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We generalize the convex duality symmetry in Gibbs’ statistical ensemble formulation, between the Gibbs entropy
ϕV,N(E) as a function of mean internal energy E and Massieu’s free entropy ΨV,N(β ) as a function of inverse temperature
β . The duality in terms of Legendre–Fenchel transform tells us that Gibbs’ thermodynamic entropy is to the law of large
numbers (LLN) for arithmetic sample mean values what Shannon’s information entropy is to the LLN for empirical counting
frequencies in independent and identically distributed data. Proceeding with the same mathematical logic, we identify the
energy of the state {ui} as the conjugate variable to the counting of statistical occurrence {mi} and find a Hamilton–Jacobi
equation for the Shannon entropy analogous to an equation of state in thermodynamics. An eigenvalue problem that is
reminiscent of certain features in quantum mechanics arises in the entropy theory of statistical counting frequencies of
Markov correlated data.
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1. Introduction
In recent years, through the development in stochastic

thermodynamics and the applications of the mathematical the-
ory of large deviations to the asymptotic behavior of various
forms of the law of large numbers (LLN), it has been recog-
nized that “the essence of a thermodynamic description is not
found in its connection to conservation laws, microscopic re-
versibility, or the equilibrium state relation they entail, despite
the central role those play”; see Refs. [1–3] and the references
cited within. In addition to derivations of fluctuation relations
in connection to nonequilibrium entropy productions, more re-
cent results on the unification of stochastic chemical kinetics
and Gibbs’ thermochemistry,[4,5] as well as the probabilistic
elucidation of T. L. Hill’s thermodynamics of small systems
(1963),[6,7] have all further substantiated the above claim.

The large deviation theory (LDT) from the mathemat-
ics of probability[8,9] provides the analytic underpinning for
understanding a range of law-like behaviors of statistical ob-
servables, of which the arithmetic mean values and normal-
ized empirical counting frequencies (proportions) are the two
most important types. LDT is an emergent behavior that arises
from the mathematical limit of infinitely many data whose
statistics are without randomness;[10] in fact we shall show
that the Gibbsian statistical thermodynamics can be framed,
independent from mechanics or any mechanistic underlying,
as the asymptotic statistical laws for counting frequencies to-

gether with associated maximum entropy principle via La-
grangian duality.[3,11] The mathematical analysis reveals an
important duality structure between two functions, a large
deviation rate function (LDRF) and a cumulant generating
function (CGF). In statistical mechanics, they correspond pre-
cisely to Gibbs’ (neg) entropy as a function of all extensive
variables, S(E,V,N), and the Massieu entropy as a function
of all intensive, conjugate variables, Ψ(T, p,µ).[7] The lat-
ter are often called “free energy” in mathematical literature,
where neg-entropy and entropy are referred to indiscrimi-
nately. When S(E,V,N) is an Eulerian homogeneous func-
tion of degree 1, the existence of its convex dual Ψ(T, p,µ)
requires the more refined modern formulation of Legendre–
Fenchel transform[12] in terms of indicator function and sup-
port function duality.[13]

LDT clearly resolves the contradistinction between
the two best-known entropies, that of Gibbs and that of
Shannon.[14] Although writings on the subject are already vast,
the present work gives a more coherent presentation showing
that the Gibbs entropy, defined via temperature derivative of
canonical partition function as in standard textbooks, is to the
LLN for arithmetic mean values what the Shannon entropy is
to the LLN for empirical counting frequencies. They are the
subjects of Crámer’s theorem and the Sanov theorem in math-
ematics, respectively.[9]

With this newfound perspective and by explicating the
†Corresponding author. E-mail: hqian@uw.edu
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duality for the Shannon–Sanov relative entropy,[15,16] also
widely called Kullback–Leibler divergence, we show that the
conjugate variables to “countings of statistical occurrences”
{mi} are a set of “energy parameters” in kBT units, {ui}. The
duality turns out to be precisely Gibbs’ statistical thermody-
namics. His theory for chemical thermodynamics with a few
macroscopic variables and his formulation for statistical me-
chanics in terms of the entire phase space RN with N degrees
of freedom, thus, are unified. Via Boltzmann’s relation (see
Eq. (20) below) there is an equivalence principle between the
statistical kinematics of counting and the energetic descrip-
tion of states. We further consider repeated measurements on
a time-correlated Markov process and find a novel eigenvalue
problem for the square root of empirical frequency {√νi}.

In recent years,[7] it has been demonstrated that the ap-
plication of the mathematics of Legendre–Fenchel duality[12]

is at the core of Gibbs’ modern thermodynamics for macro-
scopic variables.[17,18] Following this logic,[3] it was reported
that even Gibbs’ theory of statistical mechanics, in terms of an
energy function and its logarithmic partition function as free
energy, is mathematically derivable by the methods of Gibbs.
The present work is structured as follows. The previous re-
sults are summarized in Section 2. In Section 3, in parallel
to counting states that correspond to statistical thermodynam-
ics, we consider counting for consecutive states, e.g., statistics
on discrete-time kinetics, and introduce a new entropy func-
tion. We further derive an entropy function for continuous-
time counting. This novel entropy function in Eq. (32) has a
quadratic form of the square roots of probabilities, rather than
based on logarithmic probability as the Shannon entropy and
its variations. Then in Eq. (33) we further show an eigenvalue
problem that is associated with the Legendre–Fenchel trans-
form (LFT) of the entropy function. The possible physical in-
terpretations of the results and additional discussion are given
in Section 4.

2. Duality symmetry in Gibbs’ theory and its
generalization

2.1. Duality symmetry between ψV,N(β ) and ϕV,N(E)

It is important to recall that as a thermodynamic potential
function, the Gibbs entropy is a function of an extensive vari-
able E, the internal energy, and the Helmholtz free energy or
Massieu free entropy is a function of the intensive conjugate
variable T .[18] There is a convex duality between these two
functions[12] as follows.

Consider a mechanical system consisting of N degrees of
freedom, 𝑥 = (x1, . . . ,xN), in a container with volume V un-
der temperature T = (kBβ )−1, with a potential energy function
UN(𝑥). The logarithm of the canonical partition function

ΨV,N(β ) = kB log
∫

V N
e−βUN(𝑥)d𝑥 (1)

has been known as Massieu’s free entropy. See Ref. [7] for
a very recent discussion. Then the equilibrium entropy of the
statistical mechanical system according to Gibbs’ theory is

S(β ) =
∂ [β−1ΨV,N(β )]

∂β−1 =ΨV,N(β )−β
∂ΨV,N

∂β
, (2)

which can be expressed in terms of LFT from convex
analysis[12]

ϕV,N(E) ≡ −S
(
β (E)

)
=− inf

β

{
βE +ΨV,N(β )

}
(3a)

=

{
−βE −ΨV,N(β ),

E(β ) =−∂ΨV,N(β )/∂β ,
(3b)

in which relation E(β ) is monotonic since ΨV,N is a convex
function of β , therefore β (E) is well defined. Equation (3b)
is a parametric expression for the function ϕV,N(E) in terms of
the parameter β . And since ΨV,N(β ) is a convex function of β ,
Eq. (3) has a dual expression

ΨV,N(β ) =− inf
E

{
βE +ϕV,N(E)

}
, (4)

and a corresponding pair of differential equations relating ϕ

and Ψ as thermodynamic potential functions for their respec-
tive independent variables, with corresponding conjugate vari-
ables β and E:

dϕV,N(E) =

(
dϕV,N(E)

dE

)
dE =−β (E)dE, (5a)

dΨV,N(β ) =

(
dΨV,N(β )

dβ

)
dβ =−E(β )dβ . (5b)

The duality in Eq. (5) can be further extended to intensive
conjugate variables p and µ which correspond to extensive
variables V and N. This leads to a duality symmetry between
the fundamental thermodynamic relation and the Hill–Gibbs–
Duhem (HGD) equation in nanothermodynamics,[7] respec-
tively:

dS = β dE +(β p) dV − (β µ) dN, (6a)

d
(
β E
)
= E dβ +V d

(
β p
)
−N d

(
β µ
)
, (6b)

where S, E, V and N are entropy, internal energy, volume and
particle number, and inverse temperature β , pressure p, chem-
ical potential µ are their conjugate variables, and E (β , p,µ) is
the novel subdivision potential introduced in nanothermody-
namics, as the LFT of non-extensive S(E,V,N).

In the classical macroscopic thermodynamic limit, the
HGD equation is reduced to the Gibbs–Duhem equation, with
the duality symmetry broken: When S = ϕV,N(E) is an Eu-
lerian homogeneous degree 1 function of E,V,N, its formal
LFT βE = ψ(β , p,µ) = ∞ or 0 divided by a hyper-surface
that yields the equation of state (EoS):

ψ(β , p,µ) = − inf
E,V,N

{
β
(
E + pV −µN

)
+ϕV,N(E)

}
080201-2
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= µN − sup
V

{
pV −β

−1
ΨV,N(β )

}
= 0. (7)

On the hyper-surface, the µ is a function of p and β ; the
ψ(β , p,µ) vanishes. In the familiar standard thermodynamics
notations, Ψ =−F/T =−(E −T S)/T , where 1/T = ∂S/∂E
and µ = G/N = (pV +F)/N with p = −∂F/∂V . They cor-
respond to Eqs. (4) and (7), with the infimum and supremum
carried out by differentiating convex functions.

2.2. The Gibbs entropy and the Shannon–Sanov entropy
in current understanding

For a given probability distribution over a set of n discrete
events with probability mass function pi, 1 ≤ i ≤ n, Shannon’s
entropy for empirical frequencies {νi} is a special case of the
more general relative entropy[15,16]

H
(
{νi}

)
=

n

∑
i=1

νi log
νi

pi
or H[ f ] =

∫
R

f (x) log
f (x)
p(x)

dx. (8)

Shannon’s original formula is taken relative to a uniform prob-
ability: −H(ν) = −∑

n
i=1 νi logνi − logn. There is an extra,

non-consequential constant − logn. The first term is inter-
preted as the “missing information” w.r.t. the maximum in-
formation − logn.

According to standard textbooks on equilibrium statistical
mechanics,[19] the Gibbs entropy is defined by starting from a
given density of states in terms of energy Ω(E), u ∈ R,

F(β ) =−β
−1 log

∫
R

Ω(E)e−βE dE, S =− ∂F(β )

∂ (1/β )
, (9)

where S is the Gibbs entropy. F is the Helmholtz free energy
and β = (kBT )−1 is the inverse temperature. A canonical dis-
tribution is

f (E) = Ω(E)e−βE
(∫

R
Ω(E)e−βE dE

)−1

,

from which one has the well-known equation

S =− ∂F(β )

∂ (1/β )
=−

∫
R

f (E) log
(

f (E)
Ω(E)

)
dE. (10)

If one identifies Ω(E) with the uniform density 1/N and inte-
gration w.r.t. E with summation over n; then the Gibbs entropy
and the Shannon entropy are considered to be the same; this is
self-evident from the two expressions (8) and (10).

2.3. Beyond the current understanding

In Eqs. (3) and (4), with fixed V and N, ϕV,N(E) as a
function of E is the LFT of ΨV,N(β ) as a function of β , whose
LFT in return is ϕV,N(E). Even though both entropy and free
energy are state functions in thermodynamics and their inde-
pendent variables can be arbitrarily chosen as E or β , accord-
ing to the mathematical theory of LFT, specifying the inde-
pendent variables of an entropy function matters. This is also

clear from the writing in Eqs. (2) and (3a). In Eq. (8) it is a
function of νi = mi/M, or functional of f (x); the independent
variables here are empirical frequency distributions. Entropy
in thermodynamics is a function of macroscopic variables. In
the simplest case, it is a function of E, V , and N. The latter is
obtained from the former via maximum entropy principle un-
der constraints.[2,3,11] While one has found an agreement be-
tween the mathematical expressions for the two entropy func-
tions, why should the mathematical function in Eq. (8) be min-
imized? Though originating from thermodynamics, the prin-
ciple of maximum entropy must have a deeper root in statis-
tics; the answer has to be found in the mathematical logic of
probability.

There is a new principle that calls for revisiting the two
entropy functions:[3] The entropy function arises as the asymp-
totic exponent for a law of large numbers. There are many
different laws of large numbers, thus there are many different
entropy functions, c.f. Eq. (26) below. Gibbs’ and Shannon’s
are merely two special ones for the two most widely stud-
ied LLNs. We shall consider two i.i.d. sampling problems:
(i) a discrete random event with probability mass function pk,
1 ≤ k ≤ n, and (ii) a continuous real-valued random variable
X with probability density function Ω(x).

Shannon-Sanov’s relative entropy as a LDRF — For
the discrete problem, let us assume that within total M i.i.d.
samples, there are mk observations of the kth event: m1 + · · ·+
mn = M. It is clear that if one carries out another M observa-
tions, one would obtain another set of {mk;1 ≤ k ≤ n}. So the
mk’s are themselves random variables with a joint probability
distribution

M!
m1! . . .mn!

pm1
1 . . . pmn

n . (11)

As M →∞, the normalized counting frequency νk := mk
M → pk:

The proportion of observing the kth event approaches its prob-
ability. This is known as Borel’s LLN.

The large deviation principle says that the distribution
in expression (11), as M → ∞, has an asymptotic expression
e−Mϕ(ν1,...,νn), where ϕ(ν1, . . . ,νn) is exactly the H({νi}) in
Eq. (8).

The Gibbs entropy is also a LDRF — Now for the con-
tinuous problem, let X1,X2, . . . ,XM be M i.i.d. samples of a
random variable X , with probability density function Ω(x).
Then the LLN for the mean value says that

XM :=
X1 + . . .+XM

M
→ E[X ] =

∫
R

xΩ(x)dx,

as M → ∞. It is clear that if one obtains another M samples,
the XM will be different. So XM itself is a random variable
with a probability density function fXM

(x).
Again, the LDT says that as M → ∞, fXM

(x) has an
asymptotic expression eMφ(x). To compute the exponent φ(x),

080201-3
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we employ the method of CGF,

Λ(β ) = log
∫
R

Ω(x)e−βx dx, (12)

and note that the CGF of XM is ΛXM
(β ) = MΛ(β/M). Then

Λ(β ) =
1
M

ΛXM

(
Mβ
)
= sup

x

{
φ(x)−βx

}
, (13)

which implies

φ(x) = inf
β

{
βx+Λ(β )

}
. (14)

Now to carry out the optimization problem in Eq. (14), let us
use calculus to find the optimal β *: x+Λ ′(β ) = 0. Therefore,

φ = −βΛ ′(β )+Λ(β ) =
∂

∂ (1/β )

[
β
−1

Λ(β )
]
,

x = − ∂

∂β
Λ(β ).

(15)

Equation (15) gives the function φ(x) in a parametric form.
We see that if we identify −β−1Λ(β ) as F(β ), then the φ in
Eq. (15) is the Gibbs entropy, and x is the internal energy.

Therefore, as the asymptotic exponent for the probability
of large deviations, the Shannon entropy is to Borel’s LLN for
empirical counting frequencies what the Gibbs entropy is to
the standard LLN for arithmetic mean values.

Gibbs–Kirkwood potential energy and the dual to the
Shannon–Sanov entropy — Through Legendre transforms,
the theory of classical thermodynamics introduces intensive
conjugate variables to extensive quantities, such as β to inter-
nal energy U , p to volume V , and µ to particle number N. The
same conjugate variables enter Gibbs’ theory of statistical me-
chanics via Laplace transforms of various partition functions
corresponding to extensive variables. The result from the pre-
vious sections shows clearly that a duality structure between
the LDRF and its CGF plays a central role in a new under-
standing of Gibbs’ and Shannon’s entropy functions.

By the same logic the following question immediately
arises: What is the corresponding CGF for Shannon’s rela-
tive entropy, i.e., Sanov’s LDRF in Eq. (8)? We carry out its
LFT using ui to denote the conjugate variable of νi under the
normalization constraint ∑

n
i νi = 1:

Ξ
(
{ui}

)
= inf

{νi}

{
n

∑
i=1

uiνi +H
(
{νi}

)}
(16)

=
n

∑
i=1

ν
*
i log

(
ν*

i
pi e−ui

)
= λ =− log

n

∑
i=1

pi e−ui , (17)

in which λ appears as a Lagrange multiplier for the con-
strained optimization ν*

i = pi e−ui+λ . For fixed ui, the νi are
determined from ui =−∂H({νi})/∂νi +λ . The additive con-
stant λ to the ui’s represents a gauge freedom, a feature that
is absent in the traditional Legendre transform. Equation (16)

has the exact form of Helmholtz free energy from standard sta-
tistical mechanics when a set of “energy” parameters in kBT
units {ui} is given:

Ξ
(
{ui}

)
=

n

∑
i=1

ν
*
i ui︸ ︷︷ ︸

mean internal energy

−

(
−

n

∑
i=1

ν
*
i log

ν*
i

pi

)
︸ ︷︷ ︸

entropy

. (18)

More precisely, the mean internal energy term in Eq. (18)
should be understood as the mean value of Kirkwood’s poten-
tial of mean force ui.[20] The conjugate variables ui therefore
are interpreted as a “potential function” that represents the sta-
tistical deviations of the empirical frequencies {νi} away from
the true probability {pi} in the large-deviation scenario.

We shall call the set of {ui} introduced in Eq. (16), the
conjugate variables to the counting frequencies {νi}, Gibbs–
Kirkwood potential energies; they come with a “natural” addi-
tive constant λ due to the normalization of frequencies {νi}.
One then recovers the duality

dH
(
{νi}

)
=

n

∑
i=1

(
∂H
∂νi

)
dνi =−

n

∑
i=1

ui
(
{νi}

)
dνi, (19a)

dΞ
(
{ui}

)
=

n

∑
i=1

(
∂Ξ

∂ui

)
dui =

n

∑
i=1

νi
(
{ui}

)
dui, (19b)

where

ui
(
{νi}

)
=− log

(
νi

pi

)
+λ . (20)

The Massieu free entropy as a function of β is the LFT of
the Gibbs entropy as a function of energy; the Helmholtz free
energy as a function of {ui} is the LFT of Shannon–Sanov
entropy as a function of normalized frequencies {νi}.

3. Entropy analysis in thermodynamics and
LDT for Markov chain
To compare and contrast Gibbsian statistical thermody-

namics with LDT, one recognizes that the concept of an ex-
tensive quantity in the former[18] should be identified with
the empirical sum of M repeated measurements on a ran-
dom variable in the latter: X1 + · · ·+XM . The empirical sum
scales with the total number of samples M; furthermore en-
tropy in thermodynamics is actually M times the LDRF φ ,
which is itself a function of empirical sum divided by M,
XM = (X1 + · · ·+XM)/M. Therefore the large deviation prin-
ciple in probability actually corresponds to the existence of a
macroscopic entropy function in Gibbs’ theory.

3.1. Thermodynamic entropy theory of statistical counting

Putting this realization into practice, we consider the “ex-
tensive” entropy function of non-normalized counting of states
{mi}. Then corresponding to the Shannon–Sanov entropy is
S({mi}) =−MH({mi/M}), where M = m1 + · · ·+mn: It has

080201-4
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S
(
{αmi}

)
= αS({mi}). The Legendre–Fenchel transform of

the homogeneous S({mi}) yields a singular function

inf
{mi}

{
n

∑
i=1

miui −S
(
{mi}

)}

= inf
{mi}

{
n

∑
i=1

miui +
n

∑
i=1

mi log
mi

(m1 + · · ·+mn)pi

}

= inf
M

{
M inf

{νi}

{
n

∑
i=1

νiui +
n

∑
i=1

νi log
νi

pi

}}

= inf
M

{
−M log

n

∑
i=1

pi e−ui

}

=

{
0 ∑

n
i=1 pi e−ui = 1,

−∞ ∑
n
i=1 pi e−ui ̸= 1, (21)

in which the n intensive conjugate variables ui satisfy an equa-
tion of state (EoS)

n

∑
i=1

pi e−ui = 1. (22)

The u’s are related to the extensive m’s:

ui =− log
mi

(m1 + · · ·+mn)pi
,

mi =
Mpi e−ui

∑
n
i=1 pi e−ui

, (23)

and there is a Gibbs–Duhem equation, as the differential form
of the EoS in Eq. (22):

n

∑
j=1

m j
(
{ui}

)
du j =

∑
n
j=1 p j e−u j du j

∑
n
i=1 pi e−ui

= −d

(
log

n

∑
i=1

pi e−ui

)
= 0. (24)

It is clear that the Lagrange multiplier λ in Eq. (17) is
conjugate to M. We observe that by employing a complete
convex analysis one actually fixed the λ = 0 or eλ = 1 in
Eq. (22). In the theory of probability and statistical data analy-
sis, the “large number” M is given and known. However, in the
thermodynamics of a system in continuous space and time the
M is unknown;[13] this leaves the to-be-determined free energy
of the entire system as the logarithm of a partition function, the
normalization factor.

We have thus generalized the concepts of Gibbs function
and chemical potentials in thermochemistry to non-normalized
statistical counting number in terms of the entropy function
S({mi}). We have discovered that the Gibbs–Kirkwood po-
tential functions are the conjugate variables {ui}. Last but not
least, by substituting ui = ∂S/∂mi into the EoS in Eq. (22),
one obtains a Hamilton–Jacobi equation for the homogeneous
entropy function S({mi}):[4,13]

n

∑
i=1

pi exp
(
− ∂S

∂mi

)
−1 = 0, (25)

as an alternative to the Gibbs–Duhem equation in Eq. (23).
For a finite state space with independent and identically

distributed (i.i.d.) statistical data, the results in Eqs. (22)–
(25) provide a complete portrayal of its “macroscopic statisti-
cal thermodynamics”. Extending this formalism to continuous
state spaces is outside the scope of the present work.

3.2. Markov chain large deviations and conjugate process

Another direction for a generalization of the above results
is on correlated statistical data: Beyond the i.i.d. empirical
counting, most repeated measurements of a stationary stochas-
tic signal have a temporal correlation which can be represented
by a Markov process Xt , t = 0,1, . . ., with transition probability
matrix {pi j} between consecutive measurements. The LDRF
of the counting frequencies along a path is then[9]

I
(
{νi}

)
=− inf

all µi>0

n

∑
i=1

νi log

(
1
µi

n

∑
j=1

µ j p ji

)
. (26)

One sees that if pi j = π j that is independent of i, then Eq. (26)
becomes

− inf
all µi>0

n

∑
i=1

νi log

(
πi

µi

n

∑
j=1

µ j

)
=

n

∑
i=1

νi log
νi

πi
.

The infimum in Eq. (26) can be solved from a system of non-
linear equations for the µi’s for each given set of {νi}:

n

∑
i=1

νi

(
µk pki

∑
n
j=1 µ j p ji

)
= νk, 1 ≤ k ≤ n. (27a)

I
(
{νi}) =

n

∑
i=1

νi log
(

νi

wi

)
, wi = νi

(
n

∑
j=1

µ j p ji

µi

)−1

, (27b)

where {wi} denotes a set of normalization, which is deter-
mined for the given set of {νi}. Equation (27) has two very
different interpretations: First in data statistical terms, the ob-
served counting frequency {νi} is the stationary distribution
of a modified Markov chain with transition probability p̂i j:

p̂i j =
µ j p ji

∑
n
k=1 µk pki

=
(µ j/∑

n
l=1 µl) p ji

∑
n
k=1 µk pki/∑

n
l=1 µl

=
Pr{Xt = j,Xt+1 = i}

Pr{Xt+1 = i}
, (28)

which is the Bayesian posterior distribution for Xt

given Xt+1 = i, under the original Markov process with
Pr{Xt = j,Xt+1 = i}= (µ j/∑

n
l=1 µl) p ji. Equation (27a) finds

the hidden {µi} as a change of measure[21] based on the ob-
served {νi}. Equation (27b) also has a thermodynamic in-
terpretation: log(νi/wi) in Eq. (27b) is a Gibbs–Kirkwood
potential representing the deviation of observed statistical fre-
quency {νi} from the stationary probability {πi} dictated by
the {pi j}. It is zero when νi = πi ∀i, which yields µk = πk

and νi = wi from Eq. (27). In terms of ν’s and w’s, p̂i j =
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(µ j p ji/µi)wi/νi. The transition probability pi j in standard
Markov theory actually is based on an implicit assumption
that each “state” counts as 1; there is certainly no intrin-
sic reason for this assumption and the {µi} is a “correction”
that accounts for observed stationary empirical counting fre-
quency. In other words, from observations {νi} that are in
disagreement with {πi}, the first-order correction is not on
the assumption for the transition probability {pi j}; rather one
modifies the naive, uniform counting measure used for each
and every state i: from 1 to µi.

From a mathematical modeling standpoint, finding {p jk}
for an underlying Markov system and finding a conjugate pro-
cess { p̂ jk} for the empirical frequency of measurements on
the stochastic system are equivalent. Any given set of ob-
served counting frequencies {νi} is represented as the sta-
tionary distribution of the conjugate Markov process w.r.t. the
hidden measure {µi} that serves as a tilting,[22] and represents
the measurement on probability. Empirical counting of the
occurrences of a discrete state via an observable is not directly
related to the probability of the state; it is related to the ratio of
its probability measure and a “Lebesgue measure of the state”
defined by the observable.

For a continuous-time Markov chain with pi j = (e𝑄∆t)i j

where 𝑄 = {qi j} is a transition rate matrix, one has Eq. (26)
in the limit of ∆t → 0:

− 1
∆t

inf
all µi>0

n

∑
i=1

νi log

(
1
µi

n

∑
j=1

µ j

(
δ ji +q ji∆t

))

→ − inf
all µi>0

n

∑
i, j=1

µ jq jiνi

µi
. (29)

The conjugate process w.r.t {µi} has transition probability rate
matrix

q̂i j =
µ jq ji

µi
if i ̸= j, q̂ii =−

n

∑
j ̸=i

q̂i j =−
n

∑
j ̸=i

µ jq ji

µi
, (30)

and {νi} is its stationary measure. Actually q̂i j = µ jq ji/µi −
riδi j where ri = qii − q̂ii has another interpretation: the in-
stantaneous rate of change in the logarithm of the non-
normalized measure µi of state i following the Markov pro-
cess: d log µi/dt = ∑

n
k=1 µkqki/µi = ri. When ∀i µi = πi,

ri = 0. The larger a |ri| value for a state i, the faster the state
probability relaxes to πi. In this context, the Gibbs–Kirkwood
potential for a Markov chain also acquires a kinetic meaning.

3.3. Continuous-time Markov chain with detailed balance

Interestingly the infimum in Eq. (29) can be explicitly
solved if {qi j} has detailed balance, πiqi j = π jq ji, where {πi}
is the stationary distribution of the continuous-time Markov
chain. One has

n

∑
i, j=1

µ jq jiνi

µi
≥

n

∑
i=1

qiiνi +2
n

∑
i> j

(
q jiνiqi jν j

) 1
2 , (31)

where the equality holds true when µ jq jiνi/µi = µiqi jν j/µ j.
That is, if (µ j/µi)

2 = ν jπ j/(νiπi) ∀i, j. Therefore the entropy
function has a closed form[23]

I({νi})
∆t

=
n

∑
i, j=1

√
νi Π̂i j

√
ν j, (32)

in which matrix 𝛱̂ is semi-positive definite with elements
Π̂i j = −

√
π iqi j/

√
π j = Π̂ ji. As a LDRF, I({νi}) ≥ 0 and the

equality holds true when νi = πi. This corresponds to ma-
trix {qi j} having an eigenvalue 0 with eigenvector (1, . . . ,1).
The Legendre–Fenchel transform of Eq. (32) yields an eigen-
value problem that solves the {νi} for given ui = ∂ I/∂νi,
(1 ≤ i ≤ n):

n

∑
k=1

[
Π̂ik − (ui +λ )δik

]√
νk = 0, (33)

in which λ again represents the gauge freedom that arises from
the constraint among ν’s. The λ is the principal eigenvalue of
matrix

[
𝛱̂−diag(u1, . . . ,un)

]
, with the corresponding eigen-

vector being {√νi}. As the LFT of I({νi}) in Eq. (32),
λ (u1, . . . ,un) is a convex function.[24]

Equation (32) offers a novel narrative for the statistical
behavior of correlated empirical counting frequencies from a
time-reversible Markov process: The empirical counting fre-
quencies are split into

√
νi and

√
ν j, they are captured by a

symmetric matrix
√

νiν j whose trace is 1. This resembles von
Neumann’s density operator. Equation (33) further suggests a
novel, symmetric eigenvalue problem for

√
νi. The physical

significance of this set of results remains to be explored.

4. Discussion
4.1. The nature of Gibbs’ theory

We identify Gibbs’ theories of statistical mechanics and
chemical thermodynamics put together as a program that is
very different from Boltzmann’s original objective of devel-
oping a mechanical theory of heat, e.g., thermodynamic prin-
ciples as mathematical consequences of classical mechanics.
Gibbs’ theory, with certain justifications, puts the notion of
temperature which represents stochastic mechanical motions
as an a priori concept and canonical ensemble theory as a first
principle. This theory reproduces all the known relationships
in classical equilibrium thermodynamics of macroscopic sys-
tems by taking the thermodynamic limit. One of the key re-
sults in this regard is the Gibbs–Duhem equation, which we
now recognize as the differential form of the thermodynamic
equation of state. Gibbs’ theory however is also applicable to
“small systems”. The entirety of statistical chemistry and soft
matter physics, including theories of non-ideal solutions, poly-
mers, polyelectrolytes, proteins, and the great successes these
applications have brought about, is a testimony to the validity
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of the scientific theory, which is far beyond Boltzmann’s orig-
inal vision, if one can surmise. Boltzmann’s theory has a goal;
Gibbs’ is open ended.

The macroscopic limit gives rise to theories of emergent
phenomena, such as phase transitions. This insight originated
in Yang and Lee’s work in 1952,[25] who departed from the
then traditional approach of McMillan–Mayer cluster expan-
sion. By 1972, this had become one of the fundamental tenets
for emergence.[10,26]

The current work provides the Gibbsian theory a new
foundation and its limitation. It is a mathematical consequence
within the theory of probability, not due to the large size ther-
modynamic limit, but rather due to the law of large numbers of
measurements whose empirical counting measure converges
to probability. In other words, the “law” articulated in the
Gibbsian theory is due to universal statistical behavior of fre-
quency as an empirical measurement for probability, which is
a mathematical rather than physical notion.

4.2. Maximum entropy principle re-interpreted

Maximum entropy principle (MEP)[27] and its dynamic
counterpart maximum calibre (MaxCal)[28] have a great num-
ber of followers in engineering and data science. The theory
of large deviations offers the very statistical origin for such a
principle: The key is to distinguish the abstract mathematical
concept of “probability measure” associated with (Ω ,ℱ ,P)
and the statistical counting frequency that is widely used as
the surrogate for the former. The latter can be experimentally
measured. Very recently, K. A. Dill has called for a distinction
between entropy as a scalar quantity of a system and entropy
as a “function of the normalized counting frequencies”.[29]

4.3. Gauge freedom, normalization and free energy of
ground state

The Legendre–Fenchel dual to the Shannon–Sanov en-
tropy of counting frequency {νi} naturally gives rise to the
notion of Gibbs–Kirkwood potential function {ui} together
with a gauge freedom λ which is mathematically related to
the normalization of the m’s. It defines through a gauge fix-
ing the “ground” state in which its Helmholtz free energy λ

is zero. It is important to recognize that strictly speaking a
set of definitive {νi} only results from infinite many measure-
ments M → ∞: Given a set of {νi} or alternatively given a set
of {ui}, one defines a statistical or “thermodynamic” system
with permanence, certainty, without randomness. In classical
physics, such a system is defined mechanically through its en-
ergy function. In the present work, the mechanics is replaced
by the underlying probability and an entropy function from
LDT.

4.4. Bottom up, top down, and bottom down

In traditional physics, theories for explaining and pre-
dicting natures are often termed “fundamental” and/or “phe-
nomenological”, some philosophers of science also invented
terms such as “top down” and “bottom up”.[30] The Gibb-
sian theory as understood from the present work provides a
surprisingly penetrating analytic device for carrying out the
vision of R. B. Laughlin who coined a third term “ bottom
down”.[31] In the past, the theory at the fundamental level has
always been mechanics, which provides the notion of me-
chanical energy and mechanical work, from which thermo-
dynamics arises. But as many practitioners of biophysical
chemistry have recognized,[32] the relationship between the
macromolecular Boltzmann weights (or Kirkwood’s potential
of mean force) one has at hand and the constitutive mechani-
cal Hamiltonian of point masses is strenuous even at its best.
The present work, in agreement with Ref. [1], again suggests
that the traditional view might not be the necessary path to
thermodynamic behavior. Statistical law could even provide
an alternative origin for the very notion of internal energy, via
the Gibbs–Kirkwood potential function.

The eigenvalue equation in Eq. (33) exhibits several in-
triguing features: First, the square of its eigenvector,

√
νk,

yields the “probability” 𝜈 = (ν1, . . . ,νn). This L2 interpreta-
tion is in sharp contrast to the eigenvalue problem in standard
Markov theory which is in L1. Second, the symmetric matrix
𝛱̂ is known as the discrete counterpart of the Laplace oper-
ator in continuous space, and ui is analogous to the potential
energy function in the Schrödinger operator. This uncanny
resemblance between quantum mechanical Schrödinger equa-
tion and Eq. (33) that arises from a statistical analysis parallel
to the Gibbsian thermodynamics for counting deserves serious
further investigation. Last but not least, Eq. (32) is another
entropy function which bears no resemblance to the Shannon
entropy in terms of logarithmic probability. It has expanded
the repertoire for the concept of entropy. Further investiga-
tions into the counting frequency of correlated events might
reveal more unexpected behavior.[33]
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