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This paper explores the synchronization of stochastic simplicial complexes with noise, modeled by stochastic differ-
ential equations of It6 type. It establishes the relationship between synchronization and individual dynamics, higher-order
structures, coupling strengths, and noise. In particular, this study delves into the role of multi-body interactions, particularly
focusing on the influence of higher-order simplicial structures on the overall synchronization behavior. Furthermore, the
effects of noise on synchronizability in the stochastic simplicial complex are thoroughly examined. The obtained results
indicate that the effects of noise on the synchronizability vary with the manner in which noise propagates. The presence
of noise can regulate the synchronization pattern of the simplicial complex, transforming the unstable state into a stable
state, and vice versa. These findings offer valuable insights and a theoretical foundation for improving the performance
of real-world networks, such as communication networks, biological systems, and social networks, where noise is often

inevitable.
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1. Introduction

Many real-world complex systems can be effectively
modeled as networks where nodes interact with each
other.!'3] Over the past two decades, the study of synchro-
nization in complex networks has become a central topic in

4131 Most previous

network science and control engineering. !
research on network synchronization has focused on pairwise
interactions represented by edges between nodes. Recently,
there has been growing interest in higher-order interactions in

networks. 1427

| Higher-order networks represent a more ad-
vanced and detailed framework for modeling complex sys-
tems compared to traditional first-order networks. These net-
works capture not only pairwise relationships between nodes
but also interactions involving multiple entities simultane-
ously, which can lead to a more accurate representation of
systems where higher-level dependencies exist.!?3%! In com-
putational neuroscience, high-order networks have been ap-
plied to model the complex interactions between different re-

n.[>*1 For instance, rather than just consider-

gions of the brai
ing direct connections between two brain regions (as in tradi-
tional network analysis), high-order networks incorporate in-
teractions involving three or more brain regions at the same
time, which can reveal more intricate patterns of neural activ-
ity. This can be crucial for understanding neurological dis-
eases such as Alzheimer’s or epilepsy. Given the ubiquity of
higher-order structures in real-world systems, such as social

networks, ecosystems, and the human brain, it is both theoreti-
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cally and practically significant to explore the synchronization
of higher-order networks.

Simplicial complexes serve as effective topological tools
for representing higher-order interactions among nodes. "]
In Ref. [28], a comprehensive framework for the dynamics
of simplicial complexes was proposed, with a specific fo-
cus on the stability of synchronization. Building upon this
framework, studies have extended to multi-layer higher-order

(291 and directed higher-order networks, *°! using the

networks
master stability function (MSF) approach to analyze synchro-
nization in simplicial complexes.*! In Ref. [33], the authors
demonstrated that simplicial complexes are powerful tools for
capturing and reflecting the complexities of higher-order inter-
actions of nodes.

In real-world applications, nearly all networked systems
are subject to random uncertainties such as stochastic forces
and noisy measurements.!!>38-421 Therefore, networks per-
turbed by noise have attracted the interest of researchers.[*+#]
In particular, the authors in Ref. [44] has demonstrated that
the presence of noise not only leads to the transition of firing
patterns, but also achieves the phase synchronization between
two heterogeneous neurons under low coupling strength. It
has also been found that increasing noise intensity might
enhance synchronization when the noise affects all state
variables.[*64”] However, there has been no systematic study
on the impact of noise on synchronization in simplicial com-

plexes. Given the complexity and prevalence of noise in prac-
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tical systems, investigating its influence on the synchroniza-
tion of simplicial complexes is crucial. Most existing studies
focus on pairwise interactions in simple networks, leaving a
gap in understanding the effects of noise in more complex,
higher-order networks. Simplicial complexes, with their abil-
ity to model multi-body interactions, offer a richer structure
to explore noise-driven dynamics. These interactions, which
extend beyond the traditional node-to-node connections, in-
troduce additional challenges and opportunities for synchro-
nization analysis, particularly when noise is present. In this
context, noise can propagate through simplicial complexes in
different ways, depending on the structure and strength of the
interactions between nodes and simplices. The introduction of
stochasticity in these systems raises new questions about how
synchronization stability is affected by higher-order interac-
tions and whether existing methods, like the MSF approach,
can be adapted to handle these complexities.

Motivated by the discussions above, this paper investi-
gates the synchronization issue in stochastic simplicial com-
plexes with noise. By extending previous work on noise-
induced synchronization and applying it to higher-order struc-
tures, we seek to provide a deeper understanding of how noise
influences the stability and performance of real-world net-
works modeled as simplicial complexes. Our work also aims
to fill the gap in the literature by offering new insights into the
interplay between noise, coupling strengths, and higher-order
interactions in the context of complex networked systems.

The main contributions of this paper can be summarized
as follows. First, it analyzes and discusses the local stability
of synchronization in stochastic simplicial complexes, estab-
lishing the relationship between synchronization and various
factors such as individual dynamics, higher-order structures,
coupling strengths, and noise. Building upon the MSF frame-
work, an extended master stability equation is derived, lead-
ing to a novel MSF formulation that incorporates noise, dis-
tinguishing it from commonly used network models. The sig-
nificance of this research lies in its exploration of higher-order
interactions in complex systems, extending beyond the tradi-
tional pairwise interactions often studied in network theory.
Simplicial complexes provide a natural framework to model
such higher-order structures, capturing interactions between
groups of nodes, such as triangles (3-body interactions) and
higher-dimensional structures, which are common in many
real-world networks like brain networks, social networks, and
power grids. Additionally, the incorporation of stochastic ef-
fects introduces a layer of realism, as noise is inevitable in
practical systems. The study investigates how different noise
propagation mechanisms — whether through nodes, edges, or
higher-dimensional structures — impact the system’s ability to
achieve synchronization. The findings suggest that the topol-
ogy of the simplicial complex and the way noise is introduced

can significantly affect the overall robustness and stability of
synchronization. It reveals that when noise diffuses through
all state variables, synchronizability can be enhanced by ap-
propriately increasing noise intensity. However, under differ-
ent network parameter configurations, noise may have vary-
ing effects: sometimes beneficial, and other times detrimental.
These insights are particularly relevant for the design and op-
timization of engineered systems, such as autonomous vehicle
networks, distributed sensor networks, and neural networks,
where reliable synchronization is critical. By understanding
how noise and higher-order interactions influence synchroniz-
ability, this work provides guidelines for developing more ro-
bust and resilient systems capable of maintaining synchroniza-
tion even under noisy and dynamic conditions. Moreover, it
offers a theoretical foundation for future research in both the
mathematical modeling of complex systems and the applica-
tion of these principles to real-world problems.

The rest of this paper is organized as follows. Section 2
introduces relevant preliminaries, including the basic defini-
tions and properties of simplicial complexes. Section 3 an-
alyzes and discusses the local stability of synchronization in
stochastic simplicial complexes. This section provides a de-
tailed examination of the synchronization conditions, derived
from the extended MSF approach, for simplicial complexes
with noise. Section 4 examines the effects of noise on syn-
chronizability. Specifically, we investigate how different noise
propagation mechanisms influence the synchronizability of
simplicial complexes. Section 5 concludes the paper, summa-
rizing the key findings and contributions of this work, and also
outlining potential future research directions.

2. Preliminaries
2.1. Notation

Let R denote the set of real numbers, R” the set of n-
dimensional real vectors, and R”*™ the set of n X m real ma-
trices. The symbol ® represents the Kronector product, d!
denotes the factorial of d, defined as the product of all positive
integers from 1 to d, and A(A) denotes the set of eigenvalues
of the matrix A. Iy represents an N X N identity matrix and
diag (b1,by,...,by) denotes an N x N diagonal matrix with di-
agonal elements by,b,, ..., by.

2.2. Simplicial complexes

A simplex is a mathematical structure suitable for ex-
pressing higher-order interactions. In an undirected graph, a
d-simplex corresponds to a complete graph with d 4 1 nodes.
In this paper, a d-simplex is employed to model the structure of
(d + 1)-body interactions involving d + 1 nodes. A simplicial
complex is composed of simplexes of different dimensions.
Figure 1 illustrates an example of a simplicial complex. For
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each dimension d, where d = 1,2,...,D, the adjacency ten-

sor Al4) = (affli)zl_‘idﬂ) isan N x N X ... x N|44 tensor, where
afldl)z igy, = 1if the d-simplex (i1,12,---,ig11) belongs to a
simplicial complex, and af“)z igsy = 0 otherwise.!””) Further-

more, the generalized d-degree kf ) of the i-th node is defined
[28]
as

KD _ iii i@v N
l d —1 : ”1124-41‘1’ gy eeaylVe

(@)

The generalized d-degree k;;* of an edge (v;,v;) is de-

fined as
N N N
6 = L Lo L
ij (d—l) o Pre Bl 111112 g1’
i=1,2,...,N. )

The generalized Laplacian L@ of order d, with d =
1,2,...,D, are defined as

O, (1 - 7 l#.]?
d)
Ll(j = 7( 71)’]{1(/)7 aljl _1 l#]a
Ak, i= ],
i=1,2,....N. 3)

It is evident that all generalized Laplacians L@, 4 =
1,2,...,D, are real symmetric matrices with zero row sums.

Fig. 1. An example of a simplicial complex.

Note that the generalized degree plays an essential role in
characterizing the topological features of the simplicial com-
plex at different dimensions. The adjacency tensor A4 al-
lows us to extend traditional graph theory concepts, such as
connectivity and centrality, to higher-order structures, captur-
ing more complex interactions between nodes beyond pairwise
connections. Moreover, the higher-order generalized Lapla-
cian matrices associated with simplicial complexes are crucial
for analyzing the dynamics on such structures. These Lapla-
cians, constructed from the adjacency tensors of different di-
mensions, provide a foundation for studying synchronization,
diffusion, and other processes in networks with multi-body in-
teractions. By considering both the topological and dynami-
cal aspects of simplicial complexes, we can develop a deeper
understanding of how higher-order interactions influence the
behavior of complex systems, particularly in the presence of
noise or other perturbations.

3. Synchronization of stochastic simplicial com-
plexes

Consider a general D-dimensional stochastic simplical
complex consisting of N identical nodes with nonlinear dy-

namics, described by

)(xivle)

N
dx; = (F (x;) + o1 Z a?}RHl
J1=1
N N 2)
+02 Z Z aijlsz

11:112*1

+0p Z Z al]l JoH

a=l  jp=1
+0yg (x;) dW (1),

P (xi,jy Xy )

)C,,le s 7ij)) dt

i=12,....N, “)

where x; = [xj1, X, - .., %im]T € R™ is the state vector of node
i, F():
ear function describing the self-dynamics of each node, and
H@: R@+Dm _, gm (g =12, ...

non-invasive inner-coupling functions (H @) (x, %,

R™ — R™ is a continuously differentiable nonlin-

,D) are synchronization
x) =0,
Vd), describing the coupling forms at different orders. The

parameters oy € R (d = 1,2,...,D) are assumed to be posi-

tive, describing the coupling strengths Moreover, al(;il) j, are

,D. The
stochastic term o,g (x;) dW (¢) describes uncertainties in the

the entries of the adjacency tensors A, d =1,2,...

individual dynamics, where W (¢) is a standard Brownian mo-
tion, g(-) : R™ — R™ is the diffusion function describing how
the Brownian motion propagates on each node, and o, is the
noise intensity.

Notice that the network described by Eq. (4) is a nonlin-
ear stochastic differential equation of It6 type. To provide a
clearer and more general description, we analyze the case of
D = 2 in the following. It should be noted that all the analyses
conducted for D = 2 can be extended to higher orders D > 2.

When D = 2, equation (4) can be rewritten as

D (xivle)

N
dx; = (F () +o1 Y a)H

J1=1

v @)
+o2 ), ) a,H

J1=1jx=1
+Gvg(xi) dW(t)a

2) (xivle 7xj2)> ds

i=1,2,...,N, 5)

where 0] and o, are the coupling strengths associated with
two-body and three-body interactions, respectively.

The objective is to achieve synchronization of the
stochastic simplicial complex given by Eq. (5) to a desired

state xg, which satisfies

dxs = F(xg)dt 4 0,8(xs)dW (7). (6)
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In this paper, the following inner-coupling functions are
considered.

Assumption 1 Suppose that the forms of inner-coupling
functions are described by!?8]
HO (xi.x7) = 0 (1)) — 0 (x),
2

—
-

H(2> (xiaxjrxk) =0 (xjrxk)_w(Z)

(xi,xi), @)

where ®@), d = 1,2,...,D: R — R™ satisfy the following
condition:

0 (x,x) = 0 (x). (3)

The stability condition for synchronization is formulated
as follows:

Theorem 1 Suppose Assumption 1 holds. The stochas-
tic simplicial complex (5) achieves synchronization if A < 0,
where A is the largest Lyapunov exponent calculated by the
extended master stability equation.

The synchronized region S is defined as the set of values
of n for which A = A(n,0,) < 0. Here, A(1n,0,) is referred
to as the MSF of the extended master stability equation (see
Appendix A). Note that the extended MSF mentioned above
incorporates noise, distinguishing it from commonly used net-
work models. The boundary curve of the synchronized region
is determined by the largest Lyapunov exponent.

4. Effects of noise on synchronization

In this section, we discuss the effects of noise on the syn-
chronization of the stochastic simplicial complexes composed
of Van der Pol oscillators and Rossler systems, respectively.
We begin by examining the dynamics of these two systems
under different noise propagation mechanisms applied to sim-
plicial complexes of various dimensions.

For the Van der Pol oscillators, which exhibit limit cycle
behavior, we investigate how noise impacts the synchroniza-
tion of nodes in simplices of different orders. We focus on how
the coupling strength and noise intensity affect the stability of
synchronization, particularly when the oscillators are subject
to external stochastic forces. By adjusting the noise intensity
and exploring the role of multi-body interactions, we aim to
determine the critical thresholds beyond which synchroniza-
tion is either enhanced or disrupted. Numerical simulations
are provided to illustrate the noise-induced synchronization
and its dependence on the topology of the simplicial complex.

For the Rossler systems, which display chaotic dynamics,
the analysis is extended to explore how the interplay between
chaotic behavior and stochastic perturbations influences the
overall synchronizability of the simplicial complex. In partic-
ular, we assess the effects of noise on the long-term synchro-
nization behavior of higher-order interactions, focusing on the
synchronization of chaotic attractors under different levels of

noise intensity. The analysis shows that, while moderate noise
may enhance synchronization through stochastic resonance,
excessive noise can lead to desynchronization and instability.

4.1. Van der Pol oscillator
A Van der Pol oscillator is described by
Xil = xp2,
K = (1 —x5))xp —xit, ©

where i = 0.2. The corresponding Jacobian matrix Jg is given
by

1
Jr= 0

= . 10
—2ux31xsg—l u(lfle) ( )

Next, the J, under different diffusion functions is pro-
vided.

(i) Consider the case where the diffusion function g(x;) =
x;. This means that the noise diffuses to all state variables of
the nodes. Then

Jo= [(1) ?] (11)

The desired state x; = [xy1,x5]T satisfies the following

condition:

dxsl _ X2 Xs1
[dxsz} - L‘(l _xgl)xsz_xsl} dt+o, LSJ dw(r). (12)

(ii) Consider the case where the diffusion function g(x;) =
[xi1,0]T, implying that the noise only affects the first state vari-
able of the node. Then

10
Jy = [0 0] . (13)
Therefore, the desired state x; satisfies the following con-
dition:

dxg| X2 Xs1
aea] = Lt a0 [3] v 0

(iii) Consider the case where the diffusion function
g(x;) = [0,x,2]T. This indicates that the noise affects only the
second state variable of the node. Then

0 0]
Jo= [O ! (15)

The desired state x; satisfies the following condition:

dxsl - Xs2 T 0
[d%z} N LJ(I — 2 )X — %1 dt+ o, L@J dw(t). (16)

Next, the J 1) under different inner-coupling functions is

provided.
(I) Consider the case where o) (x;) = [x},,0]" and
o? (xj,x¢) = [x%lxkl,O}T. The Jacobian matrix J ) is given

by
3x§l 0]

me[ i (17)
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(I) Consider the case where ) (x;) = [x?l,
]T. The Jacobian matrix J ) is

xiz]T and
2 2 2

o )(xjvxk) = [lexklaszxkz

given by

2
x5 O } (18)

Tl = { 0 3x5

Note that equations (10)—(18) will be utilized to compute
the largest Lyapunov exponent of the extened MSF given in
Eq. (A8) in Appendix A. In what follows, we discuss the in-
fluence of noise on the synchronization of the stochastic sim-
plicial complex of Van der Pol oscillators.

Figure 2 illustrates the largest Lyapunov exponents
A(n,0,) under different values of 1 and o,. Figure 2(a) cor-
responds to the case where the inner-coupling functions are
o (x;) = [};,0]" and © (x;,x¢) = [ 41,0]", and the dif-
fusion function is g(x;) = x;. In Figs. 2(a), 6(a), 7(a), and 8(a)
below, the regions where A < 0 are shaded in green, while
A > 0 are shaded in red. It is observed that increasing noise in-
tensity expands the synchronized region, suggesting that noise
can enhance synchronization in the stochastic simplicial com-
plex when it affects all state variables. This observation is
reinforced by Fig. 2(b), which presents MSF curves under dif-
ferent noise intensities ¢, = 0.2, 0.8, 1.2, 2. Specifically, at
o, = 0.2, the largest Lyapunov exponent approaches 30, while
at o, = 0.8, it starts to decrease towards 0. With further in-
crease to 0, = 1.2, the MSF curve dips below 0, indicating
potential for achieving synchronization in the stochastic sim-
plicial complex.

2.0
1.8 35
1.6 30
1.4 25
1.2 20
1.0 5
0.8
0.6 10
0.4 5
0.2 0
0

2
b
o 02 04 06 08 1.0
n
35
(b)
o ~—
251 02
20+ — 0,=0.8
0 — o,=1.2
< 15t —o0,=2.0
10}
5.
0\_/\—'
=5 02 04 06 08 1.0

n
Fig. 2. The stochastic simplicial complex of Van der Pol oscillators with
g(xi) = xi, a)m(xj) = [x?l,O}T, and ©? (xj,x) = [x?lxkhO]T: (a) the
largest Lyapunov exponents A (7, 0,), (b) the MSF curves for different
noise intensities.

In what follows, we consider a simplicial complex of four
nodes, which has two 2-simplex, as shown in Fig. 3. Set
01 = 03 = 1. The evolution of the node states with Van der Pol
oscillators under ¢, = 0.1 and 2 are illustrated in Figs. 4(a) and
4(b), respectively. It can be observed that the simplicial com-
plex is unstable under o, = 0.1, while becomes stable under
0, = 2 at the desired state. The corresponding system errors
are illustrated in Figs. 5(a) and 5(b), respectively. The simu-
lated results are in good agreement with the results in Fig. 2. It
demonstrates that the presence of noise can regulate the syn-
chronization pattern of the simplicial complex, transforming
the unstable state into a stable state.

N

Fig. 3. A simplicial complex of four nodes.

1.2 . .
Loy oz ]
0.8¥ T41 A
0.61 .
0.4f

g 0.21

o/

—0.2N\

—0.4F ¥

—0.6F~"

—0.8

1.5

— 11 —— T31
S-- X2 ---- T2
—— 21 Tq1
So- X2 oo Ta2

1 6 8 10

Fig. 4. The evolution of the node states with Van der Pol oscillators
under different noise intensities: (a) 6, = 0.1 and (b) ¢, = 2.

0.7 1.4
0.6 (a) 1.2 (b)
0.5 1.0
0.4 0.8
R h)

0.3 0.6
0.2 0.4
0.1 0.2

0 0

0 2 4 6 8 10 0 2 4 6 8 10
t t

Fig. 5. The evolution of the system errors with Van der Pol oscillators under
different noise intensities: (a) 6, = 0.1 and (b) o, = 2.

Figure 6(a) depicts the largest Lyapunov exponents
A(n,0,) under varying 1 and o,. Specifically, figure 6(a)
considers the scenario where the inner-coupling functions are
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o (xj) = [x?l,x?Z]T and @) (x;,x;) = [x%lxkl,xﬁzxkz]T, and

the diffusion function is g(x;) = x;. Similar to Fig. 2(a),
the synchronized region expands with increasing noise inten-
sity, indicating that noise can enhance synchronization in the

stochastic simplicial complex.

—_
=

9 30
8 20
7
6 10
g 5
4 0
3 -10
2
1 —20
00 04 08 12 1.6 20
n
40
(b)
30F :
—0,=0.1
20t — 0,=1.0 |
—o0,=3.1
10+ —o,=5.1 |
-1 —oy=T1
0
_10 L
_20 L
=39 0.5 1.0 15 2.0

n
Fig. 6. The stochastic simplicial complex of Van der Pol oscillators with

g(xi) = xi, ©V(xj) = [, 2]", and 0 (xj,x¢) = [ 001,35, 50]: (@) the
largest Lyapunov exponents A (1, 6,), (b) the MSF curves for different noise
1ntensities.

From the above analysis, we can conclude that increasing
the noise intensity can enhance the synchronizability of the
stochastic simplicial complex, provided that the noise diffuses
through all variables of the nodes. This phenomenon, often
referred to as stochastic resonance, indicates that a moderate
level of noise can help the system to synchronize more effec-
tively by mitigating the effects of small perturbations and sta-
bilizing the collective dynamics. However, it is crucial to note
that this enhancement in synchronizability is highly dependent
on how the noise propagates through the system. In particular,
when noise affects all state variables of each node uniformly,
the increased randomness helps the system to overcome local
instabilities and reach global synchronization more efficiently.
Conversely, when noise is selectively applied to only a subset
of the node’s state variables, the effect on synchronizability
becomes less predictable and may lead to destabilization, de-
pending on the specific interaction dynamics and the network’s
higher-order structures. This will be validated through the fol-
lowing examples.

Next, consider the scenario where o) (x;) = b, 01T,
®@ (xj,x) = [¥%x1,0]", and g(x;) = [xi1,0". Unlike in
Figs. 2 and 6, figure 7(a) demonstrates that the synchronized

region emerges only when o, is sufficiently large; however,
if the noise intensity becomes too high, the synchronized

10 120
9

8 100
7

6 80

g 5 60
4

3 40

2 20
1

0 0
Ui

35
30
25+¢
20t
= 15

10t

-5
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Fig. 7. The stochastic simplicial complex of Van der Pol oscillators with
g(x) =[x, 07, 0 (x;) = [x?l,O]T, and 0@ (xj,x5;) = [x?lxkhO]T: (a) the
largest Lyapunov exponents A (1, 6,), (b) the MSF curves for different noise

intensities.
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Fig. 8. The stochastic simplicial complex of Van der Pol oscillators with
g(x) = [0,x2]T, @ (xj) = [¥3),x3,]T, and @ (xj,x0) = [ x01, 53002
(a) the largest Lyapunov exponents A (1, 0,,), (b) the MSF curves for different
noise intensities.
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region disappears.
where the MSF curve for 6, = 1.7 lies above that for 6, = 2.6,
and the curve for o, = 5.1 surpasses all others except for

Figure 7(b) confirms this observation,

o, = 0.2, indicating no synchronized region exists. Similar
trends are evident in Fig. 8, where g(x;) = [0,x]T, @V (x;) =
[x?l ,x? T, and @) (x,x;) = [x?lxk] ,x%zxkg]T.

Through the above analysis, it can be concluded that
when noise affects only a subset of the state variables, its
impact on the synchronizability of stochastic simplicial com-
plexes can vary, it may either enhance or hinder synchro-
nization. This variability arises from the complex interplay
between the intrinsic dynamics of the nodes, the structure
of higher-order interactions, and the coupling strengths in
the simplicial complex. In some cases, selective noise can
help synchronize specific variables more effectively, improv-
ing overall network coherence. However, in other instances, it
may introduce imbalances in the system, disrupting the collec-
tive dynamics and reducing synchronizability. The outcome
largely depends on the type of internal node dynamics and how
the noise interacts with both local and global network proper-
ties. Thus, the effect of noise on synchronization in such sys-
tems is nuanced and context-dependent, requiring a careful ex-
amination of the noise diffusion mechanism and the network’s
structural configuration to predict its overall impact.

4.2. Rossler system

A single Rossler system is described by

Xil = —Xip — X3,
Xip = X1 +axp,

i3 = B+xi(xi—c), (19)

where a = f = 0.2 and ¢ = 5.7. The corresponding Jacobian
matrix Jg is given by

0 -1 -1
J=1|1 a 0 |. (20)
X3 0 xg-—c

Next, the J, under different diffusion functions is pro-
vided.

(i) Consider the case where the diffusion function g(x;) =
x;. Then

0
1 1)
0

=)

1
Jo=|0
0

The desired state x; = [x,1,x5,%,3]7 satisfies the follow-

ing condition:

dxs —Xs2 — X3 Xs1
dxp| =| xataxp |[dit+o, |[xo| dW(). (22)
dxg3 B +x3(x51 —¢) Xg3

(ii) Consider the case where the diffusion function g(x;) =
[x,-l ,Xi2, O]T. Then

1 00
Jo=10 1 0f. (23)
000
Therefore, the desired state x satisfies the following con-
dition:
dxg X2 — X3 Xs1
dxp | = Xs1 +axg dt+o0, |x2| dW(r). (24)
dxg ﬁ + X3 (xsl - C) 0

(ii) Consider the case where the diffusion function g(x;) =
[0,x12,0]T. Then

000
Jo=10 1 0]. (25)
000

The desired state x satisfies the following condition:

dxsl —Xg2 — Xg3 0
dxp| = Xs1 +axg dt+o0, |xo| dW(). (26)
dxss B+ x53(x51 — ) 0
Next, the J 1) under different inner-coupling functions is
provided.
(I) Consider the case where @) (x;) = [x?l,O,O]T and
o? (xj,x) = [x?lxkl,O,O]T. The Jacobian matrix J ) is
given by
3x%, 0 0
Jaw=1]0 0 0. 27)
0 00

(IT) Consider the case where ") (x;) = [0,x%,0]T and

o (xj,x) = [O,x?lxkl,O]T. The Jacobian matrix J ) is
given by
0 0 O
J,m =10 3x%4 0]. (28)
0 0 O

Next, we calculate the largest Lyapunov exponent under
different noise intensities o, and 7 for various inner-coupling
functions and noise diffusion functions.

Firstly, we analyze how noise intensity affects the syn-
chronizability of the stochastic simplicial complex when noise
acts on all state variables of the nodes. Consider the case
where ®V)(x;) = [x3,,0,0]", ©2 (x;,x) = [¥%,x41,0,0]", and
g(x;) = x;. Figure 9(a) presents MSF curves under varying
noise intensities o, = 0.1,1.1,2.5,3,5. It is observed that at
o, = 1.1, the MSF curve begins to decrease towards 0. With
a further increase in o, to 1.2, the MSF curve dips below 0,
indicating the potential for achieving synchronization in the
stochastic simplicial complex. With the increasing of the o,,
the MSF curve continues to shift downward, reinforcing en-
hanced synchronizability at higher noise intensities.
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Fig. 9. The MSF curves of the stochastic simplicial complex of Rossler
systems under different noise intensities: (a) g(x;) = x;, @ (x;) =
[2,,0,0]T, and @@ (xj, ) = [ x1,0,0]"; (b) g(xi) = xi, @V (x;) =

[O»x% 01T, and 0 (x;,x) = [07X§1xk170}T-

0 002

Next, we maintain the same diffusion function and ana-
lyze a different scenario where the inner-coupling functions
are oV (x;) = [O,xi?l,O]T and @ (xj,x) = [O,x?lxkl,O]T.
Figure 9(b) displays the corresponding MSF curves under
varying noise intensities o, = 0.1,0.7,1.3,2.5,4.1. It is evi-
dent that for ¢, = 0.1, the MSF curve remains significantly
above zero, suggesting that synchronization is not achievable.
However, as o, increases to 1.3, the MSF curve begins to
decrease towards zero, indicating improved synchronizability.
As o, continues to rise, the MSF curve shifts further down-
ward, mirroring the behavior seen in the first case, and demon-
strating that higher noise intensities generally contribute to en-
hanced synchronization performance.

Consider a simplicial complex with 61 = 6, = 1, as
shown in Fig. 3. The evolution of the node states with Rossler
systems under ¢, = 0, 0.1, and 3 are illustrated in Figs. 10(a),
10(b), and 10(c), respectively. Here, a synchronization tran-
sition phenomenon is still observed. It can be observed that
the simplicial complex is unstable under o, = 0,0.1, while be-
comes stable under ¢, = 3 at the desired state. The corre-
sponding system errors are illustrated in Figs. 11(a) and 11(b),
respectively. The simulated results are in good agreement with
the results in Fig. 9(a).

2.0 SR ‘
Ao (a) T (b) 201 —en—au (c)
BT i A
1.0 10 R
g n 23 T43
_ 05X
8 AN
ol
—0.57
—1.07 ‘
15 —20
0 2 4 6 8 10 0o 2 6 8 10 0 2 4 6 8 10
t t t

Fig. 10. The evolution of the node states with Rossler systems under different noise intensities: (a) o, = 0, (b) 6, = 0.1, and (c) o, = 3.

In both cases, the analysis highlights how increasing
noise intensity can lead to enhanced synchronizability when
noise affects all state variables of the nodes. The downward
shift in the MSF curve as noise intensity increases suggests
that, under the right conditions, noise can facilitate synchro-
nization by helping the system overcome local instabilities and
reach global coherence.

1.5 1.5
(a) (b)
1.0 1.0
o (8]
0.5 0.5““\“
%% 4 6 8 10 O T TS TS 1o
t ¢

Fig. 11. The evolution of the system errors with Rossler systems under differ-
ent noise intensities: (a) o, = 0.1 and (b) 6, = 3.

In the following, we analyze how the noise intensity af-

fects the synchronizability of simplicial complexes when noise
affects only a subset of the node’s state variables. Consider the
case where 1) (x;) = [x;I,O,O]T, 0 (xj,x) = [x?lxkl ,0,0]T,
and g(x;) = [xi1,x2,0]T. Figure 12(a) presents the MSF curves
under different noise intensities ¢, = 0.1, 1.1, 3.6, 4.6, 5.6. It
can be observed that for low noise intensities, such as ¢, = 0.1,
the MSF curve remains above zero, indicating that synchro-
nization is unlikely. However, as o, increases to 3.6 and be-
yond, the MSF curve starts to decline, suggesting that synchro-
nization becomes more achievable at higher noise levels. Nev-
ertheless, the effects are not uniform; while synchronizability
improves in some cases, further increases from o, = 0.1 in
noise intensity (e.g., 6, = 1.1) may cause fluctuating results,
with the MSF curve showing inconsistent trends.

Next, we examine a different diffusion function, g(x;) =
[0,x:2,0]T, while keeping the same inner-coupling functions.
Figure 12(b) presents the MSF curves under different noise
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intensities o, = 0.1, 2.1, 2.6, 5.1. In this scenario, the behav-
ior of the MSF curve similarly reflects the uncertain effects
of noise. For o, = 0.1, the MSF curve remains well above
zero, indicating weak synchronizability. As noise intensity in-
creases to 0, = 2.6, the MSF curve begins to decrease, sug-
gesting improved synchronizability. However, when ¢, = 2.1,
the effect of noise becomes less predictable. While initially
shows potential for synchronization, the MSF curve does not
continue to follow a consistent downward trend, reflecting the
uncertainty in how partial noise propagation affects the net-
work.

30
25|
20
15¢
10t

(a)' ' L5.7<

140
120
100
801
60
< 401
20

0
2 /
—40

—60

0 002 004 006 008 0.0
n
Fig. 12. The MSF curves of the stochastic simplicial complex of Rossler
systems under different noise intensities: (a) g(x;) = [xi17xi2,O]T,
oW (x)) = [3,,0,0]", and 0 (xj,x) = [3,51,0,0; (b) g(x;) =
[O,X,'z,O]T, a)<1)(x_,) = [x?l 7O,O]T, and 6()(2) (x_,',xk) = [x%lxkl,O,O]T.
These results demonstrate that when noise influences only
a subset of the state variables, its impact on synchronizabil-
ity becomes more complex and context-dependent. Unlike the
case where noise affects all state variables uniformly, selec-
tive noise propagation may either improve or hinder synchro-
nization, depending on the interaction between the noise and
the network’s intrinsic dynamics. This highlights the need for
careful analysis of the noise diffusion pattern to accurately as-
sess its influence on the overall performance of the stochastic
simplicial complex.

4.3. A simplicial complex

In what follows, we still consider the simplicial complex
of four nodes, which has two 2-simplex, as shown in Fig. 3.
Consider the case that o1 = 0. Notice that 0, is the coupling
strength associated with three-body interaction. Figures 13

and 14 depict the largest Lyapunov exponents under varying
o> and o,. All the results observed in Figs. 2, 6, 7, and 8
can be found in Figs. 13 and 14. When noise affects all state
variables of the nodes, increasing noise tends to benefit the

35

(a)
p— ]

25+ —o0,=0.2
=
L —o,=1.
20 —o0,=2.0
< 15¢
101
0
-5 .
0 0.2 0.4 0.6 0.8 1.0
[ep]
40
(b)
L—
30 — o0, =0.1
—o0,=1.0
20+ —o0,=3.1
—o0,=25.1
101 — 0o, =T.1
<
0
—10}
—20F
—30

0 02 04 06 08 1.0
o2

Fig. 13. The MSF curves for the stochastic simplicial complex of
Van der Pol oscillators: (a) g(x;) = x;, a)(l)(xj) = [x;I,O]T, and
o (xj,x) = [x%lxkl,O]T; ) glx) = x, oV (x;) = x?l,xifz}T, and
0 (xj,x) = [ 001,35 00]

35y
30y — 5,=0.2
251 et y!
20) —ah
< 151

10\/’V\
5.

5% 02 04 06 08 10
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(b)
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- 20¢ =71 ]
10 ]
5. 4
N
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Fig. 14. The MSF curves for the stochastic simplicial complex of
Van der Pol oscillators: (a) g(x;) = [xi1,0]T, o) (x;) = [x;] ,0]T, and
0@ (xj,x0) = [0, 00T (0) g(xi) = [0,x22]T, @M (x)) = [}y, 23,

and ) (x;,x) = [0, %002
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synchronization of simplicial complexes. This may be at-
tributed to the noise introducing a form of “stochastic reso-
nance”, where a certain level of noise helps facilitate the col-
lective behavior of the nodes, enhancing their ability to syn-
chronize. On the other hand, when noise affects only a subset
of the node’s state variables, the effect of increasing noise on
synchronizability becomes uncertain. In such cases, the pres-
ence of noise may disrupt the delicate balance required for
synchronization, leading to inconsistent results that depend
heavily on the specific dynamics of the unaffected variables.
Further analysis reveals that the interaction between the noise
and the specific coupling strengths plays a crucial role in de-
termining the overall stability of the synchronized state. For
example, while the higher coupling strength 6, generally pro-
motes synchronization, the presence of noise affecting only
some nodes can lead to competing dynamics that destabilize
the overall system.

In summary, the results highlight the complex interplay
between noise, coupling strengths, and the dynamics of the in-
dividual nodes in simplicial complexes. This understanding is
vital for developing strategies to enhance synchronization in
real-world networks, where noise is often unavoidable. Fu-
ture research could explore adaptive coupling mechanisms or
noise mitigation strategies to optimize synchronization in such
systems.

5. Conclusion

This paper primarily investigates the synchronization of
simplicial complexes under the influence of noise. Firstly, an
extended master stability equation and corresponding synchro-
nization stability criteria are provided. Secondly, using Van
der Pol oscillators and Rossler systems as the intrinsic dynam-
ics of nodes, the paper delves into how the noise affects the
synchronization of simplicial complexes under different noise
difussion and inner-coupling functions. The obtained results
indicate that the effects of noise on the synchronizability vary
with the form of noise propagation. It demonstrates that the
presence of noise can regulate the synchronization pattern of
the simplicial complex, transforming the unstable state into
a stable state, and vice versa. Moreover, the study explores
the implications of different coupling configurations in sim-
plicial complexes, demonstrating how varying the strengths
and patterns of coupling can either enhance or hinder syn-
chronization in the presence of noise. The analysis includes a
comparative examination of different noise propagation mech-
anisms and their impact on the stability of synchronized states.
These findings provide insights and theoretical underpinnings
for enhancing the performance of real-world networks, such
as social networks, sensor networks, and biological systems,
where robust synchronization is essential for functionality. By
identifying critical thresholds and optimal coupling strategies,

this research contributes to the design of more resilient net-
worked systems that can maintain synchronization despite the
inevitable presence of noise. The results pave the way for
future studies to explore adaptive control strategies that can
mitigate the adverse effects of noise, thereby improving the
reliability and efficiency of complex systems in practical ap-
plications.

It is worthwhile to mention that, although numerical
simulations are performed with two types of nonlinear sys-
tems, the extension to other general systems, such as Chen
system!*8] and Lii system,**! is straightforward. In the future,
exploring the synchronization of higher-order networks with

[50-52

time delay ! would be intriguing. Additionally, address-

ing synchronization issues in higher-order networks with het-

33341 and directed topologies,>!

[56-58 59,60]

erogeneous node dynamics!
alongside investigating control ! and deep learning!
in higher-order networks, present challenging yet promising

avenues for further research.

Appendix A: Proof of Theorem 1

Proof Define Ax; = x; — x5, i = 1,2,...,N. The error
dynamics is given by

dAx; = dx; — dxg

N aH(l) oy
= <JF(XS)Axi+0’1 Zaf}> [a(xl,x]) Ax;
=1 Xi (xs%5)
(D) (4. +.
L 9HY (ix)) Ax]}
axj (os,xs)
NN dH?) (x;,x;,xz)
2 iy Ak
+o ) ) ay [ax] Axi
j=1lk=1 ! (3% X5 ,Xs)
2) (v .
L OH (i, xi) Ax,
axj (0rs X5 ,Xs)
0H®) i Xi
L 9H® (i) x) Akadt
an (xs;xs«,xs)
0, (xs) AxidW (1), i=1,2,...,N, (A1)

where Jr(x;) and J, () are the Jacobian matrices of F (-) and
g (+), respectively, at x;.

In the following analysis, the local stability of the stochas-
tic simplicial complex is examined. It is noted that all inner-
coupling functions are synchronization non-invasive. Conse-
quently, we have H())(x,x) = 0 and H®) (x,x,x) = 0. At the
desired state xs, both H (1) and H® are constant and equal to
zero. Therefore, their total derivatives also vanish.?3-311 Thus,
we obtain

8H(') (xi,x/-)

n 8H(') (xi,xj)
8xi

=0
8xj ’

(X5 %s)
8H(2) (x,-,xj,xk)
ax]'

(xs,%s)
aH(z) (x,',xj,xk)

ax,' +

(stCs -Xs) (Xs +Xs :xs)
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IOH®D (x: x:
L O % x) —0, i=1,2,....N. (A2
axk
(Xs-,x57xs)
It is well known that
dH® (xi,%5) Ax; = oHW (xi,x;) Axi,
dx; ox;
(x5) (xs:xs)
N N N
Z al(;) = kl(l), and Z aff,z = 2k§2) = L5i2>.
j=1 j=1k=1
Substituting Eq. (A2) into Eq. (A1) yields
()
dAx; = (JF(XS)A)C,' — 0] Z Lij JH(U (xs,xs)ij
j=1
" 2)
-0 Z L [ o (s, x5, %)
j=1
+h0 (xs,xs,xs)]ij> dr
+ 0,0, (x5) Ax;dW(t), i=1,2,...,N, (A3)

where

OHW (x;,x)
Ty (Xs,%5) = —
H 8)Cj

)

(s.xs)

OH®P (x;,x;,x;)
i) (X, X, Xp) = ——— ==
1H 53 X5y Xs ij

)

(X X5 ,Xs5)

oH?) (xivxj,xk)

Jop2) (X, Xg, X5) = e

(xs Xs !xS)

Moreover, L) = (Ll(j])) € RV*N and L?) = (Lg?) € RVN
are the l-order and 2-order generalized Laplacian matrices,
respectively.

It follows from Eqs. (A3), (7), and (8) that

N
dAx; = <JF (x)Axi— Y [al LY+ chEf)] T (x0) Ax J-) dr,
=1

+0,J, (x) AxidW(t), i=1,2,... N, (Ad)
do™ (x;
where J ) (x;) = wT](_x’) o’

T .
Let Ax = [Ax],Ax],...,Axy|" € R™, equation (A4)
can be rewritten as

dAx = []N®J]: —P®Jw(1)] Axdt

+0,Iy @ J,AxdW (1), (AS)

where Jp = Jr(xs), Jg = Jg(x5), J (1) = J 1) (xs), P = 1 L) +
62L<2), and Iy is an N x N identity matrix.

Let & = (T_1 ®Im) Ax. Here, the columns of T are the
eigenvectors corresponding to the eigenvalues of P. Then, we
have

d = [Iv®JIr—U®J,m]&dr

+ 0,y RJ,EAW (1), (A6)

where U = diag (A1,A2,...,A4y) with A1,4,,..., Ay being the
eigenvalues of P.

Notice that P is a real symmetric zero-row-sum with
eigenvalues 0 = A; < Ay < --- < Ay. Equation (A6) can be
reformulated as follows:

d& = [JF - )vijw(l)] &idt + 0, ;AW (1),

i=1,2,...,N. (A7)

Let N = ;. Motivated by the MSF formalism,"! an ex-
tended master stability equation is thus obtained as

dy = [JF —nJ )] ydi + 6,JgydW (2). (A8)

It follows from the master stability function approach that
the error system (A1) is locally almost sure exponentially sta-
ble at zero if the largest Lyapunov exponent calculated by
Eq. (A8) is negative. The proof is thus finished.

Remark For D > 2, o?) satisfies the following condi-
tions:

oP(x,...x) = =0V (x,x) = 0" (x). (A9)

Here, the term P in Eq. (AS5) for any D can be expressed as

PP =1LV + 6oL 4+ opL . (A10)
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