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This paper studies a dual-channel green supply chain consisting of one manufacturer and one retailer in presence of
government green subsidy and cap-and-trade regulation policies. We first develop and analyze a single-period Stackelberg
and a multi-period dynamic Stackelberg game models respectively with consistent pricing strategy. Subsequently, we extend
these two game models by utilizing an inconsistent pricing strategy. The optimal solutions for the single-period Stackelberg
game models in both scenarios are derived by means of the backward induction approach. Moreover, the existence and local
asymptotic stability of the equilibrium points of the multi-period dynamic Stackelberg game models are examined, and the
complex dynamics of chain members’ long-term strategy evolution are investigated through chaos theory and numerical
simulation. Additionally, the variable feedback control and time-delay feedback control method are utilized to eliminate
system chaos respectively. The results indicate that (i) The excessive fast adjustment speeds by the manufacturer have a
destabilizing effect on the stability of the Nash equilibrium point. (ii) The manufacturer’s profits are improved with green
subsidy degree increases, while its impact on the retailer’s profits depends on certain parameter conditions, and the high
carbon trading price is disadvantage to both chain members. (iii) The system’s motion can transition from a steady state to a
chaotic period through period-doubling or Neimark–Sacker bifurcations. (iv) The system’s steady state is conducive to the
manufacturer, while the retailer can benefit from the system’s periodic cycles. Furthermore, both chain members’ profits
are declined when the system becomes chaotic. Lastly, the variable feedback and time-delay feedback control method can
effectively eliminate system chaos.
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1. Introduction
In recent years, environmental pollution and global

warming issues have received much more attention from many
countries and regions worldwide, and carbon dioxide is re-
garded as the main factor that causes the greenhouse effects.[1]

To cope with these problems, many carbon control regula-
tions and legislations have been promulgated to curb car-
bon emission and reduce energy consumption, such as carbon
taxes, carbon cap, carbon offset, and cap-and-trade policies,
for achieving sustainable development and low-carbon circu-
lar economic.[2] For instance, China, the most carbon emis-
sion country in the world, has committed to reducing carbon
emissions per unit of GDP by 60%–65% by 2030 compared to
2005,[3] and has promised to realize carbon peaking by 2030
and achieve carbon neutrality by 2060.[4,5] Moreover, both the
United Kingdom and the United States have issued relevant
policies to achieve the net-zero target by 2050.

Cap-and-trade regulation is considered as an effective
mechanism, which is widely applied by many governments.[6]

It is a market-based mechanism to control total emissions of

enterprises.[7,8] Under such a policy, the government allocates
carbon caps freely to the firms at the beginning age, and the
firms can sell and purchase carbon credits in the carbon trad-
ing market at latter age.[1] This system stimulates enterprises
to make more efforts in green technology investment and em-
ploy eco-friendly manner to produce greener products.

In response to carbon control regulations, many leading
corporations consider green production as an essential busi-
ness strategy in the market, including Apple, Gree, H & M,
Marks & Spencer, Home Depot, and Panasonic Group, and
so on, are eager to appeal more consumers who exhibit low-
carbon preference, thereby have made more efforts in emis-
sions reduction.[9] For instance, as a previous survey pointed
out that in China, more than 65 million consumers prefer
eco-friendly products[10] Consequently, Haier has proposed
a four-stage green strategy committed to advancing the low-
carbon upgrade of China’s household electrical appliances,
which greatly contributed to energy conservation and emis-
sions reduction.[11] Therefore, it is vital and necessary to es-
tablish mathematical models to explore the influence of cap-
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and-trade policy on short-and long-term decisions of green
investment and pricing within the dual-channel green supply
chain.

In reality, to accelerate the manufacturers to invest in
green technology and cleaner production rapidly, the govern-
ment is willing to provide subsidies to the manufacturer based
on the carbon emissions reduction degree per unit product
or the emission abatement investment cost of the manufac-
turer. For instance, the Clean Technology Investment Program
initiated by the Australian government shoulders up to 50%
of the costs associated with investing in emission-reducing
technologies.[12] There is no doubt that government green sub-
sidy policy has a significant influence on pricing, emission re-
duction decisions and performance of chain members. There-
fore, it is essential to develop mathematical models to explore
the impact of government green subsidy on the short-and long-
term strategies of chain members in the dual-channel green
supply chain where the consumer exhibits low-carbon prefer-
ence behaviors.

In addition, the rapid development and wide applied of
Internet technology has promoted many enterprises to build
direct sales channels (online channels), which is conducive to
attracting more consumers who prefer to buy goods through
online channels, thereby enhancing the market share of the
product.[13] Dual-channel structure has become more popu-
lar channel structure and employed as an important business
mode by many firms. However, the encroachment of direct
sale channel of manufacturer will canalize the product sales in
the traditional retail channel, which cause more intense com-
petition between two distribution channels.[14] In order to al-
leviate channel competition for the dual-channel supply chain,
the consistent pricing strategy is applied by many enterprises,
such as Apple, Dell, IBM, and so on.[15]

An increasing number of scholars have discussed the op-
timal pricing and emission reduction decisions of green supply
chain under the assumption of complete rationality. However,
due to the complexities of market competition, chain members
can rarely grasp all market information, thereby making deci-
sions based on partial information and become bounded ra-
tional agents. To enhance performance, the bounded rational
player needs to adjust his strategies in each game period based
on the previous decision information of himself and the com-
petitors. Therefore, the game process between chain members
is the repeated game model. However, the long-term price and
emission reduction strategies of dual-channel supply chain in
presence of cap-and-trade regulation and green subsidy poli-
cies under bounded rationality remain unclear.

Our study concentrates on addressing the following re-
search questions:

(i) What are the optimal channel pricing and emission re-
duction decisions for the dual-channel supply chain consider-

ing consumer environmental awareness and different pricing
strategies under cap-and-trade and government green subsidy
policies?

(ii) Under the bounded rationality rule, how do key pa-
rameters, including the adjustment speeds of channel price
and emission abatement rate, green subsidy degree, and carbon
trading price affect the stability features of equilibrium solu-
tions and the complex dynamics of multi-period Stackelberg
game models within the dual-channel green supply chain?

(iii) How does the performance of chain members vary in
terms of different parameter conditions with different dynam-
ical behaviors of the system?

To this end, we study a dual-channel green supply chain
that incorporates cap-and-trade regulation and green sub-
sidy policies, in which the manufacturer produces low-carbon
products by employing emission-reducing technologies, and
distributes them via both direct and traditional retail sale chan-
nels. We first establish and analyze a single-period Stackel-
berg game model with different pricing strategies under com-
plete rationality. Furthermore, the single-period Stackelberg
game models are extended into a multi-period Stackelberg
game models with a gradient adjustment mechanism under
bounded rationality. Additionally, the stability and complex-
ity characteristics of chain members’ long-run strategies are
investigated, as well as performance of chain members under
various parameter conditions are investigated by chaos theory
and numerical simulation.

2. Literature review
Our work is closely related to three growing research

streams, including the dual-channel supply chains game mod-
els with government subsidy policy, the dual-channel supply
chain game models with cap-and-trade regulation, and the
complex dynamics of supply chain game models.

2.1. Dual-channel supply chains game models with gov-
ernment intervention

An increasing number of works have investigated the in-
fluences of governmental green subsidy on the optimal deci-
sions of green supply chains.[16,17] Meng et al.[18] proposed
a dual-channel green supply chain models considering con-
sumer green preference and channel preference within a dual-
channel structure under the government subsidies policy. The
optimal solutions of chain members are explored with collab-
orative pricing policies. The findings illustrated that govern-
ment subsidies are beneficial to promoting the sales efforts of
green products for the manufacturer. Barman et al.[19] pro-
posed a dual-channel green supply chain consisting of one
supplier, one manufacturer and one independent retailer, in
which the government provides a subsidy to the manufacturer
for green investment. The optimal pricing, greening level and
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performance of chain members under consistent and incon-
sistent pricing strategies are compared. Zaefarian et al.[20]

studied a dynamic game model in a green supply chain with
two substitutable products considering demand disruption and
government intervention under bounded rationality.

Although the above cited literature has investigated the
effects of green subsidy policy on optimal price and emission
reduction decisions of different dual-channel structures, most
of them without considering the equilibrium solutions of chain
members associated with different pricing strategies, i.e., con-
sistent pricing and inconsistent pricing strategies. In addition,
all of the aforesaid works have ignored cap-and-trade regula-
tion, which has greatly reshaped operational decisions of the
supply chain.

2.2. Supply chain game models with cap-and-trade regu-
lation

Many scholars have paid more attention on exploring op-
timal decision and performance of the green supply chain un-
der cap-and-trade regulation.[21–23] Several scholars investi-
gated the impacts of cap-and-trade regulation on operational
decisions of single-channel supply chain. Zhang et al.[24]

studied optimal production strategy and emission abatement
decisions of three game models considering different power
structures and cap-and-trade policy. The research pointed that
the high degree of the consumer’s low-carbon preference and
vertical Nash structure are more beneficial to the social wel-
fare. Some works have discussed optimal strategies of chain
members in the context of dual-channel situation. Barman et
al.[21] investigated optimal decisions of channel prices, car-
bon reduction and delivery lead-time of online products in a
dual-channel green supply chain under cap-and-trade policy,
and a centralized and two Stackelberg game models are de-
veloped and analyzed. Li et al.[25] examined how the man-
ufacturer makes joint decisions on the green product, pricing
and the online selling modes in a dual-channel structure. The
results indicated that agency selling mode is more profitable
for the e-tailer when agency fee is low and moderate, and the
higher consumer green awareness incentivizes the manufac-
turer to prefer agency selling.

Only a few scholars have studied the joint effect of gov-
ernment green subsidy and cap-and-trade regulation within
the supply chain. Li et al.[7] investigated the combined ef-
fects of different government subsidy modes and cap-and-
trade mechanism in a two-echelon green supply chain consid-
ering green technology investment. Three Stackelberg game
models are analyzed and some numerical experiments are con-
ducted. Chai et al.[26] analyzed the joint effects of government
subsidy and cap-and-trade policies on remanufacturing in a
closed-loop supply chain. Three stylized models associated
with different subsidy policies are studied, but the work does

not involve dual-channel situation. However, the abovemen-
tioned works only investigate the joint effect of green subsidy
and cap-and-trade policies on short-term equilibrium solution
with complete rationality, and also without involving the dual-
channel circumstances.

Different from the existing literature, our work concen-
trates on examining the joint effects of government green sub-
sidy and cap-and-trade policies on the dynamic strategies and
its long-term evolution process of chain members in the dual-
channel supply chain with different pricing strategies. Numer-
ical experiments are utilized to reveal more important results
and managerial enlightenments.

2.3. Complex dynamics of supply chain game models

A branch of research stream concentrates on studying
complex dynamics of multi-period game models in supply
chains,[27,28] and some scholars centers on studying complex-
ity characteristics of dual-channel game models.[29–31] Zhang
and Wang[32] investigated dynamic pricing strategies of de-
centralized and centralized game models by considering the
retailer’s service value within a dual-channel supply chain.
The influence of key parameters on the system’s stability and
complex dynamical behavior of chain members are explored.
Ma and Wang[5] based on a low-carbon apparel supply chain,
the static and dynamic decision-making models under central-
ized and decentralized frameworks are constructed and ana-
lyzed. The complex dynamics of channel members’ long-term
strategies are examined by combining with local and global
bifurcation theory. However, the above employed literature
without considering the green subsidy and cap-and-trade poli-
cies. Some scholars have studied complex dynamics of dual-
channel game models under cap-and-trade regulation, but the
related works have no involving dual-channel situations.[33–35]

However, by observing the existing works, research on the
short-and long-term decisions of dual-channel green supply
chain considering green subsidy and cap-and-trade regulation
policies is quite scarce, especially, the pricing and emission
reduction decisions of chain members under different pric-
ing strategies should be further explored with complete and
bounded rationality expectation respectively.

2.4. Research gaps and contributions

By reviewing the existing literature related to our study,
we observe that several essential research questions need to be
further discussed, the identified research gaps can be summa-
rized as follows:

(i) Several scholars have explored the influence of gov-
ernmental green subsidy or cap-and-trade regulation on op-
timal pricing and emission reduction decisions within dual-
channel supply chain. Nevertheless, few works have addressed
the combined effects of green subsidy and cap-and-trade poli-
cies on the optimal equilibrium solution, including pricing and
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emission reduction decisions within a dual-channel green sup-
ply chain. Specifically, the optimal solutions associated with
consistent pricing and inconsistent pricing strategies consider-
ing the government subsidy and cap-and-trade policies has not
been discussed yet.

(ii) Some scholars have studied the combined effects of
green subsidies and cap-and-trade regulation on optimal so-
lutions in supply chains with complete rationality. However,
there is a scarcity of studies focusing on investigating the long-
term strategies and its complex dynamics of channel members
with bounded rationality, especially within the dual-channel
green supply chain.

In light of existing research gaps, our study centers on
analyzing the outcomes of the single-period Stackelberg game
model and the complex dynamics of multi-period Stackelberg
game models considering consistent pricing and inconsistent
pricing strategies respectively. Moreover, the profit levels of
channel members in terms of different system motions are ex-
plored.

The research proposes and contributions of our work are
as follows:

(I) Our study enriches the research body on dual-channel
green supply chain operations management by incorporating
governmental green subsidy and cap-and-trade policies under
completely rationality expectation. The combined effects of
these policies on the chain members’ optimal equilibrium so-
lutions are revealed. The research findings are conducive to
improving the short-term competitive ability and performance
of chain members.

(II) Our work is the first study to establish and analyze
dynamic multi-period Stackelberg game models associated
with different pricing strategies, and complex features of them
and the long-term performance of channel members are ex-
plored with government green subsidy and cap-and trade poli-
cies. The derived conclusions and managerial implications can
guide policymakers and chain members to implement the bet-
ter long-term decisions to enhance operational efficiency for
the overall supply chain.

The rest of paper is organized as follows. We review the
related literature and highlight the research gaps and contri-
butions of our study in Section 2. Section 3 first describes
model notations and assumptions, then develop and analyze
the single-period Stackelberg game model, and the multi-
period dynamic Stackelberg game models are established and
investigated in Section 4. Numerical simulation is conducted
in Section 5 to explore complex dynamics of channel mem-
bers’ game strategies evolution process. Section 6 is proposed
to examine the chain members’ profits under different param-
eter conditions from a dynamic perspective. Section 7 outlines
the conclusion, managerial insights and future research direc-
tions.

3. Problem description and model construction
Under the government’s green subsidy and cap-and-trade

regulation, we propose a dual-channel green supply chain
comprising a manufacturer and an independent traditional re-
tailer, in which the manufacturer employs low-carbon technol-
ogy to produce green products, and distributes them through
both direct and traditional retail sale channels. Meanwhile,
to encourage the manufacturer to enhance emission abatement
efforts, the government subsidies to the manufacturer based
on the amount of emission reduction emitted. Meanwhile, the
manufacturer usually charges more channel power and acts as
the game leader, and the retailer is the game follower. There-
fore, we use Stackelberg game theory to establish the single-
period Stackelberg game and multi-period dynamic Stackel-
berg game model with consistent pricing strategy and incon-
sistent pricing strategies sequentially. The framework of the
dual-channel green supply chain is illustrated below as shown
in Fig. 1.

Retailer

ConsumersGreen technology

 Offline channel

Online channel 

Carbon cap

Government Manufacturer

Carbon trading 
market

Selling/purchasing 
carbon credits

w

pr

pm

Fig. 1. The framework of dual-channel green supply chain.

3.1. Model notations

The model notation used through the paper and its defini-
tion are displayed in Table 1 for clarity.

3.2. Model assumption

To convenience the model construction, the following
assumptions are proposed to develop mathematical models
based on actual market competition.

Assumption 1 In line with previous research, we as-
sume that both chain members are complete rationality in the
single-period Stackelberg game models, while in multi-period
Stackelberg game models, and the manufacturer is supposed
to be the bounded rational agent, while the retailer determines
her pricing decisions based on naı̈ve expectation[20,35] (Zhang
and Zhang, 2022; Zhang and Wang, 2018). Consequently, in
each game period, the manufacturer first determines his strat-
egy by considering the retailer’s best response, after which the
retailer decides her pricing strategy based on the information
announced by the manufacturer.

Assumption 2 Without loss of generality, the demand
function is a linear form function, which decreases with the
product price and increases with the emission reduction rate of
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the green product.[32,34,36] In practice, many companies pric-
ing their products in online and offline channels are identi-
cal to mitigate channel conflicts, i.e., the consistent pricing
strategy,[15] while several companies distribute their products
with inconsistent pricing strategy in dual-channel settings.[21]

Assumption 3 The manufacturer engages in investing
eco-friendly technology to reduce emissions. According to
prior works,[12,25,37] the cost of green technology investment,
denoted as I, is a quadratic function of the emission reduction
rate e, and expressed by I (e) = ke2/2, which is widely ap-
plied in supply chain management literature, the government

provides subsidies to the manufacturer based on the emission
reduction rate of the product, and the green subsidies for per
unit emission reduction rate is denoted by λ . Hence, the total
governmental green subsidies are S = λe(dr +dm).

Assumption 4 The carbon quotas allocated to the manu-
facturer are determined by referencing his historical emission
data. The manufacturer can purchase and sell carbon credits
in the carbon trading market. Furthermore, assuming that the
total carbon emission of the manufacturer is a linear function
with respect to the initial carbon emissions of each product,
then we have E = (e0− e)(dr +dm).[2,34]

Table 1. Notations.

Parameters Description

wc Wholesale price for per unit product under consistent pricing strategy
pc Retail price/direct sale price for per unit product under consistent pricing strategy
ec Emission reduction rate under consistent pricing strategy
w Wholesale price for per unit product under inconsistent pricing strategy
pr Retail price for per unit product under inconsistent pricing strategy
pm Direct sale price for per unit product under inconsistent pricing strategy
e Emission reduction rate under inconsistent pricing strategy
a Market size, a > 0
φ The customer loyalty degree to the retail channel, 0 < φ < 1
b The sensitive coefficient of demand to the product price under consistent pricing strategy, b > 0
b1 The sensitive coefficient of demand to the product price under inconsistent pricing strategy, b1 > 0
b2 The cross-sensitivity coefficient of demand to the competitor’s product price under inconsistent pricing strategy, 0 < b2 < b1

βr The expansion effectiveness coefficient of emission reduction rate to the retail channel
βm The expansion effectiveness coefficient of emission reduction rate to the direct sale channel
G Carbon quotas of the manufacturer
c Production cost per unit product
e0 Initial emissions per unit product
h Trading price per unit carbon emission
λ Green subsidy for per unit emission reduction rate
k The emission reduction cost coefficient

α1 The adjustment speed of wc

α2 The adjustment speed of ec

β1 The adjustment speed of w
β2 The adjustment speed of p
β3 The adjustment speed of e
πi i ∈ {m, r} , which represents the profit of the manufacturer and retailer, respectively

In what follows, we first establish a single-period Stack-
elberg game model, then extend it into a multi-period dynamic
Stackelberg game model with bounded rationality rule under a
consistent pricing strategy, in which the retail price and direct
sale price of the green product are identical. Based on the
above conditions, the demand functions of traditional retail
channel and direct sale channel under the consistent pricing
strategy are given by{

dr = φa−bpc +βrec,
dm = (1−φ)a−bpc +βme. (1)

The profit function of the manufacturer and retailer is respec-
tively given by

πr = (pc−wc)dr, (2)

πm = (pc− c+λec)dm +(wc− c+λec)dr

−h((dr +dm)(e0− ec)−G)− ke2

2
. (3)

Consequently, the optimization problem of the single-period
Stackelberg game model is formulated as

Leader: πm (wc,ec, pc) = (pc− c+ λec)dm +(wc− c+

λec)dr−h((dr +dm)(e0− ec)−G)− k(ec)2

2 ,
Follower: πr (pc) = (pc−wc)dr{

πm = (wc,ec, pc) ,
s.t.pc = argπr (pc) .

(4)

In Eq. (4), the first term of the manufacturer’s profit func-
tion represents the revenue from direct sale channel, the sec-
ond term represents profits from traditional retail channel, and
the third part denotes the carbon trading revenue/cost, and the
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last term signifies the manufacturer’s emission reduction cost.
Without loss of generality, the optimal equilibrium solution of
the above optimization problem can be solved using the back-
ward induction method.

Proposition 1 When

k >
4b2(h+λ )2 +β 2

m−3β 2
r +βm(8b(h+λ )+6βr)

6b
,

there exists a unique optimal solution for the single-period
Stackelberg game model. Due to the expression of it pretty
complex, which is listed in Appendix A, and the proof of
proposition 1 is displayed in Appendix B.

Thus far, we have derived the optimal strategy of the
single-period Stackelberg game model under the assumption
that both chain members are completely rational players.
However, in reality, the decision-makers in the market can
not achieve their optimal outcome through a one-shot game
due to the complexity of the market environment, and the
players only obtain partial market information and become
bounded rational when determining their decisions.[38] There-
fore, the decision process of them is usually multi-period
dynamic game, which signifies the bounded rational play-
ers adjust their strategies in each game period according to

the limited information.[39,40] Herein, we assume the manu-
facturer is a bounded rational agent who adjusts his channel
price and emission reduction strategies by estimating marginal
profit information, i.e., when the marginal profit associated
with his decision variable is positive (negative) in the cur-
rent period t, then the decision variable will be increased (de-
creased) in the next period t + 1, such an adjustment method
is called the gradient adjustment mechanism,[20,41] and the re-
tailer is a naı̈ve player who updates her price strategy based on
the manufacturer’s decision information. Therefore, the two-
dimensional (2D) discrete dynamical adjustment system of the
dual-channel green supply chain is formulated as

wc (t +1) = wc (t)+α1wc (t)
∂πm (t)
∂wc (t)

,

ec (t +1) = ec (t)+α2ec (t)
∂πm (t)
∂ec (t)

,

pc (t +1) =
bwc (t +1)+aφ + ec (t +1)βr

2b
,

(5)

where αi > 0, (i = 1,2) represents the adjustment speed of
the wholesale price and emission reduction rate respectively.
Moreover, ∂πm/∂wc and ∂πm/∂ec can be obtained from Ap-
pendix B. Submitting expressions of ∂πm/∂wc and ∂πm/∂ec

into the system (5), then we have



wc (t +1) = wc (t)+α1wc (t)
(

1
2
(a+b(2c+2e0h−3wc−2e(h+λ ))−aφ + eβm)

)
,

ec (t +1) = ec (t)+α2ec (t)
(

1
2b

(F1−2b(eck+(h+λ )((bwc−a(1−φ))))

)
,

pc (t +1) =
aφ +bwc (t +1)+ ec (t +1)βr

2b
.

(6)

By imposing wc (t +1) = wc (t) and ec (t +1) = ec (t), we can get four long-term equilibrium solutions of the system (6),
that is,

E1 =

(
0,0,

aφ

2b

)
, E2 =

(
0,F2,

aφ +F3

2b

)
, E3 =

(
a+2b(c+ e0h)−aφ

3b
,0,

a+2bc+2aφ

6b

)
, E4 =

(
wc∗ ,ec∗ , pc∗

)
,

F1 = βr(a−2aφ − eβr)+ βm(b(w+4e(h+λ )−2c−2e0h)+aφ+2eβr),

F2 =
(aφ −2b(c+ e0h))βm +a(2b(h+λ )(1−φ)+βr(1−2φ))

2bk+β 2
r −2βm(2b(h+λ )+βr)

, F3 =
βr((aφ −2bc)βm +a(2b(h+λ )(1−φ)+(1−2φ)βr))

2bk+β 2
r −2βm(2b(h+λ )+βr)

.

From an economic perspective, a meaningful equilibrium solution requires that all decision variables are positive, so it is
obvious that E1, E2, and E3 are the boundary solutions, while E4 is the only Nash equilibrium point for the system (6).

Next, we center on investigating the local asymptotic stability of the Nash equilibrium solution, and the Jacobian matrix of
the system (6) is calculated as follows:

J (wc,ec) =

 1+
α1F4

2
1
2

wcα1(βm−2b(h+λ ))

ecα2(bβm−2b2(h+λ ))

2b
1+

α2F5

2b

 , (7)

F4 = a+2b(c+ e0h−3wc− ec(h+λ ))−aφ + ec
βm,

F5 = βr(a−2aφ −2ec
βr)+βm(b(wc +8ec(h+λ ))+aφ +4ec

βr−2c−2ech)−2b(2eck+(h+λ )(bwc−a(1−φ))).

Proposition 2 E1, E2, and E3 are the boundary solutions, and only E4 are the unique equilibrium solution for the system (6).
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The Jacobian matrix at the Nash equilibrium point E4 is computed as

J (wc∗,ec∗) =

 1+
1
2

α1F3
(
wc∗ ,ec∗

) 1
2

wc∗α1(βm−2b(h+λ ))

e∗α2(bβm−2b2(h+λ ))

2b
1+

1
2b

α2F4 (wc∗,ec∗)

 . (8)

The characteristic equation of J (w∗,e∗) can be expressed as

f (λ ) = λ
2−Tr (λ )+Det(λ ) , (9)

where Tr (λ ) and Det(λ ) represents the trace and determinant of Jacobian matrix, and

Tr (λ ) = 2+
1
2

α1F3

(
wc∗ ,ec∗

)
+

1
2b

α2F4

(
wc∗ ,ec∗

)
,

Det(λ ) =

(
1+

1
2

α1F3

(
wc∗ ,ec∗

))(
1+

1
2b

α2F4

(
wc∗ ,ec∗

))
−
(

1
2

wc∗
α1(βm−2b(h+λ ))

)(
ec∗α2(bβm−2b2(h+λ ))

2b

)
.

In addition, the discriminant of the above characteristic

equation is ∆ = (Tr (λ ))
2 − 4Det(λ ), and the characteristic

equation has two real characteristic roots when ∆ > 0, and a

pair of conjugate characteristic roots when ∆ < 0.

The sufficient and necessary conditions for the Nash equi-

librium point is locally stable are given by


f (−1) = 1−Tr (λ )+Det(λ )> 0,
f (1) = 1−Tr (λ )+Det(λ )> 0,
Det(λ )−1 < 0.

(10)

When all the above inequalities are satisfied simultaneously,

the eigenvalues of the Jacobian matrix are located within the

unit circle, i.e., |λi| < 1. Meanwhile, the Nash equilibrium

point’s stability domain in the plane of (α1,α2) is obtained.

However, when the value of αi (i = 1,2) falls outside the sta-

ble region, the Nash equilibrium point will lose its stability,

leading to more complex behaviors, such as periodic cycles

and chaos. More precisely, if there exists a real eigenvalue

passes through −1, which leads to the first in equation in

Eq. (10) is failed to meet, then a flip bifurcation appears. If

there exists a real eigenvalue exceeds +1, which leads to the

condition (ii) being invalid, then a fold or transcritical bifurca-

tion comes up. Moreover, if the modulus of a complex eigen-

value is bigger than +1, which leads to the condition (iii) being

invalid, then a Neimark–Sacker bifurcation takes place.[31]

Due to the computational complexity, it is quite difficult

to directly seek the specific conditions of locally asymptotic

stability for the Nash equilibrium point, we investigate the sta-

bility characteristics of the Nash equilibrium point by means

of numerical simulations in the subsequent section.

4. Numerical simulation
In this section, we concentrate on exploring the dynam-

ical evolution process of the chain members’ long-run game
strategies under different parameter conditions. The follow-
ing data set is carefully chosen for the model parameters, i.e.,
α = 300, φ = 0.4, b = 3, βr = 1, βm = 0.8, c = 15, e0 = 10,
G = 200, and the initiate values for the decision variables are
w(0) = 30 and e(0) = 2.

Figure 2 illustrates the stability region of the Nash equi-
librium point in terms of (α1,α2) under different parameter
conditions. Figure 2(a) shows the changes in the stable regions
of the Nash equilibrium point by assigning λ = 0.5,1.5,2.5 se-
quentially when h = 1. One can observe that with increase of
λ , the value scope of α1 is expended in some extent, whereas
the value scope of α2 narrows significantly, then the con-
clusion can be drawn that the larger green subsidy degree,
the wider scope of the wholesale price adjustment speed and
the narrower scope of the emission reduction rate adjustment
speed. In addition, numerical experiments reveal that with in-
crease of green subsidy degree, the system (6) is more sensi-
tive to the adjustment speed of the emission reduction rate than
that of wholesale price, so the manufacturer should more pru-
dent to adjust the emission reduction rate of the product when
the green subsidy degree is relatively high.

Figure 2(b) is presented to investigate the impact of h on
the stable region of the Nash equilibrium point when h is as-
signed to 0.5, 1, 1.5 sequentially as λ = 1. One can observe
that with h increases, the stable regions of the Nash equilib-
rium point become smaller due to the value scopes of α1 and
α2 are narrowed to some extent, which indicates that the high
carbon trading price is not conducive to the stability of the
Nash equilibrium point. Therefore, the manufacturer should
slow down the adjustment speeds of wholesale price and emis-
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sion reduction rate when the carbon trading price is relatively
high.
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Fig. 2. The 2D stable region with varying λ and h.

As we know that the adjustment speed value of the man-
ufacturer reflects the response speed of the manufacturer in
adjusting his decision variables. From the above experiment
results, the manufacturer should be careful to adjust the emis-
sion reduction rate of the product when the green subsidy for
per unit emission reduction rate is relatively high, and the man-
ufacturer should slowly adjust direct sell price and emission
reduction rate of the product when the carbon trading price is
relatively high.

Figures 3(a) and 3(b) present the dynamic evolution pro-
cesses of price and emission reduction rate strategies of chain
members with varying α1 when α2 = 0.005. One can see
that the trajectories of channel prices and emission reduction
rate remain unchanged when α1 ≤ 0.01221, as depicted in
Fig. 3(a), which means the chain members’ strategies stay at
the Nash equilibrium point. However, as α1 increases, the
Nash equilibrium point gradually loses its stability, then the
first bifurcation point occurs, and the system enters into a
period-2 cycle, which indicates there exists two equilibrium
solution for the channel members. After undergoing a series
of period-doubling bifurcations, the system falls into the chaos
region eventually, which implies the market becomes disorder
and unpredictable associated with infinite number of equilib-
rium solutions. Under this condition, the channel member al-
most can’t implement an appropriate business strategy to ob-
tain more profits.

Figure 3(c) presents the largest Lyapunov exponent (LLE)
diagram, which is widely applied to judge the dynamic mo-
tions of the chain members’ strategy. The Lyapunov exponent
can measure the chaotic state by measuring the convergence
or separation rate of adjacent tracks. The larger the Lyapunov
index is, the worse the local stability of the system is. More
precisely, when the LLE is less than zero, it indicates that the
dynamic system is in a stable state, including low and high pe-
riodic cycles, and the bifurcation points or quasi-period cycle
take places when LLE equals to zero, while LLE greater than
zero indicates that the system has entered a chaotic state.

In addition, power spectrum is an important tool in signal
processing and physics to describe the distribution of signal

power in the frequency domain, and it is an important method
to study the system from bifurcation to chaos. Figure 3(d) dis-
plays the power spectrums of decision variables at α1 = 0.016.
One can see that the power spectrums characteristic with white
noise background and wide peaks within the limited range,
which implies that the system behaviors chaotic under such
condition, and periodic motion corresponds to peaks in the
power spectrum, which there existing some periodic windows
in chaotic range.
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Fig. 3. Bifurcation diagram, LLEs and power spectrum with respect to
α2 = 0.005.

Figure 4 proposes some chaotic attractors under different
parameter conditions when fix α2 = 0.005, h = 1, and λ= 1.
One can observe that there exist eight pieces of chaotic attrac-
tors as when α1 = 0.016, as shown in Fig. 4(a), and those eight
chaotic attractors evolve into two chaotic attractors with a mild
increase in α1. As α1 continues increasing, the two chaotic at-
tractors evolve into a bigger chaotic attractor and its structure
becomes more complex.
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Fig. 4. Chaotic attractors with respect to α2 = 0.005, h = 1, and λ = 1.

The 2D bifurcation diagram is applied to explore the dy-
namical evolution process of the system (6) with varying two
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vital parameters, as presented in Fig. 5, in which the red, blue,
green, yellow, brown, pink, and cyan colors correspond to
period-1, period-2, period-3, period-4, period-5, period-7, and
period-8 cycles respectively. Besides, the black region indi-
cates chaotic behavior, while the white area represents the in-
feasible region, signifying that one of the players withdraws
from the market competition. Figures 5(a)–5(c) is drawn to
examine the impacts of α1 and α2 on the system’s complex
dynamics under varying parameter conditions. By observ-
ing Figs. 5(a)–5(c), the system only experiences a series of
period-doubling bifurcations and finally falls into chaotic re-
gion with increase in α1 and α2. Moreover, figure 5(d) is plot-
ted to investigate the influence of the carbon trading price h
and green subsidy degree λ on the system’s complex dynam-
ics as α1 = α2 = 0.006. When λ is small enough, the system
always remains stable regardless of variation in h. Meanwhile,
the relatively larger λ significantly destabilizes the system’s
stability when h is held constant.
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Fig. 5. The 2D bifurcation diagram with different parameter conditions.

From the numerical experiments conducted, one can con-
clude that the excessive adjustment speeds of wholesale price
and emission reduction rate, the high green subsidy degree and
carbon trading price have a destabilizing effect on the system’s
stability.

Figure 6 is plotted to examine the adjustment speeds of
wholesale price and emission reduction rate on the profits of
chain members. In Figs. 6(a) and 6(b), the profits of both
the manufacturer and retailer reach their highest levels when
α1 and α2 are small, which indicates that the system stays in
its stability domain. When the values of α1 and α2 exceed a
certain threshold, the system gets out of its stability domain,
and more complex behaviors appear, such as bifurcation and
chaos. Consequently, the profits of both the manufacturer and
retailer decline and fluctuate violently.
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Fig. 6. Proft variations of the channel members with α1 and α2 when
h = 1, λ = 1.
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Fig. 7. Proft variations of channel members with h and λ when
α1 = α2 = 0.006.

Figure 7 examines the impact of government’s green sub-
sidies and carbon trading price on the profits of chain mem-
bers. Figure 7(a) presents the profit variations of the retailer
with respect to h and λ . It is evident that the retailer achieves
the highest profit when the carbon trading price is low and the
green subsidy is high, and the retailer’s profits change rapidly
and irregular when the values of h and λ are sufficiently high,
which represent the system’s undergoes periodic cycles and
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chaotic motions. Figure 7(b) explores the change trend of the
manufacturer’s profit with varying h and λ . It is observed that
when λ is smaller than a threshold value, an increase in λ

is disadvantage to the manufacturer’s profits, while the man-
ufacturer’s profit is decreased with respect to λ and h, which
indicates that the high carbon trading price and green subsidy
degree are unfavorable for the manufacturer when the system
rids out of its stability region.

From the above numerical simulations, we conclude that
the manufacturer’s adjustment speed has a significant impact

on the complexity features of multi-period Stackelberg game

models. In reality, chaos within economic and management

systems is usually detrimental to decision-makers and de-

creases operational efficiency of the system. Therefore, as the

game leader, the manufacturer should implement measures to

control chaotic behaviors. Herein, we utilize the variable feed-

back control method to remove the chaotic behaviors appeared

in Fig. 3(a). By utilizing this control method, the controlled

system (7) can be expressed as



wc (t +1) = (1− v)
(

wc (t)+α1wc (t)(
1
2
(a+b(2c+2e0h−3wc−2ec (h+λ ))−aφ + ecβm))

)
+ vwc (t) ,

ec (t +1) = ec (t)+α2e(t)
(

1
2b

(F1−2b(eck+(h+λ )(bwc−a(1−φ))))

)
,

pc (t +1) =
bwc (t +1)+aφ + ec (t +1)βr

2b
,

(11)

where v is controlling parameter, 0 < v < 1, which can be re-
garded as the price control strategy of the government or learn-
ing ability of the decision makers. The chaos control processes
with respect to v are proposed as described below.
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As can be seen from Fig. 8(a), the trajectories of whole-
sale price and emission reduction rate with varying v from 0
to 0.6 is drawn with α1 = 0.018 and α2 = 0.005 (the system
is in chaos region). One can observe that the price orbits of
chain members is chaotic when v is in a small range. As v

increases, the price orbits undergo a series of inverse period-
doubling bifurcations and converge to the Nash equilibrium
point at v = 0.324. Moreover, the corresponding LLE diagram
is plotted in Fig. 8(b). Figures 8(c) and 8(d) show the time
series of wholesale price and emission reduction rate when
v = 0.3 and v = 0.325, respectively. The strategies of the chain

members are stable when v = 0.325, which means that sys-
tem (8) returns to the Nash equilibrium point again. Hence,
the variable feedback control strategy can remove the chaotic
behavior effectively.

5. Dual-channel green supply chain game mod-
els with inconsistent price strategy

5.1. Model construction and analysis

In this section, we sequentially develop the single-period
and multi-period Stackelberg game models with inconsistent
pricing strategy, in which the manufacturer’s decision vari-
ables include the wholesale price w, the direct sale price pm

and the emission reduction rate e of the green product, and the
retailer’s decision variable is the retail price pr. Based on the
previous conditions, the demand function of the manufacturer
and the retailer are expressed as follows:{

dr = φa−b1 pr +b2 pm +βre,
dm = (1−φ)a−b1 pm +b2 pr +βme,

(12)

and the profit function of the manufacturer and retailer can be
given as

πm (w, pm,e) = (pm− c+λe)dm +(w− c+λe)dr

−h((dr +dm)(e0− e)−G)− ke2

2
, (13)

πr (pr) = (pr−w)dr. (14)

Consequently, the optimization problem of the single-
period Stackelberg game model with inconsistent pricing strat-
egy is formulated as

Leader: πm = (pm−c+λe)dm+(w−c+λe)dr−h((dr+

dm)(e0− e)−G)− ke2

2 ,

070501-10



Chin. Phys. B 34, 070501 (2025)

Follower: πr = (pr−w)dr,{
πm = (w, pm,e, pr) ,

s.t.pr = argmaxπr (pr) .
(15)

Without loss of generality, we can use backward induction
method to obtain the optimal solution of the above optimiza-
tion problem.

Proposition 2 When k > (F4 +F5)/4(b3
1−b1b2

2) is sat-
isfied, there exists a unique optimal solution for the single-
period Stackelberg game model under inconsistent price strat-
egy. Due to the expression of the optimal equilibrium solution
is very complex, we list them in Appendix C.

In what follows, we focus on extending the above single-
period Stackelberg game model into a multi-period dynamic
Stackelberg game model considering the manufacturer is a
bounded rational agent. Similar with the above section, we
employ a gradient adjustment mechanism to formulate the
manufacturer’s dynamic adjustment strategy, which is formu-
lated as 

w(t +1) = w(t)+β1w(t)
∂πm (t)
∂w(t)

,

pm (t +1) = pm (t)+β2 pm (t)
∂πm (t)
∂ pm (t)

,

e(t +1) = e(t)+β3e(t)
∂πm (t)
∂e(t)

,

(16)

where βi > 0, i ∈ (1,2,3) represents the manufacturer’s ad-
justment speed parameters for the wholesale price, direct

sale price, and emission reduction rate respectively, and the
marginal profits associated with decision variables of the man-
ufacturer are computed in Appendix C. Consequently, the dis-
crete dynamical adjustment system of dual-channel green sup-
ply chain can be expressed as

w(t +1) = w(t)+β1w(t)
∂πm (t)
∂w(t)

,

pm (t +1) = pm (t)+β2 pm (t)
∂πm (t)
∂ pm (t)

,

e(t +1) = e(t)+β3e(t)
∂πm (t)
∂e(t)

,

pr (t +1) =
aφ +w(t +1)b1 +b2 pm (t +1)+ e(t +1)βr

2b1
.

(17)

By imposing w(t +1) = w(t), pm (t +1) = pm (t), and
e(t +1) = e(t), the system (17) reaches the long-term equi-
librium state, and we can obtain eight equilibrium solutions.
Moreover, there exist seven boundary equilibrium points are
unstable points from economic perspective, and only one Nash
equilibrium point for the system (17). Next, we concentrate
on investigating the stability features of the Nash equilibrium
point using the Jury criterion. To examine the local stability
of the Nash equilibrium point, the Jacobian matrix of the sys-
tem (16) is calculated as

J (w, pm,e) =

 1+F3 wb2β1 F4

b2 pmβ2 1+F5 F6

F7 F8 1+F9

 , (18)

F3 =
1
2

β1(aφ +(c+ e0h−4w− e(h+λ ))b1 +b2(e(h+λ )+2pm− c− e0h)+ eβr),

F4 =
1
2

wβ1((h+λ )b2 +βr− (h+λ )b1),

F5 =

(
b2

2
b1
−2b1

)
pmβ2 +β2(a−aφ − 1

2
(c+ e0h−2w− e(h+λ ))b2 +b1(c+ e0h− e(h+λ )−2pm)

+eβm +
b2(aφ +b2(e(h+λ )+2pm)+ eβr−c−e0h)

2b1
,

F6 =
pmβ2(b1((h+λ )b2 +2βm)+b2((h+λ )b2 +βr)−2(h+λ )b2

1)

2b1
,

F7 =
1
2

eβ3((h+λ )b2 +βr− (h+λ )b1),

F8 = −eβ3(2hb2
1 +2λb2

1−hb1b2−λb1b2−hb2
2−λb2

2−2b1βm−b2βr)

2b1
,

F9 =
1
2

eβ3

(
4(h+λ )βm +2(h+λ )βr +

2(h+λ )b2βr

b1
−2k

)
+

1
2

β3(−2ek+a(h+λ )(2−φ)

+b2(h+λ )(w+ pm)−b1(h+λ )(w+2pm)+2(2e(h+λ )+ pm− c− e0h)βm

+(w+2e(h+λ )− c− e0h)βr +
b2((h+λ )(aφ +b2 pm)+(2e(h+λ )+ pm− c− e0h)βr)

b1
).
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The characteristic polynomial equation of the dynamical
system’s Jacobian matrix can be expressed as

f (λ ) = λ
3 +A1λ

2 +A2λ +A3, (19)

where

A1 = F4(1+F5)F7 +(1+F3)F6F8− (1+F3)(1+F5)(1+F9)

−wb2F6F7β1−b2F4F8 pmβ2 +wb2
2(1+F9)pmβ1β2,

A2 = 3−F4F7−F6F8 +2F9 +F5(2+F9)

+F3(2+F5 +F9)−wb2
2 pmβ1β2,

A3 = −3−F3−F5−F9.

The sufficient and necessary conditions to make sure the Jaco-
bian matrix at the Nash equilibrium point should be satisfy the
following Jury conditions[31,33,42]

f (1) = 1+A+B+C,
f (−1) =−1+A−B+C,
C2−1 < 0,
(C−1)2 >

(
AC−B2

)2
,

(20)

When the above conditions are met simultaneously, we
can guarantee all eigenvalues of J (w, pm,e) will be located in
the unit disk. Due to it is difficult to compute the specific ex-
pression of eigenvalues of the J (w, pm,e), we utilize numerical
simulations to study the Nash equilibrium point’s stable region
and dynamic strategies of the channel members under different
parameter conditions.

5.2. Numerical simulation

This section we focus on studying the stability of the Nash
equilibrium point and dynamic evolution process of chain
members’ strategies. We carefully chose data set for the pa-
rameters as follows: α = 300, φ = 0.4, b1 = 4, b2 = 1.5,
βr = 1, βm = 0.8, k = 100, e0 = 10, G = 200, and the initial
values for the decision variables are w(0) = 39, p(0) = 44,
and e(0) = 2. Remark that the data set employed satisfies the
proposed inequalities in abovementioned section.

(i) The influence of λ and h on the stability of the Nash
equilibrium point

Figure 9 describes the influence of the unit green subsidy
λ and carbon trading price h on the stability of the Nash equi-
librium point using the three-dimensional (3D) stable region
defined by (β1,β2,β3). By comparing Figs. 9(a) and 9(b). One
can see that the stable domain is significantly narrowed when
λ increase from 0.5 to 1.5 as fix h= 1. By observing Figs. 9(c)
and 9(d), the stable domain of the Nash equilibrium point is
narrowed to some extent as h increases from 1 to 2 when λ= 1.
Besides, with varying of λ and h, the value scopes of β1 and
β2 change slightly, while the value scope of β3 varies greatly.
Moreover, the Nash equilibrium point’s stable region is more
sensitivity to the adjustment speed of the direct sale price.

From the above numerical simulations, we can conclude
that the excessive large values of the green subsidy degree and
carbon trading price have a destabilizing effect on the stability
region of the Nash equilibrium point.
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Fig. 10. Bifurcation diagram and the corresponding LLE diagram with re-
spect to β2 when β1 = 0.011 and β3 = 0.003.

Figure 10 is presented to investigate the impact of β2

on the dynamical evolution of the channel members’ strategy
when β1 = 0.011 and β3 = 0.003. Figures 10(a) and 10(b)
are plotted to investigate the adjustment speed of direct sale
price β2 on the dynamical evolution process of channel prices
and emission reduction rate. One can see that the first bifurca-
tion point appears at β2 = 0.00446. As β2 increases, the Nash
equilibrium point of the system (10) loses its stability, and
period-doubling bifurcation and Nermark–Sacker bifurcation
occur. When β2 exceeds the certain value, the system falls into
chaotic region, resulting in unstable and unpredictable strate-
gies. Figure 10(c) shows the corresponding LLE diagram,
which can testify the dynamical evolution process of the deci-
sion variables depicted in Figs. 10(a) and 10(b). Moreover, the
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power spectrum of the decision variables with β2 = 0.0078, as
shown in Fig. 10(d), which is continuous and remains within
a limited range with white noise background, such features of
the power spectrum implies that the system exhibits chaotic
behavior under such a parameter condition.

The two-dimensional (2D) bifurcation diagram is one of
the most effective tools for exploring the complex dynamics
of a system, in which different period cycles are represented
by different colors. Herein, we use the 2D bifurcation diagram
to investigate the vital parameters on the system’s dynamical
evolution process. Figures 11(a)–11(c) are presented to ex-
plore the influence of two adjustment speed parameter as fix
the other adjustment speed at 0.003, in which the red color,
blue color, green color, yellow color, brown color, pink and
cyan color represents period-1, -2, -3, -4, -5, -6, and -8 cycles,
respectively. Besides, black color indicates the quasi-periodic
cycle, while the white area denotes infeasible region of the
system, which indicates that there exists one player withdraw
from market competition.

As depicted in Fig. 11(a), with an increase of β1 and
β2, the system gradually loses stability, thereby the period-
doubling bifurcation first takes place, the system comes into
a period-2 cycle. As β1 and β2 keep increasing, the sys-
tem will go through a series of period-doubling bifurcation
or Nermark–Sacker bifurcation, and enters the chaos region
eventually. In Figs. 11(b) and 11(c), the system finally falls
into chaos region after undergoing period-doubling bifurca-
tions with varying the adjustment speed parameters of the
manufacturer. Figure 11(d) is presented to study the effects
of green subsidy degree and carbon trading price on the long-
term strategy of the channel members. As λ and h increase,
the system gets out of its stable domain and gets into chaotic
motion. At the same time, the strategies of channel members
tend to be disorder and irregular, it is difficult foe then to for-
mulate suitable strategies to achieve optimal performance.

Based on the above experiments, one can see that the

routes that from a steady state to the chaotic state may via a se-
quence of period-doubling bifurcation followed by Neimark–
Sacker bifurcations. Furthermore, the excessive fast adjust-
ment speeds, the excessive larger green subsidy degree and
carbon trading price are not conducive to the system’s stabil-
ity.
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Figure 12 presents the attractor evolution process of
system (16) for various values of β1 as β2= 0.0065 and
β3= 0.003. As shown in Fig. 12, the system (16) exhibits a
period-6 cycle when β1= 0.01215. With a mild increase in
β1, two limit cycles appears, which indicates that the trajec-
tories of channel members enter a quasi-periodic cycle, then
the two limit cycles are broken out into a period-20 cycle, and
evolve into twelve pieces of chaotic attractors as β1 increases
to 0.01306. After that, the above twelve pieces of chaotic at-
tractors are contracted into two chaotic attractors, and eventu-
ally become a larger and more complicated chaotic attractor
with fractal structure when β1 = 0.01397.
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In what follows, we want to explore one of the important
features of chaotic system, namely sensitivity dependence on
initial conditions, also called “butterfly effect”. By increasing
pm (0)= 44 to p′m (0)= 44.0001, while keeping other initiate
values for decision variables unchanged when β1= 0.01358,
β2= 0.0065, and β3= 0.003, then the system is chaotic under
such a situation. One can observe that the trajectories of chan-
nel prices and emission reduction rate as depicted in Fig. 13.
The trajectory difference between two group of data sets is
undistinguished at beginning, while after several iterations, the
divergence between them is built rapidly and obviously. One
can know that only a litter bit change in initial values, the dy-
namical evolution of the chaotic system can be different sig-
nificantly, which reflects the randomness and unpredictability
of chaotic motion.

     
t

↩

↩

↩

↩

↩












w
pm
e
pr

Fig. 13. The initial value sensitive dependency between pm = 44 and
p′m = 44.0001 when β1 = 0.01358, β2 = 0.0065, β3 = 0.003.

(ii) Impacts of key parameters on performance of chain
members

Figures 14–16 are presented to study the essential param-
eters on profits of chain members with varying two adjust-
ment speeds of the manufacturer as λ = h = 1. By observ-
ing those graphs, it is obvious that the adjustment speeds in
their small values, the profit of the manufacturer and retailer
is 1748.96 and 95.6338 respectively, which indicates the sys-
tem (16) stays at Nash equilibrium point. With increase of
the adjustment speeds of manufacturer, the system (16) goes
through a series of period-doubling bifurcations, which leads
to most of chain members’ profits are reduced to some de-
gree. As the manufacturer’s adjustment speeds continue in-
creasing, the system eventually falls into chaotic motions, and
most of channel members’ profits are decreased and fluctuate
violently. From the above numerical experiments, the system’s
steady state is benefit to the manufacturer, while the retailer
can benefit from the period-doubling cycles of the system in
most cases, and the system’s chaotic behaviors are disadvan-
tage to performance of both chain members.

Figure 17 shows the joint effect of λ and h on the profit
variation of channel members. It can be found that both chan-
nel members’ profits increase with λ and decrease with h.

Moreover, when λ and h are larger enough, the channel mem-
bers’ profit varies significantly due to the system loses stability
and more complex behaviors take place.
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Fig. 14. The influence of β2 and β3 on profits of the chain members
when β1 = 0.03.
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Fig. 15. The influence of β1 and β3 on profits of the chain members
when β2 = 0.03.

From the above numerical experiments, one can see that
when the market stays in the stability region of the Nash equi-
librium solution, the manufacturer can benefit from the sta-
ble system and achieve his highest profit level, while the re-
tailer can gain more profit in some cases when the system goes
through periodic cycles. However, the profit levels of them are
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declined significantly when the market falls into chaos due to
the channel member can’t make an appropriate decision.
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Fig. 16. The influence of β1 and β2 on profits of the chain members
when β3 = 0.03.
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5.3. Chaos control

In this subsection, in order to eliminate the system’s
chaotic behaviors, we use the delay feedback control method
to remove the system chaos when β1 = 0.011, β2 = 0.0078,
and β3 = 0.003, and the system is chaotic under such a param-

eter condition. To implement this control approach, we need
to add a control term in the first equation of the system (20),
then the controlled system can be expressed as

w(t +1) = w(t)+β1w(t)
∂πm (t)
∂w(t)

+u(w(t +1)−w(t)) ,

pm (t +1) = pm (t)+β2 pm (t)
∂πm (t)
∂ pm (t)

,

e(t +1) = e(t)+β3e(t)
∂πm (t)
∂e(t)

,

pr (t +1) =
aφ +w(t +1)b1 +b2 pm (t +1)+ e(t +1)βr

2b1
,

(21)

where u is the controlling factor, and u > 0. The dynamical
evolution process of the controlled system (21) is presented as
follows:

In Fig. 18(a), the trajectories of channel prices are chaotic
when u is within a small range. As u increases, the price or-
bits undergo a sequence of inverse period-doubling bifurca-
tion and return to the Nash equilibrium point when u = 0.762,
which indicates that the system has gotten out of the chaos re-
gion. The corresponding LLE diagram is presented as shown
in Fig. 18(b). Figure 19 describes the time series of chan-
nel prices associated with different values of u. One can see
that the channel prices’ orbits bifurcate into a period-2 cycle
when u = 0.75, and gradually converge to the Nash equilib-
rium point at u = 0.77, which demonstrates that the chain
members’ strategies return to the Nash equilibrium point once
again.
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6. Conclusions, managerial insights, and future
research directions

6.1. Conclusions

In this study, we propose a dual-channel green supply
chain that takes into account consumer environmental aware-
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ness, the governmental green subsidy and cap-and-trade poli-
cies. The single-period Stackelberg and multi-period Stack-
elberg game models are established with consistent and in-
consistent price strategy respectively. The optimal equilibrium
solution is derived by means of backward induction approach
for the single-period Stackelberg game models. Furthermore,
the single-period Stackelberg game models are extended to the
multi-period Stackelberg game models with gradient adjust-
ment mechanism. Moreover, the existence and local stability
of the equilibrium points are examined, and the chain mem-
bers’ long-run strategies and its complex dynamics are inves-
tigated by numerical simulation and chaos theory. The results
reveal that in the single-period Stackelberg game model, the
government’s green subsidy is benefit to improving the chain
members’ performance while the high carbon trading price is
disadvantage to the chain members. Meanwhile, the excessive
high adjustment speeds of channel prices and emission reduc-
tion rate, green subsidy degree and carbon trading price have
a destabilizing effect on the system’s stability. As a result,
the more complex behaviors take place, including different
types of bifurcations and chaos. The manufacturer achieves
his highest profit when the system stays in the stability region
of the Nash equilibrium point, while the retailer can benefit
from the period-doubling bifurcations, and both chain mem-
bers’ performance is declined as the system behaviors chaotic.
In addition, the variable feedback control and delay feedback
control method can remove the system chaos effectively when
the value of the control parameter is chosen properly.

6.2. Managerial insights

(i) In practice, many governments share with the manu-
facturers’ emission reduction cost to stimulate them to makes
more efforts in emission reduction. Although the govern-
ment’s green subsidies are conducive to reducing carbon emis-
sions, however, when the green subsidy degree is excessive
high, the supply chain system is more easily loses it stability.
Therefore, when the government enacts the green subsidy pol-
icy, it is necessary to implement a suitable green subsidy level
according to different types of industries, which is advantage
to make a trade-off between the emission abatement reduction
and the stability of the supply chain system.

(ii) Cap-and-trade regulation has a great impact on the
chain members’ optimal equilibrium solution and perfor-
mance, especially the carbon trading price can exert a signif-
icant influence on complex dynamics of the chain members’

long-term strategy. Due to the relatively high carbon trading
price is disadvantage to the system’s stability, the government
should take some measures to adjust it in a proper range to pre-
vent the supply chain system from entering the period cycles
and chaotic motions. Doing this can entail the chain members
to charge more chance to implement a better long-run dynamic
strategy.

(iii) As the game leader, the bounded rational manufac-
turer’s adjustment strategy has a substantial impact on the dy-
namical evolution of pricing and emission reduction decisions
in dual-channel supply chain. The overfast adjustment speed is
detrimental to the system’s stability and performance of chain
members, which requires the manufacturer to control his ad-
justment speed in an appropriate range, so as to the manufac-
turer’s adjustment strategy in each game period more reason-
able, otherwise, the profits of chain members will be declined
when the system behaviors periodic and chaotic.

6.3. Future research directions

Our study has some limitations and can be further studied
from the following aspects: First, our work does not consider
the uncertain factors of dual-channel supply chain, such as de-
mand uncertainty, supply uncertainty, and so on, and consider-
ing these uncertain factors can make research closer to reality;
Second, the behavioral preferences of chain members have a
great impact on their decision-making, such as risk aversion
and fairness concern behaviors, etc. Hence, it is necessary to
study the game models by integrating abovementioned prefer-
ence behaviors; Third, investigating the short-term and long-
term decisions of the dual-channel supply chain game models
under different government green subsidies and carbon quota
allocation modes would be an interesting topic.

Appendix A: Derivation of the optimal solu-
tion of the single-period Stackelberg game model
with consistent pricing strategy

We first compute the first-order condition of πc
r with re-

spect to pc, that is, ∂πc
r

∂ pc =−2bpc + bwc + aφ + ecβr, and the

corresponding second-order condition is ∂ 2πc
r

∂ (pc)2 =−2b < 0,
which indicates πc

r is concave at pc. Hence, the retailer’s best
response function can be easily calculated as pc = bwc+aφ+ecβr

2b .
Plugging pc into the manufacturer’s profit function πc

m, and
seek the first-order partial derivatives of πc

m with respect to wc

and ec respectively, which is given by


∂πc

m

∂wc =
1
2
(a+b(2c+2e0h−3wc−2ec(h+λ ))−aφ + ecβm),

∂πc
m

∂ec =
1
2b

(−2b(eck+(h+λ )(bwc +a(φ −1)))+F1),
(A1)
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F1 = βr(a−2aφ − ec
βr)+βm(b(wc+4e(h+λ )−2c−2e0h)+aφ+2ec

βr).

Furthermore, the second-order partial derivatives of πc
m with respect to wc and ec can be computed respectively, and the

Hessian matrix of πc
m is expressed as

Hc
m=

 −3b
2

1
2
(βm−2b(h+λ ))

1
2
(βm−2b(h+λ ))

2βm(2b(h+λ )+βr)−2bk−β 2
r

2b

 . (A2)

By observing the above matrix, it is obvious that the first-order principal minor of Hc
m1 is negative, and the second-order

principal minor of Hc
m is calculated as

Hc
m2=

1
4
(2b(3k−2b(h+λ )2)−βm(8b(h+λ )+βm)−6βmβr +3β

2
r ). (A3)

To guarantee πc
m is jointly concave at wc and ec simultaneously, the second-order principal minor H2

m should be larger than

zero, it is requires that k >
4b2(h+λ )2 +β 2

m−3β 2
r +βm(8b(h+λ )+6βr)

6b
. Then, the optimal solution of the manufacturer

is derived by imposing ∂πc
m/∂wc = ∂πc

m/∂ec= 0. By substituting wc and ec into pc, the retailer’s optimal retailing price is
realized. Thus far, the optimal equilibrium solution of the single-period Stackelberg game model with consistent pricing strategy
is achieved

wc∗ = [−2b(2b(c+ e0h)k+a(2b(h+λ )2− k)(φ −1))+(2b(c+ e0h)−aφ)β 2
m−2ab(h+λ )(2φ −1)βr

+(a(φ −1)−2b(c+ e0h))β 2
r +βm(2b(a+2b(c+ e0h))(h+λ )+(a+4b(c+ e0h))βr)]

×[b(2b(2b(h+λ )2−3k)+β
2
m−3β

2
r +βm(8b(h+λ )+6βr))]

−1,

ec∗ = [(4b(h+λ )(b(c+ e0h)+a(φ −1))− (a−4b(c+ e0h)+2aφ)βm +3a(2φ −1)βr)]

×[2b(2b(h+λ )2−3k)+β
2
m−3β

2
r +βm(8b(h+λ )+6βr)]

−1,

pc∗ = [(b(2ab(h+λ )2−2bk(c+ e0h)−ak(1+2φ)+(h+λ )(a+2b(c+ e0h)+4aφ)βm +(c+ e0h)β 2
m)

+(b(2b(c+ e0h)−a)(h+λ )+2(2b(c+ e0h)+aφ)βm)βr +(2a(φ −1)−b(c+ e0h))β 2
r )]

×[b(2b(2b(h+λ )2−3k)+β
2
m−3β

2
r +βm(8b(h+λ )+6βr))]

−1

Appendix B
Seeking the optimal solution of the single-period Stackelberg game model with an inconsistent pricing strategy.

We first take the first-order condition of πr with respect to pr, i.e.,
∂πr

∂ pr
= aφ +b2 pm+b1(w−2pr)+βre, and the correspond-

ing second-order condition is computed as
∂ 2πr

∂ (pr)
2=−2b1 < 0, which indicates that πr is concave at pr. Then, the retailer’s best

response function can be easily computed as pr =
aφ +wb1 +b2 pm + eβr

2b1
. Next, substituting pr into the manufacturer’s profit

function πm, and taking the first-order condition of πm with respect to w, pm, and e respectively, then we have

∂πm

∂w
=

1
2
(aφ +(c+ e0h−2w− e(h+λ ))b1 +b2(e(h+λ )+2pm− c− e0h)+ eβr),

∂πm

∂ pm
= a−aφ − 1

2
(c+ e0h−2w− e(h+λ ))b2 +b1(c+ e0h− e(h+λ )−2pm)

+eβm +
b2(aφ +b2(e(h+λ )+2pm− c− e0h)+ eβr)

2b1
,

∂πm

∂e
=

1
2
((h+λ )b2(w+ pm)−2ek−a(h+λ )(φ −2)− (h+λ )b1(w+2pm)+2(2e(h+λ )+ pm− c− e0h)βm

+(w+2e(h+λ )− c− e0h)βr +
b2((h+λ )(aφ +b2 pm)+(2e(h+λ )+ pm− c− e0h)βr)

b1
).

To check the concave of πm with respect to w, pm, e, the second-order and mixed second-order partial derivatives associated
with πm are calculated, and the Hession matrix of πm with inconsistent pricing strategy can be expressed as
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Hm=


−b1 b2 F10

b2 −2b1 +
b2

2
b1

F11

F10 F11 (h+λ )(2βm +
(

1+
b2

b1

)
βr)− k

 .
(B1)

By observing the above matrix, it is obvious that the first-
order principal minor of Hm1 is negative, i.e., Hm1 =−b1 < 0,
and the second-order principal minor Hm2 = 2b2

1− 2b2
2 > 0,

and the third-order principal minor of Hm is

Hm3 = F11(F11b1 +F10b2)+F10

(
2F10b1 +F11b2−

F10b2
2

b1

)
+2(b2

1−b2
2)((h+λ )

(
2βm +(1+

b2

b1
)βr−)

)
,

where

F10 =
1
2
((h+λ )b2 +βr− (h+λ )b1),

F11 =
1
2

(
(h+λ )b2 +2βm +

b2((h+λ )b2 +βr)

b1

−2(h+λ )b1

)
.

To guarantee πm is strictly concave in w, pm, and e simul-
taneously, |Hm3| should be larger than zero, then we have
k > F12+F13

4(b3
1−b1b2

2)
, where

F12 = 3(h+λ )2b4
1+2b1b2((h+λ )b2−2βm)((h+λ )b2−βr)

−2(h+λ )b3
1((h+λ )b2−2βm−βr),

F13 = b2
2(βr− (h+λ )b2)

2

+b2
1(2β

2
m +2(h+λ )b2βr +β

2
r −4(h+λ )2b2

2).

In what follows, by imposing ∂πm/∂w = ∂πm/∂ pm =

∂πm/∂e= 0 simultaneously, we can obtain the optimal equi-
librium strategy of the manufacturer, in turn, putting w∗, p∗m,
and e∗ into the best response function of the retailer, then the
optimal retail price p∗r is realized. Thus far, the optimal solu-
tion of the single-period Stackelberg game model with incon-
sistent pricing strategy is derived. However, since the expres-
sions of the optimal equilibrium solution is very complex, we
omitted them here.
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