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We theoretically investigate a one-dimensional Su—Schrieffer—Heeger (SSH) model with spin—orbit coupling (SOC)
and sublattice-dependent gain and loss. As the gain and loss increase, the system transitions from a parity-time (PT)
symmetric phase to a parity-time and anti-parity-time (PT&APT) symmetry-breaking phase, and finally to an anti-parity-
time (APT) symmetric phase. Notably, when the intracell and intercell hopping, intracell and intercell SOC parameters are
all equal to half the gain—loss parameter, the model exhibits a doubly degenerate exceptional point (EP). When the SOC
is equal for intracell and intercell interactions, a stronger hopping mechanism within cells compared to that between cells
results in an increase in SOC that transitions the Zak phase from zero to a non-quantized value, eventually arriving at one.
In contrast, a reduction in the strength of intracell hopping leads the Zak phase to transition from two to a non-quantized
value, eventually arriving at one. If the intracell and intercell SOC are not aligned, altering these couplings leads to a shift in
the Zak phase from two to a non-quantized level, then to one, re-entering the non-quantized region, and eventually arriving
at zero. We suggest a practical experimental setup for our model that can be implemented using electrical circuits.
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1. Introduction

Spin—orbit coupling (SOC) is a relativistic phenomenon
describing the interaction between an electron’s spin and its
orbital motion. In condensed matter physics, SOC signifi-
cantly influences electron behavior, serving as a cornerstone
in the understanding of both spin and topological phenom-
ena. In spin physics, SOC leads to various phenomena, includ-
ing the Dzyaloshinskii-Moriya (DM) interaction, !~/ the spin
Hall effect,*>! spin—orbit torque,®® and skyrmions.>!%! In
topological physics, SOC can induce band structure inversion,
facilitating transitions from topologically trivial to non-trivial
states.[!112] Additionally, SOC can lift band degeneracy, lead-
ing to the formation of degenerate nodal lines in certain en-
ergy bands, which give rise to Weyl semimetals.!!>!4] The
unique physical characteristics resulting from SOC have gar-
nered significant interest among researchers. However, ex-
perimentally achieving precise control over spin and SOC
in condensed matter systems remains challenging.!!>-11 Con-
sequently, there is a growing focus on simulating SOC-
related spin and topological phenomena in classical systems,
such as electrical circuits,'”-2?! optical,[>>-26! and acoustic
systems,>-2° which offer more manageable experimental
conditions.

TCorresponding author. E-mail: jianli@cqupt.edu.cn
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In the experimental simulation of condensed matter sys-
tems using classical analogs, the environments influence is of-
ten non-negligible. For instance, introducing gain and loss
shifts the system from a Hermitian Hamiltonian to a non-
Hermitian one. When the internal coupling balances these
gains and losses, the system exhibits parity-time (PT) symme-
try, resulting in a pseudo-Hermitian Hamiltonian that main-
tains real eigenvalues.3%>1 Once PT symmetry is broken,
the energy spectrum transitions from real to complex con-
jugate pairs, and the point of transition — known as the
exceptional point (EP) — is where eigenvalues and eigen-
states coalesce.!3®#? This exceptional behavior near the EP
makes PT-symmetric systems promising for quantum pre-

(43441 quantum sensing,*! and pre-

cision measurements,
threshold lasing applications. *®47] Moreover, careful manipu-
lation of the system’s gain and loss can also reveal anti-parity-
time (APT) symmetry.[*8-39 This symmetry displays similar
exceptional behavior to the corresponding EPs,>!! and shows

(52,531 Compared

potential in energy transfer and amplification.
to PT symmetry, APT symmetry imposes less stringent condi-
tions for dynamic balance, offering advantages for quantum
computing and information processing applications.>*!

The Su—Schrieffer—Heeger (SSH) model is a widely stud-

© 2025 Chinese Physical Society and IOP Publishing Ltd. All rights, including for text and data mining, Al training, and similar technologies, are reserved.

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

070301-1


https://doi.org/10.1088/1674-1056/adc7f3
https://cstr.cn/32038.14.CPB.adc7f3
mailto:jianli@cqupt.edu.cn
mailto:zhujj@cqupt.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn

Chin. Phys. B 34, 070301 (2025)

ied theoretical framework for one-dimensional two-band lat-
tice systems. It is often used to investigate topological phe-
nomena and related effects in condensed matter physics.>>8!
A defining feature of the SSH model is its alternating hop-
This
chiral coupling strongly influences the system’s topological

ping amplitudes between neighboring lattice sites.

characteristics.>*-%3! By introducing gain and loss at specific
lattice sites, one can observe phase transitions tied to both
PT symmetry[+-%71 and APT symmetry.[®3-701 These gain and
loss elements not only affect PT- and APT-symmetric phase
transitions, but also impact topological phase transitions. For
example, non-quantized Zak phases have been reported when
PT symmetry is broken.!”!] The incorporation of SOC into
the non-Hermitian SSH model reveals additional rich phenom-
ena. For instance, the interaction between non-reciprocal hop-
ping and SOC can lead t0 both reciprocal and bipolar non-
Hermitian skin effects.!”?! Furthermore, spin-dependent gain
and loss, when coupled with SOC, alter the PT symmetry of
the system. (73] As gain and loss increase, the topological phase
can degrade into a trivial phase. However, the complex in-
terplay between sublattice-dependent gain and loss and SOC
within the non-Hermitian SSH model remains an open avenue
of exploration. Such studies could provide deeper insights into
systems exhibiting both PT and APT symmetries.

This paper examines the combined effects of sublattice-
dependent gain and loss and SOC on the system’s properties.
We find that increasing the gain and loss induces a transition
from a PT-symmetric phase to a PT&APT symmetry-breaking
phase, and eventually to an APT-symmetric phase. Notably,
under the condition v =w = A = /2, the system exhibits a
doubly degenerate EP. When the SOC satisfies A = A, = 4,,,
if the intracell hopping exceeds the intercell hopping, increas-
ing A drives the Zak phase from Z = 0 into a non-quantized
region and subsequently to Z = 1. Conversely, if the intracell
hopping is smaller than the intercell hopping, the Zak phase
transitions from Z = 2 into a non-quantized region and then
to Z =1 as A increases. In contrast, when A, # A,,, setting
A=1+d0and A, =1-—
from Z = 2 to a non-quantized regime, then to Z = 1, subse-

0, increasing & drives the Zak phase

quently re-entering the non-quantized regime, and finally tran-
sitioning to Z = 0. Finally, we map the Hamiltonian matrix of
the model to the Laplacian matrix of an electrical circuit sys-
tem, providing a new perspective for experimental simulation
and theoretical analysis.

2. Model and method

This study introduces sublattice-dependent gain and loss
combined with SOC to explore their interplay in the SSH
model. The one-dimensional non-Hermitian SSH model with
SOC is shown in Fig. 1, and the corresponding Hamiltonian is

given by

M=

N-1
H =

Z(chaccibﬁ +h'c + Z Z Wczbc (i+1)ac +h.c. )
c c

1 i=1

N
+Z Z()LV zTaoCtbG’ +h.c.)
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N—1 :
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where N denotes the number of unit cells. ¢jq¢ and C; o Tepre-
sent the annihilation and creation operators, respectively, for a
particle with spin ¢ (¢ =7,/ ) on sublattice & (@ = a,b) of the
i-th unit cell. The intracell and intercell hoppings are denoted
by v and w, respectively, while the intracell and intercell SOC

hoppings are represented by A, and A,,, respectively.

Fig. 1. A schematic diagram of the SOC SSH model with sublattice-
dependent gain and loss. The two sublattices (a and b) are distinguished
by blue and red colors, representing sublattices a and b, respectively. The
imaginary potentials —iy and iy denote the gain and loss, respectively.
Spin-up and spin-down states are indicated by upward and downward ar-
rows. The light green and dark green solid lines represent the intracell
hopping v and intercell hopping w, respectively. The magenta and purple
solid lines correspond to the intracell-SOC hopping A, and the intercell-
SOC hopping A,,, respectively.

For this model under periodic boundary conditions
(PBCs), we can add the term Hpgc = Zg(wcz,boclgg +h.ec)—
ZGG/(QLWCX,MC]M/ +h.c.) to Eq. (1). Applying the Fourier
transform cjq5 = %):k Cras ©*¥", we obtain the Hamiltonian
in momentum space as

—iy 0 v+we Kk A, — A, e ik
_ 0 —iy Ay —Age h ypweik
| ov+wet A, —A,eif iy 0 ’
A — A ek ypwelk 0 iy

@

here, k is the Bloch wave vector. By diagonalizing the Hamil-
tonian, the energy band structure of the system is obtained as

Eia= /(A2 + (B2)? +2(A1) B+ ) cosk— 7,
Er 4= —Ej3, 3)

where Ax = (v A,), By = (wF A,), and the corresponding
wave function is

ik( : ik( : T
_ | Fe 2 (Fir+E13) Fe il?’+513
Vig = i% R % L1 )

e ZA+eZB_ e_7A++CTB,
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ik ik ’ ik ik

ik ik T

te 7 (LiytEaa) Fe 2 (Liy+Era)

lV3,4: 7_171 . (4)
e 2A_+e2By e 2A_+4e?2B.

In this model, time-reversal symmetry (TRS) is defined
as T H*(k)T' = H(—k), and particle-hole symmetry (PHS)
is defined as C_HT(k)C_' = —H(—k). The conjugate of
TRS, denoted as TRS', is given by 7_H* (k)T ! = —H(—k),
while the conjugate of PHS, denoted as PHS', is defined
as CLH"(k)C;' = H(—k). In our model, both TRST and
PHS' symmetries are satisfied. The corresponding symme-
try operators are C; = 0y ® 0y (with C2 = 1), T_ = 0, ® 0y
(with T_T* = 1). This classification places the system in the
BDI" symmetry class, which supports a Z-type topological
invariant.[”#! The corresponding Zak phase is defined as

1 .
z= Eglﬁrpn\akw% 5)

where |y,) and (@, | represent the right and left eigenstates of
the system, respectively. These eigenstates satisfy the relations
Hk|l//n> = En|an>v H12-|(Pn> = E;|(Pn>v and <(Pm‘llfn> =
On-

To compute the Zak phase numerically, we employ the

(751 The momentum space in the first

Wilson loop approach.
Brillouin zone, —7 < k < 7, is discretized into N segments,
approximating the Berry connection integral as a summa-
tion over these segments. For each interval [k; k1] (i =
1,2,...,N, with ky+1 = kp), the contribution 6; is given by
e 0 = (@i, | Wik, )» Where (Qui|Win,,,) Tepresents the
inner product between the left and right eigenstates of the m-
th band at momentum points k; and k; ;. The overall inte-
gral is then computed as a product of these contributions. As
shown in Eq. (3), due to the presence of two energy bands
below the band gap, the Berry connection is represented as a
matrix: Mlkl",’k"+1 = (oW, L1 €{1,2}, where [ and
I’ 1abel the two bands. By multiplying the N matrices MFiki+1,
we obtain the Wilson loop matrix W. Finally, the Zak phase,
which serves as a topological invariant, is determined from the

eigenvalues w; of W as Zak = ¥, 5 ilog(wy).

3. PT and APT phase transitions

The non-Hermitian Hamiltonian in this study possesses
a parity operator P = (0 ® 0,) and a time-reversal operator
T = (0p ® 0y) K, where Oy, are the Pauli matrices, oy is the
2 x 2 identity matrix, and k denotes the complex conjugation
operator (representing the time-reversal operation). Because
of PTH(PT)™! = H, the non-Hermitian Hamiltonian pos-
sesses PT symmetry. For the corresponding wave functions,
when Eq. (3) is entirely real, i.e., ||[v+A,| — [w — A,|| > ¥ and
[lv—A,| = [w=+ Ay > 7, the following holds: PTy12 = w2
and PTy34 = W3 4. At this point, the wave function simul-
taneously satisfies PT symmetry. However, when Eq. (3)

becomes complex, i.e., when ||[v+ A, —|w—A,] < y or
lv—A,| = |w+ A, || <7, the relations change to PT y » # Y12
and PTy3 4 # W3 4. In this case, the wave function no longer

satisfies PT symmetry. On the other hand, the combination of
chiral and time-reversal symmetries suggests another operator:
APT symmetry,[%%761 expressed as (6, ® 6p)7T. Similar to PT
symmetry, the Hamiltonian always satisfies the anticommuta-
tion relation with the APT operator: (APT)H(APT) ™! = —H.
For the wave function, when all terms in Eq. (3) are purely
imaginary, i.e., when |[v+4,|+ |w—A,| < y and |[v—A4,|+
|lw+ Ay| < 7, the following holds: (APT)yi, = —yi» and
(APT)yi3 4 = —y;3 4. At this point, the system possesses APT
symmetry. However, when Eq. (3) is not purely imaginary,
that is, if either [v+A,| + |w— A, | > yor [v— A, |+ |w+ Ay | >
7. the relations become (APT)y; 2 # —yq o and (APT)y3 4 #
—V3 4. In this case, the system does not possess APT symme-
try. If none of these conditions are satisfied, the system is in
the PT&APT symmetry-broken phase.

Subsequently, we numerically analyze the combined ef-
fects of ¥y and A on PT and APT symmetries. To simplify
the analysis, let A = A, = A,, and fix the parameters as v = 1
and w = 0.5 or 1.5. The corresponding phase diagrams are
shown in Figs. 2(a) and 2(b). The system is clearly divided
into three distinct regions, namely, the PT symmetric phase,
the PT and APT symmetry-broken phase, and the APT sym-
metric phase, consistent with the previous analysis. When
v+ 2]~ [w— 2] > yand [v— 4] — [+ Ay | > 7, the sys-
tem resides in the PT symmetric phase, with the energy spec-
trum shown in (al) and (bl). Under PBCs, the energy spec-
trum is entirely real, while under open boundary conditions
(OBCs), edge states emerge, confirming the bulk—boundary
correspondence. When neither [|v + A,| — [w — A,|| > 7 and
lv—4, — [w+ Ayl > ¥ nor v+ A,|+ |w—A4,| < y and
[v— A, + |w+ Ay| < 7 are satisfied, the system enters the PT
and APT symmetry-broken phase. In this phase, as shown
in (a2) and (b2), the energy spectrum becomes complex un-
der both PBCs and OBCs. When |[v+A,|+|w—4,,| < ¥ and
[v—A| + |w+ Ay| < 7, the system transitions into the APT
symmetric phase, where the energy spectrum is purely imag-
inary. Overall, when y = 0, the system remains in the PT
symmetry-protected phase, with A = LZW‘ marking the EP.
For 0 < y < v+ w, the system transitions from the EP into
the PT and APT symmetry-broken phase. When y > v+ w,
the system further transitions into the APT symmetric phase.
At this stage, regardless of variations in A, the system can-
not revert to the PT symmetry-protected phase. Based on
the band structure expression (3), the condition for a dou-
bly degenerate EP requires that, for all values of k, E; =
E; =0 and E3 = E4 = 0. This condition can be expressed
as (VEAL)2+(wFA)?+2(vEA)(WF A, cosk = 0 for all
k. Specifically, by tuning the relevant parameters, the scenario
depicted in Fig. 2(c) can be achieved, where point (cl) rep-
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resents the doubly degenerate EP. For simplification, setting
w = A or v = A, the condition for the EP line can be reduced
to [(v+2A)2—¥]=0and [(w+2)?— 7’ =0. When both
conditions are satisfied, the system reaches a doubly degener-
ate EP

When the system parameters satisfy Eq. (6), the two EP lines
intersect. At the intersection point of these two EP lines, all
energy eigenvalues are zero, as shown in Fig. 2(c1). However,
despite the zero energy eigenvalues, the corresponding wave
functions belong to two distinct states, resulting in the degen-

v=w=A1=17/2. (6)  eracy of the EP.
5 w=0.5 5 w=1.5
APT APT APT
4 4
3 PT&APT 3 PT&APT PT&APT
o 9 Broken - 9 Broken Broken
1 1
PT o (b1) PT PT
0 1 0O 2
A A
s A=0.5, w=0.5, y=0.2 s A=0.5, w=0.5y=1 s A=0.5, w=0.5, y=1.6
(a) +7B0 (a2) PR (a3) *Pao
~ 05 ~ o ! -
S . q 05 : § 05
\é’ ameccscocees . eso oo 0oscsem \é’ aseee 0o 0 o . © © coconmen \é/
= _05 ~ —05 i T 05
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—1.5 —0.5 0.5 1.5 —1.5 —0.5 0.5 1.5 —1.5 —0.5 0.5 1.5
Re(E) Re(E) Re(E)
A=05, w=1.5v=0.2 A=05 w=1.5vy=2 A=0.5, w=1.5 y=2.6
1.5 1.5 e 1.5 §
(bl) e OBC (b2) e OBC (b3) ¢ OBC
e PBC ® PBC e PBC
—~ 0.5 ~ 0.5 . —~ 0.5
LT:/ 5 600 000 00 SO 000 ° GO0 ®0 40 00 @ Eg/ TN eN ® 00 © ¢ ® 00 @ WO oouNND \mé/
— ° — : —
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Re(E) Re(E) Re(E)
9 y=2,v=1L,w=1,A=1 9
(c1)
B q
‘% 0 0 E/
-1 —1
_ —2
20 1 2 3 4 5 6

Fig. 2. Phase diagrams of PT and APT symmetries. (a), (b), and (c) correspond to the phase diagrams for intercell hopping w set to 0.5, 1.5, and
1, respectively. Here, y represents the imaginary potential associated with gain and loss, and A denotes the SOC. The three colored regions in the
phase diagrams indicate the PT symmetric phase, the PT and APT symmetry-broken phase, and the APT symmetric phase, respectively. (al)—
(a3) and (b1)—(b3) display the band structures at specific points in phase diagrams (a) and (b), respectively, where the horizontal axis represents
the real part of the energy, and the vertical axis represents the imaginary part. OBCs and PBCs are indicated by red and blue points, respectively.
(c1) shows the band structure corresponding to the doubly degenerate EP in phase diagram (c), where the blue curve represents the real energy
spectrum, and the red curve represents the imaginary energy spectrum. Other parameters are set to v = 1.

4. Topological phase

For the study of topological invariants, we fix v =1 and
choose w = 0.5 or w = 1.5, corresponding to the trivial and
non-trivial phases of the conventional SSH model, respec-
tively. To simplify the analysis, we first consider the case

where A = A, = A,,.

From Fig. 3(a), when the intracell hopping exceeds
the intercell hopping, if ¥ < —24 + |v — w|, the system is
in the Z = 0 region. The energy spectrum and probability
density are shown in Figs. 3(al) and 3(al-density), respec-
tively. Under PBCs, the energy spectrum is entirely real;
under OBCs, there are no edge states, indicating that the
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system is in the PT symmetric phase and is topologically
If 24+ |v—w| <y <2A—|v—w]|, the system
enters a non-quantized region where the Zak phase is not

trivial.

well-defined. Within this region, the topological invariants
can take values of Z = 1 (or 0) under certain parameter vari-
ations. Under PBCs, the energy spectrum becomes com-
plex, as shown in Figs. 3(a2) and 3(a2’); the correspond-
ing probability densities reveal the presence of nearly one

pair of edge states [see Fig. 3(a2’-density)] or their absence

w=0.5
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-
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0
0 0.2 0.4 0.6 0.8 1.0
A
1.5 A=0.1, w=0.5, y=0.2 15 A=0.25, w=0.5,y=0.2
(al) * OBC (a2) ©OBC
¢ PBC e PBC
EﬂJ 0.5 5 0.5 '
g g
—~ —0.5 — —0.5
—1.5 1 0 1 —1.5 =1 0 1
Re(E) Re(E)
0'5(1d - 0.5(2d -
al-densi az-densi
0.4 Y 0.4 v
0.3 0.3
0.2 0.2
0.1 0.1
0 () lopsslmpisorpen s AT
1.5 A=0.1, w=1.5,y=0.2 15 A=0.25, w=1.5,7=0.2
(b1) ¢ OBC (b2) e OBC
. ePBC | e PBC
m 0.5 m 0.5
~ L4 ~ -
g . g i~
= —0.5 = —0.5
S I — n —1.5— 5 :
Re(FE) Re(E)
0-5 bl-d 0.5 b2-d
1- it; 2- it;
0.4 ( ensity) 0.4 ( ensity)
0.3 0.3
0.2 0.2
0.1 ﬂ Hh 0.1
0 0

[see Fig. 3(a2-density)], depending on the parameters. If
Y > 2A — |[v— w]|, the system transitions to the Z = 1 region.
The energy spectrum and probability density are shown in
Figs. 3(a3) and 3(a3-density), respectively. Under PBCs,
the energy spectrum is entirely real; under OBCs, a set of
edge states emerges, indicating that the system is in the PT
symmetric phase and is topologically non-trivial. As shown
in Fig. 3(b), when the intracell hopping is smaller than the
intercell hopping, if ¥ < —2A4 + |v — w|, the system is in the
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Fig. 3. Zak phase diagrams varying with y and 4. (a) and (b) correspond to the Zak phase diagrams for intercell coupling w = 0.5 and w = 1.5,
respectively. The blue region represents the topologically trivial phase with topological invariant Z = 0, the green and yellow regions represent
the topologically non-trivial phases with topological invariants Z = 1 and Z = 2, respectively. (al)—(a3) and (b1)—(b3) correspond to the energy
at specific points in diagrams (a) and (b), where the red and blue dots represent OBCs and PBCs, respectively. (al-density)—(a3-density) and
(b1-density)—(b3-density) show the corresponding probability density distributions. The specific parameters are as follows: (al) y=0.2, A =0.1,
w=0.5;(@2)y=02,1=0.25w=05; (@) y=02,1=028 w=0.5; (@3) y=02,1 =07, w=05; (bl) y=02,A =0.1, w=1.5;
b2)y=02,2=025w=1.5;(b2)y=0.2,A =0.22,w = 1.5; (b3) y= 0.2, A = 0.7, w = 1.5. The other parameter is v = 1.
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Z =2 region. The energy spectrum and probability density are
shown in Figs. 3(bl) and 3(bl-density), respectively. Under
PBCs, the energy spectrum is entirely real; under OBCs, two
sets of edge states appear, and the system is in the PT symmet-
ric phase and is topologically non-trivial. If —2A4 + |v —w| <
Y < 24 — |v — w/|, the system enters a non-quantized region
where the Zak phase is not well-defined. Within this region,
the topological invariants can take values of Z = 1 (or 2) under
certain parameter variations. Under PBCs, the energy spec-
trum becomes complex, as shown in Figs. 3(b2) and 3(b2');
the corresponding probability densities show the presence of
one pair of edge states [see Fig. 3(b2’-density)] or nearly two
pairs of edge states [see Fig. 3(b2-density)], depending on the
parameters. If y > 2A — |v — w/|, the system transitions to the
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0
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Z =1 region. The energy spectrum and probability density
are shown in Figs. 3(b3) and 3(b3-density), respectively. Un-
der PBCs, the energy spectrum is entirely real; under OBCs, a
set of edge states emerges, indicating that the system is in the
PT symmetric phase and is topologically non-trivial. Compar-
ative analysis reveals that variations in 7y drive the system into
the non-quantized region —2A + v —w| <y <24 —|v—w|,
where the Zak phase becomes invalid.!”!! This occurs because
the system enters the PT symmetry-broken phase, and the real
part of the complex Berry phase is no longer strictly quantized
under PT symmetry protection. As A increases, the topologi-
cal number (Zak phase) transitions from Z = 0 or Z = 2 into

the non-quantized region and then changes to Z = 1.
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Fig. 4. Zak phase diagrams varying with 6 and y. (a) and (b) represent the Zak phase diagrams for intercell coupling w = 0.5 and w = 1.5,
respectively. (al)—(a5) and (b1)—(b3) show the energy band diagrams at selected points in the phase diagrams (a) and (b), OBCs and PBCs are
represented by red and blue points, respectively. (al-density)—(a5-density) and (bl-density)—(b3-density) show the corresponding probability
density distributions. Specifically, in (a), the parameters are ¥ = 0.2 with § = —1, —0.75, 0, 0.75, and 1, and w = 0.5. In (b), the parameters are
Y=0.8 with 6 = —1, 0, and 1, and w = 1.5. The other parameter is set as v = 1.
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For the case of A, # A, we set the intracell-SOC is
Ay = (1 4+ 6), and the intercell-SOC is A, = (1 —8). Ac-
cording to the analysis in Fig. 4(a), when the intracell hop-
ping exceeds the intercell hopping, the behavior of the en-
ergy spectrum and probability density depends on the value
of y. Specifically, when v < =20 — |[v+w
in the Z = 2 region. Under PBCs, the energy spectrum is

, the system is

entirely real, and under OBCs, two sets of edge states ap-
pear, indicating that the system is in the PT symmetric phase
and is topologically non-trivial, as shown in Figs. 4(al) and
4(al-density). When —26 — [v+w| < ¥ < 28 + |[v+w|, the
system is in the non-quantized region. The energy spectrum

under PBCs is complex, and one set of edge states appears
under OBCs, placing the system in the PT symmetry-broken
When
, the system is in the Z =1

phase, as shown in Figs. 4(a2) and 4(a2-density).
20+ |v+w <y< =28+ |v+w
region. The energy spectrum under PBCs is entirely real, and

one set of edge states appears under OBCs, indicating that
the system is in the PT symmetric phase and is topologically
non-trivial, as shown in Figs. 4(a3) and 4(a3-density). When
=28+ |v+w| <y<28—|v+w
the non-quantized region. The PBC energy spectrum is com-

, the system once again enters

plex, and no edge states appear under OBCs, placing the sys-
tem in the PT symmetry-broken phase, as shown in Figs. 4(a4)
and 4(a4-density). When y > 26 — |v+w/|, the system is in the
Z = 0 region. The PBC energy spectrum is entirely real, and
no edge states appear under OBCs, indicating that the system
is in the PT symmetric phase and is topologically trivial, as
shown in Figs. 4(a5) and 4(a5-density).

When the intracell hopping is less than the intercell hop-
ping, as shown in Fig. 4(b), when y < 26 + [v+ w/|, the system
is in the non-quantized region. The PBC energy spectrum is
complex, and one set of edge states appears under OBCs, plac-
ing the system in the PT symmetry-broken phase, as shown
in Figs. 4(bl) and 4(bl-density). When 286+ v+ w| < v <
—268 + [v+w|, the system is in the Z = 1 region. The PBC
energy spectrum is entirely real, and one set of edge states
appears under OBCs, indicating that the system is in the PT
symmetric phase and is topologically non-trivial, as shown in
Figs. 4(b2) and 4(b2-density). When y > —26 + [v+ w|, the
system re-enters the non-quantized region. The PBC energy

spectrum is complex, and one set of edge states appears under
OBCs, placing the system in the PT symmetry-broken phase,

U—joR 0

0 u—joR
J(w)=

Co+Cuelk € —Cy el

Cy, —C;Lweik CV—|—Cweik

as shown in Figs. 4(b3) and 4(b3-density).

By comparison, it is found that 7y drives the system into
the non-quantized regions within —26 — |[v+w| <y <28 +
[v+w|and =28 + |[v+w| < y <26 — |v+w|, where the Zak
phase becomes invalid. This is because the system enters the
PT symmetry-broken phase, and the real part of the complex
Berry phase is no longer strictly quantized under PT symme-
try protection. As & increases, the topological invariant transi-
tions from Z = 2 to the non-quantized region, then to Z = 1, re-
enters the non-quantized region, and finally approaches Z = 0.

S. Circuit simulation experiment scheme

The SSH model with SOC and sublattice-dependent gain
and loss can be simulated using a classical circuit model, as
shown in Fig. 5. Each lattice site is represented by an LC res-
onant circuit, where gain and loss are simulated by resistors R
and negative resistors, respectively. The hopping v and w, as
well as the SOC hopping A, and A,,, are represented by capac-
itors. To connect the circuit model with the system’s Hamil-
tonian, the following steps are taken. First, the admittance of
each component is determined. The admittance of a capacitor
is joC, the admittance of an inductor is 1/(j®L), and the ad-
mittance of a resistor is 1/R. Considering PBCs, a unit cell is
defined to contain four lattice sites in the order shown within
the box in Fig. 5. Next, by applying Kirchhoff’s current law,
equations for the four lattice sites are derived to describe the
relationship between the current and voltage at each site in the
circuit:

0— Vin

I; = W‘Hw Co(0—vin) +Cow(Vit2n—i — Vin)

+Co(Viy2n —Vin) +Cov(Vigsn —Vin)
0-— Vin
oR I’

+Clw(vi+3,n—l - Vi,n) + 7)

where i = 1,2,3,4 represents the four lattice sites within the
n-th unit cell. L denotes the inductor, R represents the resis-
tor, and Cy, C,, Cy, C;,, and C, are capacitors with differ-
ent values. The voltage at the i-th site in the n-th unit cell is
denoted by v;,, and @ is the angular frequency of the alter-
nating current. Based on the relationship between current, ad-
mittance, and voltage (I(w) = J(®)V (®)), we can connect
this to Eq. (7) and obtain the Laplacian matrix J (@), which
corresponds to the Hamiltonian of the system,

Co+Cpe * G —Cy e
Cy, —Cy e C+Cye ik
, (8
u+joR 0
0 u+joR
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where i = ﬁ —Cy—C, —C,, —Cy, — €y, reflects the influ-
ence of the inductor and capacitor configuration on the sys-
tem’s potential energy in the circuit. When the values of the
inductors and capacitors are chosen such that yu = 0, there is
a one-to-one correspondence between the Laplacian matrix in
Eq. (8) and the Hamiltonian in Eq. (2). However, even if it is
not possible to set 4 = 0 by selecting specific values for the in-
ductors and capacitors, the system’s Hamiltonian will include
a constant potential term. In this case, while the connection
between the circuit system and the Hamiltonian remains valid,
an additional fixed potential term must be introduced to fully
describe the system’s behavior.

Cc, Cy
...... . }ﬁ }? .
C/\v C/\u
...... o % il ®
7, IR
Cy R Co

Fig. 5. Circuit schematic of the system. Blue indicates lattice sites with
gain, while red indicates lattice sites with loss. The intracell hopping and
intercell hopping are represented by capacitors C, and C,,, respectively.
The intracell-SOC and intercell-SOC are represented by capacitors Cy,
and Cy, , respectively. Gain and loss are realized through resistors R and
negative resistors, with the negative resistance implemented using an in-
tegrated negative impedance converter (INIC).

6. Conclusion

This work investigates the SSH model incorporating SOC
and sublattice-dependent gain and loss. By analyzing the sym-
metries of the Hamiltonian and the wave functions, the condi-
tions necessary for PT and APT symmetries are established.
Numerical calculations are performed to produce phase dia-
grams characterizing these symmetries. When the condition
v=w= A4 = y/2is satisfied, the system exhibits a doubly de-
generate EP. In addition, the Zak phase is calculated for cases
where A = A, = A,, and where A, # A,,. We observe that the
parameter Y induces non-quantized regions in which the Zak
phase loses its quantization. Specifically, for A = A, = A, as
A increases, the topological invariant transitions from Z = 0
and Z = 2 into a non-quantized region and ultimately to Z = 1.
For A, # A, increasing O causes the Zak phase to transition
from Z = 2 into a non-quantized region, then to Z = 1, re-enter
anon-quantized region, and finally settle at Z = 0. Finally, this
study explores the simulation of the model in an electrical cir-
cuit framework and derives the corresponding Laplacian ma-
trix, offering a practical approach for experimental realization
and theoretical analysis.
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