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Passive Kerr fiber-loop resonators driven by coherent lasers exhibit a variety of nonlinear states, including modula-
tion instability (MI), localized dissipative structures (solitons), and chaos. Although these transitions have been predicted
theoretically, experimental real-time observations are rare in coherently driven Kerr fiber-loop resonators. In this study, we
observed real-time transitions between the predicted nonlinear states by sweeping detuning both positively and negatively.
We discovered the transition path between nonlinear states depending on the direction of detuning, providing new insights
into the nonlinear dynamics. Our findings directly validate theoretical predictions and offer potential implications for future

nonlinear optical applications.
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1. Introduction

As the simplest nonlinear optical cavity, Kerr fiber-
loop resonators capture the main dynamical features and
have played a crucial role in the study of complex
cavity dynamics,['®! particularly in localized dissipative

13711

structure ] (cavity solitons, CSs) in nonlinear non-

Hermitian systems. In Kerr cavities, the combined ef-
fects of nonlinearity and dispersion result in rich physical
phenomena, *7-12-17] notably modulation instability (MI), and

3,10,18-21

cavity soliton (CS) formation.! I The Lugiato—Lefever

equation (LLE) is typically used to describe nonlinear be-

[10.22-25] A a stan-

havior within Kerr fiber-loop resonators.
dard pattern formation equation, the LLE is widely applied
to non-equilibrium systems and provides a standard descrip-
tion of coherent Kerr nonlinear cavities.?®) The steady-state
solution of the LLE includes a dissipative Kerr CS.[!:>* Be-
sides stable CSs, theoretical analysis reveals some dynamical
instabilities,**! such as breathing Turing patterns and breath-
ing CSs.[27:28]

MI is common in conservative and dissipative physical
systems!?>2%39 and is characterized by periodic perturbations
on a strong continuous wave (CW) laser beam that grows and
evolves exponentially. The MI is one of the most important
processes in nonlinear science and is closely related to the for-
mation of patterns, CSs,3!! and rogue waves.3>=*] The pulse
sequences in the MI process are ideal CS sequences, which has
led to the study of CSs. In Kerr fiber-loop resonators, MI leads
to the emergence of stable periodic (Turing pattern) modes,
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which are closely related to spatiotemporal CSs and microres-

(2,8.35-38] Temporal CSs are typically

onator frequency combs.
interpreted as local excitations in the coexistence of periodic
modes and a uniform background, connecting one period of
the mode to a uniform background. Their existence is due to a
balance of effects: the dispersive effect caused by group veloc-
ity dispersion is suppressed by the nonlinear effect of the ma-
terial, and the energy loss during propagation in the cavity is
compensated by the coherent driving beam. To date, only sta-
ble CSs>?39421 and periodically oscillating CSs?>*3! have
been studied experimentally in coherently driven Kerr fiber-
loop resonator. Considerable advances have been achieved in
microresonator, where the dynamical processes of cavity soli-
ton formation have been experimentally observed.[*4-#6] How-
ever, in coherent Kerr fiber-loop resonator, despite theoretical
predictions, there is still a lack of direct experimental evidence
for the complete and continuous transitions between multiple
nonlinear states.

In this work, we report the complete real-time observation
of the transition dynamics between multiple nonlinear states in
a coherently driven Kerr fiber-loop resonator. By sweeping the
pump detuning, we experimentally demonstrate the continu-
ous transitions among four nonlinear states: stable MI, unsta-
ble MI, unstable CSs, and stable CSs. Notably, we discovered
that the transition path between nonlinear states depends on
the direction of detuning. Furthermore, during decreasing de-
tuning, we observed a transition from stable CSs to stable MI,
bypassing the anticipated breathing CSs. Our experimental re-
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sults, supported by numerical simulations based on the LLE,
directly validate the theoretical predictions of multiple nonlin-
ear states transitions in a detuning-varying coherently driven
Kerr fiber ring cavity.

2. Numerical simulation

First, we describe the nonlinear dynamics that support our
experiment. To do this, we used LLE to describe the dynamics
of the coherently driven Kerr cavity. Its dimensionless!!%47-4°]

form is expressed as follows:
oU . 10°U
S et
ot 2 91?2
In a coherently driven Kerr cavity, U denotes the slowly vary-

+ilUPU+S—(ia+1)U. (1)

ing envelope of the electric field, where 7 is the fast time used
to describe the temporal profile of the optical field and ¢ refers
to the slow time, which is used to describe the propagation
time of the optical field along the cavity. It accounts for the
evolution of the intracavity field over multiple round trips in
the Kerr fiber-loop resonator or fiber ring cavity. The terms
on the right-hand side of the equation represent the disper-
sion effect, nonlinear effect, pump term, detuning, and losses.
Specifically, the normalization, r = ot /tr, T = T/t /|B:| L,
and U = E(z,1)\/YL/ 0.

Here, tg denotes the cavity round-trip time, 3, (< 0) is the
group velocity dispersion coefficient, 7 is the nonlinear coef-
ficient, and « is half of the total power loss in the cavity. The
normalized pump term is given by S = E;,0+/7L/a3, where
0 is the transmission coefficient of the pump field Ej, into the
fiber-loop resonator and L is the length of the fiber ring cavity.
Finally, A represents the phase detuning between pump fre-
quency o and the nearest fiber-loop resonator eigenmode @y,
A=3§/aand 6 = (0 — 0)tR.

To illustrate the detuning intervals within which various
nonlinear states can exist, we present the results in Fig. 1
through theoretical calculations and numerical simulations. °!
Figure 1(a) was acquired by means of the squared-operator it-
eration method and the Newton conjugate gradient method. >!]
Among which, the blue line represents the peak power of MI
(the blue solid line represents stable MI, and the blue dotted
line represents unstable MI) and Ayjp represents the lower limit
for the existence of the stable MI mode, while the red solid line
is indicative of stable CS and red dotted line signifies unstable
CS. Black dashed part is unconditionally unstable, whereas
the black solid and the dotted parts remain stable even under
perturbations.

Notably, in Fig. 1(a), we identify a partial detuning in-
terval where two nonlinear states coexist, a phenomenon pre-
viously predicted in the literature. ! This result suggests that
the nonlinear state transitions in the system exhibit path depen-
dence, meaning that the transition trajectory can vary depend-
ing on the direction of detuning. This overlap can be attributed

to bifurcation in the LLE, which play a key role in creating re-
gions where multiple instabilities coexist. Under specific pa-
rameter ranges, the system can support either unstable MI or
unstable CS. The final nonlinear state in the fiber ring cavity
is primarily determined by system parameters, but the transi-
tion pathway leading to this state exhibits path dependence.
In our numerical simulations, small perturbations were intro-
duced to seed modulation instability, ensuring a physically re-
alistic starting condition. As the system evolves, the direction
of the detuning scan dictates which nonlinear states become
accessible, revealing distinct transition pathways. Specifically,
smaller detuning values tend to favor MI, while larger detun-
ing promotes the formation of CSs. Additionally, higher pump
power may expand the instability regions while enhancing the
competition between MI and CS states. Figure 1(a) enables us
to determine the detuning range in which each nonlinear state
can exist. Figures 1(b)-1(e) illustrate these different behav-
iors from the direct numerical simulations of the LLE. These
numerical simulations, performed at four representative fixed
detuning values, employ system parameters identical to those
in our experiments. Small perturbations were introduced to
seed modulation instability, ensuring physically realistic con-
ditions. The results shown in Figs. 1(b)—1(e) illustrate the typ-
ical nonlinear states theoretically expected at these specific de-
tuning values and serve as clear theoretical references for un-
derstanding the path-dependent state transitions observed ex-
perimentally.
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Fig. 1. Illustration of nonlinear structure examples: (a) black curve lo-
cated at the bottom depicts the average power of the CW in the steady-
state solution, while the blue curve represents the peak power of MI and
the red curve at the top illustrates the peak power of CS under corre-
sponding different detuning. (b)—(e) The numerical simulation dynam-
ics under different conditions: (b) A = —0.3, (c) A =0, (d) A =4.5,
(e)A=28.

As shown in the dynamical evolution depicted in
Fig. 1(b), under small detuning values, the MI remains sta-
ble, corresponding to the stable MI mode indicated by the blue
solid line. When the detuning value increases to A = 0, the
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system transitions into the unstable MI region, characterized
by the blue dotted line in Fig. 1(a), with the corresponding dy-
namics illustrated in Fig. 1(c). Further increasing the detuning
to A = 4.5 results in the emergence of a breathing CS. At this
point, the system lies in the coexistence region of the stable
MI mode and the unstable CS mode, as indicated by the over-
lap of the blue dashed line and the red dotted line in Fig. 1(a).
The associated dynamical process is presented in Fig. 1(d). Fi-
nally, when the detuning reaches A = 8, the system transitions
into the stable CS. The CS evolution at this stage is shown in
Fig. 1(e), corresponding to the red solid line in Fig. 1(a). For
the CS solutions, the upper transition point Ay represents the
lower limit for the presence of a CS. On the upper branch, the
CS is stable at large detuning, but as the detuning decreases,
the CS becomes unstable through a Hopf bifurcation (red dot-

ted line).
PC
JARYARYARY /ﬁ} LIC_;V_ Jaser

AWG

—<
PD

Fig. 2. Schematic diagram of the experimental setup. AWG: arbitrary
waveform generator, EDFA: erbium doped fiber amplifier, PC: polariza-
tion controller, BPF: band-pass filter, ISO: isolator, PD: photodetector,
OSC: oscilloscope, SMF: single-mode fiber.

oC

3. Experimental setup

The experiment was performed using the setup!'?) shown
in Fig. 2. The fiber ring cavity is composed of a 98-meter-
long single-mode fiber (SMF) (B, ~ —21.4 ps>km™!; y ~
1.3 W lkm™!; 6 ~ 0.1, o ~ 0.12). The addition of a
fiber isolator to the fiber ring cavity ensures the unidirectional
transmission of light, preventing any reflected or backward-
propagating light from re-entering the system. This is crucial
for maintaining the stability of the intracavity optical field,
as reflected light can interfere with the forward-propagating
beam, causing instabilities or noise. To suppress the am-
plified spontaneous emission generated as the pump beam
passed through the erbium-doped fiber amplifier, we placed
a band-pass filter with a central wavelength of 1550.12 nm
and bandwidth of 0.264 nm before it entered the 90/10 fiber
coupler. The total finesse of the cavity was approximately 26
(F ~ 1/ a), corresponding to a 24% loss of the beam for each
round trip within the cavity. A 99/1 fiber coupler was used to
monitor the dynamics within the cavity, and the output light

was transmitted to an oscilloscope through a photodetector to
observe the transitions between multiple nonlinear states in the
time domain. It was closed using a 90/10 fiber coupler. The
round-trip time of the cavity was approximately 475 ns, and
the 76% power recirculation rate within the cavity effectively
provided the Kerr nonlinearity effect.

To coherently drive the cavity, which allows the pump
light to coherently add up during each round trip, the spectral
width of the pump light must be narrower than the resonance
width of the cavity. Therefore, we used a narrow-linewidth
laser with a linewidth of 0.77 kHz and central wavelength of
1550.12 nm to generate the pump light and increase its power
to 1.0 W using an erbium-doped fiber amplifier before the
pump light entered the cavity.

To study the transition process between different nonlin-
ear states, we used an arbitrary waveform generator to adjust
the carrier frequency of the pump light at the pump laser,
thereby systematically controlling detuning. As shown in
Fig. 1(a), we started the experiment with blue detuning (A <
0) and then continuously increased O at a rate of dd/dt =
2.68 rad/ms. To directly observe the transition process of non-
linear states within the cavity, we utilized a real-time oscillo-
scope (Tektronix MSO73304DX) with a bandwidth of 33 GHz
and sampling rate of 100 Gs sample/s (1 Gs=10"* T), the
bandwidth of the photodiode is 50 GHz. This allowed us to
observe the transition process of different nonlinear states as
0 was varied.

4. Effects of increased detuning on intracavity
dynamics

Figures 3(a) and 3(b) show the measured and simulated
dynamics of the nonlinear state transition process, respec-
tively. In the initial stage of the measurement, we observed
an optical field that exhibited specific fluctuations. The mea-
surement results were largely consistent with the theoretically
predicted Hopf bifurcation, which occurs at a specific detun-
ing value marking the transition of the light field from the MI
state to the CSs, as shown in Fig. 1(a). To demonstrate the
complete transition process between nonlinear states, we first
set the system’s initial state to an optical field characterized
by specific fluctuations, prior to the emergence of the stable
MI mode, that is, the black solid line in Fig. 1(a), with detun-
ing below the MI threshold, A ~ —2. Figure 3(a) shows the
intracavity dynamics measured at the 99/1 coupler output.

MI occurs in the intracavity optical field when the pump
power and detuning are in the proper range. For A = 1.5,
the CW split into periodic pulses, forming a stable MI. These
pulses exhibited small fluctuations and strong periodicity. As
the detuning further increases to A = 3, the MI becomes un-
stable, leading to irregular periodic pulses and resulting in in-
creased fluctuations in the pulse intensity. At this stage, the
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MI is unstable, and the optical field displays chaotic dynamic
behavior. As detuning continues to increase to A =5, the un-
stable MI transitions to the breathing CSs state. Breathing CS
represents a distinct CS variety, serving as a particular transi-
tional phase between entirely unstable CSs and stable CSs. It
is marked by a periodic oscillation in both intensity and width
over time, manifesting as a “breathing” behavior. Upon the
detuning increasing continuously to A = 7.2, the breathing CS
ceases its breathing behavior and transits into a stable CS state,
whereby the pulse intensity and width remain unaltered. No-
tably, owing to the chaotic nature of the dynamics, certain CSs
persist in oscillating until they vanish. Stable CSs are distin-
guished by their invariant intensity and width, thereby gen-
erating and maintaining stable pulses within the cavity. This
phenomenon indicates the terminal state of the nonlinear state
transformation.

Detuning increases

1.0

Fast time (ns)

Fast time 7

Intensity evolution

£ 1.0f(c) — Sim |
g — Exp
2
8 0.5
-
(0]
g
O 1 1 1 1
~ 2 4 6 8 10
A

Fig. 3. (a) The 450-ns experimental measurements of the spatiotempo-
ral evolution within the cavity as A continuously increases. (b) The nu-
merical simulation results of the experiment shown in panel (a). (c) The
relationship between the intracavity power and A.
It is worth noting that the experimental results shown in
Fig. 3 show a significant “drift” of the stabilized MI, which
is inconsistent with the numerical simulation results. We at-
tribute the observed drift phenomenon to the electrostriction,
induced by high intracavity power, which causes slight varia-
tions in the cavity length. These variations affect the repetition
frequency, while the experimental data acquisition assumes a
fixed repetition frequency. Figure 3 demonstrates that MI ap-
pears at a detuning value of 1.5, which is different from the
theoretically predicted point —2 in Fig. 1(a). This discrepancy

arises because the theoretical prediction is based on fixed de-
tuning points, whereas our study employs dynamic scanning
of the detuning process. Additionally, the formation of differ-
ent nonlinear states requires a certain amount of time to evolve,
leading to a delay in the observed transitions. This time-
dependent evolution results in our experimental findings being
somewhat different from the theoretical predictions, reflecting
a “delay” phenomenon. Figure 3(c) depicts the relationship
between intracavity power and detuning. The blue solid line
corresponds to the experimentally measured average power,
whereas the red line represents the numerically simulated av-
erage power. In the stable MI state, the intracavity mean power
increases linearly with detuning, as the MI state dominates the
cavity field. Upon entering the unstable MI state, enhanced
local field fluctuations lead to power oscillations. As the sys-
tem transitions into the CSs regime, the mean power decreases
significantly, since CSs occupy localized regions of the cavity
field, and the background field strength weakens. This behav-
ior aligns with theoretical predictions and experimental obser-
vations reported in the literature, *>*! confirming the dynamic
transitions between MI and CS states. This relationship is an
important basis for us to judge the nonlinear state in the cavity.

5. Effects of decreased detuning on intracavity
dynamics

To explore the nonlinear transition process within the cav-
ity as detuning gradually decreases, we conducted another ex-
periment after CSs generation (A ~ §) using a slower detuning
reduction rate (d6/dt = —1.34 rad/ms) and obtained satisfac-
tory results. Figure 4(a) shows the signal captured by the os-
cilloscope when A decreased from A ~ 8. We estimated that
during the entire measurement process, A decreases from ap-
proximately 8 to —0.5. Under large detuning conditions, sta-
ble CSs form within the cavity, with the pulse intensity and
width remaining constant, and the optical field is in a stable
CS state. During decreasing detuning, the intracavity optical
field undergoes a series of nonlinear state transitions, progress-
ing from stable CS states to unstable MI states and ultimately
reaching stable MI states.

In the initial stage, the optical field is in a highly localized
stable CS state, with energy concentrated within the CS pulses
and negligible energy distributed in the background field. As
detuning decreases further, the localized nature of the CSs
state breaks down, and the system transitions into the unstable
MI region, characterized by spatially modulated patterns occu-
pying a larger portion of the energy distribution. Upon further
detuning reduction, the system eventually enters the stable MI
state, where the optical field exhibits a uniformly distributed
modulation structure, and intracavity modes become relatively
stable. The corresponding numerical simulation is shown in
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Fig. 4(b), where we observe that the dynamic process occur-
ring within the cavity matches the results simulated by Eq. (1).
A number of experimental observations have been carried out
which are in good agreement with the numerical simulations.

Detuning decreases

1.0
0.8

0.6
0.4
0.2
0

Fast time (ns)

Fast time 7

Fig. 4. (a) The experimental measurements of the spatiotemporal evo-
lution within the cavity as A continuously decreases. (b) The numerical
simulation results of the experiment.

To better understand the role of detuning direction in non-
linear state transitions, we compared the experimental results
under increasing and decreasing detuning conditions. Under
increasing detuning, the system undergoes a continuous tran-
sition from MI to CSs. By contrast, under decreasing detuning,
the system transitions directly from CSs to MI without exhibit-
ing breathing CSs, highlighting the robustness of stable CSs.
The differences in the transition pathways of nonlinear states
under different scanning directions reflect the path dependence
inherent in the system. This path dependence can be attributed
to the coexistence of multiple nonlinear states within overlap-
ping parameter regions, as theoretically illustrated in Fig. 1(a).
These findings reveal the significant impact of detuning direc-
tion on path selection and provide a solid experimental basis
for further exploration of nonlinear state control in coherently
driven Kerr fiber ring cavity.

6. Discussion and conclusion

We have systematically observed the transitions among
multiple nonlinear states in a Kerr fiber-loop resonator through
experiments and numerical simulations. Our experimental re-
sults demonstrate a series of nonlinear state transitions by ad-
justing the pump detuning. These states transition from stable
MI to unstable MI, evolves into breathing CSs, and finally sta-
bilize as CSs. The dynamics of various states were recorded
by manipulating the pump detuning. These real-time observa-
tions demonstrate how to control complex nonlinear phenom-
ena in practical optical systems, paving the way for further
research.

To the best of our knowledge, our experimental results
show the direct real-time observation of the complete transi-
tion from stable MI to stable CS states in a coherently driven
Kerr fiber-loop resonator, confirming the formation process of
cavity solitons predicted by theory. Additionally, we observed
a novel transition from stable CSs directly to unstable MI dur-
ing decreasing detuning. This observation reveals that the di-
rection of detuning has a significant impact on the nonlinear
state transition path. The observed differences in nonlinear
state transition pathways under different detuning scan direc-
tions highlight the inherent path dependence of the dynamics
of a coherently driven Kerr fiber-loop resonator. As shown in
the theoretical results presented in Fig. 1(a), multiple nonlinear
states coexist within certain parameter regions, indicating that
the system can evolve along distinct trajectories depending
on how the detuning is varied. The consistency between our
experimental observations and numerical simulations demon-
strates the predictive power of LLE in capturing complex non-
linear behavior, underscoring the dynamic potential in transi-
tions between nonlinear states. This phenomenon aids pulse
shaping and control in ultrafast optical signal processing, im-
proves the frequency stability and bandwidth optimization of
optical frequency combs, enhances the speed and reliability of
optical communication systems, optimizes the design of non-
linear optical devices, and increases the resolution and accu-
racy of precision spectroscopy and metrology. By studying
this nonlinear state transition process, it is possible to achieve
higher performance, precision, and stability in these fields. Fi-
nally, in addition to enhancing the understanding of complex
spatiotemporal dynamics and transitions between various non-
linear states in coherent Kerr fiber-loop resonators, we antici-
pate that the results and techniques demonstrated in our work
will significantly impact broader research on dissipative sys-
tems.
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