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Vesicles of lipid bilayer can adopt a variety of shapes due to different coating proteins. The ability of proteins to
reshape membrane is typically characterized by inducing spontaneous curvature of the membrane at the coated area. BAR
family proteins are known to have a crescent shape and can induce membrane curvature along their concaved body axis
but not in the perpendicular direction. We model this type of proteins as a rod-shaped molecule with an orientation and
induce normal curvature along its orientation in the tangential plane of the membrane surface. We show how a ring of
these proteins reshapes an axisymmetric vesicle when the protein curvature or orientation is varied. A discontinuous shape
transformation from a protrusion shape without a neck to a one with a neck is found. Increasing the rigidity of the protein
ring is able to smooth out the transition. Furthermore, we show that varying the protein orientation is able to induce an
hourglass-shaped neck, which is significantly narrower than the reciprocal of the protein curvature. Our results offer a new

angle to rationalize the helical structure formed by many proteins that carry out membrane fission functions.

Keywords: cell membrane, BAR proteins, anisotropic curvature, shape transformation
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1. Introduction

Cells are able to remodel their shapes to perform spe-
cific biological functions. A small vesicle buds off from the
plasma membrane during endocytosis.!?l A mother cell is di-
vided into two daughter cells during mitosis.>* A crawling
cell forms protrusions at the leading edge when migrating on
a substrate.’] The various morphology of cells is attributed
to proteins that either induce membrane curvatures or produce
forces to deform the membrane.!%! Besides the entire shape,
membrane curvature can also cause the lipid segregation!’!
Clathrin molecules can assemble into a cage-like structure
and scaffold the membrane into a spherical vesicle.®! BAR

%101 regulate

family proteins, initially identified in yeast cells,!
the shape of membranes in various biological processes, in-
cluding endocytosis,!'!! autophagy,!'?! cell division,!"3! mo-
tor transportation'! and membrane remodelling.!'>! Mean-
while, their interaction with other cellular structures such as
plasma membrane,!'%! cytoskeletons,!”! and dynamin!'®!°]
can play an important role.?*?! Due to the crescent shape of
the BAR proteins, they tend to curve the membrane along the
direction of their body axis, thus remodelling the membrane
into a tubular shape.!*?! Even though different BAR proteins
vary in their length, intrinsic curvature, and binding affinity
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to the membrane, the ability to induce membrane tubulation
is a common property for most of the BAR proteins.!?*! The
classical BAR and N-BAR proteins containing a unique N-
terminal amphipathic helix>*! can generate tubules, with di-
ameters from 20 nm to 60 nm,?! and bend the membrane
towards the leaflet in which they are embedded. On the mi-
croscale, N-terminal amphiphilic helices can bend the mem-
brane by adjusting the insertion depth.!>% F-BAR proteins can
induce wider tubules from 60 nm to 100 nm?7-?8] in diame-
ter and also bend the membrane towards the attached leaflet.
By contrast, - BAR proteins induce curvatures towards the

29,30

unattached leaflet.[2%3% When bound to the inner leaflet of a

closed vesicle, I-BAR proteins are able to produce membrane

protrusions.?!) The ability of BAR proteins to remodel the

[32]

membrane depends on the protein density,'”~! as well as the

33

mechanical properties of the membrane,?*! such as membrane

34351 BAR proteins can scaffold

tension and bending rigidity.!
membranes into tubular shapes at high density. However, at
low density, they bind to sites with preferred curvatures on the
membrane, acting as a curvature sensor. 6]

The organization of BAR proteins also plays an impor-
tant role when generating membrane curvatures.?’-31 Both

biological experiments and molecular dynamics simulations
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have been applied to investigate their functions during mem-
brane remodeling.[*”) Computer simulations have shown that
crescent-shaped molecules can remodel a vesicle into the
polygonal shape with the corners formed by aggregates of the
molecules.!*!! In a coarse-grained molecular dynamics simu-
lation, BAR proteins at low surface densities form string-like
aggregates and meshes which induce deep invaginations on

(421 On a tubular membrane, a study based on

the membrane.
a mean field theory of rod-shaped molecules has shown that
with increasing surface density, the proteins undergo a phase
transition from an isotropic phase to a nematic phase due to
the entropic interactions that arise from the excluded volume
effect.**! In the nematic phase, proteins tend to align with
each other and form a tilted angle relative to the azimuthal di-
rection of the tubular surface. In a recent study, BAR proteins
are shown to be enriched in the neck region of a membrane
and induce neck elongation and tube pearling both in theory
and experiments. [44]

In this paper, we study the deformation of a spherical
vesicle induced by a ring of proteins that produce normal cur-
vature along a tangential direction on the membrane and focus
on how the orientation of the proteins influences the shape of
the vesicle. The paper is organized as follows. Firstly, we
will illustrate the geometry of an axisymmetric surface and
formulate our theoretical model of lipid membrane coated by
anisotropic proteins. Secondly, we will show the membrane
shapes acquired by our numerical method, where shape di-
agrams with respect to the preferred curvature and protein
orientation are displayed to reveal the shape transformation.
Thirdly, we will elaborate how other factors including coating
position and the bending rigidity influence the cellular mor-
phology and shape transformation. Finally, we will summa-
rize this work and compare our results with similar research
on anisotropic proteins.

2. Mechanical model of membrane and proteins
2.1. Geometric representation of the membrane surface

We consider an axisymmetric membrane vesicle whose
shape is parameterized as (Fig. 1).

X(”7¢) = [r(u)cosq),r(u)sin¢7z(u)]7 (D

where ¢ € [0,27] is the azimuthal coordinate, u € [0,1] is a
dimensionless coordinate to label the meridional position with
u =0 and ¥ = 1 indicating the north pole and the south pole
respectively. We introduce two auxiliary functions y(u«) and
h(u), which fulfill the geometric relations

ﬂ = hcosvy, 2)
du
9 siny. 3)
du

The function y(u) represents the angle spanned between the
tangential direction along the meridian and the radial di-
rection. As for the function A(u), we require di/du =0
which means h(u) is a constant. Because of the relation
h=+/(dr/du)?+ (dr/dz)? = ds/du, where s(u) denotes the
arc length calculated from the north pole, # is equal to the to-
tal arc length S from the north pole to the south pole. With
the help of the two auxiliary functions y(u) and h(u), the two
principal curvatures of the membrane surface can be simplified

as
_ ldy
C = hdu’ 4)
sin
o ==Y )

We also introduce the auxiliary function A(u) to denote the
surface area of the membrane patch ranging from the north
pole to the circumferential line with the coordinate u. It satis-
fies the equation

dA
— =2nrh. 6)
du
The total surface area of the vesicle Ag = 47rR% is conserved
during deformation, which is imposed by the boundary condi-

tion A(0) = 0 and A(1) = A,y.

T

O

Fig. 1. (a) Schematic illustration of the neck formed by coating proteins
that are tilted relative to the azimuthal direction on the membrane. The
proteins are assumed to be rod-shaped and tend to bend the membrane
along their body orientation. (b) Geometric representation of a closed
axisymmetric surface. The green part represents the protein coated re-
gion which forms a ring.

2.2. Free energy of the membrane vesicle

We employ the Helfrich theory to model the membrane
whose free energy reads (434!

K
Fin :/7m (Cl+Cy—Cn)* dA + pV, 7

where ki, denotes the bending rigidity of the membrane, Cp,
denotes the spontaneous curvature. It serves as a successful
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model to describe the bending of the membrane and a first in-
tegral can be found for an axisymmetric surface.*”*8] In the
Helfrich bending energy, we neglect the contribution from the
Gaussian curvature term, Ky [C1C>dA, which is a constant
for a vesicle of spherical topology due to the famous Gauss-
Bonnet theorem.!*°! We set the spontaneous curvature of the
membrane Cy, to zero and focus on the membrane deforma-
tion induced by the BAR proteins, which will be described
later. The vesicle encloses a volume of V and has a pressure
difference p = pout — pin between outside and inside. We fix
the pressure difference p = —15 K/ RS and allow the volume
V to change. The negative sign implies that the inner pressure
is higher than the outer pressure. The pressure term, however,
will become much more significant when it comes to the yeast
cells, where vesicles have to overcome huge pressure differ-
ence to enter the cell.[>°) Considering the typical value for the
membrane bending rigidity ki, = 20 kg T and the size of a vesi-
cle of 100 nm in diameter, the pressure difference p is about
0.01 MPa. We also perform calculations in the limit of p =0
and the results only change quantitatively but not qualitatively
(data not shown).

We introduce a Lagrangian multiplier ¥, which serves as
the membrane tension, to impose the geometric relation in
Eq. (6). For a homogeneous membrane, the function y(u)
is a constant. For an inhomogeneous membrane due to pro-
tein coat, Y(u) becomes a spatially varied function that fulfills
Eq. (B6) in Appendix B.

2.3. Free energy of the protein coat

The rod-shaped BAR proteins are assumed to be recruited
on the axisymmetric membrane surface and form a ring along
the azimuthal direction. The ring only covers a tiny fraction
(1%) of the membrane area and is located at A} < A(u) < Aj.
The coating area of proteins Agoyr = A2 — A1, and the coat-
ing position is indicated by the average (A +A;)/2. Within
the ring, the density of the proteins is high enough to ensure
that they are in the nematic phase and oriented in the same
direction,*¥! forming a tilted angle 6 with the azimuthal di-
rection (Fig. 1(c)). From Euler’s formula, 1491 the normal cur-
vature along the 0 direction reads

sin ldy .
Co :—Wcos26+7151n29. )
r h du
Deviation of the normal curvature Cy of the membrane sur-
face from the proteins’ preferred curvature C, leads to the

anisotropic bending energy of the BAR proteins[37-4431-321
K 2
F, :/?C (Co—Cp)~ dA, 9)

where k. denotes the bending rigidity of the protein coat.
Since the ring of proteins is bound to the membrane only at
Aj < A(u) < Ay, K. is taken as a function of A(u)

Kp, if Ay <A(u) < Aj,

. (10)
0, otherwise.

Ke[A(u)] = {

In practice, we approximate the piecewise function as

Ke[A(w)] = 22 {tanh[$,(4(w) A1)
—tanh([Sp (A(u) —A2)]}, (11)

where S, is a parameter to control the sharpness of the protein
edge.

2.4. Variational equations

Summing up the contributions from both the membrane
Fy and the protein coat Fj,, as well as the Lagrangian mul-
tipliers F1, to enforce the geometric relations (2), (3) and (6)
(see Appendix A for the explicit expression of 1 ), we express
the effective total free energy Fio of the system as a functional
of the geometric variables r, z, Y, h, A, and the Lagrangian
multipliers «, f3, ¥:

l —_
Foo=Fn +Fy +F :27r/0 Flnzow,hA,a,B,ydu. (12)

Here A(u) = A(u)/(27) is the reduced surface area func-
tion. We then perform variations with respect to the functions

{w(u),r(u),z(u),A(u),o(u),B(u),y(u)} to obtain the Euler—
Lagrange equations

SFo _0F _d (9F\_
8X 09X dulox') 7

13)

where X denotes one of the functions and X’ refers to their
derivatives with respect to u. The explicit expressions for the
Euler—Lagrange equations and the associated boundary condi-
tions are provided in Appendix B.

We numerically solve the Euler-Lagrange equations with
the MATLAB solver bvp5c that is designed for boundary value
problems. We fix either the protein curvature C,, or the tilted
angle 0 and iteratively vary the other to obtain the correspond-
ing membrane shape and the free energy. Using the free en-
ergy curve, we construct the phase diagram of the membrane
shape as a function of C, and 6. The details are provided in
Appendix B.

3. Results
3.1. Shape transformations by a protein ring near the
north pole

We first study the shape transformations of the spheri-
cal vesicle when the protein ring is located near the north
pole with (A} +A)/(2A40) = 0.033. Because a soft protein
coat cannot dramatically deform the spherical vesicle (data not
shown), we set the bending rigidity of the protein ring twice as
rigid as the membrane, i.e., kK, = 2Ky, which is already able to
induce significant deformation of the vesicle when varying the
protein curvature C, or the tilted angle 6. The results for very
rigid protein coat will be shown later in Subsection 3.3. When
the the tilted angle is relatively high, for instance, 6 = 46°,
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continuously varying the protein curvature C, transforms the
spherical vesicle into a vase-like shape with the protein coated
region growing outward and forming a high positive curvature
bump (Fig. 2(a)). This is because the proteins tend to pro-
duce positive curvature along the meridional direction. How-
ever, with a relatively small tilted angle 6 = 22°, two types
of shapes emerge as C, goes up. A protrusion, which is char-
acterized by a region with negative curvature Cj, is formed at
relatively small C, (Fig. 2(b), shapes labeled with A, B, C).
Another type of solution features a shape in which the pro-
tein ring is contracted inward to form a protrusion with a nar-
row neck (Fig. 2(b), shapes labeled with D, E, F). The two
types of shapes are connected with a Gibbs triangle in the total
free energy curve, which indicates a first-order (discontinu-
ous) phase transition at the crossing point (Fig. 2, pink curve,
CpRo = 18.81). Note that on the branch from shape D to F in
Fig. 2(b), the neck induced by the proteins grows narrower and
longer with increasing C,. The shape resembles the tubulation
induced by N-BAR proteins observed in experiments.>3 Ex-
periments also confirm a series of similar shapes during the
neck formation.>*! This is because proteins are aligned almost
in parallel with the azimuthal direction and tend to contract the
membrane to a radius that is close to their preferred curvature
GCp.

30

0=46° (a)
\
5 £
©° 3
S 10 Q
y >
e :
/ \Q
—10 T T T —10
0 12 24 36 0
CoRy

12
CoRp=9 (c)

go@@@
[/

0 30 60
6()

Fig. 2. Free energy curves and the associated shape transformations
of a vesicle induced by varying the protein curvature C;, in (a), (b) or
the protein orientation 6 in (c), (d). The solid lines indicate the min-
imum free energy state and the dash lines indicate states with higher
free energy. The protein ring is located near the north pole where
(A1 +A2)/(2A0) = 0.033, and has bending rigidity &, /Ky = 2.

We now investigate how continuously varying the tilted
angle O transforms the membrane shapes. When the protein
curvature C, is small, e.g., C,Ry = 9, increasing 6 from 0°
to 90° only slightly changes the vesicle shape such that the
protrusion formed at small 0 is flattened or even bent inward
at large 0 (Fig. 2(c)). If the protein curvature C, is raised
to CpRo = 21, at relatively small 6, a single 6 corresponds
to three solutions of protrusion shapes, two of which have no

neck and the third one has a neck. It is intriguing to see that
as 6 goes up, the neck is narrowed down to a very small ra-
dius (Fig. 2(d), see shapes labeled with A, B and C), which
could induce a small vesicle budding off the membrane. This
necking phenomenon will be further discussed later in the pa-
per. Meanwhile, the branch without necks goes from a pro-
trusion shape to a vase-like shape such that the bulge is flat-
tened (Fig. 2(d), see shapes labeled with E, F and G). The two
branches cross at a critical point in a Gibbs triangle, which
indicates a first-order phase transition from a protrusion with
neck to a protrusion without neck with increasing 8 (Fig. 2(d),
shapes labeled from B to F).

The anisotropic spontaneous curvature can usually
cause tubular shapes of the membrane, as reported in
references. >>% Early works have shown that the anisotropic
protein can help to stabilize the neck.’7-38! To systematically
understand the shape transformations induced by the protein
curvature C, and the tilted angle 6, we show the phase diagram
in Fig. 3. The phase space is divided into two regions, depend-
ing on whether the protrusions have a neck or not. Crossing
the boundary from one region to the other represents a first-
order phase transition characterized by the Gibbs triangle ex-
emplified in Figs. 2(b) and 2(d). As 8 goes from 0° (parallel
to the azimuthal direction) to about 45°, an increasing protein
curvature C, is needed for necking to occur. Within the neck-
ing region, the radius of the neck is reduced with increasing
Cp, while the length of the neck is elongated (Fig. 3, dots in
purple). Beyond 6 = 45°, necking cannot occur anymore.

60
Kp/Km = 2

CLRy

Fig. 3. Phase diagram of vesicle shapes as a function of the protein curva-
ture C,, and the protein orientation 6. The solid line represents the boundary
that separates the region of a protrusion shape without a neck from a region
with a neck. Crossing the boundary leads to a discontinuous transition of
the vesicle morphology. The four colored dashed lines represent the situa-
tion studied in Fig. 2. The protein ring is located near the north pole where
(A1 +A2)/(2A0) = 0.033, and has bending rigidity K, /%y = 2.

3.2. Shape transformations by a protein ring at the equa-
tor

We now place the protein ring at the equator, i.e., (A; +
Az)/(2A0) = 0.5, and investigate the deformation of the spher-

ical vesicles when varying C, and 6. If 0 takes a value that is
larger than 45°, e.g., 8 = 46°, varying C, only slightly alters

088706-4



Chin. Phys. B 34, 088706 (2025)

the spherical vesicle into a rugby shape (Fig. 4(a)). However,
when 0 is small, such that the proteins are oriented mainly
in parallel with the azimuthal direction, we observe two types
of solutions connected by a Gibbs triangle in the free energy
curve (Fig. 4(b)).

On one of them (Fig. 4(b), shapes labeled with A, B and
C), shape transformations are similar to those of 6 = 46°.
While on the other (Fig. 4(b), shapes labeled with D, E and
F), the spherical vesicles are strongly contracted in the equa-
tor, resembling a cell division. If the protein curvature C;, is
fixed at a small value, e.g., CoRp = 9, gradually increasing 6
almost does not change the vesicle shape (Fig. 4(c)). How-
ever, for large enough C,, a division shape minimizes the total
free energy at smaller 6 and a rugby shape becomes the energy

minimum at larger 0 (Fig. 4(d)).

30 50

— 0 =46° O (a)

— 0=22°

Fi/27km

10
/ O

0 12 24 36
CLRy

—10

12
Cp,Rp=9

G, (d)

fo o AEx
I 7T R RRL
6% 30 60 90 0 30 ’o 60 90

()
Fig. 4. Free energy curves and the associated shape transformations of a
vesicle induced by varying the protein curvature C;, in (a), (b) or the pro-
tein orientation 0 in (c), (d). The solid lines indicate the minimum free
energy state and the dash lines indicate states with higher free energy.
The protein ring is located at the equator where (A} +A,)/(24¢9) =0.5,
and has bending rigidity &, /xm = 2.

The shape transformation behaviors are summarized in
the phase diagram in which the division shapes are separated

from the rugby shapes by a boundary curve. Crossing the
boundary will induce a first order transition of the vesicle

shapes. Compared with the case when the protein ring is near
the north pole, the boundary curve is shifted towards larger C,,
when the protein ring is located at the equator (compare the

boundaries in Figs. 3 and 5).

60

e

e~ ]
6=22°
W/O neck

QO-O

0 T T
0 15 30 45
CuRo

Fig. 5. Phase diagram of vesicle shapes as a function of the protein curva-
ture C, and the protein orientation 6. The solid line represents the boundary
that separates the region of a protrusion shape without a neck from a region
with a neck. Crossing the boundary leads to a discontinuous transition of
the vesicle morphology. The four colored dashed lines represent the sit-
uation studied in Fig. 4. The protein ring is located at the equator where
(A1 +A2)/(2A0) = 0.5, and has bending rigidity &, /km = 2.

3.3. Rigid protein coats smooth out the shape transforma-

tion

In this section, we fix the position of the protein ring near
the north pole and the orientation of proteins at 6 = 22°, and
show the effects of protein rigidity &, on shape transforma-
tions of the vesicle. When x; /Xm = 2, as we have shown
in Fig. 2(b), with an increasing protein curvature Cp, the free
energy curve goes through a Gibbs triangle, which indicates
a discontinuous shape transition at the crossing point from a
protrusion without a neck to that with a neck (see Fig. 6(a)).
With a more rigid protein coat k,/kn = 10, the size of the
Gibbs triangle in the free energy curve is reduced and the tran-
sition point is shifted towards smaller curvature values (com-
pare Figs. 6(a) and 6(b)). Upon further increasing the protein
rigidity to &,/ Kkm = 79, the Gibbs triangle disappears and the
shape transformation becomes continuous (see Fig. 6(c)). The
transition point is further shifted towards a smaller protein cur-

vature Cp.

20 () O/ 20 )
/

Fi/2mkm
—
=) o
O
Qs
e

Kp/Km = 2

O
NG
BSe

20 © é

7!41:,//{[,,:10 _10 O 75;)/”111:79

Fi/27kKm
o

-10 :
0 15
CyRo

30 45 0 15

30 45 0 15 30 45

CPR(] CpRO

Fig. 6. Free energy curves and the associated shape transformations of a vesicle induced by varying the protein curvature C, for different
protein rigidity. From (a) to (c), the protein rigidity &,/&m = 2,10,79, respectively. The protein ring is located near the north pole where

(A1 +A2)/(2A0) = 0.033. The protein orientation is fixed at = 22°.
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3.4. Rotating the protein orientation significantly reduces
the neck radius

We have shown that upon increasing the protein curvature
C,, a smaller vesicle can grow out from a larger vesicle and the
neck that connects the two vesicles grows narrower and longer
at the same time (see the green part on the vesicle in Fig. 2(b)).
We have also shown that varying the protein orientation 6 is
able to reduce the neck radius (Fig. 2(d), from A to B to C). In
Fig. 7(a), we plot the neck radius as a function of the tilted an-
gle 6 (Fig. 7(a), blue curve). A sharp drop of the neck radius
is observed when 0 approaches about 45°. Compared with
the long tube-shaped neck formed by increasing Cp, the neck
formed by varying the protein orientation 6 is much shorter
and exhibits an hourglass shape, which is similar to previous
work on BAR proteins. ! More strikingly, the neck radius is
reduced to a value that is smaller than the reciprocal of the pro-
tein’s preferred curvature (indicated by the blue and red dots
on the y-axis in Fig. 7). Similar necking morphology differ-
ence is also observed when the vesicle exhibits a division-like
shape by a protein ring located at the equator (Fig. 7(a), red
curve). Compared with protein orientation-induced necking,

0
10 @

o O
w011/

1024 O

Rnock/ RO

103
0
100 T
™y (b)
<
3 107
o Q
5
10-2 ' '
0 15 ” .

CyRo

Fig. 7. Contraction of the neck radius induced by varying the protein ori-
entation in (a) and the protein curvature in (b). The blue curve repre-
sents the situation that the protein ring is located near the north pole where
(A1 +A2)/(2A0) = 0.033. The red curve represents the case that the protein
ring is located at the equator where (A; +A43)/(240) = 0.5. The solid part
indicates the free energy minimum state. The dotted part indicates metastable
states which are locally stable but globally unstable. The blue dot and the
red dot on the y-axis in (a) indicate the position of the reciprocal of the pro-
tein curvature 1/(CpRo) used to calculate the blue curve and the red curve,
respectively. The black dotted curve represents the reciprocal of the protein
curvature 1/(CpRy).

the constriction of the neck radius induced by protein curva-
ture is gentler and the neck shows a tubular shape that stays
above the reciprocal of the protein curvature (Fig. 7(b)).

Note that when the tilted angle 6 is close to 45°, the neck-
ing solution has higher free energy than the one without a neck
(plotted in dashed line in Fig. 7). The discontinuous shape
transformation occurs at a smaller angle than 45°. However,
this does not exclude the physical existence of the necking so-
lution.

In fact, the necking solution represents a metastable state.
If O starts from a smaller value of 0 and is gradually increased
to 45°, the vesicle shape can remain on the necking branch,
and the transition to the other branch needs to overcome a large
energy barrier, known as the hysteresis effect.

4. Discussion

In this paper, we study how the orientation of crescent-
shaped proteins influences the shape of a vesicle when the
proteins are organized into a narrow ring on the vesicle. The
underlying assumption behind our model is that proteins can
either self-organize into a ring-like structure on the membrane
or bind to the membrane by upstream proteins that preassem-
ble into a ring-like structure. Previous studies have shown that
BAR proteins can self-organize into a string-like aggregate
on the membrane.[*!1#21 Under certain conditions, the linear
aggregate is assembled at the equator and deforms the vesi-
cle into an oblate shape,!*!! similar to the shape F shown in
Fig. 4(d). A previous study that combines theory with ex-
periments has shown that BAR proteins are spontaneously en-
riched in the neck region of a membrane template and induce
neck elongation, consistent with the shape F shown in Fig. 2.
However, as our study is limited to axisymmetric condition,
the polygon-shaped vesicle due to several aggregates formed
on the vesicle cannot be observed in our work.[*!! Extending
our continuum theory to more general geometry will be our
future endeavor.

Our model also assumes that proteins within the ring are
all oriented in the same direction. This is plausible due to
the excluded volume effect between the rod-shaped molecules
when the protein density is high enough,*¥! similar to the
entropy-driven isotropic to nematic phase transition for lig-
uid crystals.[%! We neglect the energy contribution associated
with the distribution of the protein orientation and set the tilted
angle 0 as a constant during the vesicle deformation induced
by the protein curvature. However, the tilted angle 6 might
change when the ring is deformed. In a more complete de-
scription, the energy contribution associated with the protein
orientation should be taken into account and the tilted angle
0 should be a function of the free energy and the value of 6
over space should be obtained by minimizing the free energy
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with respect to 8. In addition to the entropic interaction men-
tioned above, we expect the chirality of the proteins would also
induce a tilted angle, such as the helical band formed by dy-
namins. Investigating how the chirality of proteins determines
the protein orientation would be another future direction to ex-
plore.

Necking phenomena are common in cellular processes
such as endocytosis and cell division. A vesicle is budding
off from the plasma membrane when endocytosis occurs. 1]
In mammalian cells, the budding is generally attributed to the
dynamin protein that is observed to form a helical band around
the neck.[01:921 The chemical energy released by GTP hydrol-
ysis is used to power the constriction of the dynamin. In yeast
cells, the role of BAR proteins in driving membrane fission re-
mains controversial.[>3%3] Tt is reported that the switch of the
nematic order of anisotropic proteins can contribute to the di-
vision shape.>?! There are studies suggesting BAR proteins
can actively constrict the neck of the endocytic pit, therefore
driving membrane fission.[®+%1 It is also reported that BAR
proteins recruit dynamin to the neck of the membrane buds to
facilitate membrane scission.[%! Our study provides a new an-
gle from the protein orientation to explain the constriction of
membrane neck by dynamin or BAR proteins. The fact that
they are organized into a helical string, in which the proteins
are tilted relative to the azimuthal direction, has a physical rea-
son behind it. The preferred radii of BAR family proteins are
typically greater than 10nm. However, in order to pinch off
the membrane neck, the neck radius needs to be reduced to
~ 5 nm, the same as the thickness of lipid bilayer. Our results
suggest that only in a tilted organization can the protein ring
constrict the membrane neck to a value that is smaller than
the protein curvature. Therefore, the constriction function of
dynamin or BAR proteins powered by GTP hydrolysis is prob-
ably due to reorganization of the helical structure into a more
tilted manner.

5. Conclusion

In this work, we study the deformation of an axisymmet-
ric vesicle induced by crescent-shaped proteins that assemble
into a ring on the vesicle and are oriented in the same direc-
tion within the ring. We have shown that when the protein
coat is relatively rigid, varying the protein curvature or the
protein orientation induces a discontinuous shape transforma-
tion of the vesicle from a protrusion without a neck to that
with a neck. A very rigid protein coat can smooth out the
transition and move the transition point towards a smaller pro-
tein curvature. Furthermore, we show that varying the protein
orientation alone is able to induce an hourglass-shaped nar-
row neck. Our study provides a rationale of the helical band
formed by BAR proteins or dynamin proteins when they carry
out membrane fission functions during endocytosis. Our study

also reveals the importance of the organization of the protein
aggregates in reshaping the membrane, which is typically ne-
glected in previous researches.

Appendix A: Lagrangian multipliers to enforce
geometric relations

The geometric relations expressed by Egs. (2), (3) and (6)
are imposed by introducing three Lagrangian multiplier func-
tions at(u), B(u) and y(u) in the functional,

ot
FL:/O fidu, (A1)
in which
_ (dr o ) 5 ( dz 5 )
fL=a(u) P cosy | + B (u) W +hcosy
dA
—¥(u) (du - rh> . (A2)

Here A = A/(27) is the reduced surface area function. With
these Lagrangian multipliers, the geometric variables r(u),
z(u), w(u), h(u) and A(u) become independent. Note that y(u)
serves as the membrane tension. If the membrane is inhomo-
geneous with A(u)-dependent membrane properties, variation
against A(u) leads to an equation about dy/du in Eq. (B6).
The same equation is also derived in Ref. [67].

Appendix B: Variational equations of the com-
posed system

Combining the free energy of the membrane in Eq. (7)
and of the proteins in Eq. (9), as well as the Lagrangian multi-
pliers (A1), we arrive at the effective total free energy

l -
Em:Zn/ Flrz,h,w,A o, B,7]du, (B1)
0
in which
_ K (Ldy siny
_z(hdu+ ; Cm) A
K[Aw)] (siny 5 1dy ?
+T —,¢0s 9+Easm 0—-C, | rh

d

+ grzhsin v+ o(u) (d: —hcos l,l/)

d dA
+B(u) <di +hcosy/> —y(u) (du_rh> . (B2
The list of Euler—Lagrange equations derived from variations

with respect to the functions in Eq. (13) reads

) h

2r2 (K‘m + K, sin® 9)
+2r [asiny +cos y (B — Cyke cos26) |

{n [sin2y (K + K. cos” 0)]

d
— Z—K_C r*sin® O cos” O sin
dA
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d
+r (pcos v+ Zd—Z_CCp sin’ 6)

d
—2ry’ (K’m cos ¥ + k. sin* 6 cos y + 2 sin46d§c) } ,

(B3)
L ; Kmhsinzyj
wzQCmethphrsmy/fTJrhy
1o Kchsin® ycos* 0
+§CthC_T—CmeV/
_ o W) »
CokoW'sin” 6 + 7 (Km + Kesin® 0) (B4)
B =0, s
Y = di; [ (Cyr —cos® Bsiny) — ry’sin’ 9]2. (B6)

dA 2rh

Note that the variation with respect to () does not give
an independent equation but a conserved quantity

h .
H= ~5 {pr’siny +r (CIZHKm—i—Zy—i—CSKC)

+sin’ y (km + K. cos” 0)
—2r [orcos Y+ sin Y (Cykm — B —|—Cp1<ccos2 6)]}
N2
n r(;’;) (K + Kesin® ). (B7)
Meanwhile, we set boundary conditions as
y(u=0)=0, r(u=0)=0,
Bu=0)=0, H(u=0)=0,
Au=0)=0, yu=1)=mr,
rlu=1)=0, z(u=1)=0,
Au=1) =4 (BS)

Equations (B3)—(B6) and the geometric relations (2), (3), (6)
constitute the full set of equations we need to solve. They to-
gether make up 8 first order ordinary differential equations that
define a boundary value problem with the unknown constant
h, and the 9 boundary conditions given in Eq. (B8).

Appendix C: Numerical methods to solve the
variational equations

We solve the boundary value problem with the MATLAB
solver bvp5c in an iterative manner. For instance, in order
to calculate the shape transformations induced by varying the
protein curvature Cp, we start with C;, = 0 where the membrane
is almost a sphere. Once we get the solution at C;, = 0, we can
extend the solution to higher values of C, with a number of
small increment of AC,, and use the solution of the previous
step as a guess for the current step.

When there are multiple branches of solutions, continu-
ously varying C, could lead to error report due to no solu-
tions beyond certain value of C, (see the branch from A to

B to C in Fig. 2(b)). We then change the iterative variable
from C, to Dy = z(0) — z(1) which is the pole-to-pole dis-
tance by adding a new boundary condition in Eq. (BS). Ac-
cordingly, we set the protein curvature C,, as an unknown pa-
rameter. By alternating the iterative variables between C, and
Dy, we can obtain the complicated free energy curve with
Gibbs triangle. Our MATLAB code is available at the link
https://github.com/ruima86/Protein-Orientation.
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