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We investigate the behavior of non-Hermitian birefringent Dirac fermions by examining their interaction with elec-
tromagnetic fields through renormalization group analysis. Our research reveals that the interplay between non-Hermiticity
and birefringence leads to distinct behaviors in two and three dimensions, where the system exhibits different fixed points
and scaling properties due to dimension-dependent charge renormalization effects. In two dimensions, where the elec-
tronic charge remains unrenormalized, the system flows in the deep infrared limit from non-Hermitian birefringent spin-3/2
fermions to two copies of non-Hermitian spin-1/2 Dirac fermions, demonstrating a crossover of relativistic liquid and non-
relativistic liquid. In three dimensions, dynamic screening of electromagnetic interactions modifies the logarithmic growth
of Fermi velocity, leading to richer quantum corrections while maintaining similar suppression of birefringence in the in-
frared limit. Our findings provide theoretical insights into the emergence of Lorentz symmetry in non-Hermitian systems,
laying theoretical foundations for studying low-energy behavior in other non-Hermitian models.
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1. Introduction
Recent advances in non-Hermitian physics and quantum

low-energy behavior have become one of the most intriguing
research frontiers in condensed matter physics. While tradi-
tional quantum systems are described by Hermitian Hamilto-
nians, non-Hermitian systems with real energy spectra have
garnered significant attention for their unique physical proper-
ties and potential applications.[1–8] The rich topological struc-
ture of these systems has been extensively explored,[9,10] with
recent studies revealing profound connections between non-
Hermiticity and quantum criticality.[11] Meanwhile, the exper-
imental realization of birefringent Dirac materials, which ex-
hibit two distinct Fermi velocities in their low-energy excita-
tions, has provided a novel platform for investigating quantum
low-energy behavior.[12–16]

However, many fundamental questions remain regarding
the low-energy behavior of non-Hermitian birefringent sys-
tems when coupled to electromagnetic fields.[8,17–20] In par-
ticular, the conventional understanding of quantum systems
becomes inadequate when both non-Hermiticity and birefrin-
gence are present.[21–23] Key questions emerge: How does
the interplay between non-Hermiticity and birefringence af-
fect the system’s low-energy behavior? Do new symmetries
emerge in the infrared limit?[24] How do the non-Hermitian

parameter, birefringent parameter, and Fermi velocities evolve
under renormalization group flow?[25–27] These questions are
not only crucial for understanding the universality of quantum
field theory but also have profound implications for the emer-
gence of non-Hermitian relativistic fermions in condensed
matter systems.[28–30]

In this paper, we systematically investigate the quantum
electrodynamics of non-Hermitian birefringent Dirac fermions
through renormalization group analysis. By deriving and solv-
ing coupled differential equations that characterize the sys-
tem’s scaling behavior, we track the evolution of system pa-
rameters across different energy scales in both two and three
dimensions. Our analysis reveals distinct behaviors arising
from dimension-dependent charge renormalization effects: in
two dimensions, where the electronic charge remains unrenor-
malized, the system flows in the deep infrared limit from non-
Hermitian birefringent spin-3/2 fermions to two copies of non-
Hermitian spin-1/2 Dirac fermions; in three dimensions, dy-
namic screening of electromagnetic interactions leads to richer
quantum corrections while maintaining similar suppression of
birefringence in the infrared limit.

We demonstrate that under renormalization group flow,
despite the explicit breaking of Hermiticity and Lorentz invari-
ance at the microscopic level, the system exhibits universal be-
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havior in the low-energy limit. At the infrared fixed point, the
birefringent parameter asymptotically approaches zero while
maintaining real energy spectra, suggesting the natural emer-
gence of non-Hermitian Lorentz symmetry. These findings
not only deepen our understanding of non-Hermitian quantum
criticality but also provide new perspectives on the fundamen-
tal role of non-Hermitian relativistic fermions in quantum field
theory.

Recent experimental advances have made significant
progress in realizing non-Hermitian quantum systems.[6,33]

Notably, Yu et al.[34] have demonstrated a groundbreaking ap-
proach for constructing non-Hermitian models through open
systems with controlled dissipation. In their work published
in Physical Review Letters, they clearly articulated how open
quantum systems can be engineered to exhibit effective non-
Hermitian Hamiltonians with precisely controlled parameters.
Their experimental framework provides a promising route for
implementing the non-Hermitian birefringent Dirac systems
we investigate in this study, establishing a crucial bridge be-
tween our theoretical predictions and potential experimental
realizations. These experimental techniques enable the di-
rect observation of non-Hermitian effects, including asymmet-
ric transport phenomena and exceptional point physics, which
are central to verifying the renormalization group behavior we
predict.

2. Model and method
We consider a non-Hermitian birefringent Dirac system

described by the Hamiltonian[26]

HBF,NH(𝑘) = HBF(𝑘)+αMHBF(𝑘), (1)

where HBF(𝑘) is the Hermitian birefringent Dirac Hamilto-
nian, α characterizes the strength of non-Hermiticity, and M
is a Hermitian operator satisfying M2 = 1 and {M,HBF} = 0,
where {A,B}=AB+BA denotes the anticommutator. As illus-
trated in Fig. 1, this system can be realized in a lattice model
with asymmetric hopping amplitudes that gives rise to non-
Hermitian birefringent Dirac cones. Therefore, (αMHBF)

† =

αH†
BFM† =αHBFM =−αMHBF, which demonstrates that the

term αMHBF(𝑘) is anti-Hermitian. This structure makes the
total Hamiltonian HBF,NH(𝑘) a combination of Hermitian and
anti-Hermitian components, giving rise to its non-Hermitian
character. The eigenvalues of this operator are ±E±NH(𝑘),

where E±NH(𝑘) = (1 ± β )vF|𝑘| with vF =
√

v2
H− v2

NH and
vNH = αvH. The system exhibits real energy spectra when
|α|< 1.[35–37]

The Hermitian birefringent Hamiltonian HBF(𝑘) takes the
form HBF(𝑘) = vHH1(𝑘) + βvHH2(𝑘), which is constructed
from two mutually commuting Dirac operators H1(𝑘) =

∑
d
j=1 Γj0k j and H2(𝑘) = ∑

d
j=1 Γ0 jk j. The gamma matrices

Γj0 = σ j ⊗ τ0 and Γ0 j = σ0 ⊗ τ j are constructed from Pauli

matrices satisfying the Clifford algebra {Γj0,Γk0} = 2δ jk,
{Γ0 j,Γ0k}= 2δ jk, [Γj0,Γ0k] = 0, while vH represents the Fermi
velocity and β denotes a dimensionless parameter character-
izing the strength of birefringence. In the three-dimensional
(3D) case (d = 3), these gamma matrices take the form η⊗Γj0

and η⊗Γ0 j respectively, with η = diag(1,−1).
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Fig. 1. (a) Schematic representation of non-Hermitian birefringent
Dirac systems in two dimensions. A four-site unit-cell of a general-
ized π-flux square lattice. The system exhibits two distinct hopping
amplitudes characterized by J± = J0(1± β ), where J0 represents the
average hopping strength and β is the dimensionless birefringent pa-
rameter. The nearest-neighbor hopping amplitudes, indicated by di-
rectional arrows, give rise to gapless non-Hermitian birefringent Dirac
fermions. Here, j+± = j+(1±α) and j−± = j−(1±α), where the dimen-
sionless parameter α quantifies the non-Hermiticity strength, resulting
in asymmetric hopping amplitudes between adjacent sites in opposite
directions. (b) For the Dirac cones under birefringence, the dispersion

relation is given by E±NH(𝑘) = (1± β )vF|𝑘|, where vF =
√

v2
H− v2

NH
and vNH = αvH.

The interaction between this system and electromagnetic
fields is described by the quantum electrodynamics action

SQED =
∫

dτdD𝑥 (LF +LEM) ,

LF =Ψ
†
[
∂τ − ieA0 +HBF,NH

(
𝑘→−i∇− e

c
𝐴
)]

Ψ ,

LEM =
1
4

Fµν Fµν +
1

2ξ
(∂µ Aµ)

2, (2)

where e is the electronic charge, LF represents the fermionic
Lagrangian, LEM denotes the Maxwell Lagrangian, and Fµν =

∂µ Aν −∂ν Aµ is the electromagnetic field strength tensor.
The dynamics of the system is determined by the

fermionic Green’s function, which captures both the non-
Hermitian nature and birefringent properties of the system:

S(k) =
−iω +HBF,NH(𝑘)

ω2 +(1+β )2v2
F|𝑘|2

× ω2 +(1+β 2)v2
F|𝑘|2−2βv2

FH1(𝑘)H2(𝑘)

ω2 +(1−β )2v2
F|𝑘|2

. (3)

To fully characterize the electromagnetic interactions in
our system, we need to consider the gauge field propagator.
In the case of 3+ 1 dimensions, the propagator takes a rela-
tively simple form that accounts for both temporal and spatial
components: Dµν(k)= δµν/(ε[ω

2/c2+ |𝑘|2]). Here, the elec-
tromagnetic properties of the medium play a crucial role, with
the speed of light in the medium given by c = c0/

√
εµ , where

ε and µ represent the medium’s permittivity and permeabil-
ity respectively. The frequency component ω appears as the
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Matsubara frequency in our formalism, reflecting the quantum
nature of the electromagnetic interactions.

In d = 2 dimensions, the non-analytic structure of the
gauge field propagator can be derived by integrating the three-
dimensional analytic propagator over the momentum in the
z direction (kz), yielding a more compact form: D̃µν(k) =
δµν/(2ε

√
ω2/c2 + |𝑘⊥|2), where 𝑘⊥ = (kx,ky) represents the

in-plane momentum components.
The speed of light does not renormalize in d = 2, while

it receives perturbative corrections due to many-body dynamic
screening in d = 3. These outcomes directly follow from the
fact that the polarization bubble in d = 3 and d = 2 are respec-
tively logarithmically divergent and finite.

The quantum corrections to our non-Hermitian birefrin-
gent system arise from the interaction between Dirac fermions
and electromagnetic fields. To properly account for these
interactions in our theoretical framework, we need to care-
fully examine the coupling between the fermionic and elec-
tromagnetic fields. The interaction vertex between NH bire-
fringent Dirac fermions and photons is given by eγµ , where
µ = 0, j; j = 1, . . . ,d. For the non-Hermitian case, the gamma
matrices take a modified form that incorporates both the non-
Hermitian and birefringent nature of our system: γ0 = i and
γ j =

vH
c (1+αM)(Γj0 +βΓ0 j). This structure reflects how the

non-Hermiticity parameter α and the birefringence parameter
β jointly influence the electromagnetic coupling of the system.

3. Relativistic RG analysis in two dimensions
The quantum corrections to our non-Hermitian birefrin-

gent system can be systematically analyzed using dimensional
regularization in d = 2− ε dimensions.[38,39] Following stan-
dard quantum field theory methods while carefully accounting
for the non-Hermitian nature of our system, we perform ex-
tensive algebraic manipulations to evaluate the quantum cor-
rections (see Appendix A). The one-loop fermion self-energy
is given by Σ1loop(p).

Based on these quantum corrections, we can derive the
renormalization group (RG) flow equations for the velocity
parameters in d = 2 dimensions. These equations capture how
the system’s parameters evolve under scaling transformations,
with the corrections arising from the quantum electrodynamics
(QED) interactions between non-Hermitian birefringent Dirac
fermions and electromagnetic fields. The RG flow equations
are given by the following expressions:

dvH

dl
= vH{

[
1−2(1+β

2)v2
F
]

F1(vF,β )

+
[
1+2(1−β

2)v2
F−4(1+β

4)v4
F
]

F2(vF,β )

+4(1−β
2)v2

FF3(vF,β )}, (4)
dβ

dl
= −4β (1−β

2)v2
FF2(vF,β )

−8β (1−β
2)v2

FF3(vF,β ), (5)

where we have used natural units (c = 1) and F1(vF,β ),
F2(vF,β ), and F3(vF,β ) are dimensionless functions defined in
Appendix A, along with the auxiliary function f (x,y). These
equations reveal that under RG flow, the system approaches
a fixed point where vF → c and β → 0, indicating the emer-
gence of non-Hermitian Lorentz symmetry and non-Hermitian
pseudo spin-1/2 Dirac fermions in the infrared limit.

The renormalization group equations (4) yield numerical
solutions that reveal rich dynamical behavior. To better under-
stand the physical implications of these equations and visual-
ize the system’s evolution under RG flow, we perform detailed
numerical analysis using representative initial conditions. We
investigate the RG flow by examining four representative sets
of initial parameters (v0,β0,α): (0.2,0.5,0.2), (0.2,0.5,0.5),
(0.8,0.7,0.8), and (0.5,0.9,0.5) (Fig. 2). As the RG scale pa-
rameter l increases, a remarkable universal pattern emerges:
both the Hermitian velocity vH and non-Hermitian velocity
vNH exhibit monotonic growth and can exceed the speed of
light, while their squared difference — the average effective
Fermi velocity vF — consistently approaches but never ex-
ceeds the speed of light, independent of initial conditions,
highlighting the robustness and universality of this fixed point.

This universal behavior demonstrates the emergence of
non-Hermitian Lorentz symmetry under RG flow, represent-
ing a fundamental organizing principle in the low-energy
physics.[37] Simultaneously, we observed that both the bire-
fringence parameter β and the velocity difference βvF de-
cay monotonically to zero with increasing RG scale param-
eter. This flow pattern indicates a profound transformation in
the infrared limit: the non-Hermitian birefringent pseudospin-
3/2 Dirac fermions evolve into two degenerate non-Hermitian
pseudospin-1/2 Dirac fermions. For the parameter regime 0 <

β < 1, the Hamiltonian H(k) exhibits a four-dimensional (4D)
minimal irreducible representation, constituting a pseudospin-
3/2 system with four distinct eigenvalue branches; whereas
when β = 0, the system undergoes degeneracy, reducing to a
doubly degenerate two-level system that precisely corresponds
to standard pseudospin-1/2 Dirac fermions. This remarkable
feature provides compelling evidence for the natural emer-
gence of non-Hermitian spin-1/2 fermions in low-energy ef-
fective theories.

The non-Hermitian birefringent fermionic propagator ex-
hibits anomalous scaling dimension at the infrared fixed point

S(k)∼ S0(k)
(

µ

k

)−e2/12π2ε

,

S(ρk) = ρ
−1+e2/12π2ε S(k), (6)

where S0(k) is the free non-Hermitian fermion propagator and
ρ is the scaling transformation coefficient.
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vF↼l↽

vH↼l↽
vNH↼l↽

c/
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vNH↼l↽

c/

β↼l↽
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vH↼l↽
vNH↼l↽

c/
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(c) (d)
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Fig. 2. Renormalization group (RG) flow of the average effective Fermi velocity (vF), birefringence parameter (β ), and their product βvF for quasirela-
tivistic pseudospin-3/2 fermions in the presence of full electromagnetic interactions in two dimensions, where vH represents the velocity of birefringent
fermions in Hermitian system and vNH represents the velocity in non-Hermitian system. Initial conditions are: (a) v0 = 0.2, β0 = 0.5, α = 0.2;
(b) v0 = 0.2, β0 = 0.5, α = 0.5; (c) v0 = 0.8, β0 = 0.7, α = 0.8; (d) v0 = 0.5, β0 = 0.9, α = 0.5. As the RG time l = 3e2 ln(Λ/κ)/16π2ε increases, the
average effective Fermi velocity vF approaches the speed of light c, while both the birefringence parameter and the birefringence-induced Fermi velocity
difference βvF asymptotically approach zero. All variables shown are dimensionless, as we set c = 1.

In the vicinity of the fixed point, non-Hermitian birefrin-
gent Dirac materials exhibit characteristics markedly distinct
from those of traditional Fermi liquids and conventional Her-
mitian systems. The non-Hermitian birefringent Dirac field
acquires an anomalous dimension, indicating behavior that di-
verges from classical expectations in both Hermitian and non-
Hermitian contexts. This anomalous dimension causes the
Green’s function to display non-standard scaling behavior un-
der changes of scale, deviating from simple power-law scal-
ing. This phenomenon reflects the intricate interplay between
non-Hermiticity and birefringence, leading to novel quantum

effects near the quantum critical point.

3.1. Non-relativistic RG analysis in two dimensions

The non-relativistic limit of non-Hermitian birefringent
systems presents unique features in quantum corrections that
differ significantly from the relativistic case. This regime,
characterized by vF� c, is especially pertinent to experimen-
tal realizations in condensed matter physics. The one-loop
fermion self-energy is given by Σ1loop(p) (detailed derivations
are provided in the Appendix A).

vF↼l↽

vH↼l↽

e

vNH↼l↽

c/

β↼l↽

vF↼l↽

vH↼l↽

e

vNH↼l↽

c/

β↼l↽

vF↼l↽

vH↼l↽ e

vNH↼l↽ c/

β↼l↽

vF↼l↽

vH↼l↽

l

e

vNH↼l↽ c/

β↼l↽

l

ll

(a) (b)

(d)(c)

Fig. 3. Renormalization group (RG) flow of the average effective Fermi velocity (vF), birefringence parameter (β ), and their product βvF
for quasirelativistic pseudospin-3/2 fermions in the presence of Coulomb interactions in two dimensions, where vH represents the average
velocity of birefringent fermions in Hermitian system and vNH represents the average velocity in non-Hermitian system. Initial conditions are
(a) v0 = 0.2, β0 = 0.5, α = 0.2; (b) v0 = 0.2, β0 = 0.5, α = 0.5; (c) v0 = 0.8, β0 = 0.7, α = 0.8; (d) v0 = 0.5, β0 = 0.9, α = 0.5. In the non-
relativistic regime where c→ ∞, as the RG scale parameter l = ln(Λ/κ) increases, the average effective Fermi velocity vF shows logarithmic
divergence, while the birefringence parameter β approaches zero. However, their product βvF remains marginal under renormalization.
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The renormalization group (RG) flow equations for the
velocity parameters in d = 2 dimensions are derived from the
perturbative corrections to the system’s parameters. These cor-
rections arise from the quantum electrodynamics (QED) in-
teractions between non-Hermitian birefringent Dirac fermions
and electromagnetic fields. The RG flow equations are given
by

dvF

dl
=

e2

16π
,

dβ

dl
=− e2β

16πvF
, (7)

where we have used natural units (ε = 1) and vH =

vF/
√

1−α2 are Herimitian birefringent Dirace velocity.
In two-dimensional (2D) interacting quasi-relativistic

spin-3/2 Fermi liquids, we observed logarithmic enhancement
of the average effective Fermi velocity (vF) accompanied by
logarithmic suppression of the birefringence parameter (β ),
while their product βvF remains marginal under renormaliza-
tion (see Fig. 3). In the deep infrared regime, the system effec-
tively decouples into two copies of non-Hermitian spin-1/2 rel-
ativistic fermions, as manifested by the hierarchy v+−v−� v,
(v± = 2J±), which consequently yields βvF � v. This emer-
gent state can be characterized as an effective critical Fermi
liquid of spin-1/2 fermions.




. . . . .
vF

.

.

.

.

.

β

   
/vF



.

.

.

.

.

β

(a) (b)

Fig. 4. RG flow of the velocity v and birefringence parameter β for (a) rel-
ativistic case and (b) non-relativistic case. In the relativistic regime (a), the
flow diagram reveals a stable fixed point at (vF,β ) = (1,0), demonstrating
the robustness of emergent Lorentz symmetry. In the non-relativistic regime
(b), as 1/vF increases (i.e., vF decreases), the system rapidly returns to the
non-relativistic scenario where the product βvF remains constant under renor-
malization.

Further insight can be gained by numerically solving the
coupled renormalization group equations for vF and β , which
reveals the distinct flow patterns in both relativistic and non-
relativistic regimes. As shown in Fig. 4, the renormalization
flow diagram in the non-relativistic limit constitutes a subset of
the relativistic case. In the non-relativistic regime, where the
average effective Fermi velocity vF is significantly below the
speed of light c, βvF remains approximately constant. How-
ever, as vF approaches c, βvF begins to decrease, ultimately
vanishing when vF reaches c, transforming the spin-3/2 bire-
fringent Dirac fermions into doubly degenerate spin-1/2 Dirac
fermions. Notably, in the relativistic regime, the birefringent

Dirac field acquires additional anomalous dimensions, driving
a crossover of relativistic Fermi liquid to non-relativistic liquid
behavior — a phase crossover induced by relativistic effects.
Moreover, we find that allowing β > 1 merely corresponds
to an interchange in the roles of vF and βvF, indicating the
equivalence of different Dirac matrix representations. Conse-
quently, the two infrared stable fixed points observed in the
flow diagram can be regarded as physically identical.[41,42]

3.2. Non-relativistic RG analysis in three dimensions

The 3D non-Hermitian birefringent systems exhibit
richer physical phenomena due to the additional spatial
dimension.[12,43,44] In the non-relativistic regime where the
Fermi velocity is much smaller than the speed of light (vF �
c), quantum corrections demonstrate distinct features that war-
rant careful investigation. This regime is particularly relevant
for condensed matter realizations of non-Hermitian birefrin-
gent materials.

The non-Hermitian birefringent Hamiltonian in three
dimensions requires 8 × 8 matrices and takes the form
HBF,NH(𝑘) = HBF(𝑘)+αMHBF(𝑘), where 0 < α < 1, M2 =

I8, [M,HBF(𝑘)] = 0, and HBF(𝑘) is constructed as

HBF(𝑘) = vHH1(𝑘)+ vHβH2(𝑘),

H1(𝑘) = Γ310k1 +Γ320k2 +Γ330k3,

H2(𝑘) = Γ301k1 +Γ302k2 +Γ303k3. (8)

The quantum corrections in three dimensions arise from
both fermionic and photonic contributions. The one-loop
fermion self-energy Σ1loop(p) (detailed derivations are pro-
vided in the Appendix A) determines the renormalization of
the velocity parameters, while the photon self-energy, through
screening effects, governs the renormalization of the coupling
constant. Evaluating these quantum corrections yields the fol-
lowing RG flow equations[45]

µ
dvF

dµ
=− e2

6π2ε
, µ

dβ

dµ
=

e2

6π2ε

β

vF
, µ

de
dµ

=
N f e3

6π2vF
. (9)

These equations reveal that in three dimensions, both the
Fermi velocity and the birefringence parameter receive quan-
tum corrections, while the coupling constant undergoes renor-
malization due to screening effects. The flow of these param-
eters indicates that the system approaches a fixed point where
the birefringence is suppressed. While this behavior shares
similarities with the 2D case, the 3D system exhibits richer
physics due to the dynamical screening of the electromagnetic
interaction, manifested through the running of the coupling
constant.

The presence of non-Hermiticity modifies the velocities
according to the following expressions:

vH =
1√

1−α2
vF, vNH =

α√
1−α2

vF, (10)
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where vF represents the effective Fermi velocity of the system,
vH denotes the average velocity of birefringent fermions in the
Hermitian system, and vNH represents the average velocity in

the non-Hermitian system. These relations demonstrate how
the non-Hermitian parameter α affects the effective velocities
in the system.

vF↼l↽

vH↼l↽
vNH↼l↽

β↼l↽
βvF↼l↽

vF↼l↽

vH↼l↽
vNH↼l↽

β↼l↽
βvF↼l↽

1.0

1.01.0

0.8

0.8 0.8

0.6

0.6 0.6

0.4

0.4 0.4

0.2

0.2 0.2

0
0 0

l l

e

β vF

e

β vF

(a) (b)

(c) (d)

Fig. 5. RG flow of the velocity v and birefringence parameter β under the influence of full electromagnetic interactions for (a) and (b) showing
different viewing angles of the flow diagram, where the coupling constant undergoes Coulomb screening and the flow approaches a fixed point
at vF→∞ in the relativistic regime. Initial conditions for panels (c) and (d) are vF0 = 0.1 and 0.8 respectively, with β0 = 0.5, e0 = 0.3, α = 0.8.
As RG time increases, vF shows logarithmic divergence while β approaches zero, with βvF remaining marginal.

The numerical solutions of the RG equations in three di-
mensions reveal rich dynamical behavior, as shown in Fig. 5.
The vector field plots from different viewing angles (panels (a)
and (b)) demonstrate how the system flows under renormaliza-
tion, with the coupling constant experiencing Coulomb screen-
ing effects. The flow pattern indicates that the system ap-
proaches a fixed point in the relativistic regime where vF→∞,
suggesting the emergence of relativistic behavior despite start-
ing from non-relativistic initial conditions. Figures 5(c) and
5(d) show the evolution of system parameters for different
initial Fermi velocities (vF0 = 0.1 and 0.8 respectively). In
both cases, we observe that vF exhibits logarithmic divergence
while β approaches zero as the RG time increases. Notably,
their product βvF remains marginal under renormalization, in-
dicating a preserved scale in the system. This behavior per-
sists regardless of the initial conditions, demonstrating the uni-
versality of the RG flow in 3D non-Hermitian birefringent
systems. The presence of non-Hermiticity, characterized by
α = 0.8, modifies the effective velocities but preserves the
general structure of the RG flow.

The distinct behaviors of the effective Fermi velocity vF

in two and three dimensions reveal fundamental differences
in the quantum electrodynamics of non-Hermitian birefringent
systems. In both cases, vF exhibits logarithmic growth under
renormalization group flow, but the underlying mechanisms

differ significantly due to charge renormalization effects. In
two dimensions, the coupling constant remains unrenormal-
ized, leading to a straightforward logarithmic enhancement
of vF. In contrast, the three-dimensional system experiences
dynamic screening of the electromagnetic interaction, mani-
fested through the running of the coupling constant e. This
screening effect modifies the logarithmic growth of vF in three
dimensions, resulting in a more complex interplay between
the velocity renormalization and charge screening. These
dimension-dependent behaviors highlight how the quantum
corrections to non-Hermitian birefringent systems are funda-
mentally influenced by the nature of electromagnetic interac-
tions in different spatial dimensions.

4. Conclusions
In this work, we have developed a comprehensive theo-

retical framework for understanding the quantum electrody-
namics of non-Hermitian birefringent Dirac fermions. By in-
troducing an anti-Hermitian term to the conventional birefrin-
gent Dirac Hamiltonian while maintaining real energy spectra,
we have established a platform for investigating the interplay
between non-Hermiticity, birefringence, and electromagnetic
interactions.

Our analysis of quantum corrections has revealed rich
physical phenomena arising from this interplay. The fermion
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self-energy exhibits unconventional behavior due to the pres-
ence of both non-Hermiticity and birefringence, while re-
markably, the Ward identity remains valid despite the non-
Hermitian nature of the system. Furthermore, the polarization
bubble shows distinctive features stemming from the presence
of two different Fermi velocities, leading to modified electro-
magnetic responses.

Perhaps most remarkably, our renormalization group
analysis demonstrates that the system flows toward a fixed
point where Lorentz symmetry emerges in the infrared limit.
This unexpected restoration of relativistic invariance, despite
the initial presence of non-Hermitian effects and birefrin-
gence, suggests that the low-energy physics of our system is
governed by principles more fundamental than its microscopic
details would suggest. This finding not only deepens our un-
derstanding of non-Hermitian quantum field theory but also
bridges the gap between non-Hermitian physics and conven-
tional quantum field theory.

The implications of our work extend beyond theoreti-
cal interest, pointing toward new possibilities in experimental
quantum materials. The framework we have developed pro-
vides guidance for realizing and controlling novel quantum
states of matter, particularly in systems where non-Hermiticity

and birefringence coexist. Future investigations may reveal
additional rich phenomena when considering other types of
interactions or symmetry-breaking terms, potentially leading
to new phases of matter at the intersection of non-Hermitian
physics and topological materials.

Appendix A
A1. One-loop fermion self-energy

The one-loop fermion self-energy in our non-Hermitian
birefringent system can be calculated using standard quantum
field theory techniques. The self-energy is given by

Σ1loop(p) = e2
∫ d3k

(2π)3 γµ S(k)γν D̃µν(p− k)

=
e2

2ε

∫ d3k
(2π)3 γµ

−ik0 +HBF,NH(𝑘)

k2
0 +(1−β )2v2

F|𝑘|2

×
k2

0 +(1+β 2)v2
F|𝑘|2−2βv2

FH1(𝑘)H2(𝑘)√
(p0− k0)

2

c2 +(𝑝−𝑘)2

γµ .

(A1)

Using dimensional regularization in d = 3−ε dimensions
and performing the momentum integration, we obtain

Σ1loop(p) =
3e2

16π2εc

[
1
ε
+O(ε0)

]∫ 1

0
dx
∫ 1−x

0
dy
√

1− x− y
f (x,y)

{1−2(1+β
2)

v2
F

c2 +
2(1+β 2)

v2
F

c2 −4(1+β 4)
v4

F
c4

3 f (x,y)

(i p0)

−2β
v2

F
c2

1+
1+2(1+β 2)

v2
F

c2

3 f (x,y)

(Γ11 +Γ22)(i p0)+
8β 2 v4

F
c4

3 f (x,y)
Γ33(i p0)

−

1−4β 2 v2
F

c2

3 f (x,y)
+

4(1−β 2)
v2

F
c2

3 f 2(x,y)

vH(1+αM)(Γ10 p1 +Γ20 p2)−

 1−4 v2
F

c2

3 f (x,y)
−

4(1−β 2)
v2

F
c2

3 f 2(x,y)

β
v2

F
c2 (Γ01 p1 +Γ02 p2)

}
(A2)

where the auxiliary function f (x,y) is defined as

f (x,y) = 1− x
[

1− (1+β )2 v2
F

c2

]
− y
[

1− (1−β )2 v2
F

c2

]
. (A3)

The counterterm of the fermionic self-energy diagram takes the form

Σct(p) =−(Zψ −1)i p0− (Zψ ZvH −1)vH

d

∑
j=1

Γj0 p j− (Zψ Zα ZvH −1)αvHM
d

∑
j=1

Γj0 p j

− (Zψ Zβ ZvH −1)βvH

d

∑
j=1

Γ0 j p j− (Zψ Zα Zβ ZvH −1)αβvHM
d

∑
j=1

Γ0 j p j. (A4)

By requiring that the divergences in the one-loop self-energy are canceled by these counterterms, we obtain the following
renormalization constants:

Zα = 1,

Zψ = 1+
3e2

16π2εc
1
ε

∫ 1

0
dx
∫ 1−x

0
dy
√

1− x− y
f (x,y)

1−2(1+β
2)

v2
F

c2 +
2(1+β 2)

v2
F

c2 −4(1+β 4)
v4

F
c4

3 f (x,y)

 ,
077104-7
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Zψ ZvH = 1− 3e2

16π2εc
1
ε

∫ 1

0
dx
∫ 1−x

0
dy
√

1− x− y
f (x,y)

1−4β 2 v2
F

c2

3 f (x,y)
+

4(1−β 2)
v2

F
c2

3 f 2(x,y)

 ,
Zψ ZvHZβ = 1− 3e2

16π2εc
1
ε

∫ 1

0
dx
∫ 1−x

0
dy
√

1− x− y
f (x,y)

 1−4 v2
F

c2

3 f (x,y)
−

4(1−β 2)
v2

F
c2

3 f 2(x,y)

 ,
ZvH = 1− 3e2

16π2εc
1
ε

∫ 1

0
dx
∫ 1−x

0
dy
√

1− x− y
f (x,y)

×
[

1−2(1+β
2)

v2
F

c2 ,+
1+2(1−β 2)

v2
F

c2 −4(1+β 4)
v4

F
c4

3 f (x,y)
+

4(1−β 2)
v2

F
c2

3 f 2(x,y)

]
,

Zβ = 1+
3e2

16π2εc
1
ε

∫ 1

0
dx
∫ 1−x

0
dy
√

1− x− y
f (x,y)

4(1−β 2)
v2

F
c2

3 f (x,y)
+

8(1−β 2)
v2

F
c2

3 f 2(x,y)

 .
Since the bare parameters are independent of the renormalization scale µ , we can derive the renormalization group equations

µ
dvH

dµ
=− 3e2

16π2ε

vH

c

{[
1−2(1+β

2)
v2

F
c2

]
F1(vF,β )+

[
1+2(1−β

2)
v2

F
c2 −4(1+β

4)
v4

F
c4

]
F2(vF,β )

+4(1−β
2)

v2
F

c2 F3(vF,β )

}
,

µ
dβ

dµ
=

3e2

16π2ε

β

c
4(1−β

2)
v2

F
c2 [F2(vF,β )+2F3(vF,β )], (A5)

where the auxiliary functions are defined as

F1(vF,β ) =
∫ 1

0
dx
∫ 1−x

0
dy
√

1− x− y
f (x,y)

, F2(vF,β ) =
∫ 1

0
dx
∫ 1−x

0
dy
√

1− x− y
3 f 2(x,y)

, F3(vF,β ) =
∫ 1

0
dx
∫ 1−x

0
dy
√

1− x− y
3 f 3(x,y)

.

These RG equations describe the scaling behavior of the system parameters and determine their evolution under changes in
the energy scale, as discussed in detail in the main text.

A2. Vertex correction

The vertex correction to the lowest order in perturbation theory is given by

𝑉0 = e3
∫ d3k

(2π)3 γρ S(k)γ0S(k)γν D̃νρ(k)

=
ie3

2ε

∫ d3k
(2π)3

γρ [ik0 +HBF,NH]

[k2
0 +(1+β )2v2

F|𝑘|2]2
[k2

0 +(1+β 2)v2
F|𝑘|2−2βv2

FH1H2][ik0 +HBF,NH]

[k2
0 +(1−β )2v2

F|𝑘|2]2
[k2

0 +(1+β 2)v2
F|𝑘|2−2βv2

FH1H2]γρ√
k2

0
c2 + k2

1 + k2
2

=
105ie3

64π2εc

[
1
ε
+O(ε0)

]∫ 1

0
dx
∫ 1−x

0
dy

xy√
1− x− y

1
f (x,y)

{[
1
7
+

2(1+β 2)
v2

F
c2

35 f
−

8(1−10β 2 +β 4)
v4

F
c4

105 f 2

−
16(1−β 2)(1−β 4)

v6
F

c6

35 f 3

][
1−2(1+β

2)
v2

F
c2 −2β

v2
F

c2 (Γ11 +Γ22)

]

+

[6β
v2

F
c2

35 f
+

16β (1+β 2)
v4

F
c4

105 f 2 −
16β (1−β 2)2 v6

F
c6

35 f 3

][
4β

v2
F

c2 (1+Γ33)− (Γ11 +Γ22)

]}
.

Using the minimal subtraction renormalization condition

ZΨ ZeZ1/2
A ie+𝑉0 = ie, (A6)

we obtain

ZΨ ZeZ1/2
A = 1− 15e2

64π2εc
1
ε

∫ 1

0
dx
∫ 1−x

0
dy

xy

f (x,y)(1− x− y)
1
2

{[
1−2(1+β

2)
v2

F
c2

]

×
[

1+
2(1+β 2)

v2
F

c2

5 f
−

8(1−10β 2 +β 4)
v4

F
c4

15 f 2 −
16(1−β 2)(1−β 4)

v6
F

c6

5 f 3

]
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+4β
v2

F
c2

[6β
v2

F
c2

5 f
+

16β (1+β 2)
v4

F
c4

15 f 2 −
16β (1−β 2)2 v6

F
c6

5 f 3

]}
.

Similarly, for the spatial components of the vertex ( j = 1,2),

𝑉 j = e3
∫ d3k

(2π)3 γρ S(k)γ1S(k)γν D̃νρ(k)

=
e3

2ε

∫ d3k
(2π)3

γρ [ik0 +HBF,NH]

[k2
0 +(1+β )2v2

F|𝑘|2]2
[k2

0 +(1+β 2)v2
F|𝑘|2−2βv2

FH1H2]γ1

[k2
0 +(1−β )2v2

F|𝑘|2]2

×
[ik0 +HBF,NH][k2

0 +(1+β 2)v2
F|𝑘|2−2βv2

FH1H2]γρ√
k2

0
c2 + k2

1 + k2
2

=
105e3

64π2εc

[
1
ε
+O(ε0)

]∫ 1

0
dx
∫ 1−x

0
dy

xy√
1− x− y

1
f (x,y)

×
{[1−4β 2 v2

F
c2

7
+

4(1−β 2)
v2

F
c2

35 f
+

16(1−β 4)
v4

F
c4

105 f 2 −
8(1−β 2)2 v4

F
c4 (1−4β 2 v2

F
c2 )

105 f 2

]

× vH

c
(1+αM)Γj0 +

[1−4 v2
F

c2

7
−

4(1−β 2)
v2

F
c2

35 f
−

16(1−β 4)
v4

F
c4

105 f 2 −
8(1−β 2)2 v4

F
c4 (1−4 v2

F
c2 )

105 f 2

]
×β

vH

c
(1+αM)Γ0 j

}
, ( j = 1,2).

The minimal subtraction renormalization condition gives

e
vH

c
(1+Zα αM)ZΨ ZeZ1/2

A ZvH

(
Γj0 +Zβ βΓ0 j

)
+𝑉 j = e

vH

c
(1+αM)

(
Γj0 +βΓ0 j

)
. (A7)

These vertex corrections, together with the self-energy calcu-
lated earlier, satisfy the Ward identity in quantum electrody-
namics of birefringent Dirac fermions. This can be expressed
more compactly as

∂Σ1loop(p)
∂ p0

=−1
e
𝑉0, (A8)

∂Σ1, loop(p)
∂ p j

=−c
e
𝑉 j, ( j = 1,2). (A9)

We have numerically verified these Ward identities by
showing that the relevant integral combinations vanish for all
physical values of vF and β , except near the singular points
vF = 0 and β = 1 where the integrals diverge.

A3. Ward identity

To verify the Ward identities in our non-Hermitian bire-
fringent quantum electrodynamics system, we perform de-
tailed numerical calculations of the relevant integral combi-
nations. The Ward identities relating the vertex corrections to
the self-energy derivatives can be expressed as

∂Σ1loop(p)
∂ p0

=−1
e
𝑉0, (A10)

∂Σ1loop(p)
∂ p j

=−c
e
𝑉 j, ( j = 1,2). (A11)

Based on the previously calculated Fermi self-energy and ver-
tex correction, compute the difference between the left-hand

side and the right-hand side of Eq. (A10) for the time compo-
nent (setting c = 1):

∫ 1

0
dx
∫ 1−x

0
dy

(1− x− y)
1
2

f (x,y)

[
1−4β 2v2

F
3 f (x,y)

+
4(1−β 2)v2

F
3 f 2(x,y)

]
−
∫ 1

0
dx
∫ 1−x

0
dy

xy
f (x,y)(1− x− y)1/2

×
[

5
4
−5β

2v2
F +

(1−β 2)v2
F

f
+

4(1−β 4)v4
F

3 f 2

− 2(1−β 2)2v4
F(1−4β 2v2

F)

3 f 2

]
. (A12)

Similarly, for the spatial components, calculate the dif-
ference between the left-hand side and the right-hand side of
Eq. (A11) (setting c = 1):

∫ 1

0
dx
∫ 1−x

0
dy
√

1− x− y
f (x,y)

[
1−4v2

F
3 f (x,y)

− 4(1−β 2)v2
F

3 f 2(x,y)

]
−
∫ 1

0
dx
∫ 1−x

0
dy

xy
f (x,y)(1− x− y)1/2

×
[

5
4
−5v2

F−
(1−β 2)v2

F
f

− 4(1−β 4)v4
F

3 f 2

− 2(1−β 2)2v4
F(1−4v2

F)

3 f 2

]
.
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Fig. A1. Numerical verification of Ward identities. (a) Temporal Ward iden-
tity as a function of vF with fixed β = 0.3. (b) Temporal Ward identity versus
β at fixed vF = 0.8. (c) Spatial Ward identity as a function of vF with β = 0.3.
(d) Spatial Ward identity versus β at vF = 0.7. The vanishing integral dif-
ferences confirm the validity of both temporal and spatial Ward identities
throughout the physical parameter space, except at the singular points vF = 0
and β = 1 where the integrals diverge.

Our numerical analysis demonstrates that these integral
combinations vanish across a wide range of physical parame-
ters. Figures A1(a)–A1(d) show the evaluation of the temporal
Ward identity as functions of vF and β respectively. The re-
sults confirm that the identity holds except near singular points
vF = 0 and β = 1, where the integrals exhibit divergent behav-
ior due to the breakdown of our perturbative approach.

The numerical verification of these Ward identities pro-
vides strong evidence for the gauge invariance of our theory,
even in the presence of both non-Hermiticity and birefrin-
gence. This remarkable result suggests that the fundamental
relationship between vertex corrections and self-energy, which
is crucial for maintaining gauge invariance in conventional
quantum electrodynamics, persists in our non-Hermitian bire-
fringent extension. The breakdown of these identities at vF = 0
and β = 1 marks the boundaries of validity for our perturba-
tive approach and coincides with physical singularities in the
system.
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