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In the generation and propagation of nonlinear Rossby solitary waves within the atmosphere and ocean, topography
occupies a pivotal role. This paper focuses on elucidating the impact of topography on such Rossby solitary waves. Utilizing
the perturbation expansion method and spatialtemporal transformations, we derive the Korteweg—de Vries and modified
Korteweg—de Vries equation (Gardner equation) governing the amplitude of nonlinear Rossby waves. A fundamental issue
addressed herein is a Sturm—Liouville-type ordinary differential equation characterized by variable coefficients and fixed
boundary conditions. To numerically solve the derived Korteweg—de Vries and modified Korteweg—de Vries equations,
we employ a physical-informed neural network. Both qualitative and quantitative analyses are conducted to discuss the

influences of topography and f3 effects, respectively.

Keywords: Rossby solitary wave, shallow water models, topography, physical-informed neural network
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1. Introduction

Rossby wavel!l is a type of fluctuations in geophysical
hydrodynamics that portray large-scale slow motions, which
explain well not only the motions of ridges and troughs on
high-altitude weather maps, but also weather changes near the
ground. Many scholars have explained in detail the theories re-
lated to Rossby solitary waves in earlier studies, especially, on
the development of solitary wave theory. Long!?! proved that
the Rossby wave amplitude satisfies the Korteweg—de Vries
(KdV) equation under the 3-plane approximation. In addition,
Wadatil¥! derived the modified Korteweg—de Vries (mKdV)
equation as an alternative model to describe nonlinear Rossby
wave dynamics. Compared to the KdV equation, mKdV has
stronger nonlinearity, which means it is preferentially applica-
ble to motions with stronger perturbations. Luo!*! obtained the
nonlinear Schrodinger (NLS) equation satisfied by the evolu-
tion of nonlinear Rossby wave packets, which suggests that the
NLS equation is also a suitable model for describing nonlin-
ear Rossby waves. Since then, more models used to describe
Rossby waves, including the Benjamin—-Ono (BO) equation, !
the Zakharov—Kuznetsov (ZK) equation,® the Kadomtsev—
Petviashvili (KP) equation,!”! etc., have been progressively de-
veloped. Recently, Hou et al.!®! isolated for the first time the
quartic Korteweg—de Vries (quartic KdV) equation describing
the amplitude of Rossby waves from the quasi-geostrophic po-
tential vorticity and utilized it to discuss the nonlinearity of the
physical mechanism of Rossby wave generation. Yang et al.l’]
derived the (2+1)-dimensional coupled nonlinear Schrodinger
(CNLS) equations that can describe interactions of two Rossby
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waves propagating in stratified fluids.

In real atmospheric and oceanic environments, many
physical factors have a significant effect on nonlinear Rossby
wave propagation, such as the f3 effect, the basic flow, topogra-

10-13] considered the prob-

phy, and dissipation. Hodyss ef al.!
lem of the evolution of Rossby waves under the action of zon-
ally varying flows and showed that latitudinal shear currents
have a significant effect on both the phase velocity and am-
plitude of the wave amplitude. After Charney proposed the

14151 the role of topography

multiple flow equilibria theory,!
on Rossby waves gradually received attention from scholars.
Yang et al. studied the effect of three different topographies,
namely, linear topography,!'®! slowly varying topography,!'”!

and spatialtemporal varying topography,[!8]

on Rossby waves.
Han et al.!"! obtained the Benjamin-Ono equation from a
barometric quasi-geostrophic model and found that large-scale
topography-induced algebraic solitary waves do exist. Zhang
et al.'*°) employed the derivative expansion method to derive
anonlinear Schrodinger equation, demonstrating that topogra-
phy exerts a notable influence on both the amplitude magni-
tude and propagation velocity of Rossby waves. Furthermore,
the P effect is equally crucial in the generation and propa-
gation of Rossby waves. Song et al.[>! derived the mKdV
equation, which characterizes the evolution of the amplitude of
Rossby solitary waves, and analyzed the impacts of the § ef-
fect, buoyancy frequency, and basic shear flow on these waves.
Zhao et al.!*?! discussed the Schrodinger equation satisfied by
Rossby wave packets under the 8 effect.

Solving the partial differential equations (PDEs) remains

© 2025 Chinese Physical Society and IOP Publishing Ltd. All rights, including for text and data mining, Al training, and similar technologies, are reserved.

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

070504-1


https://doi.org/10.1088/1674-1056/adc7f1
https://cstr.cn/32038.14.CPB.adc7f1
mailto:rgzhang@imu.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn

Chin. Phys. B 34, 070504 (2025)

both an intriguing task and a challenging task. Over the
past few decades, numerous analytical methods have been
proposed, including the Hirota bilinear method,”*! the Ja-
cobi elliptic function expansion method,?*! and the Bicklund
transform,'>>! among others. Additionally, various numeri-
cal methods have proven to be powerful tools for addressing

nonlinear equations, such as the finite difference method, %!

Fourier spectral method,?’! and lattice Boltzmann method. (%]
In recent years, advancements in high-performance computing
devices, particularly graphics processing units (GPUs), have
facilitated the application of deep learning methods for solving
PDEs. Notably, techniques such as physics-informed neural
networks (PINN),[?°I deep operator network (DeepONet), 3!
and Fourier neural operators (FNO)B!l have emerged as
promising alternatives for tackling these equations.

In recent years, utilizing deep learning methods for fluid
dynamics modeling has emerged as a new direction in the field
of scientific machine learning (SciML). Traditional fluid dy-
namics simulation methods often encounter challenges such
as high computational costs and limited accuracy when deal-
ing with highly complex and nonlinear problems. However,
deep learning, with its powerful data processing and pattern
recognition capabilities, offers a new solution for fluid dy-
namics research. The main applications of deep learning
in fluid mechanics include: flow field modeling,*>33! tur-

(341 and multiphase flow modeling.!*! In

bulence simulation,
addition, we note that Shu e al.[*! have achieved the pre-
diction of global extreme marine heatwaves (MHWs) using a
physics-guided data-driven approach and Li et al.’”) analyzed
the formation mechanism and dynamic behavior of the dis-
torted waveform, which demonstrate that deep learning meth-
ods can also be applied in the fields of atmospheric and oceanic
physics.

In this paper, we aim to explore the physical mecha-
nism of nonlinear Rossby waves from a data-driven perspec-
tive through the introduction of the physics-informed neural
network (PINN). The structure of this paper is as follows.
In Section 2, we derive the KAV-mKdV equation, which de-
scribes the nonlinear Rossby wave amplitude under the influ-
ence of topography, from the original shallow water model
equation. In Section 3, we solve the KdV-mKdV equation
using a physics-informed neural network approach. This sec-
tion also presents a qualitative and quantitative analysis of the
impact of topography on the propagation of Rossby solitary
waves, along with a discussion on the influence of the Rossby
parameter 3 on these waves. In Section 4, some conclusions

about the KdV-mKdV equation are summarized.

2. Derivation of nonlinear evolution equation
2.1. Basic model equations

Given that large-scale motions in the atmosphere and
ocean can persist for days or longer, viscous effects are typ-

ically neglected. The shallow water model is usually adopted
to be the basic model

du, du, Ju an.

e +u*a—x*+u* —(fo+[3y*)u*=—gax*,

v, v, 31)* P

(972‘* +u a + Uy —=— (f()"‘By*) Use = —§& ay* ) (1)
an. 9 9 B

or. + 67*[”*(1‘1* +71*)] + Ty*[v*(H* +1:)] =0,

where u,, vi, N, Hi, t., x., and y, represent longitudi-
nal and latitudinal velocities, surface fluctuations, undisturbed
wave height, time, local east-westward coordinate, and north-
southward coordinate, respectively. f = fo + By. is the Cori-
olis parameter, g denotes the acceleration of gravity.

The relative vorticity &, is defined as

£ - 0V, B Oy
Y0x,  dys

(@)

The system of Eq. (1) can be reduced to the following
potential vorticity conservation equation:

D (&+f\
Dr, <H*+n*> =0 ©
where
D_2, .2 9
D, ot ox, oy,

is the material derivative. In order to consider the effect of to-
pography on the propagation of nonlinear Rossby waves, we
introduce the following stream function Y, based on the con-
tinuity equation with a rigid top boundary condition

AVS AVS
alfc’* = H,v,, aj}: —H,u,. )
Then, the relative vorticity can be expressed as
E = ly.2 v V.H 5)
*x — H* * lll* H*z *II/* kddx

where V, = (aix*, %) represents the gradient operator. The
first term of Eq. (5) represents the vorticity of the vertical water
column and the second term represents the topographic vortic-
ity. Substitution of Eq. (5) into Eq. (3) results in

) ;Z‘!*Jw*,m) ’Z Sy )
+3%u%,m)——zf(w*,v*w*-v*m
+H*J<l,l/*, >+ﬁa"’*= (6)
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To further understand the mechanism of nonlinear Rossby
waves, it is necessary to introduce some dimensionless quan-
tities

(x*ay*) :L(xvy)v Iy = Tta Uy = UM,

Vs :H()ULIII, H,=HyH = H()(l —67]]3), @)

where L, Hy, T, U represents the horizontal length scale, the
vertical length scale describing the depth variation, the spatial
scale, and the velocity scale, respectively. 7mp represents the
non-dimensional seafloor topography.

Equation (8) is derived by substituting Eq. (7) into Eq. (6)

d _, o

d Ro 5
D5 VYt T V- Vi + s J(y.Vy)
+ J( )+75R° J(w,Vy-Vng)
1_5,’1 Y, 1B (1—67]3)2 Y, Vy B
8R0V21[/
+ 22— (v,
B ax (1—61]]3)2 (‘l/ TIB)
5*RoVy -V y
3= 020 T B gy me) + J(y,me) =0, (8
0 _5mp)° (voms) + 75/ (W 1s) ®)

where @ = 1/ foT, 6 = |(dH/dy)L|/Hy represents the aspect
ratio, usually no more than 0.4, Ry = U/ fyL represents the
Rossby number, which describes the importance of the Earth’s
rotation to the atmosphere and oceans. B = BL/ fp represents
the non-dimensional beta.

To comprehend the physical mechanisms underlying non-
linear Rossby waves, certain assumptions or analyses are es-
sential. We adopt the following assumptions /8 = 3§,
®~ 38 ~Ry/8 6/(1—6np) ~ 6 and topographic change
is influenced by longitude only, i.e., Ng = 1N (y). Therefore,
equation (8) can be further written as

0 Jd [0 0
—Vzl//+5a (awn3> +(1+6nB) awnB
vy,

0
+8J(y,V?y) —5—365 +28*V2y— S T

+8%J(y,Vy - Vng) +3 EN M 5T

~ d
+B8%y(1+8m0) S mh =0, ©)
where 1y is the derivative of g with respect to y.

2.2. KdV-mKdV evolution equation for nonlinear Rossby
waves

Due to the spatial and temporal multiscale nature of at-
mospheric and oceanic motions, introducing the Gardner—

Morikawa transform to the variables x, as
X=8@x—ct), T=25%, (10)

where c is the wave speed, equation (9) then becomes

d J Py, Py
3 Y v 2
(557 3% ) (#52+ 5)

+81 (538‘; - 58‘;) %"’ +8(1 +577B)n]/3%

(S G )+ Bt

o (5 )+ h 5

+63§—;’(’§ <TIB ?;") +28°n} (523;2' - (?;y) 3—;’(’
1384 (n )2%"’ ‘;g (11

Due to the nonlinearity of the considered problem, small
parameter expansion of the stream function y is introduced as

V=y+8y +87 Y+ (12)

Substituting Eq. (12) into Eq. (11) leads to the following
regimes for each order of the regression problem. For o(§'),

d (9w A

Suppose that equation (13) has a separable variable solu-

we have

tion of the following form:

Vo =A(X,T)o(y), (14)

and it leads to
9 () - %%(y) =0. (15)
Note that equation (15) with boundary conditions

Wo(—1) = yo(1) =0is an eigenvalue problem. Such problems
can only determine the radial structure of the Rossby wave
amplitude but not its evolution over space and time. Conse-
quently, it is necessary to consider higher-order problems to
fully understand the dynamics of the Rossby wave amplitude.

For 0(8?), we obtain

2P 9
ax 92 By
e D0 OV W e
M ox 9y BB x T ox a3
dyo 9 Py I

oy ox a2 Pox-

(16)

Suppose that equation (16) has a separable variable solu-
tion of the following form:

Vi =Bi(X,T)01(y) +B2(X, T)2(y). a7

Substituting Eq. (17) into Eq. (16). Without loss of gen-

erality, we assume B| = A, By = %Az, equation (16) can be

written as

M5 P do(y)

c

o10) = B (y) = —mpob0). ()
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209~ 180n(3) = (003068 () -

Equations (18) and (19) with boundary conditions
yi(—1) = y;(1) =0 (i = 1,2) are also an eigenvalue problem
and do not determine the Rossby wave amplitude A(X,T). So
we move on to higher order problems. For 0(53), we have

90(»)90 (y). (19)

d (921[/2 ,81//2 .
—CﬁTyz+nBﬁ—R (20
with
_ 0 82%“83%7”,,MM H,Mazm
9T 0y? 0x3 Box oy Box 0y?
Wy 2Oy 2 9v1 9°¥o
—B)’TIB +c nBaX a —NBMB X - 0X ayg,
_%33% dyi 9 9%y
0X 9y3 ' dy 9X 9)?
oy 9 92 ~d
LW 9 Py sy o

dy 90X 0y? X

It can be seen that equations (20) and (13) have the same
homogeneous part, so the necessary conditions must be satis-
fied

1
| Paniryas=o. 22)

After substituting Egs. (14), (15), (17), (18), and (19) into
Eq. (22), the resulting model equation is as follows:

J0A 0A 0A
37 +h=< X +12A8X

where

" dA %A

I L
+13 8X+ 48X3

0, (23)

I = —/Olné(y)@?(y)dy,
ol 1

h= g B [ om0+ [ el
—c /0 a5 ()01 ()60 1)y

; 1
B [ omoe].
H{ -3 [ maoPes e

) 1 , , 1
¢ [ IR0+ [ oa()gol)dy

1
—c [ MO0 ()0 ()
—2/71 )91 ()65 (v +/nB )91 ()93 (v)dy
[ 00RO~ [ 106y

+ [ b0 )98 00y

0

- [ OO Ew o .

L =

1[ 2/ 5

=S [ g

Equation (23) delineates the propagation characteristics of

)96 (v y**/ g (v) ]

Rossby wave amplitude within a fluid under air pressuriza-
tion. This equation, known as the KdV-mKdV equation, has
also been derived in various other contexts, including plasma
physics.
resentation of / highlights that both the inclined topography

From a qualitative analytical perspective, the rep-

and the B effect play pivotal roles in stimulating nonlinear
Rossby waves. In summary, the influence of topography on
the evolution of nonlinear Rossby waves, as captured by the
present KAV-mKdV model equations, exhibits a complex na-
ture, which is indispensable for our subsequent quantitative

analysis.

3. Results
3.1. Introduction to numerical methods

In this section, we focus on conducting a quantitative
analysis of the previously derived KdV-mKdV equation. To
investigate the impact of nonlinear topography on the propa-
gation of nonlinear Rossby solitary waves, we consider a sinu-
soidal topography given by np(y) = Bsin @y, where B and ®
represent the amplitude and frequency of the topography, re-
spectively, encapsulating the spatial characteristics of the ter-
rain.

To delve deeper into the excitation, propagation, and
dissipation of these nonlinear Rossby solitary waves, we
must solve Egs. (15), (18), and (19) to determine the co-
efficients appearing in Eq. (23). However, these equations
constitute second-order Sturm-Liouville problems subject to
fixed boundary conditions. According to the classical theory
of Sturm-Liouville problems, finding analytical solutions to
these equations is challenging. Consequently, the application
of numerical methods becomes necessary to solve these equa-
tions effectively.

Self-adaptive loss-balanced physics-informed neural net-
works (IbPINNs)*8) are employed to solve the aforemen-
tioned equations. The basic principle of PINNSs is to use neural
network as a kind of function approximator to constrain the
output of the network according to the physical model con-
straint, initial and boundary conditions of the equations known
in advance, so as to obtain the solution of the equations fol-
lowing the physical laws. The framework of physics-informed
neural networks is constructed in Fig. 1.

Without loss of generality, consider general nonlinear
PDEs with the form

u +Nyu,m) =0,x € Q,t €0, Tp),
u(x,0) = up(x,0),x € Q, 24)

u(x,t) = up(x,1),x € dQ,t € [0, Tp],

070504-4
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where x € Q and t € [0, Tp) represent spatial and temporal co-
ordinates. dQ represents the boundary of the computational
domain. The N, represents the space-time differential oper-

ator parameterized by 1. We seek solutions of the PDEs un-
der the initial condition ug(x,0) and the boundary condition

uo(x,1).

Minimize loss to train neural network parameters

Random sampling

Automatic
differentiation

Physics-informed neural network

Fig. 1. The framework of the physics-informed neural networks (PINNs).

The neural network approximation (x,; 0) solves u(x,)
by optimizing parameters 0, where the loss function is formu-
lated as

L(6:N) = @, L,(8;N,) + @, L-(0;N;), (25)

where ®,,®, are the loss weight parameters. L, and L, are
defined as

1 Ny

Lo(O:N,) =~ Y | (xduti:0)
u j=1

(26)

ﬁ(x{,tf;@) —up (x{,t{)|2,

1Y
L(0:Ny) =+ Y
r j:l

The first loss term L, refers to the PDE residuals evaluated
on randomly sampled localization points {x7,, }]inl in the do-
main 2. The second loss term L, uses a set of training data
{x],t} }]J.V;l to enforce the boundary and initial conditions.

With the idea of great likelihood, self-adaptive loss bal-
anced PINNs points the weights are corrected to

1 1
L(O;N)=— -L,(0;N,)+ =— -L,(0;N,), 27

where €,, & are trainable parameters, @, = 1/(2¢2), ®, =
1/(2€?) are adaptive weights.

3.2. Results analysis

Suppose that equation (23) has a solution of the form3°!

A(X,T) =N+ Msech? (£), (28)

where & = k(X —vT —2.5v), N, M, p, v are constants to be
determined. Substituting Eq. (28) into Eq. (23), balancing 3p
and p+2 thus p = 1, we have

2

Mo 6I4k7
V' 5

b (29)

_2137
v=DLN+ELN?+ 1 + Lk

Taking the parameters ¢ = 0.5, ® =0.57, B=1, B =0.1
as an example, we set the spatial domain X € Q = [—10, 10],
the temporal domain ¢ € [0, Tp] = [0, 5], and we can get the ini-
tial conditions and the boundary conditions of the equations
when k=1

6. I
Ao(X,T) =/ ~2sech(X —vT —2.5v) — —=.  (30)
13 213

We construct a neural network with 4 hidden layers and
60 neurons per layer, use tanh as the activation function of the
neural network, and initialize the weights of each layer of the
neural network with Xavier initialization. 4"’

In the training phase of the neural network, 3000 training
data coordinates were randomly sampled inside the equations
using the Latin hypercube sampling method, 200 training data
coordinates were machine-sampled on each of the initial and
boundary conditions, respectively, and the Adam algorithm
was utilized to iterate the neural network for 3 x 10* times.

In the testing phase of the neural network, gridded sam-
pling (Ax = 0.002 and Ar = 0.005) was performed to obtain
test data coordinates. The predicted values of the solutions
of the equations at these coordinates are calculated using the
trained neural network and compared with the analytical solu-
tions of the equations. The training results are shown in Fig. 2.

In Fig. 2, subfigures (a), (b), and (c) show the images
of the loss functions L, trainable parameters €, and adaptive
weights @ with the number of iterations in the IbPINNs algo-
rithm, respectively. The loss function L shows a decreasing
trend with iterations. Subfigures (d), (e), and (f) show the an-
alytical forward solution, PINN forward solution, and PINN
absolute error heat map of the KdV-mKdV equation, respec-
tively. A relative L, error of 7.95 x 1073 is achieved in solving
the KdV-mKdV equation, indicating that the IbPINNs algo-
rithm captures the spatiotemporal dynamical behavior of the
KdV-mKdV equation well. Figure 3 illustrates the propaga-
tion of Rossby solitary waves under the parameters ¢ = 0.5,
ﬁ =0.1, o =0.57, B= 1, which reveals that the solitary wave
progresses westward over time.

070504-5
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(a) PINN loss

(b) PINN trainable parameters

(c) PINN adaptive weights

1.0 — & — Wy
100 — Ey 102 — Wy
Al 0.8
N
e 10-2 ! 0.6
| 3 10t
10-* 1 0.4
— L Il i |
10| F, \ i \'Mlm"l“m il 0.2 100
— Lu 0
0 1 2 3 0 1 2 0 1 2 3
Iterations (10%) Iterations (10%) Tterations (10%)
(d) Analytical forward solution (e) PINN forward solution (f) PINN absolute error
5 —0.25 5 —0.25 5
0.50 0.08
4 —0-:50 4 ’ 4
—0.75 —0.75 0.06
. 3 —100 3 -t00 3 =
< = 0.04 |
9 —1.25 9 —1.25 9 <
—1. —1.50
1 ” 1 1 0.02
—1.75 —1.75
—2.00 —2.00 0 0
910 —5 0 5 10 910 —5 0 5 —-10 =5 0 5 10
X X X

—10.0

5.0
X

Fig. 2. The spatiotemporal dynamical behavior of the KdV-mKdV equation.

10.0 O

wave also intensifies, while simultaneously, the interface of
the Rossby wave descends. Conversely, the influence of fre-
quency o on the amplitude A of the Rossby wave remains rel-
atively insignificant.

Figure 5 depicts the propagation characteristic of a non-
linear Rossby solitary wave as it traverses bottom topography
with varying topographic amplitudes B. The results suggest
that as the topographic amplitude B increases, the amplitude A
of the Rossby wave decreases, while the velocity of the Rossby
wave intensifies and its interface ascends.

Fig. 3. Three-dimensional propagation images of the amplitude A(X,T’) of
Rossby solitary wave with time 7" and space X at ¢ = 0.5, B = 0.1, @ = 0.57,
B=1.

Fig. 4. Two-dimensional propagation images of the amplitude A(X,T) of
Rossby solitary wave with different angular velocities @ with § = 0.1,¢=0.5,
B=01B=1.

Figure 4 displays the propagation characteristic of a non-
linear Rossby solitary wave as it traverses bottom topography
with varying frequencies @. The findings indicate that as the
frequency o increases, the propagation speed of the Rossby

0.5

t=4000

—0.5
<

—-1.0

-1.5

—-2.0

Fig. 5. Two-dimensional propagation images of the amplitude A(X,7T)
of Rossby solitary wave with different angular velocities B with § = 0.1,

c=05,=0.1,0=05x.

Figure 6 reveals the propagation characteristic of a non-
linear Rossby solitary wave as it traverses bottom topography
with varying ﬁ The evidence points to the fact that as ﬁ in-
creases, the interface of the Rossby wave ascends and its ve-
locity decreases. Conversely, the amplitude A of the Rossby
wave remains relatively unaffected by changes in B
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Fig. 6. Two-dimensional propagation images of the amplitude A(X,T) of Rossby solitary wave with different angular velocities § with 8 = 0.1, ¢ = 0.5,

B=1,0=0.5m.
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X

Fig. 7. The evolution of the stream field with § = 0.1, ¢ =0.5,B=1, 0 = 0.57, B =0.1.

Figure 7 illustrates the evolution of the total stream field.
The stream function y is approximated by the first and second
terms of Eq. (12). Observing the contour plots of the stream
function at moments ¢ of 1000, 2000, 3000, and 4000, it can
be seen that the stream function y exists as an isolated wave
moving westward along the x-axis, i.e., propagating westward
in the actual topography.

4. Conclusion

In this paper, we derived a KdV-mKdV model that cap-
tures the amplitude evolution of nonlinear Rossby waves from
shallow water models incorporating topography. This deriva-
tion is achieved by utilizing the multiple scaling method and
variable separation method, while taking into account physi-
cal factors such as the topography effect and § effect. Sub-
sequently, the model is solved numerically using PINNs. The
results demonstrate that both the frequency and amplitude of
the topography are crucial factors influencing the evolution
of Rossby waves. Specifically, an increase in the topogra-
phy amplitude diminishes the propagation of Rossby solitary
waves. Furthermore, variations of f also impact the evolution
of Rossby solitary waves, primarily through changes in wave

speed and interface position.
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