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The phenomenon that a clock at a higher gravitational potential ticks faster than one at a lower potential, also known as
gravitational redshift, is one of the classical tests of Einstein’s theory of general relativity. Owing to their ultra-high accuracy
and stability, state-of-the-art optical lattice clocks have enabled resolving the gravitational redshift with a millimeter-scale
height difference. Further reducing the vertical inter-clock separation down to the sub-millimeter level and especially
shortening the required measurement time may be achieved by employing spin squeezing. Here, we theoretically investigate
the spin-squeezing-enhanced differential frequency comparison between two optical clocks within a lattice-trapped cloud
of 171Yb atoms. The numerical results illustrate that for a sample of 104 atoms, the atomic-collision-limited resolution of
the vertical separation between two clocks can reach 0.48 mm, corresponding to a fractional gravitational redshift at the
10−20 level. In addition, the required averaging time may be reduced to less than one hundredth of that of conventional
clocks with independent atoms. Our work opens a door to the future spin-squeezing-enhanced test of general relativity.

Keywords: optical lattice clock, quantum projection noise, spin squeezing, gravitational redshift
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1. Introduction
Einstein’s theory of general relativity predicts that a clock

(frequency ν2) at a higher gravitational potential (height z2)
ticks faster than one (frequency ν1) at a lower potential (height
z1),

δνgrs

ν1
=

ν2−ν1

ν1
=

g
c2 (z2− z1)

= (1.09×10−16 m−1)× (z2− z1), (1)

with the acceleration of gravity at the surface of Earth g
and the speed of light c. This is known as gravitational
redshift and was first observed on gamma rays in ground
experiments in the 1960s.[1–3] Later, redshift measurements
were performed through the frequency comparison between
spaceborne and ground hydrogen masers with height differ-
ences of ten thousand kilometers.[4–6] Recently, more pre-
cise ground tests with height differences less than one kilo-
meter have been performed on state-of-the-art optical lattice
clocks (OLCs),[7–9] whose accuracy and stability have sur-

passed those of microwave counterparts by more than two or-
ders of magnitude.[10]

We restrict ourselves to the detection of the gravitational
redshift using OLCs whose systematic uncertainty limits the
resolution, i.e., the minimum resolvable height difference be-
tween two clocks. The main sources of uncertainty of OLCs
arise from lattice-induced light shifts, black-body radiation
(BBR) shifts, and collisional (density) frequency shifts of
clock-transition lines. Careful measurement of the electric-
quadrupole and magnetic-dipole polarizabilities and the hy-
perpolarizability in atoms that are under interrogation allows
for suppressing the uncertainty of light shifts down to the
10−19 level.[11,12] The fractional uncertainty of BBR shift can
be controlled at the 10−18 level by utilizing in situ monitoring
the ambient temperature[10] or directly placing OLCs in cryo-
genic environments.[13] Engineering the interactions between
spin–orbit-coupled atoms potentially eliminates the density
shift.[14] These advances have enabled resolving the gravita-
tional redshift for millimeter-scale difference in height[15] and
also constrained the violation from Einstein’s theory of gen-
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eral relativity down to the 10−5 level, the best constraint on
the gravitational redshift on the ground.[9]

The stability of OLCs determines the statistical uncer-
tainty of the clock comparison, which limits the required sam-
pling time τ for resolving a tiny frequency shift. The main
noise source degrading the clock stability is the so-called Dick
effect, which originates from the aliasing of laser frequency
noise due to the non-continuous interrogation of atoms.[16]

Nevertheless, measuring the absolute frequency of a clock is
unnecessary in some practical applications. Thus, employing
the differential frequency comparison, where two (sub-)en-
sembles of atoms are quasi-simultaneously interrogated by a
clock laser, can effectively reject the laser noise, leading to a
QPN (quantum projection noise)-limited stability[17]

σy(τ) =
∆φ

2πνTdark

√
Tcyc

τ
, (2)

with the phase uncertainty of Ramsey spectroscopy ∆φ , the
Ramsey dark time Tdark, and the clock cycle duration Tcyc.
Additionally, instead of the relatively short atom–light co-
herence time, the clock interrogation time in the differential
frequency comparison is primarily determined by the atom–
atom coherence time, which can be up to tens of seconds for
atoms trapped in a shallow lattice.[15] The enhanced duty cy-
cle is particularly beneficial for achieving a stability at the
10−18/

√
τ level, that is, suppressing the statistical uncertainty

to the 10−21 level after about one hundred hours of averaging.
Conventional OLCs employ N independent (uncorre-

lated) atoms. Within each clock cycle, the light pulse from
the local oscillator (clock laser) brings the ensemble into a co-
herent spin state (CSS) and the phase difference between the
clock laser and the reference transition in atoms is read out
through the projection measurement (i.e., projecting all atoms
from the CSS into one clock state). In the absence of tech-
nical noise sources, the phase sensitivity (i.e., minimum re-
solvable phase difference) in Eq. (2) is limited by the QPN,
(∆φ)CSS = N−0.5.[18,19] A large atom number (for example,
N ∼ 105 in Ref. [15]) is essential to substantially suppress
the QPN, which, however, inevitably enhances the system-
atic uncertainty related to the atomic density. It has been rec-
ognized that the QPN limit may be overcome by preparing
atoms in spin-squeezed states (SSSs),[20] resulting in a phase
uncertainty (∆φ)SSS = N−χ with χ > 0.5. Indeed, the funda-
mental bound on the measurement precision is imposed by the
Heisenberg limit with χ = 1.

For a given statistical uncertainty, the spin-squeezing-
induced metrological gain leads to a reduction of the averag-
ing time τ by a factor of N(2χ−1). In theory, unconditional
spin squeezing in the one-axis twisting (OAT) model yields
χ ∼ 5/6,[21,22] according to which the measurement preci-
sion at the 10−21 level in Ref. [15] is potentially achieved

within τ = 3 minutes, corresponding to N(2χ−1) = 2000. A re-
cent proof-of-principle experiment has achieved the OAT-spin-
squeezed 171Yb OLC with the ultra-narrow optical 6s2 1S0–
6s6p 3P0 clock transition (wavelength of 579 nm and fre-
quency of 518 THz).[23] The 6s2 1S0–6s6p 3P1 transition
(wavelength of 556 nm) in 171Yb is coupled to an optical cav-
ity so as to provide the cavity-mediated coherent feedback,
creating unconditional spin squeezing.[24] The reported metro-
logical gain reached 5.7 dB over the QPN.[23] More recently,
conditional spin squeezing has been performed on the state-of-
the-art 87Sr OLC with the 5s2 1S0–5s5p 3P0 clock transition
(wavelength of 698 nm and frequency of 429 THz) by means
of cavity quantum electrodynamics (cavity QED).[25,26] Spin
ensembles experienced successive quantum non-demolition
measurements and conditional spin squeezing was created for
the joint measurement of the collective spin population inver-
sion. The measurement precision of the differential frequency
comparison of two clocks reached 7.3× 10−17 at 300 s of
averaging.[25,26]

In this paper, we numerically explore resolving the grav-
itational redshift through the differential frequency compari-
son between two spin-squeezed optical clocks that are located
in one lattice-trapped atomic cloud. Under the assumption
that the two clocks experience the same environmental con-
ditions such as lattice-induced light shifts and ambient tem-
perature fluctuations, the atom–atom collisions primarily dis-
turb the clock comparison measurement. For a typical atom
number of 104, the resolution of the fractional gravitational
redshift is found to be 5.2× 10−20, corresponding to a sub-
millimeter (0.48 mm) height difference between two clocks.
Further, compared to the QPN-limited clock comparison, the
required averaging time for sufficiently suppressing the statis-
tical uncertainty is shortened by a factor of ∼ 102 using spin
squeezing. This study prefigures the necessary correction for
gravitational perturbations in the future ultra-low uncertainty
clock operation.

2. Results
2.1. Physical model

For the differential frequency comparison of two clocks
within one atomic cloud, the clocks experience the same light
shift noise and ambient temperature fluctuations. Our aim is
to figure out the minimum cloud size for resolving the gravi-
tational redshift in the presence of atom–atom collisions.

Let us focus on a general scheme of differential frequency
comparison as shown in Fig. 1. N Fermi atoms are trapped in
a one-dimensional optical lattice that is formed inside an opti-
cal cavity (lattice cavity). The optical lattice is oriented along
the z axis (opposite to the gravitational acceleration g). Each
atom is modeled as a spin-1/2 particle composed of upper |↑〉

054208-2



Chin. Phys. B 34, 054208 (2025)

and lower |↓〉 states with an energy difference hν (h is Planck’s
constant). The optical lattice is operated at a magic wavelength
λmag for the clock |↓〉–|↑〉 transition. The motional state pop-
ulated by an atom is labeled by the vector 𝑚 = (mx,my,m),
where the radial index mu=x,y = 0,1,2, . . . corresponds to the
harmonic oscillator φmu(u) in the u axis and m = 0,±1,±2, . . .
denotes the Wannier–Stark state Wm(z) localized on the mth
lattice site.[27,28] The law of conservation of atom number re-
quires ∑𝑚 1 = N. In practice, the number of lattice-trapped
atoms N varies each time when a new atomic cloud is pre-
pared. For an average atom number N̄ ∼ 103, the standard
deviation σN of N can be controlled to the level of 1% in
experiments.[17]

z > 0

z ≤ 

Counts

lz

g

Dzeff

Optical
lattice

Atom

Clock 2

Clock 1

…

3

2

1

m=0

-1

-2

-3
...

Fig. 1. Differential frequency comparison between two optical clocks
within an ensemble of atoms. The lattice-trapped atoms present a Gaus-
sian distribution along the gravity direction (acceleration of gravity g).
The full width at half maximum of the atomic cloud along the lattice axis
is lz. Clock 1 (2) contains the atoms on the lattice sites with the indices
m≤ 0 (m > 0).

In the z axis, the atomic cloud follows a Gaussian density
distribution with a full width at half maximum (FWHM) lz.
The average number of atoms on the mth lattice site is evalu-
ated to be

n̄m = ∑
𝑚′ & m′=m

1 =
N
√

ln2
(lz/λmag)

√
π

e−(mλmag
√

ln2/lz)
2
. (3)

Here, we have assumed that the atoms are maximally localized
on the m = 0 site. Following the idea of synchronous Ram-
sey spectroscopy,[15,29] we divide the atomic cloud into two
groups: clock 1 composed of atoms with m ≤ 0 and clock 2
with m > 0. Since the atoms on the m = 0 lattice site are in-
cluded in clock 1, the average number of atoms in clock 1
slightly exceeds that of clock 2. The gravitational redshift
δνgrs is derived from the differential frequency comparison

between the two clocks. The average value of δνgrs is com-
puted to be

δνgrs

ν
=

2g
c2

∞

∑
m=1

nm

N
mλmag

2

=
g
c2

lz√
4π ln2

= (3.70×10−17 m−1)× lz. (4)

It is seen that the atoms on the m = 0 lattice site do not con-
tribute to δνgrs. In practice, the number of atoms on the
mth lattice site fluctuates around n̄m, leading to a deviation
σ(δνgrs) of δνgrs. Comparing Eq. (4) with Eq. (1), one obtains
the effective height difference between the effective centers of
mass of two clocks

∆zeff ≈ 0.34× lz, (5)

which reaches 1 mm when lz = 2.9 mm.

2.2. Atom–atom collisions

We assume that two clocks situated in the same optical
lattice are exposed to the same environmental conditions. The
differential clock comparison rejects technical noise such as
lattice-induced light shifts and ambient temperature fluctua-
tions. The remaining major source of noise originates from
the atom–atom collisions.

To formulate interatomic interactions, we define the spin
operator associated with the atom labeled by 𝑚 as 𝑠̂𝑚 =

∑u=x,y,z ŝu
𝑚𝑒u with three components ŝx

𝑚 = [(|↑〉〈↓|)𝑚 +

(|↓〉〈↑|)𝑚]/2, ŝy
𝑚 = i[(|↓〉〈↑|)𝑚 − (|↑〉〈↓|)𝑚]/2, and ŝz

𝑚 =

[(|↑〉〈↑|)𝑚− (|↓〉〈↓|)𝑚]/2. Adding spin operators of individ-
ual atoms in clock i = 1,2 yields the total spin 𝑆̂ = ∑𝑚 𝑠̂𝑚
of clock i. Under the condition of initially preparing all atoms
in |↓〉, i.e., the spin-polarized ensemble, the Hilbert space of
clock i may be spanned by the maximally symmetric Dicke
states {|S,M〉 ,M = −S,(−S+ 1), . . . ,(S− 1),S} with the to-
tal angular momentum S = Ni/2 and the projection M. Here,
Ni denotes the number of atoms in clock i. The all-spin-
down (all-spin-up) state is given by |S,−S〉 = Π𝑚 ⊗ |↓〉𝑚
(|S,S〉= Π𝑚⊗|↑〉𝑚).

Following the many-body spin model in Ref. [14], the
atom–atom interactions including s- and p-wave scattering in
clock i = 1,2 are governed by the operator

V̂ = ∑𝑚6=𝑚′
[
κ𝑚𝑚′ 𝑠̂𝑚 · 𝑠̂𝑚′ +χ𝑚𝑚′ ŝ

z
𝑚ŝz

𝑚′

+γ𝑚𝑚′
(
ŝz
𝑚+ ŝz

𝑚′
)]
, (6)

with κ𝑚𝑚′ = B(↑↓)
𝑚𝑚′ − A𝑚𝑚′ , χ𝑚𝑚′ = B(↑↑)

𝑚𝑚′ + B(↓↓)
𝑚𝑚′ −

2B(↑↓)
𝑚𝑚′ , and 2γ𝑚𝑚′ = B(↑↑)

𝑚𝑚′ − B(↓↓)
𝑚𝑚′ . The s- and

p-wave interaction strengths are respectively derived
as A𝑚𝑚′ = (2ha/ma)ξmxm′x ξmym′y ρmm′ and B(αβ )

𝑚𝑚′ =

(3h2b3
αβ

/8πma)(ξmxm′x ηmym′y + ηmxm′x ξmym′y)ρmm′ with the s-
wave scattering length a, the p-wave scattering volumes b3

αβ
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(α,β =↑,↓), the mass of atom ma, the overlap integrals be-
tween transverse spatial modes of atoms

ξmum′u =
∫
|φmu(u)φm′u(u)|

2 du, (7a)

ηmum′u =
∫
|φmu(u)∂uφm′u(u)−φm′u(u)∂uφmu(u)|2 du, (7b)

with u= x,y, and the overlap integrals between Wannier–Stark
states

ρmm′ =
∫
|Wm(z)Wm′(z)|2 dz. (8)

Each 𝑚 state in the summation of Eq. (6) is populated by one
atom. Since each clock cycle starts with the spin-polarized en-
semble, the Fermi–Dirac statistics forbids s-wave interactions
between atoms on different lattice sites. As a result, the on-
site p-wave interactions with m = m′ dominate the collisional
shifts.

We employ Ramsey spectroscopy to measure the fre-
quency shift of clock i = 1,2. The atom–atom collisions
mainly occur within the dark period (duration Tdark), during
which the state of atoms evolves according to

ih
2π

d
dt

ψ(t) = V̂ ψ(t). (9)

Solving the above Schrödinger equation needs the following
transition matrix elements:

〈S,M′|(ŝx
𝑚± i ŝy

𝑚) |S,M〉

=

√
(S±M+1)(S∓M)

2S
δM′,M±1, (10a)

〈S,M′| ŝz
𝑚 |S,M〉=

M
2S

δM′,M, (10b)

on the basis of Dicke states. The interaction operator V̂ intro-
duces an extra phase shift to each |S,M〉 after the free evolution
time and all these phases eventually lead to a collisional shift
in the Ramsey measurement.

2.3. Spin squeezing

In the Ramsey measurement, the clock phase is usually
read out by projecting all atoms into, for example, |↑〉. The
QPN primarily limits the detection sensitivity for independent
atoms. It has been demonstrated that the QPN limit can be
overcome using spin squeezing.[23,25,26] The enhanced clock
stability strongly shortens the minimum averaging time that is
necessary for resolving a tiny frequency shift. In order to max-
imize the spin-squeezing-induced metrological gain in the dif-
ferential clock comparison, the atoms in individual clocks in
Fig. 1 are prepared in SSSs while the two clocks are uncorre-
lated with each other.[30] In the specific implementation of spin
squeezing, the atomic cloud is situated inside an extra optical
cavity that intersects the optical lattice. This perpendicular

cavity is driven by a squeezing laser to provide coherent quan-
tum feedback, consequently suppressing the quantum fluctua-
tions of atoms.[24] Addressing two independent spin-squeezed
clocks can be carried out by means of the moving optical lat-
tice as experimentally demonstrated in Ref. [25]. Detuning
one lattice beam transports two sub-ensembles (clocks) into
and out of the perpendicular cavity successively, creating spin
squeezing of individual clocks.

Here, we utilize the OAT model to implement spin
squeezing as shown in Fig. 2(a). The specific approach can
be summarized as follows: All spins in clock i = 1,2 are ini-
tially prepared in the spin-down state |S,−S〉. The first Ram-
sey π/2-pulse brings the sub-ensemble into

|CSS〉= e−iπ Ŝx/2 |S,−S〉= Π𝑚⊗ (|↓〉𝑚− i |↑〉𝑚)/
√

2. (11)

Then, the sub-ensemble evolves according to the OAT evolu-
tion operator, ÔOAT(α) = e−i(π+α)Ĵ2

z with an angle α . Subse-
quently, the rotation operation around the y-axis is performed,
ÔR(β ) = e−i(π/2+β )Ĵy with an angle β , and the sub-ensemble
state arrives at

|SSS〉= ÔR(β )ÔOAT(α) |CSS〉 . (12)

Later, the atoms experience a dark period (duration Tdark), dur-
ing which the atom–atom interactions take the main effects
[see Eq. (6)]. After the second Ramsey π/2-pulse, one obtains

|ψ〉 ∝ e−iπ Ŝx/2 e−i2πV̂ Tdark/h |SSS〉 . (13)

Performing the projection measurement on |ψ〉 gives the frac-
tional excitation

p = 1/2+ 〈ψ| Ŝz |ψ〉/N, (14)

and the clock phase reads φ = p− 1/2. The phase detection
sensitivity is given by

∆φ = ∆p/|∂φ p|, (15)

with the measurement deviation

∆p =

√
〈ψ| Ŝ2

z |ψ〉−〈ψ| Ŝz |ψ〉2/N.

In the absence of atom–atom interactions (V̂ = 0), the
phase uncertainty of clocks with independent atoms (ÔR =

ÔOAT = Î with the unit operator Î) corresponds to the QPN
limit, (∆φ)CSS = N−0.5. By contrast, the phase uncertainty
of spin-squeezed clocks can be lower than that of CSS, i.e.,
(∆φ)SSS,0/(∆φ)CSS < 1 (Fig. 2(b)). Here, the subscript “0”
denotes the absence of interatomic interactions V̂ = 0. We nu-
merically determine the optimal angles (α,β ) that minimize
(∆φ)SSS,0 and find the scaling α ∝ N−0.642 and β ∝ N−0.358

(Fig. 2(c)), resulting in the ratio (∆φ)SSS,0/(∆φ)CSS ∝ N−0.356

(Fig. 2(d)). Our numerical results are close to the analytical
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solutions α ∝ N−2/3, β ∝ N−1/3, and (∆φ)SSS,0/(∆φ)CSS ∼
N−1/3 derived in Refs. [21,22] in the limit of N → ∞. The
SSS of N = 5000 atoms gives (∆φ)SSS,0/(∆φ)CSS = 0.062,
which corresponds to a sensitivity enhancement decibel value
of 12 dB. Nevertheless, as we will see below, the presence of
atom–atom interactions (V̂ 6= 0) introduces extra phases to the
SSS [see Eq. (13)], leading to a degradation of spin squeezing
(∆φ)SSS > (∆φ)SSS,0.

CSS

  OAT
e-i(π+α)Sz

S↪↩S>

SSS

Rotation
 e-iπSx/2
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y

(a)

(c)

(d)

β ∝N-0.358

α ∝N-0.642

∝N-0.356
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   squeezing 

N=5000
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2.4. Shallow-lattice ytterbium clocks

We restrict ourselves to 171Yb OLCs since OAT spin
squeezing has been recently demonstrated on the |↓〉 =
6s2 1S0(F = 1/2,MF = −1/2) − |↑〉 = 6s6p 3P0(F =

1/2,MF = −1/2) clock transition (ν = 518 THz and λmag =

759 nm) in neutral ytterbium.[23] Here, F denotes the total
angular momentum and MF corresponds to the z-projection.
In the conventional clock operation, the lattice depth U
reaches up to hundreds of the photon recoil energy Erec =

h2/2maλ 2
mag = 97.2 nK. The enhanced Raman scattering of

lattice photons by atoms shortens the lifetime of |↑〉 to less
than 1 s,[31,32] although the natural linewidth of the clock tran-
sition approximates 10 mHz.[33] Operating the clock in a shal-
low lattice may extend the lifetime of |↑〉 over 10 s.[34,35]

In what follows, we choose U = 10Erec (i.e., shallow op-
tical lattice), assume the Ramsey dark time Tdark = 1 s, and
neglect the effects of the lattice photon scattering on the clock
operation. On each lattice site, the atoms are prepared in
the lowest Wannier–Stark state of the axial motion. The os-
cillation frequency of the radial motion of atoms is evalu-
ated as νr = (2πw)−1

√
4U/ma = 22 Hz with the lattice beam

waist w = 100 µm. In the shallow optical lattice, the radial
atomic temperature Tr should be reduced accordingly. Other-
wise, the atoms cannot be effectively trapped. Here, we as-
sume Tr = 200 nK, which is experimentally feasible under the
current experimental conditions.[14,36,37] The resultant average
occupation of vibrational states reaches kBTr/hνr = 190 with
the Boltzmann constant kB.

The s- and p-wave scattering lengths for ultracold colli-
sions in fermionic ytterbium are measured to be a = −25a0,
b↑↓ = −74a0, b3

↑↑ = 0.1b3
↑↓, and b↓↓ ≈ 0 with the Bohr radius

a0.[38] Additionally, it has been experimentally verified that
p-wave interactions between on-site atoms predominate colli-
sional frequency shifts in ytterbium lattice clocks. In contrast,
the s-wave scattering may be ruled out even in the presence of
large excitation inhomogeneity. Thus, here we only take into
account collisions between atoms on the same lattice site.

Besides atom–atom collisions, various technical defects
may also affect the resolution of the gravitational redshift de-
tection. The temperature gradient varies the BBR shift across
the atomic sample. According to the recent experiment,[15]

this BBR shift inhomogeneity is negligible across a 1-mm
sample at room temperature and the relevant uncertainty can
be bound to the 10−21 level. Although two clocks (sub-
ensembles) are located in the same optical lattice, the lattice
beam inhomogeneity can cause the light shift gradient across
the atomic sample, which is estimated to be at the 10−21 mm−1

level. In addition, the magnetic field gradient induced by
nearby magnetic materials introduces the inhomogeneous Zee-
man shift across the atomic sample. The first-order Zeeman
shifts can be canceled by averaging the frequency between the
two 6s 1S0(F = 1/2,MF = ±1/2)− 6p 3P0(F = 1/2,MF =

±1/2) clock transitions. The in-situ frequency imaging of
lattice-trapped sample[29] enables the measurement of the lo-
cal stray magnetic field across the entire sample and further
allows for the correction of the second-order Zeeman shifts.
According to recent experimental conditions,[15] the Zeeman
shift inhomogeneity across a 1-mm sample can be controlled
at the 10−19 level. Nevertheless, the frequency shifts caused
by technical defects are not the main focus of this work. These
technical defects may be addressed by future new techniques.

We perform the simulation of the clock operation as fol-
lows: (i) In each clock cycle, the number nm of atoms on
the mth lattice site is numerically generated following Eq. (3)
under the condition N = ∑m nm. (ii) The radial motional
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states φmx(x) and φmy(y) for atoms are created according to
the Fermi–Dirac distribution with the Fermi temperature TF =

100 nK.[14] (iii) The ensemble of atoms is divided into the
groups with m ≤ 0 (clock 1) and m > 0 (clock 2). For clock
i = 1,2, we perform the Ramsey measurement in the presence
of atom–atom collisions and derive the fractional population
pi of atoms in |↑〉. (iv) The differential frequency between the
two clocks is evaluated by

δν =
p2− p1

2πTdark
. (16)

More details on the numerical simulation can be found in Ap-
pendix A.
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Fig. 3. Simulation of differential frequency comparison between two
clocks within one atomic cloud. (a) Fractional frequency difference
(δν/ν) as a function of time t (in units of the clock cycle duration
Tcyc). The atomic cloud size is set to be lz = 1.4 mm. The his-
togram has a mean value δν = 0.03 mHz and a standard deviation
σ(δν) = 0.15 mHz. The average and deviation of the atom num-
ber are N̄ = 104 and σN = 102, respectively. The corresponding Al-
lan deviation σy(τ) is shown in panel (b), where τ denotes the sam-
pling time. Symbols: numerical results. Solid curve: curve fitting,
σy(τ) = 2.8× 10−19

√
Tcyc/τ . Dashed line: the corresponding QPN-

limited comparison, σ
QPN
y (τ) = 3.1× 10−18

√
Tcyc/τ in the absence of

atom–atom collisions V̂ = 0. (c) Dependence of (δν/ν) on lz with
(N̄ = 104,σN = 102) and (N̄ = 4000,σN = 40). Symbols: numerical re-
sults. Solid curve: average gravitational redshift (4). (d) Fractional devia-
tion σ(δν)/ν vs. lz with (N̄ = 104,σN = 102) and (N̄ = 4000,σN = 40).
The dashed lines denote the SSS-based uncertainty limit in the absence
of atom–atom collisions V̂ = 0. (e) Fractional deviation σ(δνgrs)/ν of
the gravitational redshift δνgrs as a function of N and lz. For all plots, the
Ramsey dark time is set to be Tdark = 1 s.

We simulate the clock operation over multiple cycles as
shown in Fig. 3(a). The average frequency difference δν of δν

includes the components of differential collisional shift δνcol

and gravitational redshift δνgrs. δν is always positive since
clock 1 contains more atoms than clock 2 and δνgrs > 0 [see

Eq. (4)]. We define the condition for resolving the gravita-
tional redshift as (δνgrs/δνcol) > 1. The standard deviation
σ(δν) of δν determines the differential frequency stability
σy(τ). The numerical simulation suggests that σy(τ) takes the
form (Fig. 3(b))

σy(τ) =
σ(δν)

ν

√
Tcyc

τ
, (17)

that is, the white phase noise dominates the synchronous com-
parison.

2.5. Resolution of gravitational redshift

We now study resolving the gravitational redshift in the
presence of atom–atom collisions. The number of lattice-
trapped atoms is chosen to be N̄ = 104. Thus, each clock con-
tains about N̄1,2 = 5000 atoms. Figure 3(c) shows the depen-
dence of the average differential frequency δν on the sample
size lz. It is seen that δν well matches the analytical gravita-
tional redshift (4), i.e., δν ≈ δνgrs, for a large lz, indicating
the substantial suppression of interatomic interactions. The
average on-site atom number may be estimated by n̄ = N̄/NL

with the number of lattice sites NL = 2lz/λmag over the sample
width lz. A large lz (i.e., an extended sample) may reduce n̄ to
less than unity and, as a result, the on-site collisions between
atoms hardly occur. Nonetheless, it should be noted that al-
though n̄ < 1, the number of atoms on a lattice site may be
higher than unity due to the inhomogeneous atomic distribu-
tion in the axial direction.

Reducing lz raises n̄, thereby enhancing the collisional
shift δνcol = δν−δνgrs > 0. As the sample width goes down
to lz ≈ 1.4 mm, which yields n̄ = 2.7, δν starts to deviate
from Eq. (4), denoting that the collisional shift exceeds the
gravitational redshift, δνcol/δνgrs > 1. Thus, the minimum
size of the atomic cloud for resolving the gravitational redshift
reaches min(lz)≈ 1.4 mm, corresponding to a fractional grav-
itational redshift of δνgrs/ν = 5.2× 10−20 and an effective
height difference ∆zeff = 0.48 mm between the two clocks.
Reducing the atom number N may reduce the minimum re-
solvable ∆zeff (Fig. 3(c)). However, as we will see below, a
smaller N leads to larger fluctuations of δν , thereby extending
the required averaging time for resolving ∆zeff.

The standard deviation σ(δν) measures the average
spread of the differential frequency δν in each clock cycle
around δν . A small σ(δν) is highly desired due to the
shortened measurement time. The numerical results show
that σ(δν)≈

√
2∆φSSS,0/(4πTdarkν) = 1.9×10−19 for a large

enough sample size lz, i.e., sufficiently suppressing atom–atom
collisions (Fig. 3(d)). That is, the fluctuations of δν primar-
ily originate from the projection noise that has been reduced
using spin squeezing. A smaller N raises ∆φSSS,0 and further
elevates σ(δν). Indeed, besides the projection noise in Ram-
sey measurement, two other factors also contribute to σ(δν).
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The density distribution of lattice-trapped atoms differs for dif-
ferent clock cycles, leading to the fluctuations of gravitational
redshift and collisional shift.

According to Eqs. (1) and (3), one may numerically com-
pute the deviation σ(δνgrs) of the measured differential grav-
itational shift δνgrs. The simulation results (Fig. 3(e)) illus-
trate: (i) σ(δνgrs) goes down as the atom number N is in-
creased and the corresponding scaling is derived as σ(δνgrs)∝

N−0.5. This can be roughly interpreted as follows: δνgrs

mainly results from the atom number difference δN = N2−N1

between the two clocks. For different clock cycles, δN
varies independently of each other, which may be viewed as
a Markov process (i.e., white Gaussian fluctuations). The
strength (variance) of fluctuations of δN is proportional to N,
resulting in the relative standard deviation σ(δN)/N ∝ N−0.5

and further σ(δνgrs) ∝ N−0.5. (ii) σ(δνgrs) goes up as the
cloud size lz is increased and the corresponding scaling is
given by σ(δνgrs) ∝ N. This is because the effective height
difference ∆zeff between the two clocks is proportional to lz.
Nonetheless, the numerical results presented in Fig. 3(e) in-
dicate that within the (N, lz) regime of interest in this work,
σ(δνgrs) is less than 10−20, well below the deviation σ(δν)

of the measured differential frequency δν . Thus, the contribu-
tion of σ(δνgrs) to σ(δν) is negligible.

As shown in Fig. 3(d), the deviation σ(δν) grows when
lz becomes shorter. This behavior results from the enhanced
degradation of spin squeezing. The increased average num-
ber n̄ leads to stronger collisions between on-site atoms. It
breaks the interatomic phase relation that is essential to spin
squeezing and, as a result, the phase uncertainty ∆φSSS (in
the presence of atom–atom collisions V̂ 6= 0) well exceeds
∆φSSS,0 (in the absence of atom–atom collisions V̂ = 0). For
the sample width lz = 1.4 mm, the deviation σ(δν) yields the
differential frequency stability σy(τ) = (2.8×10−19)

√
Tcyc/τ

(Fig. 3(b)). Thus, when the sampling time τ is longer than
one hundred times the clock cycle Tcyc, the statistical uncer-
tainty σy(τ) is well below the average fractional gravitational
redshift δνgrs/ν . For Tcyc of the order of 1 s, the gravita-
tional redshift on the sub-millimeter scale may be resolved
within hundreds of seconds of averaging. In contrast, the
synchronous measurement between two optical clocks with
independent atoms has a QPN-limited stability σ

QPN
y (τ) =

(3.1× 10−18)
√

Tcyc/τ when V̂ = 0 (Fig. 3(b)). For a given
measurement precision, the required averaging time τ can be
shortened by a factor of 120 using spin squeezing.

In the recent experiment,[15] 105 independent atoms
were employed to resolve the gravitational redshift across a
millimeter-scale atomic sample and the resultant stability of
the differential frequency comparison reached σy(τ) = 4.8×
10−18/

√
τ . The sufficient suppression of the statistical uncer-

tainty requires the measurement time to exceed 1 hour. By

contrast, in our work the total number of lattice-trapped atoms
is ten times smaller than that of Ref. [15] and the resolvable
height difference is less than half a millimeter within an aver-
aging time of hundreds of seconds, showing the advantages of
spin squeezing.

3. Discussion
We have numerically studied the spin-squeezing-

enhanced differential frequency comparison of two optical
clocks within one lattice-trapped cloud of atoms. The atom–
atom collisions limit the resolution of the gravitational redshift
to less than one half of a millimeter. The corresponding frac-
tional redshift reaches as low as 5.2× 10−20 with a statistical
uncertainty following σy(τ) = (2.8×10−19)/

√
τ when setting

the clock cycle time to be Tcyc ≈ 1 s. Further reducing the
resolvable height difference, especially to the microscale, is
highly desired since the nature of quantum effects will be man-
ifested. Exploring “how Einstein’s theory of relativity affects
the quantum behaviors of atoms” is helpful for unifying these
two seemingly incompatible theories, namely, the general rel-
ativity and quantum mechanics. Recently, relevant theoretical
studies have been launched to explore the mass-energy equiv-
alence effects of general relativity on quantum coherence and
entanglement through the comparison of OLCs.[39]

The differential frequency comparison can be also per-
formed between two independent optical clocks that are lo-
cated in separate lattices as shown in Fig. 4(a). Let us first
evaluate the fractional collisional shift of one clock. When
the height difference between the two clocks is set to be zero
∆z = 0 (i.e., zero differential gravitational shift) and clock 1
is assumed to be an ideal clock with a fractional excitation
p1 = 0.5 (i.e., zero collisional shift), the differential frequency
δν equals the collisional shift of clock 2. Figures 4(b) and 4(c)
illustrate that for an atomic cloud size exceeding 1 mm, the
fractional collisional shift of the clock transition can be lower
than 10−20 and the statistical uncertainty is at the low 10−19

level, similar to that of the differential frequency compari-
son of two clocks (sub-ensembles) within one atomic cloud.
Nonetheless, the environmental noise perturbs two clocks in-
dependently and cannot be rejected in the differential fre-
quency comparison. The major noise source arises from the
lattice-induced light shift of the clock transition[11,40,41]

hδνLS(u,δL) = (1/2)(δL∂ν α̃
E1− α̃

qm)u1/2

−(δL∂ν α̃
E1 +3β̃/4)u+ β̃u3/2− β̃u2, (18)

where u = U/Erec, δL denotes the detuning of the lat-
tice laser with respect to the magic wavelength λmag, and
∂ν α̃E1/h = 25.74 µHz/MHz, α̃qm/h = −1027 µHz, and
β̃/h = −1.194 µHz respectively correspond to the frequency
derivative of the differential electric dipole (E1) polarizability,
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the differential multipolar polarizability, and the differential
hyperpolarizability between |↑〉 and |↓〉. Here, we have as-
sumed that all atoms are in the lowest Wannier–Stark state on
each lattice site. Substituting u = 10, one finds δL = 1.3 MHz
for the zero light shift δνLS = 0. Controlling the lattice-
intensity variation within 10% and narrowing the lattice laser
linewidth to 50 kHz can suppress the fractional uncertainty
of δνLS to 1.7× 10−19. The other noise source is the BBR
shift δνBBR = −(1.25 Hz)(T/300 K)4, where T is the am-
bient temperature and we have omitted the small dynamic
contribution.[42] Placing the clocks into the cryogenic envi-
ronment at T = 77 K reduces the fractional BBR shift to
1.7× 10−18. The fractional uncertainty of δνBBR may be
controlled at the 10−20 level by suppressing the temperature
variation down to less than 0.1 K. In addition, the Zeeman
shifts of clock transitions also affect the clock comparison.
During the clock operation, the first-order Zeeman shift is
cancelled through averaging the frequencies of clock transi-
tions with opposite spin states. The second-order Zeeman
shift that arises from the bias magnetic field is evaluated by
b2B2 with b2 = −6.10 MHz·T−2.[8] For a typical bias of
B= 0.5 G, the second-order Zeeman shift for 171Yb clock tran-
sition is−15 mHz and the uncertainty can be controlled below
0.5 mHz.[8] The fractional uncertainty of Zeeman shifts is at
the 10−19 level. All these systematic uncertainties limit the
resolution of the fractional gravitational redshift to the 10−18

level, corresponding to a centimeter-scale difference in height.
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Fig. 4. (a) Differential frequency comparison of two optical clocks that
are situated in independent lattices. (b) Average differential frequency δν

between the two clocks. Here, the height difference is set to be ∆z = 0
and clock 1 is assumed to be an ideal clock with p1 = 0.5 (i.e., zero colli-
sional shift). In this case, δν equals to the collisional shift of clock 2. The
corresponding deviation σ(δν) is shown in panel (c). Two clocks have
the same average and deviation of the atom number, N̄ = 5000 (2000) and
σN = 50 (20). The Ramsey dark time is set to be Tdark = 1 s.

Spin-squeezed lattice clocks have been recently demon-
strated in experiments.[23,25] The total phase uncertainty in-
duced by the environmental noise (including lattice-induced

light shifts, BBR shifts, and Zeeman shifts) is estimated to be
at the 0.1-mrad level for a Ramsey dark period of 1 s. Such a
low phase uncertainty hardly affects the degree of spin squeez-
ing. However, in Ref. [23] the Ramsey dark period was limited
to 0.17 ms, much shorter than atom–laser and atom–atom co-
herence times,[15] so as to optimize the degree of spin squeez-
ing. In Ref. [25], the state-of-the-art clock laser, whose co-
herence time exceeded 10 s, was employed and the Ramsey
dark time was only extended to 4 ms. The short dark period
strongly limits the phase resolution/sensitivity of the Ramsey
spectroscopy. The potential reason for such a short dark pe-
riod may be the leakage of the anti-squeezed variance into
the final spin-population measurement through the clock laser
noise.[43,44]

Appendix A: Simulation of synchronous compar-
ison

In each clock cycle, the number of lattice-trapped atoms
N is generated according to the normal distribution with the
mean N̄ and deviation σN . N random integers are then cre-
ated, where the probability of finding the integer m follows the
Gaussian function (3) that describes the axial distribution of
atoms. nm is used to denote the number of occurrences of m
in the integer array. That is, there are nm atoms localized on
the mth lattice site. In the radial direction, the atoms are dis-
tributed over different harmonic oscillators φmx(x) and φmy(y)
according to the Fermi–Dirac function

Fmx,my =
mx +my +1

e(mx+my+1)hνr/kBTr−TF/Tr +1
, (A1)

with the radial indices mx ≥ 0 and my ≥ 0 along the x- and y-
direction, respectively, the harmonic oscillation frequency νr,
the radial temperature Tr, and the Fermi temperature TF. nm

pairs of random integers (mx,my) are generated following the
probability (A1) under the condition that each pair is unique,
i.e., Pauli exclusion principle. As a result, each atom is labeled
by 𝑚= (mx,my,m).

For two clocks within one atomic cloud, the atoms with
m ≤ 0 (m > 0) belong to clock 1 (2). Two clocks are treated
separately. The Hilbert space for clock i = 1,2 is spanned by
the Dicke states {|S,M〉 ,M = −S, . . . ,S} with S = Ni/2. Ni

is the number of atoms in clock i and N1 +N2 = N. For ei-
ther clock, the SSS-based Ramsey measurement is computed
according to Eq. (13). The final state of clock i after the sec-
ond Ramsey pulse can be written in a superposition form,
ψ = ∑M cM |S,M〉. The probability of the projection mea-
surement result in M, i.e., (S + M) atoms in clock i are in
|↑〉, is given by fM = |cM|2. A certain (S+M) should be se-
lected as the Ramsey measurement result in a clock cycle. The
Monte Carlo method is summarized as follows. The elements
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in the array { f−S, f−S+1, . . . , fS−1, fS} are shuffled and a uni-
form random number ε in [0,1] is created. Then, ε is compared
to the first element fM̃ in the shuffled array. If ε < ( fM̃/ fmax),
the projection measurement result is (S+ M̃), leading to the
fractional population pi = (S+ M̃)/2S in clock i. Otherwise,
the procedure is repeated. Here, fmax denotes the maximum
element in the array. Finally, the fractional populations p1,2 of
two clocks are obtained and the differential frequency δν is
computed by Eq. (16).
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021804

[25] Robinson J M, Miklos M, Tso Y M, Kennedy C J, Bothwell T, Kedar
D, Thompso J K and Ye J 2024 Nat. Phys. 20 208

[26] Chen J and Yu D 2024 Sci. Bull. 69 1359
[27] Lemonde P and Wolf P 2005 Phys. Rev. A 72 033409
[28] Yu D 2012 Phys. Rev. A 85 032705
[29] Marti G E, Hutson R B, Goban A, Campbell S L, Poli N and Ye J 2018

Phys. Rev. Lett. 120 103201
[30] Yu D, Chen J and Zhang S 2023 Phys. Rev. A 107 043120
[31] Dörscher S, Schwarz R, Al-Masoudi A, Falke S, Sterr U and Lisdat C

2018 Phys. Rev. A 97 063419
[32] Wang C, Yao Y, Shi H, Yu H, Ma L and Jiang Y 2024 Chin. Phys. B 33

030601
[33] Porsev S G, Derevianko A and Fortson E N 2004 Phys. Rev. A 69

021403
[34] Hutson R B, Goban A, Marti G E, Sonderhouse L, Sanner C and Ye J

2019 Phys. Rev. Lett. 123 123401
[35] Yu D, Zhang J, Xia T, Zhang S, Shi T and Chen J 2024 Phys. Rev. A

110 013102
[36] Zhang X, Beloy K, Hassan Y S, McGrew W F, Chen C C, Siegel J L,

Grogan T and Ludlow A D 2022 Phys. Rev. Lett. 129 113202
[37] Siegel J L, McGrew W F, Hassan Y S, Chen C C, Beloy K, Grogan T,

Zhang X and Ludlow A D 2024 Phys. Rev. Lett. 132 133201
[38] Lemke N D, von Stecher J, Sherman J A, Rey A M, Oates C W and

Ludlow A D 2011 Phys. Rev. Lett. 107 103902
[39] Chu A, Martı́nez-Lahuerta V J, Miklos M, Kim K, Zoller P, Hammerer

K, Ye J and Rey A M 2025 Phys. Rev. Lett. 134 093201
[40] Ovsiannikov V D, Marmo S I, Palchikov V G and Katori H 2016 Phys.

Rev. A 93 043420
[41] Nemitz N A, Jørgensen A, Yanagimoto R, Bregolin F and Katori H

2019 Phys. Rev. A 99 033424
[42] Sherman J A, Lemke N D, Hinkley N, Pizzocaro M, Fox R W, Ludlow

A D and Oates C W 2012 Phys. Rev. Lett. 108 153002
[43] Braverman B, Kawasaki A and Vuletić V 2018 New J. Phys. 20 103019
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