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We present a quantum ranging protocol that overcomes photon-loss limitations using optimized partially frequency-
entangled states. By establishing the fundamental relationship between the degree of entanglement, channel transmission
efficiency and measurement precision, we demonstrate superclassical timing resolution in both lossless and lossy regimes.
Theoretical analysis and numerical simulations reveal that, under a lossless channel, the precision gain increases with the
degree of entanglement, approaching the Heisenberg limit. Importantly, in lossy channels, the precision gain is significantly
influenced by both the channel transmission efficiency and the degree of entanglement. For transmission efficiencies above
50%, the proposed method provides up to 1.5 times the precision gain of classical methods when entanglement parameters
are optimized. Moreover, by optimizing intra-group and inter-group covariances in the multi-structured entangled state, we
achieve substantial precision gains even at low transmission efficiencies (~ 30%), demonstrating its robustness against loss.
This study resolves the critical trade-off between entanglement-enhanced precision and loss-induced information degrada-
tion. Future implementation could extend to satellite-based quantum positioning, remote sensing, quantum illumination,
and other fields that require high-precision ranging in lossy environments. The protocol establishes a universal frame-
work for loss-tolerant quantum metrology, advancing the practical deployment of quantum-enhanced sensing in real-world

applications.
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1. Introduction

The quantum precision ranging method, by utilizing
quantum resources, such as quantum entanglement!!! and
quantum squeezing,?! particularly non-classical states of de-
tection, has surpassed the limitations of the standard quan-
tum limit,! thereby reaching the measurement precision to
the Heisenberg limit.[*>! Due to its high ranging accuracy, the
quantum precision ranging method has found widespread ap-
plications, such as in gravitational wave detection,®”] quan-
tum imaging,®-'1%1 biological cell engineering and chemi-

n.['=13] Quantum precision ranging

cal molecular computatio
mainly uses the quantum mechanical properties of photons to
achieve distance measurement relative to the target objects.
Since the ranging problem is essentially a time measurement
problem, the quantum precision ranging method also provides
ideas for new time synchronization algorithms. 314!

In existing schemes, quantum precision ranging schemes
based on continuous-variable entangled states enhance mea-
surement precision by utilizing continuous quantum states
(such as squeezed states) and quantum entanglement,!!>-1%]
making it highly effective for high-precision short-range
measurements in complex environments, achieving near-

Heisenberg-limited precision in static environments. How-
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ever, its sensitivity to environmental decoherence and trans-
mission losses limits its performance, especially in long-
distance measurements. In contrast, pulsed quantum ranging
methodologies employ pulsed quantum signals (such as quan-
tum radar pulses), which excel in long-range measurements
and atmospheric propagation. The brief nature of the pulses
and their resistance to signal attenuation makes the pulsed
quantum ranging scheme more effective in long-distance and
high-noise environments, although it requires precise synchro-
nization and phase control. Overall, the continuous-variable
entangled state ranging scheme is suitable for high-precision
short-range measurements, while the pulsed quantum ranging
scheme offers superior performance in long-distance, atmo-
spheric and fast-target measurements.

In 2001, Giovannetti et al. first proposed the theory of
pulsed quantum precision ranging.’! A transmitter sends M
pulses to a receiver at various reference points, and distance
measurement is achieved by processing the time of arrival
(TOA) of the received pulses.

ory, when the M transmitter pulses are frequency-entangled

According to quantum the-

and number-squeezed containing N quanta, an accuracy gain
of v/ MN times can be obtained theoretically by measuring
the correlation in the TOA of the pulses, in comparison to
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the non-entangled case with the same single-photon band-
width. The accuracy of pulsed quantum ranging in the non-
destructive channel is significantly superior to that of classical
non-entangled pulse ranging.

In the pulsed quantum ranging scheme, the entangled
photons are highly susceptible to photon loss.*! This implies
that once an entangled photon is lost, the entanglement prop-
erty between the photons is irreversibly compromised. Con-
sequently, the measurement precision of the quantum pulse
for a maximally entangled state is significantly diminished. [>°!
To mitigate the damage caused by photon loss, several rang-
ing schemes have been proposed. In 2007, Shapiro proposed
another entangled photon ranging scheme.[?!l called ‘send-
one-detect-all protocol (SODAP)’, in which a series of N-
photon entangled-state pulses are prepared, with only one pho-
ton from each pulse being used to detect the target, while the
others are detected within the radar itself. In 2008, Lloyd
gave an explanation of how ‘quantum illumination’ works. [>!
Theoretically, quantum illumination based on m-bit entangled
photons can achieve a signal-to-noise improvement factor of
2™ compared to non-entangled illumination. Especially in an
environment of high loss and strong noise, even if the pho-
ton entanglement property is destroyed, quantum illumina-
tion can still achieve the improvement of the signal-to-noise
ratio.[?>?* Tt is crucial to emphasize that the principal objec-
tive of quantum illumination resides not in distance measure-
ment, but rather in target detection. The application of quan-
tum entanglement properties enables substantial reduction in
the minimum error probability during target identification pro-
cesses, thereby effectively improving the signal-to-noise ratio
characteristics.

Here is another strategy to battle the effects of the loss.
In 2002, Giovannetti et al. discussed using the partially entan-
gled state to replace the maximally entangled state.>”) More
complex configurations can be introduced to entangle multiple
systems, where different systems have different degrees of en-
tanglement with all other systems. This shows that partial en-
tanglement can protect against loss while still retaining some
of the quantum enhancement when the channel transmission
efficiency is good.

Previous studies have only suggested that the use of par-
tially entangled states can enhance robustness against loss,
without providing an explanation for the underlying reasons.
For instance, the accuracy of the average TOA for a partially
entangled state with different degrees of entanglement under
varying loss conditions has not been discussed. In Section 2,
this paper elucidates the principle behind the capacity of par-
tially entangled states to mitigate loss and establishes the re-
lationship between the degree of entanglement and the abil-
ity to recover from loss. Moreover, when employing multi-
structured entangled systems, all groups involving photon loss

are discarded. While this improves loss resilience, it simulta-
neously wastes the arrival time information of the other pho-
tons present in the discarded groups. In Section 3, this paper
considers utilizing the TOA of all received photons, rather than
those selected after filtering, to estimate the accuracy of the
mean TOA and explains the relationship between subsystems
and the total system.

2. Analysis of partially frequency-entangled
state scheme

The transmitter sends M pulses to the detector, which are
frequency-entangled. For simplicity, it is assumed that only
one photon is emitted from each mode.

Then, a frequency-entangled state |¥) is normalization
given by

)= [dwy@)io) ooy, O

where |@,,),, denotes the single-photon, frequency-w,, state of
mode m, and y(w) denotes the spectral function of M photons,
in the specific form

|1,l/(w)|2 = %exp <le2_1w) . 2)
(21)% |22 2

Here, w! = [oy,...,0y], X is the covariance matrix, |¥) is
the coherent state if and only if X is a diagonal matrix, and
| X) is the entangled state if and only if X' is a non-diagonal

matrix.
1 N X
5 2 N
;57 14
% 3 j\ N Detectors
H
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Fig. 1. Schematic diagram of the pulsed quantum ranging scheme.

Assume that X' can be expressed as

2 <2 2
oy Oi -+ Oj

2 52
o? o
=10 (©)
: . of
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The elements on the main diagonal are Gg, representing the
photon bandwidth of individual modes, while the remaining
elements are 0'12, indicating the spectral correlation between
the two corresponding modes.

When o7 = 67 # 0, it can be seen that each mode exhibits
the maximal entanglement in frequency, implying that the
quantum state |¥) is the maximally frequency-entangled state.
These photons in |¥) are indistinguishable, that is, the fre-
quencies are equal. Their frequencies are interrelated through
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physical laws such as energy and momentum conservation.
The specific relationship depends on the physical process that
generates the photons. For instance, in the process of sponta-
neous parametric down-conversion (SPDC),>! when a high-
frequency photon (such as the signal photon at the frequency
Osignal) splits into two lower-frequency photons (such as those
photons at the frequency @; and @, respectively), their fre-
quencies are correlated, satisfying relations @signa1 = @1 + @
and @] = @y =
tangled state generated through four-wave mixing, %! the fre-

(1/2) ®signar- Similarly, for a four-photon en-

quencies (@, @y, @3 and @) of the four photons satisfy rela-
tions @ + @ = W3 + @4 and @] = W, = O3 = 4.
Consequently, y(w) can be simplified as

1 ( o’ )
=——exp|—=—=]. “4)
V2o 203
Here, |%) = [ doy/(0)|o) |o)---
in the vacuum state except the one that is at frequency . After

ly(w)]

|®), and all the modes are

one photon in the quantum state |¥) is measured, it collapses
to a particular frequency in that mode with the probability of

ly(o)

termined by the photon’s frequency. Therefore, the loss of

2, and the frequencies of the other photons are also de-

one photon influences the others, altering the received spectral
function |w(®)|>. In other words, the arrival-time informa-
tion of other photons encoded in the entanglement cannot be
utilized either.

In the absence of photon loss, the accuracy of the average
TOA can be expressed as

2.1. Analysis of the time of arrival accuracy for the par-
tially frequency-entangled state under a lossless chan-
nel

2.1.1. Methods

When 0'(% #* 612, it satisfies Gg > 612 > (. It represents
a partially entangled state, where, although the degree of fre-
quency entanglement among the photons does not reach its
maximum, the measurement of one photon still influences all
the others. It is important to note that these photons are distin-
guishable, meaning their frequencies are not all identical, yet
they still adhere to the relevant physical laws. The partially
entangled states ranging schemes utilize the information from
the non-entangled components that are retained to mitigate the
impact of photon loss.

The covariance matrix can be expressed as

X = (0 — i) I+t Ju, (©6)

which can be decomposed into a unitary matrix I; and a spe-
cial matrix Jys of rank 1, Jy = 1M1},,. Thus, the bandwidth
of the single photon in individual modes is
62 =03 -0l +ol=o0p. (7)
Since the covariance matrix is symmetric, 31 exists and

is also symmetric, sharing the same form as Y. By letting

1 X~ = aly + bJy and using the method of undetermined co-
ATiax = W' o) efficient, X ~! can be found as
|
o1 Iy oty
-0 (of-or+ Mooz~ o))
og — o+ (M—1)oc? —o? —o?
_ ! . S A B SN(7) ©
(65 —of +Mo})(o; — o7) ; N o2 ’
—o? of of—of+(M—1)o}

when no photons are lost, the joint probability density function

M 2
(‘thi)
o LM | ©)
4 ol-ol+Mo}

for receiving M photons is

Ppart °< €Xp

The average TOA (r) is determined to the following accuracy:

ATpart = 1 M M
A4 02— o2+ Mo?

1
- \/4M(cr0 —o}+Mo}) (19)

In comparison to the classical state with the same single-
photon bandwidth, where the inverse of the covariance matrix

1
is X' =
ceiving M non-entangled photons is

= Iyy/ 62, the joint probability density function for re-

1

Pe (2m)1/A(c2)-1/4
> 2
- = —i mem 11
xexp{ 4(6%)]exp( 10mty) (11

The central limit theorem gives the accuracy of the mean (z),
1

2\/Macg

ATy > 12)
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The gain in accuracy is expressed as A = AT /ATpar. One can
derive the following:

—0'1 —i—Mcr1
oy

A= (13)
That is, in the absence of losses, when 612 — Gg, the quan-
tum state |P) tends towards the maximally entangled state,
resulting in A — +/M; even for partially entangled states, the
accuracy can still exhibit a gain approaching /M.

Lete=
the degree of entanglement.>’?8] When its value approaches

o0} /03 be the ratio of covariances, which signifies

0,i.e., (712 — 0, this indicates that the entanglement is weaker,
approaching a classical state. Conversely, when its value nears
1, i.e., 67 — oF, this suggests a higher degree of entangle-
ment, approaching a maximally frequency-entangled state.

It is now required that the gain in accuracy is greater than
1, which can be expressed as

A=V1—e+Me>1. (14)

It can be observed that for different values of &, any arbitrary
value of € can satisfy the requirement.

2.1.2. Results

As depicted in Fig. 2, in the absence of photon loss, for
any given value of the degree of entanglement &, the accuracy

s In o

" o3 —0f (03 —0?+Ma})(a] —o7)

) ! . ~o?
(6 o7+ Ma?)(5} —o7) ;
2

The joint probability density function for the TOA of m re-

m 2
i=1

ceived photons is given by

Ppartem %< €xp | -~ L || (16)
partm 2AT2
where
ol M —m)o}
Arm:\/m- por+Momof )
4 (o5—of +MGl)(GO —o})
Therefore, the accuracy of (¢) is
1 o — o2+ (M- m) o?
ATy = | — 52— .8
part-m \/4m (G() —l—MG])( 61) (18)

Here, it is evident that if a maximally entangled state is used,
602 = (712, the measurement precision would be meaningless.

of the mean TOA for the partially frequency-entangled state
surpasses that of the classical state under identical conditions.
The gain A exhibits a relatively smooth increase with the de-
gree of entanglement € and the number of emitted photons M,
with the gain approaching v/M as € — 1.

Lossless

30 100

60
40
0 20 M

Fig. 2. Gain in accuracy under a lossless channel.

2.2. Analysis of the time-of-arrival accuracy for the par-
tially frequency-entangled state under a lossy channel

2.2.1. Methods

When m photons are received, the received quantum state
is formed by selecting the channels that receive photons. The
inverse of the covariance matrix is given by

—of -0t
o; —of +(M—1)o} ; L as)
. . _o?
of oj-oi+M-1)of |,

However, the probability Fpar-y, is not entirely dependent
on the situation of a single photon. It is necessary to multiply
Eq. (16) by a constant P,,, ensuring that the summation of the
probability over all times ¢#; precisely equals the probability of
detecting m photons. The constant B, is given by

MY ()" (1 —m)M ™
P, = — 19
" (m) " >
Here, m represents the received probability of each pho-
ton, that is, the channel’s transmission efficiency, and

1/(1—(1—=n)M) is the renormalization factor. Thus, the
mean of TOA is obtained by estimating the mean of Y7 , 1;/m,

given by

Pm 2 2+(M m) 2
wm’ (07— 07+ Mo?)(o7 ol>> 20

M
A‘Z-peurt-m = Z <
m=1
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This is the prior estimation of the arrival-time precision for
emitting M photons under a lossy channel.

Compared to the classical state under identical condi-
tions, where M photons are emitted under a lossy channel, the
average of TOA is determined to the following accuracy:

1
ATy 2 ——. 21
24 /mag
Similarly, after introducing Eq. (19), one can obtain
(22)
Thus, the gain A, = AT,/ ATpart-m can be derived as
M
Pn
mgl (4m6§)
Am =
M Pu . o} —o2+(M—m)o?
mZ:'l (M (0‘370'12+M612)(637612))
) 2 M
Uoo-gcfl Zl %
— m=
B M I)Ill 612 M . (23)
mzzll ‘m o2—ol+Mo} mZ::le

Similarly, introducing the degree of entanglement € = 67 /03,
where 0 < € < 1, when the gain A,, exceeds 1, the following
can be obtained:

1—¢
1 >1, (24)

e
where Ky = Z’,‘,{Z] P, / Z%:, % is the introducing parame-
ter related to M and transmission efficiency 1. There is no
doubt that regardless of how large a value of M is chosen,
1 < Ky < M remains constant.

Further calculation of Eq. (24) leads to the range of values
for the degree of entanglement when the number of emitted
photons M is constant:

Ky — 1
(S {0, 1\4—1] . (25)

2.2.2. Results

Focusing on a single simulation subplot in Fig. 3, under a
lossy transmission channel, the transmission efficiency 1 has a
significant impact on the gain A. The higher the transmission
efficiency, the better the gain. In addition, the gain initially in-
creases and then decreases with the degree of entanglement €.
The optimal gain occurs at larger € for fewer emitted photons
and smaller € for greater photon numbers. This is because the
smaller the degree of entanglement, the more pronounced the
classical nature of the state becomes. When photon loss oc-
curs, the disruption of the entanglement has less effect on the
accuracy of the gain.

2.0
1.5
< < 10
0.5
(a) M=25 (b) M=50
O0 02 04 06 038 1.0 O0 02 04 06 038 1.0
€ €
2.0 2.0
1.5 1.5
< 1.0 < 1.0
0.5 0.5
(¢) M=T75 (d) M=100
00 02 04 06 038 1.0 00 02 04 06 038 1.0

€ €

Fig. 3. Relationship between the gain A,, and the degree of entanglement
¢ when the number of emitted photons M is fixed. Blue curve repre-
sents 11 = 20%; red curve represents 11 = 40%; yellow curve represents
n = 60%; purple curve represents 1 = 80%.

Upon comparing the four simulation images in Fig. 3, it
can be observed that as the number of emitted photons M in-
creases, the channel transmission efficiency 1 improves, lead-
ing to a greater gain in accuracy. However, the degree of en-
tanglement diminishes when the maximum gain is reached. In
accordance with the expression given in Eq. (25), for the par-
tially entangled state to achieve better accuracy than the clas-
sical state, the range of values for its degree of entanglement
will also be relatively broader.

For a fixed number of emitted photons M propagating
through a certain channel with the transmission efficiency 1,
the constant kj; remains invariant. The extremum analysis of
the function in Eq. (24) yields the value of € that maximizes
the precision gain. However, it is essential to distinguish be-
tween different situations rather than making generalized as-
sumptions.

Solving Eq. (24) demonstrates that when M > Ky + 1
(which is typically satisfied), the maximum gain is attained
at

2M — 2+ \ 4K M — (5 + k)M
2M—ry — D)(1-M)

When M < Ky + 1 (in the rare cases of high transmission ef-

(26)

8Amax =

ficiency n or few emitted photons M), the gain can reach the
maximum at €4, = 1. That is, using the maximally entangled
states can achieve the optimum.

When 100 entangled photons are emitted, as the transmis-
sion efficiency 7 increases, the range of choices for the degree
of entanglement &, which aims to achieve measurement preci-
sion superior to that of classical partially entangled states, also
expands.

Now, for a fixed value of €, the number of emitted pho-
tons also spans a different range of values to guarantee im-
provement in accuracy. Recalculating Eq. (24) gives
e—1+ky
—

M < 27
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Hence, the range of values for M is also dependent on Ky,
which together constrain the range of M. It is not the case that
an increased number of emitted photons, under the same con-
ditions, automatically leads to greater gains, as demonstrated
in Figs. 5 and 6.

M=100

Fig. 4. Gain in accuracy when M = 100. Purple plane L in the diagram is
the plane of A = 1, with the portion above it indicating that the entangled
state provides superior time-of-arrival accuracy, while the portion below
it suggests that the classical state offers better time-of-arrival accuracy.

2.0 1.6
— —05
1.8k(a) €=0.25 14 (b) €=0.50
1.6
1.2
< 14 <
1.0
1.2
woll——— 0.8 C
<~ 000
0.8 20 40 60 80 100 0.6 20 40 60 80 100
M M
1.2 0.25
(c) €e=0.75 (d) €e=0.99
10 ool
< <
) . @
0.6 k//
20 40 60 80 100 0 20 40 60 80 100
M M

Fig. 5. Relationship between the gain A and the number of emitted pho-
tons M when the degree of entanglement € is fixed. Meanings of the
colored lines in this figure are consistent with those in Fig. 3.

Precision gain generally improves with increasing emit-
ted photon numbers. However, at high entanglement degrees
(e.g., € = 0.99), the precision gain manifests a pronounced
initial decline. The reason for this is that a high degree of
entanglement implies that the nature of the entanglement is
dominant, and when the number of emitted photons is small,
the loss of photons hits the measurement accuracy extremely
hard, while it improves when the degree of entanglement is
low.

Focusing on the single simulation subplot of Fig. 5, the
lower the transmission efficiency of the channel, the greater
the number of emitted photons is required to obtain better mea-
surement accuracy using a partially entangled state. There-
fore, when the degree of entanglement is fixed — especially at

higher levels — attempting to enhance accuracy by increasing
the photon transmission has a minimal effect. For example,
in the bottom-left subplot titled ‘€ = 0.75’°, the transmission
efficiency represented by the purple line is 7 = 80%. When
M =9, the gain is A = 1.0011; when M = 16, it reaches
A =1.0530; when M = 44, it just reaches A = 1.1000; when
M = 100, it only increases to A = 1.1162. It only improved
by 0.0162, yet required doubling the number of photons trans-
mitted. The mutual constraints between the transmission effi-
ciency and the number of emitted photons result in a negligible
gain in accuracy, in accordance with the reasoning presented
in Eq. (27).

100

Fig. 6. Gain in accuracy when € = 0.8. Meaning of the purple plane in
this figure is consistent with that in Fig. 4.

When € = 0.8, a significant improvement in A due to an
increase in the number of emitted photons only occurs when
the channel transmission efficiency is high. When n = 90%, if
the number of emitted entangled photons exceeds five, using
partially entangled states leads to superior accuracy. However,
when 17 = 80%, the emitted photons must exceed 100 for the
partially entangled state scheme to provide enhanced preci-
sion.

It is also important to note that even with a channel trans-
mission efficiency of 90%, the gain when transmitting 100
entangled photons is only 1.4005, which is still significantly
lower compared to the nearly ninefold gain in a lossless chan-
nel. When the transmission efficiency reaches 98% or 99%,
the gains approach 3 and 4, respectively, whereas in a lossless
channel, the gain is close to 10. Therefore, when transmitting
through a lossy channel, the key consideration in utilizing par-
tially entangled state schemes to enhance precision should be
whether to ensure an appropriate degree of entanglement or to
ensure a sufficient number of emitted photons.

3. Analysis of multi-structured entangled state
schemes

The ranging scheme employing multi-structured entan-
gled states is analogous to that utilizing partially entangled
states, as illustrated in Fig. 7.

070303-6
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=== )
=)
=) )

Fig. 7. Schematic diagram of the pulsed quantum ranging scheme using
multi-structured entangled states.

Consider the following scenario. A partially entangled
state containing M entangled photons is emitted, and these M
photons are divided into G groups. The G groups are entan-
gled, while within each group, K photons are also entangled
in a manner distinct from the entanglement in the group.

If no photon loss occurs, one can exploit not only the cor-
relations of the K photons within the group but also the cor-
relations between the G groups. In the event of photon loss,
however, due to the entanglement structure in place, not all
information is inevitably lost.

The emitted quantum state can be represented as follows:
Vo= [400(2)2),10), @), @)

where
= [dwow. @) ) [0) -

This is the state of the jth group of K photons described
for j =1,2,...,G and

)k 29

by one-photon frequency state |®) ;
I1=12,... K
For the sake of simplicity, let us consider the case of a
Gaussian spectrum. That is, | (£2)|* is a Gaussian with a
variance of | I'|, represented as
D@ = e
(2m)5/2|T |2
where I is the covariance matrix, represented as

% NN

= (B -MIc+7rlele = 7@2 73 yz . (3D
N ‘. T, 1
712 Y12 y(% GxG

Similarly, |¢ (w,2)|* is a Gaussian with a variance of |3,

{;QTF*Q] . (30)

represented as
1

2
¢(w, Q)" = W

X exp —%(w—Q)Tz”(w—Q) . (32)

where X' is the covariance matrix, represented as

2 <2 2
oy Oj -+ Oj

) o’ of
2: (60 01 )IK+Gl JK 1 0 (33)
: . o?
2 2 2
61 61 GO KxK

This multi-structural entangled state can be expressed in
two parts. The intra-group part can be viewed as the K-
dimensional partially frequency-entangled state, where each
channel contains only a single photon. The inter-group part
can be considered as the G-dimensional partially frequency-
entangled state, where each channel contains K photons.

Similar to the elements in the covariance matrix of par-
tially entangled states, the elements on the main diagonal yg
and Gg represent the bandwidth of each group and each pho-
ton, respectively, while the off-diagonal elements indicate the
correlation between the two corresponding modes.

The generation of multi-structured entangled states is in-
deed a challenging task. Rather than reconfiguring a multi-
photon entangled state into a multi-structured entangled state,
an alternative approach might involve recombining multiple
entangled states and hybridizing them into a multi-structured
entangled state. The following is a straightforward and funda-
mental idea. A coherent state can be interpreted as an entan-
gled state with the entanglement degree of zero. By hybridiz-
ing this coherent state with a maximally entangled state, the
resistance to loss can be enhanced. This is the next problem
that we will need to solve for verification.

3.1. Analysis of the time-of-arrival accuracy for the multi-
structured entangled state under a lossless channel

3.1.1. Methods

In the absence of photon loss, the joint probability density
of receiving M photons at the detectors is

2
G K
j=1i=1
- (34)

G |
2 4(Gy?+0?)

Pultistructure-GK < €XP

where x? and ¢ correspond to the parameters introduced by
I'!'and X!, respectively, and are expressed as

+G o} + Ko}
y— [ BoREOR 71 n S )

Thus, the mean of (f) is given by

f / 1
Aok = Gy2+c2 / 2K\ GG+ o2) (36)

A comparison between the multi-structured entangled state
and the partially entangled state, exhibits strikingly similar
forms. In the calculation, the entanglement in frequency trans-
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lates into the bunching of TOA of photons from different
pulses. The multi-structured entangled state is divided into
two parts for transformation — an inter-group part described
by the one-group frequency state |Q) ; and an intra-group part
described by the one-photon frequency state | @) j1- This can be
viewed as converting the intra-group frequency entanglement
of [22), into the time domain of the jth group, which is then
added to the time domain of the inter-group transformation of
).

Reflected in the time domain, that is, expressed by the
inverse of the covariance matrix, it is the sum of the G di-
mensional diagonal matrix formed by the intra-group 62 (Be-
cause there is no photon loss, the parameters for each group
are equal), and the inverse of the covariance matrix I" for the
spectral function of the inter-group part. Thus, the covariance
matrix Iy of the ensemble for the multi-structure entangled
state can be inversely derived and is expressed as

wto? W W
2 2 2 .
n=clg+r=| " W*° . (37)
N t. c. 1
712 712 Yg+62 GxG

The bandwidth of each group that contains K photons in |¥)
can be derived as

% =1+0" (38)
Hence, the ratio of covariances of the ensemble can be com-
puted by
2
_n__ &
657}/371+1—82+K82’ (39)
K&

where &) = yg / Gg, representing the ratio of inter-group band-
width to intra-group bandwidth, is a non-negative value. The
entanglement degree of the ensemble & is determined by the
actual conditions of the light source, restricting the range of
for the inter-group covariance matrix I".

From Eq. (39), it can be seen that a multi-structured en-
tangled state is essentially a multi-level nested partially entan-
gled state. The original entanglement degree of the partially
entangled state is &, and after configuration and nesting, it
transforms into a multi-structure entangled state. This results
in an increased inter-group entanglement degree €, while the
intra-group entanglement degree & can be arbitrarily adjusted.
This adaptability allows the multi-structured entangled state to
cope with varying channel transmission efficiencies and miti-
gate the impact of losses.

Fundamentally, multi-structured entangled states consti-
tute a class of partially entangled states exhibiting intrinsic pa-
rameter self-adaptation capabilities.

It can be verified through calculations that, under the loss-
less channel, the accuracy of () for the partially entangled

state, whose spectral function covariance matrix is Iy, is iden-
tical to that for the multi-structured entangled state under the
same conditions. It can be expressed as

1 1
AL =2k\ GGr 1 oY) @0

In particular, when the intra-group state is a coherent state with
adegree of entanglement of 0, & = 612 / O'g =0, the bandwidth
of a single photon in |¥); becomes

2 =9+0;. 41

This represents the bandwidth achieved by employing only the
partially entangled state, without utilizing the multi-structured
entangled state.

In comparison to the classical state under identical con-
ditions, whose bandwidth of a single photon is }/Czl =7 =
}/g + Gg, the gain in accuracy, Agg-cl = ATq/ATgk, achieved
by employing multi-structure entanglement can be derived:

GKy?
AGK-C] = ) ! ) +
Y% + 0§

K 1
= A2+ —— A2, . 42
\/1+§10 Gut g e

Similar to Eq. (14), both Ag ¢, and Ag_¢, represent the gain for

Ko?
%+ 08

the partially entangled state relative to the classical state. The
subscripts G and K denote the number of entangled photons
emitted, while & and & refer to the corresponding degrees
of entanglement. For instance, Ag_¢, represents the precision
gain for a partially entangled state, with G entangled photons
and the degree of entanglement &;.

Upon observing the above Eq. (42), it becomes apparent
that the gain can be divided into two components: the gain of
the intra-group state to the classical state, and the gain of the
inter-group state to the classical state. Optimal gain can be
achieved by coordinating parameters such as & and K.

3.1.2. Results

Previous investigations>>?°! have numerically demon-
strated multi-structured entangled architectures in which
maintaining a fixed number of photon groups G, while pro-
gressively increasing the photon count per group K, results in
an enhanced precision gain through systematic parameter scal-
ing. Simulation results indicate that, under appropriate condi-
tions, emitting more photons using multi-structured entangled
states can still effectively improve ranging precision.

Now, let us conduct a simulation, setting the ensemble
degree of entanglement to a fixed value, & = 0.5, simulta-
neously balancing the entanglement and classical properties.
From Eq. (39), it can be deduced that £; > 0.5 and &, can se-
lect arbitrary values within the defined range. Fixing the num-
ber of emitted photons, M = 120, it is divided evenly into 10,
20, 30 or 40 groups.
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40

G

Fig. 8. Multi-structured entangled state versus classical state. Surfaces
L; and L, represent the simulation results for £ ~ 0.6 and & ~ 0.9, re-
spectively.

We now explore the relationship between Agg-¢ and both
& and G. Based on the content of Section 2, setting £ = 0.6 or
€1 = 0.9, the corresponding values of & can be determined by
different values of &, as derived by Eq. (39). This is illustrated
in Fig. 8.

Upon analyzing the results presented in Fig. 8, three dis-
tinct features emerge. First, along the &-axis, the gain in-
creases as & grows, which aligns with the simulation results
obtained using the partially entangled state. Second, along
the A-axis, the surface L, lies entirely beneath the surface L1,
meaning that as € increases, the gain under identical condi-
tions actually decreases, which contrasts with the simulation
outcomes for a partially entangled state. Third, along the G-
axis, when & is relatively low, an increase in the number of
groups enhances the gain, while at higher values of &, an in-
crease in the number of groups diminishes the gain, resulting
in a non-monotonic and non-smooth surface.

It can be derived from Eq. (39) that

Ke) — 1
& = K —8+1 (43)

)
ez
where €1, &, & and K are interrelated. Along the A-axis, &
and K remain constant. Substituting Eq. (43) into Eq. (42)
to eliminate &, it is found that the gain is inversely propor-
tional to €. As € increases, the gain decreases. Therefore,
the surface L, lies entirely beneath the surface L;. We observe
that when & = 1, the gain remains the same regardless of the
value of €. This is because & = 1 signifies that the intra-
group states are maximally entangled, and regardless of how
many entangled groups are present, there is always the result
of 62 = 7. Substituting this into Eq. (43), the & is fixed at
0.5, and as a result, the gain is consistent.

Similarly, along the G-axis, with & and &, held constant,
and applying the elimination method to remove &j again, the
gain in Eq. (42) is a concave function of G. However, it is im-
portant to note that the point at which the minimum is reached
depends on &. When &, is small, the minimum occurs within
the range of G < 10, and the gain increases monotonically. As

& increases, the minimum point gradually shifts to the right,
with the gain initially decreasing and then increasing. When
& reaches a certain value, the minimum occurs within the
range of G > 40, and the accuracy gain decreases monoton-
ically. Therefore, the surface is not a smoothly monotonically
increasing one.

Under a lossless channel, employing only a partially en-
tangled state, which has the characteristics of M = 120, and
€ = & = 0.5 obtains Ay—120.c=05 = 7.7782. However, by
utilizing a multi-structured entangled state, regardless of the
number of groups, we observe that it is possible to achieve a
gain, which can be further enhanced by adjusting the & and G,
significantly surpassing the value and resulting in even greater
gains. This is more clearly demonstrated in Fig. 10.

As illustrated in Fig. 9, the larger & becomes, the greater
the gain contributed by the intra-group entanglement. With all
other conditions being equal, the gain increases, resulting in
the surface corresponding to L; being the highest, followed by
L,, and L3 being the lowest. Conversely, as € increases, the
total precision gain diminishes. Therefore, all three surfaces
exhibit a downward trend. In summary, as & increases, the
gain becomes less influenced by €1, while a smaller &, leads to
a greater influence of € on the gain.

Fig. 9. Multi-structured entangled state versus classical state. Surfaces
Ly, L, and L3 represent the simulation results for & ~ 0.3, & ~ 0.6, and
& ~ 0.9, respectively.

Fig. 10. Multi-structured entangled state versus partially entangled state.
Purple plane holds the same meaning as in Fig. 4, while the surfaces L;
and L, have the same meanings as those in Fig. 8.
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Consistent with the analysis in Fig. 8, as the number of
groups G increases, the gain in Eq. (42) becomes a concave
function of G. When &, =~ 0.9, regardless of the value of &}, the
minimal point is achieved within the range of G > 40, result-
ing in a surface L; that is a left-high, right-low slanted curve.
When & = 0.6, for smaller values of &1, the minimal point is
still within the range of G > 40, but as € increases, the min-
imal point shifts leftwards to the range of G € [10,40], and
may even be attained when € = 1, leading to a surface L, that
is a concave shape with a somewhat gradual change in curva-
ture. When & ~ 0.3, similarly, for a smaller value of &, the
minimal point is within the range of G > 40. However, as &
increases, the minimal point shifts leftwards, and upon reach-
ing a certain value, the minimal point is obtained within the
range of G < 10, thus creating a surface L3 characterized by a
more pronounced, sharply changing distorted shape.

By adjusting €;, & and G, the parameters K and &) are
effectively tuned. These two parameters are interdependent,
which results in the gain sometimes decreasing, and the simu-
lation surface exhibiting a concave shape. However, the ex-
tremes of this concave point are not significantly different.
Therefore, it can be broadly concluded that by using a lower
value of €1, a higher value of &, to obtain a higher &j, and max-
imizing the number of photons of K contained in each group,
one can attain an optimal gain for the multi-structured entan-
gled state.

In comparison, for a partially entangled state under the
same conditions as the emission source — namely, emitting
M entangled photons with the bandwidth of a single photon
identical to that of the multi-structured entangled state, and
with the degree of entanglement &g of the ensemble, its form
is the same as Eq. (1) — the gain is expressed as Agg-part =
ATpar /ATgk. After substitution, it can be represented as

AGk-cl
AGK-part = A17part/A77GK = A Ke
part—cl
_ K Aé,gl 1 Alzf,&‘z
= ra ot 2 4
1+ % AM,ES +& AM,sS

In fact, this is equivalent to scaling the result of Eq. (42) by
a factor of Ap—120.¢—0.5 = 7.7782. The simulation results are
shown in Figs. 10 and 11. The surfaces above the plane L
represent the precision enhancement achieved under the same

light source conditions by adjusting K and &. ‘

Glkaj
(03— o7+ Ko?)(03 — o)

2 2
Oy — Oj

of —oi+(K—1)o}

_ 1 o —o?
@ ot Ropi D .
2

Fig. 11. Multi-structured entangled state versus partially entangled state.
Purple plane holds the same meaning as in Fig. 4, while the surfaces L,
L, and L3 have the same meanings as those in Fig. 9.

Overall, as € decreases, & increases and K becomes
larger, it becomes easier to achieve a greater gain than that
obtained using the partially entangled state. With the degree
of entanglement of the emitted light source fixed, one can tran-
sition to the multi-structure entangled state to enhance the pre-
cision gain in this manner.

3.2. Analysis of the time-of-arrival accuracy for the multi-
structured entangled state under a lossy channel

3.2.1. Methods

The previous studies by Giovannetti et al. [>°!

also consid-
ered the scenario of employing a multi-structured entangled
state in the presence of photon loss. The article examines the
situation where, under identical conditions, any group expe-
riencing photon loss is immediately discarded, and only the
groups with no photon loss are used to construct the received
quantum state. However, the probability of photon loss is the
same for each photon, and a sufficient number of groups with-
out photon loss can only be obtained when the channel trans-
mission efficiency is high. Likewise, it also leads to the waste
of measurements of the other photons in the groups where pho-
ton loss occurs.

This paper considers the computation based on the mea-
surement data of all the received photons, regardless of
whether other photons in the group are missing. Under a lossy
channel, the received quantum state can be represented as fol-
lows. Suppose there are g groups of received photons, and in
the jth group, k; photons are received for j =1,2,...,g. Then,
m photons are received, where m = Z§:1 k;. The inverse of the
covariance matrix X' in Eq. (33), similar to that in Eq. (15), be-
comes

—o} —o}
og— o+ (K—1)o? :
0~ i i . (@5)
7612
o G-oitk-1ot,
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The corresponding parameters sz for the jth group are intro-
duced as

P 61+K61)( 0'12)_
kilog - 1+(K_k1)612]

Furthermore, for the inter-group part, it can be considered

(46)

as a collective of g groups, containing a partially frequency-
entangled state with k; photons in the jth group. The joint
probability density of receiving m photons at the detectors is

I
Pk‘XeXP 1 - 1 )
2 I J=1 Z'Q
where ) ) ) )
:(70—7’1+G712)(70—7’1).
¢ g B-r+(G-29¥]

The right-side part represents the intra-group entanglement
in frequency translating into the bunching of TOA of pho-
tons from different groups, which exhibit coherent properties.
Therefore, according to the Lindeberg—Feller central limit the-
orem, the accuracy is

A‘L'gk Z (48)

From the above Eq. (48), it can be discerned that in the pres-
ence of photon loss, the arrival-time accuracy is not only de-
pendent on the number of received groups g and the number of
photons k; in the jth group, but also influenced by ¥ and 2
with the variation of the covariance matrix Iy for the g groups
and X; for the jth group, respectively.

Similarly, this probability Pgg 10ss 1 nOt entirely depen-
dent on the case of a single photon and a single group. In
the jth group, it is necessary to multiply by the same con-

K) () (1-n)* Y
k; 1-(1-m¥
groups, a different constant Pé’, must be multiplied. This en-

stant ij = , as in Eq. (19), while among

sures that the summation of the probability Pgg 10ss OVer all
time ¢;; precisely corresponds to the probability of detecting
m photons. In fact, receiving g groups represent the situa-
tion where photons from each of these g groups have not been
completely lost. In other words, the constant Pé', is complemen-
tary to the probability that exactly G—g groups of photons have

been entirely lost. Therefore, the constant Pg’, can be written as
G—
I N ) Nl S (Rt A
g = G— K1G ) ( )
& 1={(1=mn)¥]
where 1) represents the transmission efficiency for every chan-

nel, and the factor 1 — [(1— T])K]G
ization purposes.

is introduced for normal-

The arrival-time accuracy under a lossy channel is given
by

[V]cu

ATy = (50)

g=1 g8 K ? Py .
Yy k) (1epr rh
J=1kj=1 =it

Similarly, compared with the classical state, under identical
emission conditions and channel transmission efficiency, the
gain of Agi-o1 = AT /ATy can be expressed as

ATy
Agk—cl = AT
Tgk
M
L it
m=1 4m(7§+'5§)
= R . (@28
P, -4
)
g:l4 g K X Lin2 g K j
j§1k£| i Mg ):: )::1?
J J

In comparison, for a partially entangled state under the same
conditions as the emission source, the gain is expressed as
Agl-part = ATpart/ ATgr. After substitution, it can be represented
as

o ATy, o Agk—cl
Agk-part = = = a

52
h (52)

Apart-cl ’
3.2.2. Results

In the case of using a multi-structured entangled state,
previous studies primarily simulate the relationship between
precision gain Ag-¢ and both the number of groups G and the
transmission efficiency 77, with the fixed number of photons
for each group K and the ratio of inter-group bandwidth to
intra-group bandwidth, &. Their findings indicate that, un-
der conditions of favorable channel transmission efficiency
(n > 70%), employing the multi-structured entangled state
can effectively counter photon loss. Their simulation results
generally align with our previous inference in Subsection 3.1.2
that the larger the & and the higher the K, the greater the pre-
cision gain that can be achieved.

In their study, they assume that both intra-group and inter-
group states are maximally entangled, while the quantum state
of the ensemble remains partially entangled. This requires dis-
carding the entire group in the event of photon loss within a
group. In contrast, this paper assumes that both intra-group
and inter-group states are partially entangled, thereby enabling
the utilization of the TOA information from all received pho-
tons.

When we conduct the simulations under identical condi-
tions to those in Subsection 3.1.2, & = 0.5, M = 120, and the
photons are evenly divided into 10, 20, 30 and 40 groups, re-
spectively.
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When ¢ is fixed at different values, these simulations in-
vestigate the relationship between A and both & and G for
Eq. (51).

We focus on the individual panel in Fig. 12. Under a
lossy channel, as the channel transmission efficiency 1 in-
creases, the gain in accuracy Ag-c1 decreases. This is because
the value of Ag- is a relative value, rather than an absolute
one. When the channel transmission efficiency is low, the mea-
surement precision for the classical state suffers severe degra-
dation, despite being superior to the partially entangled state,
whereas that for the multi-structured entangled state performs
significantly better by comparison. As one would logically ex-
pect, the accuracy of the average TOA obtained by the multi-
structured entangled state is a smaller value at a lower trans-
mission efficiency than at a higher transmission efficiency.

(a)

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

(b)

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\,

//////////////////////////////////////

Fig. 12. Multi-structured entangled state versus classical state. Panel (a)
represents the simulation results for & ~ 0.6; panel (b) represents the
simulation results for £; ~ 0.8. Red, yellow, blue, and green surfaces rep-
resent the simulation results for channel transmission efficiencies of 0.2,
0.4, 0.6 and 0.8, respectively. Gray plane indicates the plane where the
gain is equal to 1.

By employing a multi-structured entangled state, as the
number of groups G increases, the number of photons of each
group K decreases, significantly increasing the probability of
losing all photons within the entire group. Although increas-
ing the number of groups G enhances the gain, the higher like-
lihood of losing all photons in a group proves far more detri-
mental, diminishing the gain to a greater extent. Conversely,

when the number of photon groups G decreases and the num-
ber of photons per group K increases, the probability of losing
the photons of the entire group is minimal since there is the
probability of all K photons being successfully received. As
long as the photons are not completely lost in this group, it
contributes positively to the gain for the entanglement among
groups. This is the reason there is still a significant gain when
the number of groups G is small, as well as why the use of
a multi-structured entangled state provides superior resistance
to loss.

We compare Figs. 12(a) and 12(b). Except the gain in-
creases with & reflected in the green, blue, and yellow sur-
faces for the case of G = 10 and €; = 0.6, in other instances,
the values first increase and then decrease as &, increases. This
behavior is largely consistent with the simulation results in
Fig. 3. The anomalous behavior can be explained as follows.
When g and G are small, & is correspondingly large, posi-
tively contributing to the ensemble gain. Meanwhile, the re-
duction in channel transmission efficiency negatively impacts
the gain. Thus, when the transmission efficiency is relatively
high, the negative influence on the gain is not as pronounced
as the negative influence on the gain due to &y, resulting in a
total increasing trend.

When ¢ is fixed at different values, the simulations in-
vestigate the relationship between Agt-pare and both & and G
for Eq. (52).

(a)

-

(b)

0 08 06 01

6 0.2 0

Fig. 13. Multi-structured entangled state versus classical state. Meanings
of panels (a) and (b), as well as the colored surfaces, are the same as those
in Fig. 12.
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L
L
\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\‘\\\\\

Fig. 14. Multi-structured entangled state versus classical state. Panel (a)
represents the simulation results for & ~ 0.3; panel (b) represents the sim-
ulation results for & ~ 0.6; panel (c) represents the simulation results for
& ~ 0.9 Meaning of the various colored surfaces or planes in the figure
is identical to that in Fig. 12.

The simulation results in Fig. 13 are essentially identical
to those in Fig. 12. As &, increases, the gain initially increases
and then decreases, reaching its maximum when & is rela-
tively small. The smaller & is, the higher the gain. The high
value of the gain is due to the fact that the use of a partially en-
tangled state leads to lower time-of-arrival accuracy in a lossy
channel.

Overall, as the degree of entanglement among these
groups €] decreases, the transmission efficiency 1 also dimin-
ishes, making it more suitable to adopt a multi-structured en-
tangled state to measure the accuracy of the mean TOA.

(a)

1\
\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

\\\\\\\\\\\\\\\\\\\\\\\\\\\

40
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Fig. 15. Multi-structured entangled state versus partially entangled state.
Meanings of panels (a)—(c), as well as the colored surfaces, are identical
to those in Fig. 14.

When ¢, is fixed at different values, the simulations in-
vestigate the relationship between Ag-c and both & and G for
Eq. (51).

Upon examining Figs. 14(a)-14(c), it is evident that the
maximal gains are achieved at the same position, and the val-
ues of the maximum differ only marginally. First, it is impor-
tant to note that this point corresponds to the optimal position
identified earlier in the lossless channel analysis, where € is
minimized and K is maximized, thereby yielding the maxi-
mum values at this specific position. Second, the slight dif-
ference among the maximal gains for the surfaces in the same
color is still due to the interplay between the transmission ef-
ficiency 71 and the ratio of bandwidth & discussed before. For
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instance, in Fig. 12(a), the red surface at G = 10 demonstrates
that the precision gain does not significantly change with vari-
ations in &. Therefore, in Fig. 14, the values of the maximum
gains show little difference.

As €] increases, &y decreases, resulting in the impact of
varying values of & on gains becoming significantly more pro-
nounced. When & is a small value, the gain diminishes slowly,
as the precision within each group is ensured. Compared with
Fig. 9, it is observed that when the number of groups G is
small, the simulation results closely resemble those under a
lossless channel. This highlights the advantages of employing
a multi-structured entangled state, where, with a larger number
per group K, the received groups can be sufficiently ensured.

When ¢, is fixed at different values, the simulations in-
vestigate the relationship between Agi-par and both & and G
for Eq. (52).

The simulation results of Fig. 15 are essentially the same
as those of Fig. 14. As g increases, the gain decreases; the
smaller & is, the slower the gain diminishes.

Overall, the greater degree of entanglement of & and the
lower transmission efficiency 77, make it more suitable to adopt
a multi-structured entangled state.

4. Conclusion

In this paper, we employ partially entangled states within
the pulsed quantum ranging scheme, with the goal of alleviat-
ing the effects of the photon loss on measurement precision.
First, the paper explains why the use of a partially entangled
state can effectively reduce the impact of photon loss by intro-
ducing the concept of entanglement degree. Under a lossless
channel, the higher the degree of entanglement, the greater the
precision achieved, a consequence of the precision enhance-
ment induced by entanglement. However, under a lossy chan-
nel, the coherence inherent in the partially entangled state con-
tinues to allow us to extract the arrival time information of
the received photons, even in the face of photon loss. We
further configure the partially entangled states into the multi-
structured entangled state, which can utilize all the received
photon information in the event of photon loss. In addition,
the correlations between the quantum states within the multi-
structured entangled state have been elucidated. Simulations
reveal that by employing the multi-structured entangled state,

higher precision can be achieved under identical conditions by
adjusting the parameters &; and K.
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