

Non-trivial configurations of spins means there are stabi-
lizers acting on the error O and causing a new error O’ which
belongs to the same equivalence class as O. Therefore, sum-
ming all elements which are equivalent to O is equal to sum-
ming all spin configurations, i.e., the coset probability of a
quantum code equals the partition function of the correspond-
ing Ising model,

P(L)=Z;.
The planar nature of the Ising model ensures that the problem
can be solved exactly using polynomial-time algorithms such

1301 a5 discussed in Subsection 3.3.3.

as the Kac—Ward formula,
This approach selects the most likely logical section, eliminat-
ing traditional methods’ suboptimality. Moreover, the poly-
nomial complexity of the Kac—Ward solution renders it highly

efficient for large-scale quantum codes.

3. Implementation of PLANAR demonstrated
under the rotated surface code

PLANAR is designed with modularity in mind, separat-
ing graph construction, probability calculation, and decoding
logic into distinct components. This modular design enables
straightforward extension to diverse code families and error
models. The software handles both X and Z errors indepen-
dently, ensuring optimal performance for all error types. In
this section, we will take the standard rotated surface code as
an illustrative example to explain the implementation of the
PLANAR decoder. Under the uncorrelated code-capacity noise
model, the decoding graph of the rotated surface code exhibits
a planar structure, making it a simple and ideal candidate for
decoding with PLANAR.

3.1. The rotated surface code

We first introduce the rotated surface code, a commonly
used quantum error correction code on a two-dimensional lat-
tice. It is constructed from a two-dimensional lattice, where
each plaquette represents a stabilizer generator, and each ver-
tex represents a qubit. To convert the decoding problem into
a partition-function computation problem of a spin glass, we
first index every qubit in the rotated surface lattice, which cor-
responds to the edges in Fig. 1(a). Then, we represent each
stabilizer generator, pure error generator, and logical opera-
tor by a parity check matrix (PCM). In general, the logical
generator can be generated by calculating the kernel of the
PCM of the stabilizer generator. For the rotated surface code,
we can easily find it using the symmetry of the code. This
is achieved by the function gen_rotated_surface_code
in experiments/codes.py in our implementation. 6]
Then, we construct the PCM of the pure error generator by
using the commutation relation between the stabilizer gener-
ator and the pure error generator. More specifically, we cal-
culate the kernel of the PCM of the stabilizer generator and
check if it commutes with the logical operator. For the detailed
mathematics, we refer to Ref. [25]. In our implementation, it
is implemented in the function cal_pure_error basis in
planar/planar_decoder.py in Ref. [26].

3.2. Generation of the decoding graph

In this section, we introduce how to convert the ro-
tated surface code into a planar Ising model on a decod-
ing graph. Here we consider the independent code-capacity
noise, where the X stabilizers and Z stabilizers belong to
two separate graphs.
ing graph from the PCM for both X and Z stabilizer gener-
ators. The process generates dangling edges, as illustrated
in Fig. 1(b), necessitating the introduction of a virtual node

We first construct the planar decod-

to connect these edges for each decoding graph, as shown
in Fig. 1(c). The Kac—Ward solution is then applied, imple-
mented by the function construct_kac_ward_solution
inplanar/planar_decoder.py as detailed in Ref. [26].
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o

Fig. 1. (a) Rotated surface code lattice,

(b) (c)
B B Z-
o Z
(L, L.

the left side is a distance-3 rotated surface code lattice, while the right side is a distance-5 one. Each

blue/red plaquette represents an X /Z-type stabilizer, and each vertex represents a qubit. The blue/red dashed line indicates the X /Z-type logical
operator. (b) Separately converting the rotated surface code into a planar Ising model, the red part denotes the Z type while the blue part denotes
the X type. Each square corresponds to a different spin. (c) A decoding graph is used for the Kac—Ward solution by adding an auxiliary spin

connecting each dangling bond.

def construct_kac_ward_solution(pcm):
n pcm. shape[0]
edges_dict {}
for m in range(pcm.shape[1]):
edge pcm[:, m].nonzero() [0]

if len(edge) ==
if (edge[0], n) not in edges_dict.keys():
edges_dict[(edge[0], n)] [m]
else:
edges_dict[(edge[0], n)].append(m)

else:
assert edge[0] < edge[1l]

edges_dict[(edge[0],
else:

edge[1])] [m]

g = nx.from_edgelist(edges_dict.keys())
kwsolution
return kwsolution, edges_dict

assert len(edge) <= 2, print(’non-planar graph’)

if (edge[0], edge[1]) not in edges_dict.keys():

edges_dict[(edge[0], edge[1])].append(m)

KacWardSolution(nx.adjacency_matrix(g, nodelist=np.arange(n+1)))

3.3. Coset probability calculation

This step calculates the partition function of the Ising
model generated in step 2. To apply the Kac—Ward for-
mula, a non-backtracking matrix is first constructed to en-

code the spatial relationships between edges in the graph.

This matrix is constructed during the initialization of the class
KacWardSolution. Specifically, each entry in the matrix
represents the angle between connected edges. The graph lay-
out, including node positions, is represented using net workx
to calculate these angles, which are then expressed as complex
numbers in the non-backtracking matrix.

class KacWardSolution:
def __init__(self, adj_matrix) -> None:
adj = scipy.sparse.csr_matrix(adj_matrix)
graph nx.from_scipy_sparse_array(adj)
is_planar, _ = nx.check_planarity(graph)
if not is_planar:
raise ValueError ("The graph is not planar
pos nx.planar_layout (graph)
self.n, self.m = graph.number_of_nodes(),
di_edge_list sum([[(i,]),
I self.di_edge_dict {edge:idx for idx,
self.nonbacktrack scipy.sparse.lil_matrix(
(2*self.m, 2*self.m),
for i, j in di_edge_list:
for k in graph.neighbors(j):
if k != 1i:
self.nonbacktrack[
self.di_edge_dict[(i,])],
self.di_edge_dict[(j,k)]
np.exp (
11/2. * compute_angle(
pos[i], pos[jl, pos[kl)

1] =

pass

, the KacWard solution does not apply.")
graph.number_of_edges ()
(j,i)] for (i,j) in graph.edges()],

edge in enumerate(di_edge_list)}

dtype=np.complex128)

start=[])

The partition function of the Ising model is then computed using the Kac—Ward formula

z=2(

(i)

Hcosh 0;;

) det(1— W)}, ™
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The non-backtracking matrix A and the matrix for com-
puting det(/ — W) are represented in sparse format, where
W = AD. Here, D is a diagonal matrix with D;;;; = J;;, corre-

sponding to the edge weights, as defined by the formula

exp($¢ij1), j=kandi#I,
0, otherwise,

®)

Ajj =

where ¢;;; denotes the angle between the edges ij and kl,

which corresponds to the angle formed by the nodes i, j, and
L

The LU decomposition of matrix A is computed using
scipy.sparse.linalg.splu(A). The real part of the
sum of the logarithms of the diagonal elements of U yields
the logarithmic partition function. This is implemented in the

function 10gZ within the KacWardSolution class.

def logZ(self, weights):
D = scipy.sparse.spdiags(np.tanh(weights),
logZ self.n * np.log(2.0)
logZ += logcosh(weights).sum() / 2
A = scipy.sparse.eye(2*self.m, 2*self.m,
A scipy.sparse.csc_matrix(A)
LU = scipy.sparse.linalg.splu(A)
logdet np.log(LU.U.diagonal ()).sum()
comp_part np.imag(logdet)/pi
logdet = np.real(logdet)
logZ += 0.5*logdet
return logZ

dtype=np.complex128) - self.nonbacktrack @ D

0, len(weights), len(weights))

3.4. Using Kac—Ward solution to determine the most likely
logical recovery operator
Following the Kac—Ward solution for the partition func-
tion of the planar Ising model, the probabilities of different
logical sectors (cosets) are computed to identify the most prob-
able logical recovery operator. This is implemented in the
log_coset_p and decode functions within the PLANAR

decoder.[20]

3.4.1. Coset probability calculation

The function accepts the pure error operator, with or with-
out the corresponding logical operator (X /Z or I, representing
distinct logical sectors), the error rate, the Kac—Ward solution,
and a dictionary mapping graph edges to indices consistent
with the Kac—Ward solution. It computes edge weights based
on the error rate, which are then used to determine the loga-

rithm of the partition function (logZ) via the Kac—Ward solu-
tion. The output is the log probability for the specified logical
error configuration, enabling comparison across logical sec-

tors.

3.4.2. Decoding process

The decoding process decode begins by determining the
pure error corresponding to the syndrome, which represents
an error configuration consistent with the syndrome measure-
ments. For both X and Z components of the decoding graph,
the 1og_coset _p function calculates the probabilities of dif-
ferent logical cosets (i.e., the pure error combined with or
without the logical operator). The most probable logical oper-
ator is selected by comparing these probabilities. The recovery
operation is then constructed by combining the pure error with

the chosen logical operator.

def log_coset_p(operator, error_rate,
if len(operator.shape) >= 2:
assert operator.shape[0] == 1,
operator operator.reshape(-1)
weight np.array ([
0.5*np.log((l-error_rate)/error_rate),
0.5*np.log(error_rate/(l-error_rate)),

D
weights = weight[operator]
weights_nonbacktrack np.array ([

D
logz solution.logZ(weights_nonbacktrack)
return logZ

solution:KacWardSolution,

print (operator.shape)

sum(weights[edges_dict[minmax (¥*edge)]]) for edge in solution.di_edge_dict

edges_dict):

This approach ensures the decoder selects the most likely error configuration, achieving maximum likelihood decoding. The

Kac—Ward solution guarantees exact probability computations, eliminating the suboptimality associated with minimum weight

methods such as MWPM.
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def decode(self, syndrome, error_prob):
pure_error = self.pure_error_basis[
syndrome.astype (bool)
].sum(®) % 2
assert np.allclose(syndrome,

error_rate_x
error_rate_z
probs_x = [
I log_coset_p(pure_error_x, error_rate_x,
log_coset_p((pure_error_x + self.lx) % 2,

error_prob[1l] + error_prob[3]
error_prob[2] + error_prob[3]

w ]

1 ind_x = np.argmax(probs_x)

1 probs_z = [

I log_coset_p(pure_error_z, error_rate_z,
1 log_coset_p((pure_error_z + self.lz) % 2,
]

ind_z = np.argmax(probs_z)

recovery_op = pure_error

if ind_x:
if ind_z:
return recovery_op

(self.stabilizers @ pure_error) % 2)
pure_error_x, pure_error_z = pure_error[:self.n], pure_error[self.n:]

self.kwx,
error_rate_x,

self.kwz,
error_rate_z,

recovery_op = (recovery_op + self.logicals[0]) % 2
recovery_op = (recovery_op + self.logicals[1]) % 2

self.edges_dict_x),
self.kwx, self.edges_dict_x)

self.edges_dict_z),
self.kwz, self.edges_dict_z)

4. Numerical results

We first employ the rotated surface code family to evalu-
ate the performance of PLANAR. To determine the threshold
of the rotated surface code, we adopt the standard assumption
of uncorrelated noise. In this model, the error probabilities for
each qubit are defined as follows:

p(I)=(1—=px)(1=p2),
p(X) = p«(1—-p2),
p(Z) = p:(1-px),
p(Y) = pxp:. ©)
Under the uncorrelated noise assumption, there are no
correlations between X and Z types of stabilizers, implying

that J(Y)
This simplification allows the Hamiltonian to be decomposed

=0 in the system’s Hamiltonian as shown in Eq. (5).

into two independent terms corresponding to X and Z errors:

=Y Ix(X,0.)s7s55 =Y Jz(Z,0.)sis],

e

i,j,k,1€ de, (10)

I1ﬁc =

where e denotes edges, and i, j and k, / represent spins con-
nected by these edges in the X or Z subgraph. This formula-
tion demonstrates that the subsystems associated with X and
Z errors are decoupled. Thus, the partition function of the en-
tire system can be expressed as the product of the partition
functions of the two subsystems, i.e., Z = Z, - Z,. This inde-
pendence extends to the logical error probabilities P(Ly) and
P(L;), such that P(L,,L;) = P(L,)- P(L
original Ising model graph can be partitioned into X and Z

.). Consequently, the

subgraphs, each forming a planar lattice that retains the pla-
nar structure. This decoupling simplifies the analysis and im-
proves the computational efficiency of the decoding process.
We first evaluated PLANAR on the rotated surface code,
testing its performance for code distances ranging from 9 to

25. The decoder achieves optimal maximum-likelihood de-
coding results for this error model, with a threshold of approx-
imately py ~ 0.109, as depicted in the main graph of Fig. 2(a).
Additionally, as observed from the subgraph in the upper left
corner, the decoding time for each trial scales polynomially
with the increase in the number of spins, which corresponds
to the nodes in Fig 1(c). This polynomial scaling behavior
indicates that the algorithm remains computationally efficient
even as the system size grows. The algorithm’s time complex-
ity is quantified as O(N*%°), where N represents the number
of spins in the Ising model. This scaling value further un-
derscores the efficiency of the algorithm, making it suitable
for practical applications in large-scale quantum error correc-
tion tasks. The observed scaling behavior aligns with theoreti-
cal expectations and demonstrates the algorithm’s capability to
handle increasingly complex systems without significant com-
putational overhead.

It is worth noting that, under this error model, PLANAR
provides a theoretically optimal solution, eliminating the need
for comparison with other decoders. This optimality is crucial
for practical quantum error correction, as it ensures the highest
possible accuracy in error detection and correction.

This theoretical guarantee is particularly significant in
the context of fault-tolerant quantum computing, where even
small error rates can compromise the integrity of quantum
computations. By providing an optimal solution, PLANAR
not only enhances the reliability of quantum error correction
but also sets a benchmark against which other decoding al-
gorithms can be evaluated. Furthermore, the elimination of
the need for comparative analysis with other decoders simpli-
fies the implementation and validation process, allowing re-
searchers and practitioners to focus on optimizing other as-

pects of quantum error correction protocols.
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(a) Rotated surface code uncorrelated noise (b) Rotated surface code depolarizing noise (c) Hexagon code uncorrelated noise
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Fig. 2. Numerical results of simulations are presented. (a) The decoding performance of the rotated surface code under the uncorrelated noise model
is shown, where each colored line represents a different code distance ranging from 9 to 25. The threshold p, is observed at a physical error rate of
approximately 0.109, where the lines converge. The subgraph in the upper left corner illustrates the time scaling behavior with respect to the increasing
number of spins, which corresponds to the number of nodes in Fig. 1(c). (b) The decoding performance of the rotated surface code under the depolarizing

noise model with an uncorrelated approximation is depicted, yielding a threshold pﬂip at a physical error rate near 0.164. This result aligns with the

theoretical prediction of pi = 3 puc

~ 0.164.121 (¢) The decoding performance of the hexagon code under the uncorrelated noise model is displayed,

with code distances ranging from 5 to 25. The threshold is observed around 0.007, and the time complexity scales as O(N?74).

Furthermore, we also tested PLANAR on the commonly
used depolarizing error model, where the error probabilities
are defined as

p(X)=p(Y)=p(Z)=p/3,
p{) =1-=p.

(1)

Consequently, the system’s Hamiltonian includes an ad-
ditional term compared to Eq. (10), corresponding to the con-
tribution of J(Y):

Hyep = — Y Jx(X,0.)s7s— Y Jz(Z,0.)sis}
e e

=Y Iy (Y,0.)sisisis;, ijkl€de.  (12)
e

To apply PLANAR to this error model, we approximate the
contribution of J(Y) by separating it into its X and Z compo-
nents, eliminating the correlation caused by the Y component,
redefining the error probabilities for each qubit as follows:

2
p(X)=p(Z)= 3P

2
p(l)=1- 3P (13)

This approximation is also utilized by several well-
known minimum-weight decoders, such as MWPM!!” and
BP-OSD.3! However, these decoders consistently exhibit
inferior decoding performance compared to PLANAR, even
when employing the same uncorrelated approximation. This
discrepancy arises because minimum-weight decoders intro-
duce additional approximations during their decoding process,
as they aim to identify the most probable error (i.e., the er-
ror with the minimum weight). In contrast, PLANAR rigor-
ously seeks to determine the maximum likelihood logical sec-
tor without such approximations. The ability of PLANAR to
directly target the maximum likelihood solution, rather than

relying on intermediate approximations, underscores its theo-
retical and practical advantages over conventional minimum-
weight decoders.

Under this uncorrelated approximation, PLANAR still
yields remarkable results for the rotated surface code with de-
polarizing noise model, as shown in Fig. 2(b), with a threshold
of approximately pﬁip ~ 0.164 and time complexity scaling as
O(N®73). This result of threshold matches the theoretical pre-
diction of piP = 2 puc ~ 0.164,1°) and also demonstrates the
robustness and adaptability of PLANAR in handling different
error models, which is essential for its application in diverse
quantum computing environments.

0 S,

Fig. 3. Hexagon code lattice. The left side shows a distance-3 hexagon code
lattice, while the right side shows a distance-5 lattice. Each vertex/plaquette
represents an X /Z-type stabilizer, and each edge represents a qubit. The
red/blue dashed lines indicate X /Z-type logical operators.

To further demonstrate the generality of PLANAR, we also
tested it on the hexagon code, a novel quantum error correction
code with a planar structure, as shown in Fig. 3. The hexagon
code is constructed from a hexagonal lattice, where each ver-
tex and plaquette represents a stabilizer generator, and each
edge represents a qubit. The planar structure of the hexagon
code ensures that the decoding problem can be mapped to a
planar Ising model, enabling efficient and exact decoding with
PLANAR. For the hexagon code, we tested PLANAR on code
distances ranging from 5 to 25. The decoder achieves opti-
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mal maximum-likelihood decoding results under the uncorre-

lated noise model as well, with a threshold of approximately

he
Puc
in Fig. 2(c). These results further validate the versatility and

* 2 0.07 and time complexity scaling as O(N%74), as shown

efficiency of PLANAR for decoding quantum codes with pla-
nar structures. The ability of PLANAR to handle different code
geometries and error models underscores its potential as a uni-
versal decoding tool in quantum error correction.

5. Conclusion

In this work, we presented the implementation details of
PLANAR, a software framework designed for the exact decod-
ing of quantum codes with planar structures. By leveraging
the Kac—Ward formula, PLANAR achieves maximum likeli-
hood decoding with polynomial time complexity. The intro-
duction of the rotated surface code demonstrates the practical
applicability of PLANAR, showcasing its ability to efficiently
handle complex quantum error correction tasks. We also pre-
sented a new quantum error correction code, the hexagon code,
to demonstrate the generality of PLANAR.

Our numerical results indicate that the rotated surface
code using PLANAR achieves a threshold of approximately
Puc =~ 0.109 under the uncorrelated error model, with a time
complexity scaling of O(N%%%). For hexagon codes, these val-
ues would be p'* ~ 0.07 and O(N®7#). This performance
highlights the potential of PLANAR for real-world quantum er-
ror correction applications, particularly in large-scale quantum
systems where efficiency and accuracy are paramount. Future
work will focus on extending PLANAR to other code families
that have planar structures and optimizing its implementation
for faster or even real-time decoding in experimental quantum
hardware. The modular design of PLANAR ensures its adapt-
ability to various quantum error correction scenarios, making
it a versatile tool for advancing fault-tolerant quantum com-
puting.

Program availability

The source code is openly available on GitHub at
https://github.com/CHY-i/planar.
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