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In this investigation, we delve into the interplay between strong interactions and intricate topological configurations,
leading to emergent quantum states such as magnetic topological insulators. The crux of our research centers on elucidating
how lattice symmetry modulates antiferromagnetic quantum Hall phenomena. Utilizing the spinful Harper-Hofstadter
model enriched with a next-nearest-neighbor (NNN) hopping term, we discern a half-filling bandgap, paving the way for
the manifestation of a quantum Hall insulator characterized by a Chern number, C = 2. Upon integrating a checkerboard-
patterned staggered potential (∆ ) and the Hubbard interaction (U), the system exhibits complex dynamical behaviors.
Marginal NNN hopping culminates in a Neél antiferromagnetic Mott insulator. In contrast, intensified hopping results in
stripe antiferromagnetic configurations. Moreover, in the regime of limited NNN hopping, a C = 1 Neél antiferromagnetic
quantum Hall insulator emerges. A salient observation pertains to the manifestation of a C = 1 antiferromagnetic quantum
Hall insulator when spin-flip mechanisms are not offset by space group symmetries. These findings chart a pathway for
further explorations into antiferromagnetic Quantum Hall States.

Keywords: antiferromagnetic quantum hall insulator, topological phase transitions, Harper–Hofstadter–
Hubbard model, lattice symmetry effects
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1. Introduction
The experimental advancements in generating artificial

gauge fields[1,2] and in identifying magnetic order[3,4] pro-
pose that ultracold atoms confined in optical lattices[5] serve
as an unparalleled system to emulate magnetic topological
quantum states, offering significant control and adjustability
of parameters. This study centers on ultracold atoms confined
within optical lattices, serving as versatile platforms for con-
trolled quantum simulations. These lattices offer a means to
explore the properties of solid-state materials across diverse
parameter regimes.[6–8] The strategic deployment of the Fesh-
bach resonance effect allows for precise tuning of interaction
strength and characteristics among ultracold atoms, spanning a
broad spectrum.[9] In optical lattice systems, it becomes feasi-
ble to adjust both nearestneighbor (NN) and nextnearestneigh-
bor (NNN) magnitudes, fostering tunable control. Notably,
recent advancements highlight the feasibility of manipulating
the tNNN/tNN ≡ t ′/t ratio through shaking techniques, thereby
engendering a renormalization of hopping parameters.[10–14]

The investigation delves into the realm of condensed mat-
ter physics, particularly in the context of tight-binding mod-
els situated on two-dimensional square and honeycomb lat-
tices subjected to a magnetic field.[15,16] Herein, the influ-
ence of hopping parameters is thoroughly explored. This do-
main encompasses the inclusion of Hubbard interaction and
on-site potential terms,[17,18] enabling the analysis of phase

diagrams and physical properties within these systems. Im-
portantly, topological phase transitions are catalyzed by ma-
nipulation of the t ′/thopping ratios,[19,20] along with adjust-
ments to other potential components. Within this context,
Ref. [20] discusses the orchestration of topological phase tran-
sitions through NNN hopping manipulation in structures such
as the Lieb, kagome and T3 lattices.

While previous studies have primarily focused on the
Haldane–Hubbard model for investigating interaction-driven
topological phases, our work extends the analysis to the
Harper–Hofstadter–Hatsugai–Hubbard (HHHH) model. This
model includes a uniform magnetic flux and allows a more
general investigation of symmetry effects on the stabilization
of antiferromagnetic quantum Hall insulators (AFQHIs). Our
results provide new insights into how explicit and sponta-
neous symmetrybreaking conditions affect the emergence of
the C = 1 phase.

This research embarks on an exploration into whether
the emergence of the C = 1 AFQHI is an exclusive attribute
of the HaldaneHubbard model or extends to other interact-
ing topological systems. To address this query, we delve into
the spinful Harper-Hofstadter model augmented with Hub-
bard interaction (U), termed the Harper–Hofstadter–Hubbard
model. Focusing on half-filling conditions and a plaquette
magnetic flux of 1/2 in units of magnetic flux quantum h/e,
it is essential to note that this flux is uniform across both
spin components. While the Harper-Hofstadter model at half-
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filling lacks a gap, the introduction of NNN hopping insti-
gates gap formation, thereby realizing a quantum Hall insu-
lator (QHI) with a Chern number C = 2.[21] The emergence of
the C = 1 AFQHI within the Haldane–Hubbard model stems
from the interplay between the staggered potential and Hub-
bard interaction.[22–24] In our model, a staggered potential ∆

favors a normal insulator (NI). The significance of symmetry
in the evolution of contemporary condensed matter physics,
particularly concerning topological insulators (TIs), is undeni-
ably acknowledged. We argue that an antiferromagnetic QHI
with a value of C = 1 can only arise when the impact of a
spin-flip transformation is not offset by a space group action.

To gain insights into the system’s topological properties,
we harness real-space dynamical mean field theory (DMFT)
as a formidable analytical tool. As an impurity solver, exact
diagonalization (ED) is adeptly employed. These methodolo-
gies have found extensive application in the study of 2D lat-
tices and topological insulators.[25–28] The exposition unfolds
by introducing the HHHH Hamiltonian for the square lattice,
followed by an in-depth elucidation of the real-space DMFT
method. Subsequently, we delve into the application of the
topological Hamiltonian method within an interacting regime,
leading to an analysis of system topological properties and the
construction of the topological phase diagram. A central aim
is to interrogate the repercussions of tuning the t ′/tratio, tran-
sitioning from weak to strong NNN hopping, and exploring
the ensuing transformations in magnetic order.

2. Hamiltonian
We examine the HHHH Hamiltonian of the following

form:

H = −t ∑𝑟,σ
(c†

𝑟+𝑥,σ c𝑟,σ + e2π iϕ c†
𝑟+𝑦,σ c𝑟,σ +h.c.)

−t ′∑𝑟,σ

[
e2π iϕ(x+ 1

2 )(c†
𝑟+𝑦+𝑥,σ c𝑟,σ + c†

𝑟+𝑦,σ c𝑟+𝑥,σ )

+h.c.
]
+∆∑𝑟,σ

(−1)x+y n𝑟,σ +U ∑𝑟
n𝑟↓n𝑟,↑, (1)

here, t represents nearest neighbor hopping and t ′ stands for
the NNN hopping. The operators c†

𝑟,σ (c𝑟,σ ) create (annihilate)
particles at position 𝑟 := (x,y) with flavor σ := (↑,↓). The
position 𝑟 covers the square lattice with the lattice constant
serving as the unit length. The occupation operator is defined
as n𝑟,σ . We adopt a constant effective flux ϕ = 1/2 in this
manuscript. The introduction of the complex hopping term
is realized through an artificial gauge-field method, a tech-
nique extensively employed in the context of ultracold atoms
within optical lattices.[29] The third term encompasses a stag-
gered potential (±∆ ) alternating in checkerboard form, while
the fourth term, U , represents the Hubbard repulsion potential.

The interplay between U and ∆ critically influences the
phase transition of this model. Additionally, the parameters

ϕ and t ′/t exert significant effects on the model’s phase na-
ture. Notably, the intriguing aspect of this Hamiltonian lies
in the inclusion of a complex hopping term, wherein particles
accumulate a fixed phase upon hopping. Figure 1 visually il-
lustrates the Hamiltonian terms. The NN hopping parameters
in the x direction between A→ B sub-lattices are real and de-
noted as t. The NN hopping term in the y direction involves
a complex value between atoms within distinct sub-lattices.
The diagonals in Fig. 1 represent the complex NNN hopping
between the same sub-lattices.

↼x↪y⇁↽

↼x⇁↪y↽↼x↪y↽

U↼x⇁↪y⇁↽

tei2πϕx

t′ei2πϕ(x⇁/↽

t′ei2πϕ(x⇁/↽

t
∆ -∆

Fig. 1. Schematic representation of the Hamiltonian on the square lattice
with NN, NNN hopping, U , and ionic potentials. The lattice comprises
two sub-lattices, A and B, featuring opposite staggered potentials (±∆ ).

3. Method
The real-space dynamical mean field theory (RDMFT)

has emerged as a potent tool applied extensively across diverse
physical scenarios, including investigations of finite layers,[30]

disordered systems,[31,32] unconventional magnetism,[33,34]

and topological insulators.[27,28] RDMFT finds preference
over the conventional DMFT approach in the study of ultra-
cold atoms within optical lattices. This distinction arises from
the local and position-dependent nature of the self-energy
Σ(iωn) in the RDMFT, compared to the strictly local char-
acter of the DMFT.[35–37]

The self-consistency cycle within the RDMFT method
unfolds as follows:

(i) The cycle commences with an initial estimation of the
self-energy.

(ii) By employing the Dyson equation, one computes the
lattice Green function 𝐺(iωn), which can be expressed as:

G(iωn) = [iωnI−H0−Σ (iωn)]−1 , (2)

where the matrix elements of H0 are defined as:

[H0]𝑟α,𝑟′α ′ =
〈
𝑟α |H|𝑟′α ′

〉
. (3)

(iii) The local Green function, denoted as G𝑟(iωn), is deduced
using Eq. (2):

[G𝑟 (iωn)]
α,α ′ := [G(iωn)]𝑟α,𝑟′α ′ . (4)
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(iv) Employing the local Dyson equation, the inverse dynami-
cal Weiss field is calculated:

𝐺(0)𝑟 (iωn)−1 =𝐺𝑟 (iωn)−1 +𝛴𝑟 (iωn) , (5)

where the self-energy is expressed using the local property,
[Σ (iωn)]

α,α ′ = δ𝑟α,𝑟′α ′ [Σ (iωn)]𝑟α,𝑟α ′ .
(v) An SU (2) Anderson impurity model (AIM) is con-

sidered to depict the local physics at position 𝑟 on the lattice.
The AIM is characterized by two sets of parameters: (i) real
parameters ε𝑟l representing the bath onsite energies, and (ii)
complex N×N matrix parameters V𝑟

l describing the hopping
from the bath to the impurity.

(vi) The AIM is subsequently diagonalized to yield the
interacting Green function 𝐺̃(iωn) at the impurity site us-
ing Lehmann representation.[35–37] The updated self-energy is
then obtained via:

∑𝑟
(iωn) =g̃(0) (iωn)

−1− g̃(iωn)
−1 . (6)

We use Eq. (6) for the next iteration. These iterations will
be continued until convergence is obtained. In our real-space
DMFT (RDMFT) calculations, self-consistency is achieved
when the change in the local self-energy between successive
iterations falls below a relative threshold of 10−5. We have
verified the robustness of our solutions by starting from differ-
ent initial self-energy configurations, including paramagnetic,
antiferromagnetic, and random seeds. In all cases, the itera-
tion converged to the same physical solution, indicating that
our results are independent of the starting condition. Further-
more, to ensure numerical stability near phase boundaries, we
adopt a continuation strategy: we start from a converged solu-
tion at large U and gradually decrease U in small steps, using
the previous solution as the initial guess for the next step. This
procedure helps to track magnetic solutions and avoid conver-
gence to metastable states.

4. Topological properties of the model
The eigenstates of the non-interacting (NI) HHHH

Hamiltonian are denoted as |𝜆− k〉 and |𝜆+ k〉, which cor-
respond to the lower and upper energy bands respectively.
As long as ∆/t < 2, an energy gap between these bands ex-
ists, categorizing the system within the insulator phase. At
∆/t = 2, the two bands exhibit a touching point at (kX ,kY ) :=
(π/2,0) in the Brillouin zone (BZ), transitioning the system
into a metallic phase. With a subsequent increase in ∆/t, the
energy gap reopens, returning the system to another insulator
phase. The question that arises is the distinction between these
two insulator phases.

The Chern number is a topological invariant, remaining
constant under smooth band deformations. It only changes if
the bands touch, which occurs exclusively when the charge

gap closes. In the context of topological insulators, we are
aware that the non-trivial insulator phase with a Chern num-
ber 6= 0 can transition to a trivial insulator phase with a Chern
number of 0, while the metallic phase exists as an intermediate
state.[39] Thus, our objective is to compute the Chern number
for the system in these insulator phases. The Chern numbers
C± of the lower and upper bands described by E±(𝑘) are cal-
culated using the formula:

C± =
1

2π

∫
BZ

dkx, dky
[
∇×〈λ±𝑘 |(−i∇𝑘)|λ±𝑘 〉

]
, (7)

where kx, ky ∈ BZ. The system at half-filling is identified as
an NI for ∆/t > 2, characterized by a Chern number C± = 0.
Conversely, for ∆/t < 2, the system takes the form of a QHI
with Chern number values of C± = ∓2.[40–42] Notably, the
value of the Chern number for ∆/t < 2 depends on the gauge
function, as it cannot be universally defined across the entire
BZ. A particularly intriguing observation is that regardless of
weak or strong NNN hopping (t ′/t = 0.25, t ′/t = 1), the metal-
lic phase arises at ∆/t = 2. Figure 2 illustrates the variation
in the Chern number with respect to ∆/t for U/t = 0. When
accounting for spin degree of freedom and considering both ↑
and ↓ spins in the lower band occupation, the Chern number
of the half-filled system becomes:

C− =C−↑ +C−↓ =+1+1 =+2. (8)

The one-parameter phase diagram of the HHHH model is dis-
played in Fig. 2. The region ∆/t < 2 corresponds to the QHI
phase with a Chern number of 2, while the range ∆/t > 2 sig-
nifies the NI phase with a Chern number of 0. This charac-
terization remains consistent for both weak and strong NNN
hopping.

0 2 ∆/t

QHI (C=2) NI (C=0)

Fig. 2. The one-parameter phase diagram of the HHHH model. In
∆/t < 2 the phase of system is QHI with C = 2, and in ∆/t > 2 the sys-
tem is NI with C = 0. This result is identical for weak and strong NNN
hopping.

4.1. Chern number in the interacting model

The computation of the Chern number for interacting
systems follows a methodology based on the topological
Hamiltonian.[38] Remarkably, the Chern number of an inter-
acting system equates to the Chern number of the ensuing NI
Hamiltonian:

Ĥtop (𝑘) = Ĥ0 (𝑘)+∑(ω = 0,𝑘) , (9)

here, Σ(ω = 0,𝑘) represents the self-energy of the interacting
Hamiltonian at zero frequency, obtained through the RDMFT
method. Ĥ0(𝑘) corresponds to the NI portion of the Hamil-
tonian in momentum space, derived from Eq. (1). In single-
site DMFT, the self-energy lacks momentum dependence, i.e.,
Σ(ω = 0,𝑘) = Σ(ω = 0). In our model, two sub-lattices A and
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B possess on-site energies of +∆/t and −∆/t respectively.
Thus, the topological Hamiltonian takes the form of a 2× 2
matrix:

Ĥtop (𝑘) = Ĥ0 (𝑘)+

(
∑A (0) 0

0 ∑B (0)

)
(10)

Here, ΣA(0) and ΣB(0) denote the self-energy at sublattices
A and B, respectively, at ω = 0. An immediate consequence
is that the paramagnetic phase for ∆/t = 0 is always a QHI.
We conclude that the one-parameter phase diagram for NI
model and interacting model (paramagnetic phase) are simi-
lar to Fig. 2.

The magnetic order in Neél antiferromagnetic (AF) states
aligned anti-parallel ′ on the 4-unit cell atoms of the square lat-
tice. The Neél AF ′ of the model which can be shown schemat-
ically in Fig. 3(a) is invariant under translation by 2 sites along
x̂, ŷ axis. It has a unit cell of 4 sites (2× 2). We have repre-
sented the 4 sites in the unit cell as (A1, A2, B1, B2). Accord-
ing to topological Hamiltonian approach[38] the effect of the
selfenergy in the topological Hamiltonian is to modify only
the onsite energies. The onsite energies of the 4 sites in the
unit cell are given by

(A1)
σ : +∆ +

σ

∑
A1

(ω = 0),

(A2)
σ : +∆ +

σ

∑
A2

(ω = 0),

(B1)
σ : −∆ +

σ

∑
B1

(ω = 0),

(B2)
σ : −∆ +

σ

∑
B1

(ω = 0). (11)

The fundamental and pivotal invariant symmetry equation can
readily be derived.

σ

∑
X1

(0) =
σ

∑
X2

(0) , (12)

where X indicates sub-lattices A(B). In the following, we de-
fine,

σ

∑
X±

(0) =
∑

σ
X1
(0)+∑

σ
X2
(0)

2
. (13)

We notice that according to Eq. (13), we have ∑
δ
X± (0) =

∑
δ̄
X± (0). Due to the symmetry relation Eqs. (12) and (13),

we obtain new renormalized ∆̃ , δ∂ for every sub-lattice. In
addition to Eq. (14), we have also the following symmetry at
zero frequency,[41,42]

σ

∑
A1

(0)−
σ

∑
A2

(0) =
σ

∑
B2

(0)−
σ

∑
B1

(0), (14a)

or
σ

∑
A−

(0) =−
σ

∑
B−

(0). (14b)

Using Eqs. (12)–(14) and straightforward calculations, the
new renormalized onsite energies take the following forms,

∆̃ = ∆ +
∑A+

(0)−∑B+
(0)

2
, (15)

δσ =
σ

∑
A−

(0) . (16)

Finally, the topological Hamiltonian can be rewritten for the
spin component σ =↑, ↓ for Neél AF as,

Hσ
top = Hσ

t +∑
𝑟

[
∆ (−1)x+y +δσ (−1)x+y]n𝑟σ , (17)

where Ht is the hopping term and the effective potentials ∆̃

and δ∂ , in the spirit of Refs. [45–47], are given by

∆̃ = ∆ +
1
4

[
σ

∑
A1

(0)+
σ

∑
A2

(0)−
σ

∑
B1

(0)−
σ

∑
B2

(0)

]
, (18a)

δσ =
1
4

[
σ

∑
A1

(0)−
σ

∑
A2

(0)−
σ

∑
B1

(0)+
σ

∑
B2

(0)

]
, (18b)

where Σσ X(0) is the zero-frequency self-energy at the site X
with spin σ . ∆̃ is spin-independent and δ ↑=−δ ↓ .

The phase diagram of Eq. (18) is symmetric with respect
to ∆̃ → −∆̃ and δσ → −δσ and hence we can focus on ∆̃ ,
δ > 0. If we consider δσ = 0, the obtained phase diagram is
the same as in Fig. 2 with two bands. In ∆̃/t > 2 the system is
in a trivial NI phase with Chern number C = 0, and for ∆̃/t < 2
we have a QHI phase with Chern number C 6= 0. This spa-
tial anisotropy is a consequence of the staggered potential ∆ .
Consequently, distinct spin components may fall within differ-
ent topological regions, leading to the emergence of a C = 1
AFQHI.

We now turn our attention to the scenario of substantial
NNN hopping, specifically when t ′ = t. Under this condition,
the Mott insulator (MI) phase takes the form of a stripe AF
arrangement. The AF ordering materializes along the x̂, di-
rection, while the ŷ direction sees ferromagnetic ordering, as
illustrated in Fig. 3(b).

Within the unit cell, comprising four sites, the topological
Hamiltonian for the case of t ′ = t can be succinctly expressed
as follows, up to an insignificant constant:

Htop = Ht + ∑
𝑟,σ

∆σ (−1)x n𝑟,σ . (19)

Here, Ht denotes the standard kinetic term. The effective po-
tential term, given by

∆̃σ = ∆ +
1
2

(
σ

∑
A
(0)−

σ

∑
B
(0)

)
, (20)
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accounts for the spin-dependent variations in the self-energy.
The specific spin component σ is characterized as being in a
quantum Hall state if |∆̃∂ |< 2t, and it assumes a normal state
if |∆̃∂ |> 2t. As we show in Fig. 3(b), the stripe AF phase has
transnational invariant by 1 site along x̂± ŷ axis if we perform
a spinflip transformation.

It is apparent from Eq. (18a) that in this case the two spin
components are always in the same topological state due to
δ ↑= −δ ↓. This makes the emergence of a C = 1 stripe AF
impossible. This can also be understood from the symmetry
of the phase, without considering the topological Hamiltonian
Eq. (19). In the stripe AF illustrated in Fig. 3(b), the effect
of the spin-flip transformation can be compensated by a lattice
translation, i.e., by a shift along x̂+ ŷ-direction. This suggests
that spinup and spindown fermion dispersions will differ at
most by a shift in momentum space.

(a) (b)

Fig. 3. The unit cell of the square lattice.

5. Effects of NNN hopping on the quantum
phase transition
In this study we want to find the possible AFQHI with

C = 1 in different NNN hopping limits. Therefore, we need
to study the interacting model. In the following, we study the
system in two different conditions: (i) the weak NNN hopping,
t ′/t = 0.25, (ii) the strong NNN hopping, t ′/t = 1. We ap-
ply the RDMFT method for studying and calculation of phase
transition of the system e.g. magnetization, double occupancy
and renormalized staggered potential.

5.1. Weak NNN hopping

The magnetization, represented as m = n ↑ −n ↓, and the
double occupancy, denoted by d = 〈n ↑ n ↓〉, hold consider-
able significance in the investigation of correlated systems.
Changes in these two quantities serve as indicators of mag-
netic phase transitions.[43] Moreover, in optical lattice experi-
ments, the double occupancy provides insights into the phase
characteristics of systems.[44] Figure 4 portrays the variations
of magnetization and double occupancy for the model across
different values of ∆/t, specifically ∆/t = 0,2, with respect to
U/t. Within the framework of RDMFT calculations, the pro-
cess initiates with higher values of Uand proceeds by decre-
menting Usystematically.

The trend is evident: for larger U , magnetization in-
creases due to the enhanced repulsion effects between elec-

trons, leading to heightened magnetization while diminishing
double occupancy. These observations align with the calcu-
lated results and the substantial spin per site magnitude, in-
dicating that the system resides in an AF phase for large U .
Conversely, in high U , the double occupancy tends to be min-
imal.

0.5

0.4

0.3

0.2

0.1

0

0.5

0.4

0.3

0.2

0.1

0

D
B M

3 6 9 12 15 18

U/t

∆/
∆/t
∆/
∆/t

Fig. 4. t ′ = 0.25t; Magnetization and double occupancy plotted against
U/t for different values of ∆/t = 0, 2. The critical U for ∆/t = 0, 2 are
Uc/t ≈ 7.0, 8.0, respectively.

Upon reducing the repulsion potential at the critical point
Uc, the magnetization experiences a steep decline, signifying
the transition to the paramagnetic phase. Notably, the dou-
ble occupancy curve vs. U/t exhibits a discontinuity at Uc,
followed by a subsequent increase at a constant rate. By com-
paring ∆ = 0 and ∆ = 2t, it becomes evident that increasing
∆/t results in a corresponding elevation of the critical Uc.

In Fig. 5, we present graphical representations of the lo-
cal magnetic moment denoted as Mand the effective poten-
tial represented as ∆̃∂ , both plotted against the parameter U .
The dashed lines located at ∆̃∂ = 2t and ∆̃∂ = 2t establish the
boundaries that define the region of interest characterized by
|∆̃∂ | < 2t. An area shaded in color indicates a phase possess-
ing a finite Chern number C, which plays a crucial role in the
analysis.
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Fig. 5. The renormalized ∆̃ for spinup and spin-down and magnetization
vs. U/t are plotted for ∆/t = 7.

We choose t ′/t = 0.25 as a representative weak NNN
hopping strength, which is commonly used in the literature
to open a topological gap without suppressing interaction ef-
fects. This value ensures the Harper–Hofstadter bands are
gapped while still allowing for strong-coupling phases such
as the Mott and AFQHI states to emerge. In our calculations
for t ′/t = 0.25, we find that the C = 1 Neél AFQHI phase
emerges in the intermediate interaction regime, approximately
for 16.5 . U/t . 18.8, as indicated by the gray-shaded re-
gion in Fig. 5. Notably, this C = 1 phase disappears when
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t ′/t = 1, where the symmetry constraints prevent the forma-
tion of a Neél AFQHI state.

Observing Fig. 5, it becomes apparent that with an in-
crease in the value of U , the effective potential ∆̃∂ experiences
a reduction below 2t around the point U ' 11.8t, leading to a
transition from a non-interacting (NI) state to a QHI state.

As U exceeds approximately 16.5t, the local magnetic
moment exhibits finiteness, and concurrently, ∆̃∂ becomes
spin-specific. Notably, one of the spin components (as illus-
trated by the downward-pointing arrow in the figure) swiftly
exits the topological region, while the other spin component
sustains its topological nature until roughly U ' 18.8t as re-
ported in Ref. [41]. This remarkable behavior gives rise to
a distinctive phase, identified as a Neél AFQHI possessing
a Chern number C = 1, for values of U within the range of
1t6.5 .U . 18.8t.

Within the context of the Neél antiferromagnetic configu-
ration presented in Fig. 3(a), it is crucial to note that the conse-
quences of the spin-flip transformation are distinct from those
observed in the stripe AF configuration. Consequently, both
the spin-up and spin-down components possess the capacity
to alter their respective Chern numbers at distinct transition
points. This intricate behavior culminates in the emergence of
the C = 1 Neél AFQHI.

The emergence of the C = 1 phase can be understood
by examining the spin-resolved response of the system in the
presence of Neél antiferromagnetic ordering. In this configu-
ration, the spin-up and spin-down components experience dif-
ferent effective potentials due to the staggered magnetization.
As a result, the two spin sectors can undergo topological tran-
sitions at different interaction strengths. Specifically, in the
intermediate U/t range, one spin component (e.g., spin-up)
may remain in a topologically nontrivial quantum Hall phase
while the other (e.g., spin-down) becomes trivial. This spin-
selective behavior is reflected in Fig. 5, where the down-arrow
marks the point at which the spin-down component loses its
topological character. The system then enters a Chern insulat-
ing phase with

C = 1, contributed solely by the spin-up band. As U in-
creases further, the staggered magnetization becomes stronger,
polarizing the system such that both spin sectors eventually
transition into trivial insulating states, thereby destroying the
C = 1 phase. This behavior highlights the delicate balance be-
tween spin polarization and band topology in determining the
stability of interaction-driven topological phases.

5.2. Strong NNN hopping

In this section, we consider t ′ = t as a strong NNN hop-
ping term. According to Fig. 1, the NNN hopping in diagonal
directions, are different because of dependency to x position
of atoms, but the norm of NNN hopping in x̂− ŷ and x̂+ ŷ

direction are same. The numerical results for the strong hop-
ping parameter changed the magnetic order. We found that for
large U , the magnetic order is stripe antiferromagnetic (SAF),
the atoms in sub-lattice A have spin up and in B sublattice have
spin down.
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Fig. 6. t ′ = t; Magnetization and double occupancy plotted against
U/t for different values of ∆/t = 0, 2. The critical U for ∆/t = 0 is
Uc/t ≈ 11.0 and Uc/t ≈ 13.0, respectively.
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Fig. 7. The magnetization and ∆̃ for spinup and spin-down are plotted vs.
U . We considered ∆ = 7t. The QHI region is plotted with C =+2.

In Fig. 7, the magnetization and ∆̃/t vs. U are plotted. In
Fig. 7 we considered the ∆ = 7t, in −2 ≤ ∆̃/t ≤ 2 we found
only one phase, a QHI (C = +2) phase. As we can see, both
spin compnanets have the same topological phase.

In the regime where ∆ = 7t and U is small, both spinup
and spin-down states reside in the NI phase. As the repulsion
potential increases, specifically at U ≈ 16.9t, both states tran-
sition to the QHI phase characterized by a Chern number of
2. At U ≈ 22.5t, the system exhibits a zero magnetization,
leading it to adopt a stripe AF configuration.

While our results are presented for two representative lim-
its, t ′/t = 0.25 (weak NNN hopping) and t ′/t = 1 (strong NNN
hopping), we expect the system to exhibit a continuous evolu-
tion of phases as t ′/t varies between these two extremes. For
intermediate values of t ′/t, the boundaries between the triv-
ial insulator, C = 1 Neél AFQHI, and other magnetic phases
would shift accordingly. Based on our symmetry analysis, the
emergence of the C = 1 phase requires that the spin-flip trans-
formation cannot be compensated by a space-group operation,
a condition that is satisfied only when the NNN hopping is suf-
ficiently strong to lift the symmetry constraints. Therefore, a
finite but moderate t ′/t is necessary to stabilize the C = 1 Neél
AFQHI phase, while too large a value of t ′/t favors a transi-
tion to stripe ordering instead. We anticipate that the region
of the C = 1 phase shrinks and eventually vanishes as t ′/t in-
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creases beyond a certain threshold, consistent with our results
at t ′/t = 1, where this phase is absent.

6. Conclusion
We have conducted an in-depth analysis of the HHHH

model within a square optical lattice framework. Initially, we
adopted the topological Hamiltonian methodology to investi-
gate the topological characteristics of the system under inter-
action. The results obtained from the real-space DMFT ap-
proximation informed our analysis. We charted the topolog-
ical phase transition concerning renormalized parameters ∆

and δ .
For a specific condition, ∆ = 7t, the AFQHI phase with a

Chern number of +1 emerges as an intermediate phase, posi-
tioned between the NI phase (C = 0) and the QHI phase with
C = 2. Additionally, the QHI phase with a Chern number
of +2 appears sandwiched between two instances of the NI
phase, both having a Chern number of 0.

Subsequently, we delved into the influence of NNN hop-
ping on the model’s phase diagram. We computed the system’s
magnetization as order parameters across diverse magnitudes
of ∆ and U to discern the magnetic phase transitions. The
parameter ∆̃ was derived for dual spin elements. In the pres-
ence of pronounced NNN hopping, we identified the stripe-
AFI phase and discerned the existence of the QHI as an inter-
mediary phase adjacent to the NI phase.

It is noteworthy that our inference regarding the plausible
presence of a C = 1 AFQHI stems from the phase’s symme-
try rather than intricate model details addressed in this work.
Introducing a staggered potential, given by H∆ which varies
along both xˆ and yˆ axes, would culminate in a C = 1 Neél,
thereby inhibiting a ′C = 1 stripe AFQHI. Our deductions
align with the observations related to the C = 1 AFQHI in
the Haldane–Hubbard model.[22,23] Our findings offer valu-
able insights, potentially directing forthcoming experimental
endeavors, notably within optical lattice setups, in the pursuit
of AFQHI phases.
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