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Understanding skyrmion—skyrmion interactions and their dynamical effects is crucial for skyrmion-based applications.
In this article, we investigate the deformation of skyrmions induced by the inter-skyrmion interaction in both static and dy-
namic scenarios for a two-skyrmion system. In the static case under a pinning magnetic field, the inter-skyrmion interaction
energy decreases rapidly with increasing separation between the skyrmions, while their individual sizes grow. The semiaxis
ratio of the elliptical skyrmion exhibits non-monotonic behavior, owing to the competition between skyrmion—skyrmion in-
teractions and pinning effects. In dynamic simulations after removing the external pinning field, the two skyrmions spiral
away from each other with increasing separation. Following a rapid relaxation period after magnetic field withdrawal,
their semiaxis ratio typically increases with distance and the skyrmions gradually approach a perfect circular shape. These
findings provide valuable insights into the behavior and interactions of two-skyrmion systems.
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1. Introduction

Magnetic skyrmions have attracted considerable atten-
tion since their first experimental observation in 2009.!!]
These nanoscale spin textures with noncollinear magnetic
order, show great promise for next-generation spintronic
applications,>! particularly in data storage,>~’! owing to
the following remarkable advantages. First, the small size of
skyrmions enables high-density information storage.®! Sec-
ond, their topological stability ensures robustness against per-
turbations, making them ideal for preserving data integrity."!
Finally, they can be efficiently driven by electric cur-
rents or electromagnetic fields, allowing for low-power data
manipulation,[1%-11]

In the study of skyrmion dynamics, a single skyrmion is
often modeled as a rigid particle — an undeformed particle-
like entity that retains its magnetic structure during mo-
tion. This assumption simplifies the description of skyrmion
dynamics,!"?! and consequently, the skyrmion trajectory is
described by the classical Thiele equation.!'3! This frame-
work offers a phenomenological explanation for various phys-
ical phenomena, such as the skyrmion Hall effect, in which
the Magnus force — proportional to the skyrmion’s topo-
logical charge — drives transverse motion.['4-161 However,
growing evidence from experiments and micromagnetic sim-
ulations suggests skyrmions may deviate from rigid behav-

[17-20]

ior. Small currents or interactions with defects like

edges and impurities>'~>*! could induce significant deforma-
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tion for skyrmions. Such distortions introduce feedback in the
Thiele equation, profoundly altering skyrmion motion.?>-28]
The skyrmion’s flexibility also enables its application in reser-
voir computing!?’! and random number generation.**! Re-
cently, an improved Thiele equation incorporating deforma-
tion effects was developed, enabling precise modeling of a sin-
gle skyrmion. 3%

In multi-skyrmion systems, the interaction between any
two skyrmions has been empirically shown to be highly
sensitive to the separation distance d. When d drops be-
low a critical threshold, the interaction is attractive, caus-
ing the two skyrmions to merge into a single entity.3!-3]
This intriguing phenomenon is a fundamental characteristic
of multi-skyrmion systems and must be taken into account
in the design of devices.!*3! Conversely, when the separa-
tion distance exceeds this critical threshold, the interaction
becomes repulsive.**3> In this case, the skyrmions repel
each other, and the interaction potential decreases exponen-
tially as the distance between them increases.?!-36-38] This ex-
ponential decay reveals the short-range nature of skyrmion—
skyrmion interactions, thereby guaranteeing the stability of
multi-skyrmion system. Recent studies have further investi-
gated the influence of external factors such as temperature and
magnetic fields on skyrmion interactions.3*~*!1 These factors
can tune the balance between attractive and repulsive forces,
thereby influencing the dynamics of skyrmions.

To explore the dynamics of multi-skyrmion systems, a
straightforward approach is to generalize the Thiele equa-
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tion to describe the kinetics of multi-skyrmions. As a first
step towards this goal, it is necessary to characterize both the
skyrmion—skyrmion interaction and the resulting deformation
of skyrmions. In this article, we investigate the deformation of
skyrmions arising from their interactions, from both static and
dynamic perspectives. First, we analyze the static skyrmion
profile under external magnetic fields, which are used to pin
the skyrmions. We aim to elucidate how the inter-skyrmion
distance and external magnetic fields deform the skyrmion
profiles, which would further affect their dynamics and mutual
interactions. Second, we focus on the dynamic skyrmion pro-
file during the evolution of two interacting skyrmions. Here,
we characterize the repulsion-induced deformation and mo-
tion of the interacting skyrmions, providing a comprehensive
view of their dynamic behavior. Unlike previous studies focus-
ing on skyrmion deformation induced by external fields or de-
fects, our work specifically highlights the effects of skyrmion—
skyrmion interactions. We characterize the m; = 0 contour
using an ellipse, whose geometry is described by its semi-
axes and their ratio. This ratio exhibits a non-monotonic de-
pendence on skyrmion distance, resulting from the competi-
tion between inter-skyrmion interactions and pinning effects
in static systems. For dynamic systems, while the Thiele equa-
tion typically describes the kinetics of a single skyrmion un-
der external fields, our study reveals self-driving behaviors in
bi-skyrmion systems arising from inter-skyrmion interactions.
The size and the ratio of the semiaxes increase (after relax-
ation) during the spiral motion of the two skyrmions, which
is caused by their repulsive interaction. These insights into
skyrmion interactions and deformation should advance the de-
velopment of equations of motion for bi-skyrmion and multi-
skyrmion systems. The remainder of this article is structured
as follows: the model is presented in Section 2, the numerical
simulations and analysis are shown in Section 3, and a brief
conclusion is provided in Section 4.

2. System and model

We investigate a Néel-type skyrmion system in a thin film
(such as Pd/Fe/Ir, and Pt/Co) that exhibits the Dzyaloshinskii—
Moriya interaction (DMI).[”-15] The Hamiltonian, within the
framework of a continuous model, is given by the following
equation:

E— T// [AIVm[? + D(m.V -m —m.-Vim.)

—K(m;)* — MB(1—m;)] dxdy, (1)

where T denotes the material thickness and m represents the
unit vector of the magnetization field. The four terms in Eq. (1)
correspond to the Heisenberg interaction energy, the DMI en-
ergy, the magnetocrystalline anisotropy, and the Zeeman en-
ergy, respectively.[#?]

The dynamics of the local magnetization is governed by

the Landau-Lifshitz—Gilbert (LLG) equation
om = —Yem X Hegr + am X dym, 2)

where 7. is the gyromagnetic ratio and « is the Gilbert
damping parameter.
lize the Mumax3 package to solve the LLG equation.!
Analytically, for an isolated skyrmion case, one could em-
ploy polar coordinates to describe the magnetization m =
(sin® cos @, sin O sin D, cos @), where O and P are functions
of the polar coordinates (r, @) of the position in the real space.
When the skyrmion is situated at the center (the origin of the
coordinate system), the stable magnetic moment at a given po-
sition can be expressed as @ = @(r) and ®(¢) =vo +7. In
this context, v = %1 refers to a skyrmion and an antiskyrmion,
respectively. Moreover, ¥ = 0 or & corresponds to a Néel-
type skyrmion, while ¥ = +7/2 represents a Bloch-type of

In our numerical simulations, we uti-
43,44]

skyrmion. Taking v = 1 as an example, from the trial function

sinh(R/w)
O(r) =2arctan | ———— 3

(r) = 2arctan Linh(r/w) ’ )
one can determine the radius of the skyrmion (R) and the wall
width (w) of the skyrmion by minimizing the total energy
[Eq. (1)].14?1 The approximate result is

nDVA
R= VA . “)
V16AK? — 2D?K

Note that at the position r = R, one has ® = /2 and m, =
0. From the m, = 0 isohypse line contour, the isolated
skyrmion exhibits a circular morphology. However, when two
skyrmions approach each other, their profiles undergo signifi-
cant deformation, breaking the rotational symmetry character-

istic of isolated skyrmions.

3. Results
3.1. Two static skyrmion profiles

In ferromagnetic thin films with DMI, skyrmions and
skyrmion lattices can emerge and achieve stability under the
influence of suitably applied magnetic fields. Experimentally,
a microscopic magnetic tip, which generates a local out-of-
plane magnetic field, has been effectively utilized to catalyze
the nucleation of skyrmions.[*> To delve into the intricacies of
how skyrmion interactions affect the profiles of these magnetic
entities, we consider the two-magnetic-tip case. We model
the impact of these two tips as two uniform local out-of-plane
magnetic fields, each confined to a disk-shaped region. As
depicted in Fig. 1(a), the m, configuration represents the ini-
tial state prior to any relaxation processes. Within these two
disk regions, the uniform magnetic field is set as B = Be,
with B =5 T, and the magnet moments are polarized such that
m; = 1, which is in direct opposition to the magnetization in
the surrounding outer region. The diameter of the disks is de-
noted as /, while the distance separating the centers of the two
disks is represented by d.
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To observe the formation of the two skyrmions, we em-
ploy micromagnetic simulations. The material parameters are
set as follows. The film size is chosen to be 256 nm x 256 nm
x 0.5 nm. The system’s length and width are sufficiently large
to effectively mitigate boundary effects. The cell size is set at
0.5 nm x 0.5 nm x 0.5 nm, ensuring a fine resolution for the
simulation. The simulation uses a grid lattice of 512 x 512 x 1.
The Heisenberg exchange constant is A = 1.5 x 107! J/m, the
DMI constant is D = 3.5 x 1073 J/m2, the saturation magne-
tization is My = 5.8 x 10° A/m, and the easy-axis anisotropic
exchange coupling constant is K = K, — ,qusz /2 with K, =
0.8 x 106 J/m3.14%!

Leveraging the Mumax3 package, we numerically solve
the LLG equation.*>#%47 In our simulation, the Gilbert
damping parameter is set as o = 0.03. Previous research
has revealed a critical distance between two skyrmions. If
two skyrmions are closer than this threshold, they rapidly
merge into a single entity.[3132! This critical value depends

on the disk diameter and the magnetic field strength.'3°! When
the two regions are sufficiently separated, the resulting two
skyrmions are stable. After relaxation, the skyrmion config-
urations are shown in Fig. 1(b). These two skyrmions are
pinned by the external magnetic field from the tips.

We define the skyrmion centers as the local maxima of
the m, component. To numerically determine the skyrmion
centers with high precision, we implement the following pro-
cedure: First, we identify the two local maxima among the dis-
cretized grid points. Next, we perform quadratic fitting along
the x- and y-axes, respectively, to obtain refined center coor-
dinates. After determining the skyrmion centers 7| and 77,
we define the skyrmion separation distance as ds = || — 72|
Due to the repulsive interaction between the skyrmions, the
skyrmion centers are displaced from the centers of the mag-
netic field (the disk centers), resulting in dy > d. As illustrated
in Fig. 1(c), ds increases monotonically with d, and the two
values converge when d becomes sufficiently large.

1.0 :
B (o)
0.5 17
£ E 16
o ¢ £ 2
= & 15
—0.5 14
—-1.0 13
40 60 80 40 60 80
d (nm) ds (nm)
0.998 -
s\ (@D —1=10 nm 0.99t () -
=15
0.500 nm 0.98
j=] =
o ¢ L £ 0.97
= £
= 0.96
—0.500 =2 —1=10nm
0.95 =15 nm
—1.000 0 e
—-50 —25 O 25 50 40 60 30 40 60 80
= (nm) ds (nm) ds (nm)
Fig. 1. (a) In the disk regions, the magnetic fields are set as B =5 T, and the initial magnetization is set as m; = 1 in the disks and m; = —1 out of the

regions. d labels the distance between the two disk centers. (b) The magnetization distribution m, after relaxation. ds marks the distance between the
two peaks of the m, in the two skyrmions. (c) The skyrmion distance as a function of the disk distance. The dotted green line refers to the function
ds = d. (d) The skyrmion interaction energy as a function of the skyrmion distance. (e) The length of the semiaxis along the x direction, ry, as a function
of the skyrmion distance ds. (f) The ratio r/ry as a function of the skyrmion distance. (a)—~(b) The disk diameter is / = 10 nm. (c)—(f) The symbols
represent numerical simulation results for disk diameters of / = 10 nm and 15 nm, and the solid lines are the corresponding fitting lines.

Upon removal of the initial local magnetic fields B, the
two skyrmions exhibit mutual repulsion. We calculate the total
energy of the two-skyrmion system at the instant time when
the initial local magnetic fields are withdrawn. At this mo-
ment, the skyrmions maintain their original profiles while the
Zeeman energy (contributed by the coupling with the field B)
is excluded from consideration. The interaction energy be-
tween two skyrmions at absolute zero temperature is defined as
the energy difference relative to the system’s total energy when
the two skyrmions are infinitely separated. That is to say, when
the distance between skyrmions is very large (ds — o), there is
no interaction between them, and the increased energy as the

distance decreases is identified as the interaction energy.*’]

The resultant interaction energy is graphically represented in
Fig. 1(d), and it quantitatively aligns with the exponential re-
lationship E(d) o< exp(—ds/A).[31-36-391 The parameter 1/4,
which denotes the rate of this exponential decay, is influenced
by the disk diameter and the field strength B, as the initial local
magnetic fields can alter the skyrmion profiles.

The interaction between skyrmions induces deformation
of the skyrmion, which in turn alters the interaction. The final
skyrmion profile is obtained by minimizing the total energy in
the presence of the initial local magnetic fields. To examine
the deformation of the skyrmion, we analyze the isohypse line
where m, = 0. In the case of an isolated skyrmion, this iso-
hypse line forms a perfect circle, with the radius serving as an
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indicator of the skyrmion size. However, when two skyrmions
are present, the isohypse line m, = 0 for each skyrmion takes
on an elliptical shape. We denote the length of the semiaxis
along the x direction as ry. In Fig. 1(e), we plot the averaged
ry of the two skyrmions as a function of d;. It is clear that
the skyrmion size increases progressively with the distance
between them, eventually reaching a constant value when the
distance is substantially large. The disk diameter significantly
influences the maximum skyrmion radius. This asymptotic
value represents the size of an isolated skyrmion when a mag-
netic field is present within a disk. Note that in the absence the
magnetic field, an isolated skyrmion in the current parameter
set has a radius of R = 15.5 nm in the numerical simulation
[the approximated result is R = 12.35 nm based on Eq. (4)].
From the asymptotic values shown in Fig. 1(e), we conclude
that the presence of the magnetic field in the disk expands the
skyrmion.

In two-skyrmion systems, the length of the semiaxis
along the y direction (ry) no longer matches that along the x
direction (r,). The ratio ry/ ry as a function of ds is shown
in Fig. 1(f). These ratios approach 1 when d; is extremely
large, indicating a return to a perfect circular shape. As the
distance ds decreases from infinity, the ratio r,/ ry diminishes
due to stronger skyrmion repulsion. However, when d reaches
a critical value, further decreases in ds unexpectedly cause
the ratio r,/ry to increase. This seemingly contradictory phe-
nomenon arises from the pinning effect of the magnetic field.
In such case, the deviation between the skyrmion center and
disk center increases, causing the local magnetic fields to exert
a dragging force on the skyrmion. This force counteracts the
inter-skyrmion repulsion, stretching the skyrmion along the x-
direction and thus increasing the ratio.

70

3.2. Bi-skyrmion motion

We now examine the deformation of skyrmions during
dynamical evolution in a two-skyrmion system. When exter-
nal magnetic fields are removed, the two skyrmions become
free and evolve into quasi-particles. The distance between
them increases progressively due to their repulsive interaction.
Owing to their topological nature, the skyrmions do not sim-
ply move apart in a straight line but instead follow helicoidal
trajectories around each other.

To track the trajectory of the skyrmions, we identify the
two local maximum points of m_, using the method described
in the previous subsection. The relative position vector be-
tween the two skyrmion centers is given by © =r| —r; =
ds(cos 0,sin 0), where ds = |r| is the distance between the
skyrmions and 6 is the polar angle of ». In Figs. 2(a) and
2(b), we present ds and 0 as functions of time ¢ during the dy-
namical evolution for different sets of parameters, including
material thickness 7= 0.4 nm and 7 = 0.5 nm, disk distance
d =25 nm and d = 35 nm, and magnetic field strength B=5T
and B = 2.5 T. The distance d; increases with time, but the rate
of increase decelerates because the interaction between the
skyrmions weakens with increasing separation. Meanwhile,
the monotonic decrease in 0 serves as evidence of the spiral
motion of the two skyrmions, with their rotation rate also di-
minishing over time. To illustrate this spiral motion, we plot
the trajectory of = in Fig. 2(c). The chirality of the spiral
motion is determined by the skyrmion’s topology (the wind-
ing number), which depends on the relative orientation of the
skyrmion’s central magnetization compared to the surround-
ing magnetization. Note that the distance between skyrmions
almost grows linearly with the polar angle, as clearly depicted
in Fig. 2(d).

90°

(a) (c) 15 ()
60 14
0 g
5 3
£ 50 . =
5 - T=0.5,d=25 B=5 &1
+T=0.5,d=35, B=5 1 &
40 ~T=0.4,d=25 B=5 :
.T=0.4,d=25 B=2.5
0 10 20 30 40
t (ns) 270°
or b 70
(b) (d)
—1r 60
S g .
S 3% £
3 o,
&«
—3m
40f
— A + B
0 10 20 30 40 0 -5 —10 0.94 0 10 20 30 40
t (ns) 0 t (ns)

Fig. 2. (a) Skyrmion distance ds and (b) relative azimuth angle 6 as a function of time ¢ in the dynamical evolution. (c) The trajectory of the
relative position r = r| — 1, between the two skyrmions. The time interval for the two neighboring points is 0.04 ns. (d) Skyrmion distance d
as a function of relative azimuth angle 6 in the dynamical evolution. (e) The skyrmion semiaxis lengths as functions of time ¢ in the dynamical
evolution. (f) The ratio rp,/ry as a function of time 7. In these simulations, the initial skyrmions are created using the magnetic tips with disk
radius / = 10 nm. Panels (a)—(f) use a common legend shown in panel (a). The units in the legend are nm (nanometers) for thickness 7" and

distance d, and Tesla for the magnetic field B.
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To characterize the profile of the skyrmions during their
dynamical evolution, we define two unit vectors as shown in
Fig. 3(b): m;(¢t) = r/|r| and ny(¢), where n is parallel to r
and n, is perpendicular to nn;. One of the two skyrmions stays
in the region of R; = {R|R-n; > 0 and m; > 0}, where R
represents the position of the magnets, while the other one is
in the region of R, = {R|R-n; < 0 and m; > 0}. Next, we
calculate the projections V, = R-ny and V| = R-n for all
R in each region. For each skyrmion, the semiaxis along n
is defined as

rp = (max{V; }g, —min{V; }x,) /2, ®)
and the semiaxis along n; is defined as
ry = (max{V»} g, —min{V2}%,) /2, (6)

respectively, where i = 1, 2. Given the presence of two
skyrmions, in Fig. 2(e), we plot the averaged r, of the two
skyrmions as functions of time ¢. It is evident that imme-
diately after the removal of the local magnetic field in the
disks, the shape of the skyrmion oscillates severely, which is
significantly different from the elliptical shape before about
0.2 ns. The semiaxes defined above, r,, as well as ry, expe-
rience a short-time chaos (with a large oscillation) and then
gradually grow over time. The observed chaos in the semi-
axis lengths, lasting approximately 0.2 ns, is related to the re-
laxation dynamics of the skyrmions. By comparing the chaos
period to the relaxation time for initial preparation of the two-
skyrmion system, we confirm that they are of the same order
of magnitude. After a sufficiently long period of evolution,
the two skyrmion reach a stable size (the isolated skyrmion
size). Moreover, as shown in Fig. 2(f), the ratio r, /ry, af-
ter relaxation, gradually increases towards 1, indicating that
the skyrmions approach a circular profile. However, there are
notable noises here, which are attributed to the inherent preci-
sion limitations to identifying the boundary of the skyrmions
(m; = 0) in the discrete lattices. Another reason is that the
axes of the ellipse do not exactly coincide with the | and n,
directions.

In the dynamic simulations, we choose two different
thicknesses. Increasing the material thickness enhances the
system’s energy (see Eq. (1)), thereby strengthening the
skyrmion repulsion. However, it does not qualitatively al-
ter the results as shown in Fig. 2. Decreasing the magnetic
field strength weakens the pinning effect, leading to increased
deviation of dy with respect to d. Consequently, the initial
skyrmion separation increases, similar to the effect of increas-
ing the disk distance d, as shown in Fig. 2(a). These adjust-
ments modify the two-skyrmion system’s initial state, includ-
ing both separation distance and skyrmion shape. However,
after relaxation, the evolution of axes and their ratio remain

qualitatively consistent. The initial rapid changes in size and
shape, followed by a gradual stabilization, highlight the com-
plex interplay between the internal magnetic structure of the
skyrmions and the interaction between skyrmions.

In Fig. 3, we also plot the skyrmion profile at several dis-
tinct moments in time to provide a visual representation of
these dynamic changes, offering a glimpse into the skyrmion
deformation.

iy (2)

20
g
s 0 m
=
_90 0.998
—40 0.500
40 0
2 —0.500
E
g2 0 ~1.000
=

—20

—40

—=50 0
2 (nm)

50—50 0

z (nm)

50

Fig. 3. The real-space distribution of the z-component magnetic moment,
m, in the dynamic evolution process when (a) t = 0 ns, (b) = 0.24 ns,

Z

(c) t =0.44 ns, and (d) r = 0.64 ns. The skyrmions rotate clockwise.

4. Conclusion

We have studied the static characteristics and uncon-
strained dynamic behavior in two-skyrmion systems. For the
static case, magnetic tips are used to create two skyrmions.
We analyze the relationship between inter-skyrmion interac-
tion energy, the semiaxis of the skyrmions, and the ratios of
these semiaxis with respect to the skyrmion distance. The in-
teraction energy quickly decreases with the distance, demon-
strating the short-ranged nature of the interaction. In contrast,
the size of the skyrmion grows due to the weakening of the
inter-skyrmion interaction. However, the ratio of the semiaxis
shows a non-monotonic behavior, which arises from the com-
petition between the skyrmion—skyrmion interaction and the
pinning effect from the local magnetic field. For dynamics,
we simulate the evolution of skyrmions without external con-
straints. The two skyrmions move in a 2D spiral trajectory
with increasing distance. For larger distances, the velocity is
smaller. Typically, the ratio of the semiaxis increases with the
distance. However, at the beginning of the withdrawal of the
magnetic field, the skyrmion shape changes with a significant
oscillation during the relaxation.

In summary, this study clarifies the relationship be-
tween skyrmion distance and interaction energy, and explores
their impact on skyrmion shape in both static cases and dy-

namic processes. It would provide a means to investigate

077502-5
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how skyrmion deformation affects skyrmion motion in multi-

skyrmion systems, going beyond the rigid-shape assumption

used in Thiele’s equation.
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