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The transition energies of the 1s22s 2S; 2= 1s22p 2P, /2,3/2 transitions in Li-like Th®™ ions were calculated by com-
bining the multi-configuration Dirac—Hartree—Fock (MCDHF) method with the model-quantum electrodynamics (model-
QED) approach. The effects of electron correlation, Breit interaction, and QED effects were analyzed in detail. The isotope
shifts, including the mass shifts and field shifts, due to the 2s 2S; /2= 2p ’p, /2,32 transitions were then calculated using
two different methods, namely, the MCDHF method and the finite-field method. The results show that these two methods

are in excellent agreement.
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1. Introduction

Theoretical and experimental studies of isotope shifts, in-
cluding field shifts and mass shifts (MSs), in highly charged
ions provide a means of testing quantum electrodynamics
(QED) theory. Furthermore, these studies serve as an excellent
tool for precisely determining differences in nuclear charge
radius among isotopes.[!! For instance, the relativistic mass-
shift operator and its QED correction (including vacuum po-
larization (VP) and self-energy correction (SE)) for medium-
and high-Z systems have been effectively tested through high-
precision measurements of isotope shifts for B-like argon!?!
and Li-like neodymium.! The nuclear charge radius of Na-
like Xe ions in a high charge state was determined with high
precision using extreme ultraviolet (EUV) spectroscopy, as re-
ported in Refs. [4-6].

Thorium is a crucial element in the fields of nuclear en-
ergy and high-precision measurement physics. The nucleus
of the *Th isotope exhibits extremely low energy excitation,
with an estimated value of approximately 8.338 (24) eV.!78!
Currently, a considerable number of researchers are engaged
in the development of high-precision nuclear clocks.*~!?!
Therefore, it is essential to understand the isotope shifts
of highly charged thorium ions to analyze atomic struc-
ture and nuclear parameters in these experiments. The field
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shifts and MSs the Li-like Th®* jon were calculated by
Zubova et al.!'3 using a combination of perturbation meth-
ods and the configuration-interaction Dirac—Fock—Sturm (CI-
DFS) method, taking into account the effects of electronic cor-
relations, the Breit effect, and QED corrections. The MSs and
field shifts of the 1s>2s %S, 2= 1s22p 2P, /2,3/2 transitions
of the Li-like Th%* ion were also calculated by Li ez al.!'¥]
using the multi-configuration Dirac—Hartree—Fock (MCDHF)
method, with inclusion of electronic correlations and the Breit
effect. Significant discrepancies were observed between these
two calculations. For instance, the normal mass shift (NMS)
for the 1s*2s 2S;/, — 1s?2p ?P; ), transition calculated by
Zubova et al.!'3 differs from the results of Li et al.!'*! by ap-
proximately 10%. A similar 10% discrepancy exists in the
field shifts. Therefore, to understand these discrepancies, fur-
ther detailed studies are required.

In this work, the wavefunctions and energy levels of
the 1s%2s 251/2 and 1s%2p 2P1/273/2 transitions of Li-like
Th37* ions are calculated using the MCDHF method and the
GRASP2018 package.>'%! The model-QED method!' 7191 is
used to calculate the contributions of QED effects. Further-
more, two different methods, namely, the MCDHF and finite-
field methods, are employed to calculate the isotope shifts of
the 15?25 28/, — 1s?2p Py )5 3 transitions in Li-like Th®"*
ions. The results show that the isotope shifts calculated by
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these two methods are in good agreement.

2. Theory and computational methodology
2.1. MCDHF method

The wave functions and energy levels of Li-like Th¥7+
are calculated using the MCDHF method and the correspond-
ing GRASP2018 package.!!>1%1 A detailed description of the
MCDHF method can be found in Refs. [20-22]. Here, only
a brief description is given. The atomic state wave functions
(ASFs) are described according to the MCDHF method as lin-
ear combinations of configuration state wave functions (CSFs)
with the same parity P, total angular momentum J, and its z-
component My, i.e., the ASFs are written as

ZCv

where cy is the mixing coefficient, and y and 7, represent all

Y(yPIM)) = (v PIMy), 1)

additional quantum numbers. The configuration wave func-
tion consists of a linear combination of the Slater determi-
nants of the single-electron orbital wave functions. The single-
electron orbitals and the mixing coefficients are optimized si-
multaneously in the SCF procedure. The Breit interaction and
QED corrections are included in the subsequent relativistic
configuration (RCI), where only mixing coefficients are vari-
able. The calculation is performed using the GRASP 2018
package. [1>:16]

In this study, the model-QED approach is adopted to es-
timate the QED corrections as well, which is expressed by the
operator as!!7-1%]

HUEP = 15E 4 Ve + Vavk, ()

where hSE is SE, Vien is the Uehling potential, Vg is the
Wichmann—Kroll (WK) potential, the sum of Ve and Vg
gives the VP, and KSE can be classified as a local and nonlocal
sum such that

h hloc hnloc’ (3)

SE SE
h loc h nloc
nonlocal operator, respectively.

where and represent the quasi-local operator and

2.2. Isotope shift

the field shift,
which is a consequence of nuclear charge distributions, and

The isotope shift consists of two parts:

the MS, which is a result of the different finite nuclear masses.
The isotope shift of the same energy level i between two iso-
topes with mass numbers A > A’ can be expressed as the sum
of the MS SE.X4, MS ¢ and the field shift SEN s

5E; s = 5E1A1\?s + SEI FS - “)

The MS can be written as!>3-2%]

AA
5E1,Ms

AA M -M
= 8E;\ms + 5E: sms =\ (Kinms +Kisms), (5)

where 5E:‘I"\?1\//Is is the NMS, 5Efs7/1‘v/[s is the special mass shift
(SMS), M is the mass number of 'isotope A, and M’ is the mass
number of isotope A’. K;nms and K; sps denote the NMS and
SMS parameters obtained under the lowest-order approxima-

tion:
Kinms = M (yPIM;)|Hxms | (YPIM;)),
Kisms = M(W(YPIMy)|Hsms | W (YPIM))).  (6)

Here, Hnms and Hsys are the Hamiltonian quantities of the
NMS and the SMS, respectively, given by

aZ (

1 X , aZ n ;- T)T
2M & pi ri o r? bif

1 ¥ oaZ )T
Hsms = ~— Pi—— Oéz-i-@ pj, (D
2M iz T rl

where 7 is the position vector, ¢; is the Dirac matrix, ¢ is the

Hxwvs =

fine structure constant, Z is the nuclear charge number, M is
the nuclear mass number, p; is the momentum operator for the
ith electron, and p; is the momentum operator for the jth elec-
tron. The MS of the transition i between two energy levels u
and [/ is expressed as

/ —
Sviis = (MM> Aws ®)

MM’ h

where AKyis = (Kyms — K ms) is the MS parameter between

the two energy levels u and /. The field shift factor in Eq. (4)

27]
N Z 32 2
-z (4”80)A|‘P<o>| . ©)

i

is written as!

The F is proportional to the amount of variation A|¥'(0)|* in

the total probability density amplitude of electrons at the ori-
gin, and A | ¥(0) |*= p;i(0) — pf(0), p¢(0) = (¥|L;ni[¥).
The field shift of the transition i between two energy levels
u and [ is expressed as

/ AA
Svits ~AFRS (7). (10)

That is, the isotope shift can finally be written as

! M -M W
OEIis = (MM) Kims +8(r*)"" F. ()

Therefore, when the isotope shift SEX fs is measured experi-

Al
mentally, we can accurately obtain & <r > “, once the mass-
and field-shift factors are determined by atomic-structure cal-

culations.
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3. Results and discussion
3.1. Transition energy

In the present work, the active space method is used to
consider electron correlation effects for the 1s?2s and 1s?2p
states. First, we optimized the 1s, 2s and 2p occupied orbitals
separately for two states with different parities in the Dirac—
Hartree—Fock (DHF) approximation. The CSFs are then gen-
erated by single and double (SD) excitations to correlation or-
bitals from the occupied orbitals. The correlation orbitals are
augmented layer by layer, which makes it possible to monitor
the convergence of physical quantities related to the expan-
sion of the configuration space. After that, the SCF calculation
is performed separately to minimize the energy eigenvalue of
each state. The correlation orbital set is restricted to the prin-
cipal quantum numbers n = 2,3,...,7, and the orbital quantum
numbers [ < 5.

Figure 1 shows the convergence of the energy eigenvalues
for the 15?25 %Sy / and 1s?2p 2P| /5 3, states of Li-like Th8"*
ions. We can see that electron correlation effects converge
rapidly due to the rational selection of the calculation model.
The energy values converge to —10301.77, —10291.61, and
—10151.98 (a.u.) for the 1s*2s %S /5, 1s*2p Py /5, and 1s*2p
2Py, states, respectively.

_ 2 2
—10151.97| T 1s72p “Py

—10151.98
—10151.98

Z —10151.99 L . A
——15"2p °Py

£ _10201.59} ©
EB —10291.60} \
% —10291.61}
— (b) o
S —10291.62f . ° : : ; :
i S,
—10301.76 | \,
—10301.77} ) \.\g
—10301.77

DF 2SD 3SD 4SD 5SD 6SD 7SD

The active space set
Fig. 1. The convergence of the eigenvalues (in a.u.) for Li-like Th87*
ions in the 1s22s 251/2 and 1s*2p 2P|/2?3/2 states as a function of the ex-
panded space. DF denotes the DHF calculations, while nSD (n =2, 3,.. .,
7) indicates calculations that consider SD excitations into the correspond-
ing correlation orbitals. n is the highest principal quantum number of the
correlation orbitals.

Table 1 lists the contributions of the Breit interactions
and QED effects to the transition energy of the 1s*2s %S , —
1s22p 2P| )5 3, transitions, while the final total value is deter-
mined using the model-QED computational approach. Mean-
while, the QED corrections obtained using the two calculation
methods show good agreement. These results were compared
with some available theoretical results.[?®=34! The results ob-
tained in this study are in good agreement with those given in

Refs. [28,30-32]. In addition, it should be noted that the con-
tributions of the Breit effect and the QED effect to the transi-
tion energies for the 1s22s %S, /2= 1s22p %P, /2 transitions are
33.70 eV and —39.17 eV, respectively. Since these contribu-
tions have opposite signs, they nearly cancel each other out.
In contrast, for the transitions 1s*2s %Sy , — 1s*2p *P5 5, the
contributions from the Breit effect and the QED effect have the
same signs, with values of —13.09 eV and —36.93 eV, respec-
tively. Our results closely agree with experimental results, >4
with only a 0.01% difference.

Table 1. Contributions of the Breit effect and the QED effect to the transi-

tion energy (in eV) of Li-like Th8”* ions 1s22s 251/2 — 1s22p 2P1/2A3/2.

CI stands for the configuration-interaction results, QED! stands for the

QED correction calculated by the GRASP 2018 package, and QED?
stands for the QED correction obtained with the model-QED approach.

1s22s 281/2 — 1s22p 2P1/2 15225 281/2 — 1s22p 2P3/2

This work Refs. This work Refs.
CI 276.17 275.951281 4075.80 4075.561281
Breit  33.70 33.251281 —13.09 —14.121281
—14.14129

QED! 3894 —37.66
QED? —39.17 —38.50(281 —36.93 —36.441281
—39.681301 —36.0912%
—38.4581 —35.8781
—38.54[321 —36.08132
Total  270.70 270.801281 4025.78 4025.111281
270.60130! 4025.10831
270.72831 4025.251321
270.741321 4028.601331

270.291331

Expt. 4025.2340.14834

3.2. Isotope shift parameters calculated using the MCDHF
method

The isotope shift parameters are calculated using the RIS4
program.3>! Figure 2 shows the convergence of the NMS pa-
rameter (K;nms), the SMS parameter (K;sms), and the MS

- F —1965.7F
ST (a) n\ —~~Kins > A =K nus
—848.1} oo oo | —1966.8
—851.41 —1967.9}
L 0/0\ e
—854.7} ~1969.0[ s
5 102967 (b) A > Kisus | —1724.81(€) A ==K sms
Jos] o—, —
5 103291 o oo | el
By
S -1036.2) i
2 —1727.0 e
o —1039.5] Lesafd T
18431 (c) o Konus | 2418F(D) o Ko
184.2¢ 241.6} .
o—o— o, o e——e———0——o——
184.11 o ° 241.4] o
184.0f oa1al

. . . . . . .
DF 2SD 3SD 4SD 5SD 6SD 7SD
The active space set

D‘F ZéD SéD /1é]_) SéD Gé]_) 7éD
The active space set
Fig. 2. The convergence of K;nwms. Kisms, and K;ms (in 10° GHz u)
for Li-like Th%* ions 15225 %S, 2= 1s22p 2P, /2 transitions (panels (a)-
(c)) and 2s 251 2= 2p 2P3 /2 transitions (panels (d)—(f)) as the extended
space changes. DF denotes the DHF calculations, while nSD (n is the
highest principal quantum number of correlation orbitals) represents the
multi-configuration calculations with the SD excitations into the correla-

tion orbitals.
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Table 2. Contributions of Breit interactions and QED effects to K; nms, Kisms, and K; vs (in units of 10° GHz u) for the 1s22s 281/2 — 1522p 2P1/2.3/2
transition of Li-like Th87* ions. DF denotes the single-configuration calculations, RCI refers to the multi-configuration calculations, RCI 4 Breit includes
the Breit interactions, and RCI 4+ Breit + QED indicates the value obtained by adding the QED nuclear recoil corrections.

15225 28/, — 1s%2p 2Py )5

Kinms Kisms Kims
This work Refs. This work Refs. This work Refs.
DF 184.14 —1039.77 —855.63 —846.501141
RCI 184.13 175,713 —1032.40 —1033.40131 —848.28 —847.20141
RCI + Breit 172.25 —~1001.33 —829.08 —783.2004
—857.701131
QED —2583130]
RCI + Breit+ QED —3412.08 —3441113]
15225 28/, — 1s%2p ?P3)5
Kinms K sms Kims
This work Refs. This work Refs. This work Refs.
DF —241.43 —1728.02 —1969.44 —1977.0014
RCI —241.55 —240.91131 —1727.44 —1731.61131 —1969.00 —1970.001141
RCI 4+ Breit —263.37 —1701.58 —1964.95 —1896.00 [14]
—1972.501131
QED —2441136]
RCI + Breit + QED —4405.95 —44161131
parameter (Kiums) for the transitions 1s*2s 2S;,, — 1s*2p —152.60 0—25%S, 5, — 2p 2P
. - 1/2 3/2
Py (Figs. 2(a)-2(c)) and 1s*2s 28, — 1s*2p 2Py, »
(Figs. 2(d)-2(f)). It can be seen that the impact of electronic _152.64
. L .. ’ °
corre.latl.on effects on K; svs is significant, resulting 1n.a sub- _ I ~o —, . —
stantial impact on the total MSs K ms. In contrast, the impact -
&
on K;nwms is relatively minor. As the active space increases, § —152.68
these parameters show good convergence. Y : : : : : ‘ :
o - . 2, —137.61f —0—2s%S;,; > 2p °Py )y
Table 2 shows the contributions of the Breit interactions =
and QED effects to the MS parameters. It can be found that our cy
—13T.641 o
results for the DF and RCI calculations are in good agreement I ° o~
. . . . CJ o * ] o
with those of Li et al.!'*! However, when the contributions of 13767
the Breit interaction are considered, there is a discrepancy of L
approximately 6% between our K; s results for the transitions —137.70 — ! ! ! ! ! !

1s22s 251/2 — 1s%2p zPl/z and those of Li e al.!'* Our re-
sults are in good agreement with those calculated by Zubova et
al.'"31 In addition, we should mention that for highly charged
ions, the contribution of QED to the nuclear recoil operator

13,361 1y our calculations, the model-

is significantly enhanced.|
QED method is used to obtain the QED effects on the wave
functions and energy levels. However, the QED correction to
the nuclear recoil operator is not included. In this study, we
added the QED contributions from Refs. [13,36] into our final
results. The final results are in good agreement with those of
Zubova et al.,''3! with a discrepancy of less than 1%. It should
be noted that there is no experimental data that can be directly
compared, which makes the mutual consistency between these
theoretical calculations particularly important. Future experi-
mental measurements are crucial to further verify the accuracy
of different theoretical models dealing with Breit interaction

and QED modification.

DF 2SD 3SD 4SD 5SD 6SD 7SD

The active space set

Fig. 3. The trends of the transition rates F; (in units of 10> GHz/fm?) for
the Li-like Th®7+ ions transitions 2s %S 2= 2p ’p, /2,3/2 as the extended
space changes. DF indicates the parameter values without any excitation,
while nSD (n = 2, 3,..., 7, n is the highest principal quantum number)
represents the parameter values corresponding to SD excitations into their
respective correlation orbitals.

Figure 3 shows the convergence of the field shift param-
eter F; for the transition 1s?2s 2S;/, — 1s?2p ?Pj 53/, (in
103 GHz/fm?). It can be seen that the influence of electronic
correlation effects on F; is very small. For the calculation of
the field shift parameters, we first computed the configuration-
interaction wave functions, which provided the dominant con-
tribution to the parameters. Subsequently, by calculating the
”CI+Breit” and "CI+Breit+QED” wave functions, we derived
the incremental contributions of the Breit effect and the QED
effect to the field shift parameters. Table 3 shows the contri-
butions of the Breit effect and the QED effect to the field shift

073203-4
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parameter F;; the contributions of the Breit effect and QED ef-
fect to F; are less than 1%. Moreover, our results for F; are
in excellent agreement with the results obtained by Zubova et
al. 31 After adding the QED effect, our calculated F; for the
1522528} ), — 1s°2p ?Py » 3> transition corresponds very well
with the result of Zubova er al.,['3! with a difference of less
than 5%. Our result shows a difference of about 10% in the

field-shift factor for the 1s2s 28, 2= 1s22p 2P, /2 transition
compared to that of Li et al.!"*) This is due to the different nu-
clear parameters used in the calculations. The main difference
is in the Fermi distribution parameter ¢, which is calculated
as 7.03 in our work but has a value of 6.93 in Li et al.’s!'¥]

calculation.

Table 3. Contributions of Breit interactions and QED effects to F; (in units of 10> GHz/fm?) for the 1s22s %S, 2 1s22p 2P, /2,3/2 transition of

Li-like Th7™ ions.

15225 28/, — 15%2p °Py )5

15225 28 ), — 15%2p 2P;

This work Ref. [14] Ref. [13] This work Ref. [14] Ref. [13]

DF —137.64 —151.20 —137.64 —152.65 —169.00 —152.65

RCI —137.66 —152.10 —137.65 —152.66 —168.50 —151.86

RCI + Breit —132.18 —151.80 —136.98 —148.18 —168.10 —151.86
RCI + Breit+ QED —136.98 —136.25 —156.21 —150.79

3.3. Isotope shift parameters calculated using the finite-
field method

We then used the finite-field method to extract isotope
shift factors from the eigenvalues. In these calculations, we
used the RCI method, incorporating the approach of Yang,
Jonsson, Li, et al. (in preparation), to obtain the energy eigen-
values. The orbital set used here is the same as that used in
the MCDHEF calculations above. In the finite-field method, the
MS operator is added to the many-particle Hamiltonian 37!

H = Hy+ AHuws, (12)
where A = (3; — 77). For a small amount of A, the nuclear

recoil contribution can be expanded in powers of A:[38]

Evs(A) = EIS,?; +E]£,};7L + Z Eli/’[‘)s/lk,
k=2

13)

where

o1 df
Egy = o1 aar Ems(A)ja=o-

(14)
The coefficient Elug corresponds to the contribution of the or-
der 1/Z to the relativistic nuclear recoil correction. Therefore,
by keeping the first-order terms and ignoring the higher-order
terms, we obtain

. dEnMs
s = 1 , 15
Nms = lim —= (15)
. Esms
k =1 16
sms = lim — = (16)

The field shift factor F' can be calculated using the same ap-
proach.

Table 4 presents a detailed comparison of the K;nwms,
K; sms, KiMms, and F; obtained using the RIS4 program and the
finite-field method. The labels “MCDHF” and “finite-field”
denote the respective computational approaches. A represents

the difference between the finite-field method and the RIS cal-
culations, which serves as a quantitative measure of the consis-
tency between the two approaches. It is evident that the results
obtained from both methods show excellent agreement. The
largest discrepancy in the field shift, observed for the transi-
tion 2s 251/2 —2p 2P1/2, is only 1.61 x 10®> GHz/fm?, corre-
sponding to a relative difference of approximately 1%. More-
over, the relative difference for K; nvs is less than 1%, while
that for K; sms is below 0.01%. These findings demonstrate the
high reliability and consistency of the isotope shift factors cal-
culated using both methods, which is crucial for advancing our
understanding of isotope shifts. This comparative analysis not
only validates the accuracy of both methods but also highlights
their applicability to high-precision studies in atomic physics,
such as the determination of isotope shifts and the evaluation
of nuclear charge distributions.

Table 4. Comparison of the values of K;nms, Ki.sms, Kims (in 103 GHz

u), and F; (in 10} GHz/fm?) for the transitions 1s*2s 2S;,, — 1s?2p

’p, /2,32 Obtained using two different calculation methods. Notably, the

calculation of the MS parameter does not incorporate the contribution of
the QED effect to the nuclear recoil operator.

1522528 ;, — 15%2p 2Py )5 1522528, — 15%2p 2P3)»

MCDHF Finite-field A MCDHF Finite-field A

AKnms 17225 170.71 —1.54 —-263.37 —264.48 —1.11
AKsys —1001.33 —1001.26 0.07 —1701.58 —1701.42 0.16
AKys —829.08 —830.55 —1.47 —1964.95 —1965.90 —0.95

AF  —13698 —13851 —1.53 —156.21 —157.82 —1.61

3.4. Isotope shift

Table 5 presents the MS, FS, and IS (in meV) results for
the 2s 2S5 — 2p *Py 53> transitions of Li-like A*2Th®"*
ions (where A = 227, 228, 229, 230) using the MCDHF
method. It can be seen that the isotope shift of thorium mainly
comes from the field shift, while the contribution from the MS
is less than 1%. This is due to the fact that as the atomic num-

ber increases, the MSs can be regarded as constants, but the
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field shifts increase drastically and become dominant at high
Z.

Table 5. Values of MS, FS, and IS (in meV) for the 2s 2S,/2 — 2p

’p, /2,3/2 transitions of Li-like A232Th87+ jons. The §(r?) value was
adopted from Ref. [39]. Note: FS = field shift; IS = isotope shift.

1522528, — 1s%2p 2Py 5 15228 2S5 — 15%2p 2P3)»

MS FS IS MS FS IS
222TTR87+ 1.34 286.63  287.97  1.73 319.36  321.09
2228 TR87+ 1,07 233.03  234.10  1.38 259.64  261.01
22229Th87+ 0.80 188.45  189.25  1.03 209.97  211.00
222087+ 053 11567 11620  0.68 12887  129.56
111900131 123.901131

4. Conclusions

In summary, the transition energies of the 1s*2s 2S , —
1s22p 2P, /2,32 transitions in Li-like Th¥"* jons were calcu-
lated using the MCDHF method and the model-QED method.
The mass and field shifts of Li-like Th®* ions were calcu-
lated using two different methods, namely, the MCDHF and
finite-field methods. It was found that these two methods ex-
hibit good consistency, particularly as the relative difference
for K; nms was less than 0.01%. Our results agree very well
with Zubova et al.’s calculation.!'3! Finally, the isotope shift
due to 2s 2S;/, — 2p 2P| 53/, transitions in Li-like Th3"*
ions was presented. The results show that as the mass num-
ber increases, the isotope shift gradually decreases. The to-
tal isotope shifts of thorium mainly originate from the field
shifts, while the contribution from the MSs is less than 1%.
This work provides theoretical support for testing QED effects
in highly charged ions and offers data grounded in theory for
measuring the nuclear charge radius of thorium ions.
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