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Pure hyperfine spectra of KRb in its vibronic ground state: Towards
the determination of nuclear spin—spin interaction

Qi Ouyang(KkFHI), Xu-Ping Shao(ABEHE)", Yun-Xia Huang(#5 %), and Xiao-Hua Yang(# %)
School of Physical Science and Technology, Nantong University, Nantong 226019, China

(Received 16 January 2025; revised manuscript received 23 February 2025; accepted manuscript online 7 March 2025)

The Zeeman-hyperfine-rotational spectra of *°K87Rb within its vibronic ground state at a magnetic field of 545.9 G are
investigated by adopting the latest molecular constants available, and the results are in good agreement with the experimen-
tal observation made by Ospelkaus et al. [Phys. Rev. Lett. 104 030402 (2010)]. However, the calculated spectra generally
shift by —3.6 kHz from the experimental ones, which implies the inaccuracy of the effective rotational constant. Therefore,
we refit the spectra and obtain a new Begr = 1113952(1) kHz, which reduces the overall root-mean-square deviation from
10.8 kHz to 7.9 kHz. Furthermore, the pure hyperfine spectra within the / = 0 and 1 rotational states are simulated. We find
that the scalar nuclear spin—spin interaction dominates the hyperfine splitting of J = 0 despite it being slightly indirectly af-
fected by the nuclear electric quadruple interaction due to the rotational perturbation, while the nuclear electric quadrupole
interactions dominate the splitting, and the scalar and tensor nuclear spin—spin interactions also affect the splitting of J = 1.
The detailed hyperfine-rotational perturbations are studied. Therefore, the scalar and tensor nuclear spin—spin interaction
constants can be precisely determined by simultaneously measuring the pure hyperfine radio-frequency spectra of the J = 0

and 1 states in the vibronic ground state.

Keywords: pure hyperfine spectrum, transition dipole moment, “°K8’Rb

PACS: 33.20.Bx, 33.70.Ca, 33.25.4+k, 33.15.Pw
DOI: 10.1088/1674-1056/adbdc1

1. Introduction

Cold molecular physics has been at the forefront of
atomic, molecular and optical physics for over two decades
due to its unprecedented applications in many related fields,
such as quantum information,!!! quantum computation, >3]
cold chemistry, precision spectroscopy and precision
measurements. >°1 However, the molecular structures are very
complicated compared to those of atoms, which makes it an
outstanding experimental challenge to reach molecular quan-
tum Fermi degeneracy or Bose—Einstein condensation (BEC).

Ultracold (< 1 pK) molecules can be achieved by direct
laser-cooling of molecules, such as SrE,[7! YO,[SJ CaFP! and
BaF,!'% with highly diagonal Franck—Condon factors and co-
herent adiabatic association of laser-cooled deeply degener-
ate mixture of alkali atoms.!'!='] The alkali polar molecules
are the coldest achieved species and they have reached the

I7.181 or BEC!'! regime. Such low temper-

Fermi degenerate!
ature cancels out all the broadening effects except the natural
ones, which produces precision spectroscopy. Thus, weak in-
tramolecular interactions can be observed and precise phys-
ical constants can be determined, which may be applied in
searching the electron’s electric dipole moment (eEDM)[20:21]
and in testing possible time-variation of the fine-structure con-
stant o.[*?1 The molecular nuclear spin—spin interaction can

also be precisely determined, which may affect the chemi-
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cal reaction in the cold regime.!?*! The precise spectroscopy
determined molecular hyperfine structures help us to investi-
gate cold molecular interactions and even to further cool cold
molecules to the quantum regime.

In addition to breakthroughs in the achievement of ul-
tracold alkali polar molecules, studies on the hyperfine-
rotational spectroscopy of KRb have also been fruitful, both
theoretically>*2® and experimentally.l*’! Aldegunde et al.
calculated the nuclear quadrupole and magnetic coupling con-
stants for **K®Rb by employing density-functional theory
and explored the hyperfine structures in the applied fields in
2008.1*1 They calculated the hyperfine-rotational spectra in
the J = 1 < O transition within the vibronic ground state of
40K37RDb in the presence of electric and magnetic fields in
2009.12%1 Ran et al. further calculated the hyperfine-rotational
spectra of *'K®8Rb in mixed electric and magnetic fields
in 2010.2°] Microwave hyperfine-rotational spectra were ob-
served and analyzed by Ye’s group in the same year.>’]

In the present study, the hyperfine structures of “°K3’Rb
molecules in the vibronic ground state are theoretically stud-
ied in both the coupled and uncoupled basis sets, and the re-
sults are compared with the experimental ones.!?”! The tran-
sition dipole moment is deduced, and thus, the transition se-
lection rules are summarized. As a result, the pure hyperfine,
radio-frequency (RF) spectra within the vibronic ground state

© 2025 Chinese Physical Society and IOP Publishing Ltd. All rights, including for text and data mining, Al training, and similar technologies, are reserved.
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of KRb can be predicted. The weak hyperfine perturbation and
rotational perturbation are discussed as well.

2. Theory

The hyperfine-rotational Hamiltonian consists of the rota-
tional (Hy) and hyperfine (Hy¢) terms. The values of the elec-
tronic and vibrational terms can be set at zero when studying
the vibronic ground state. However, even if we only study the
rotational ground state, the rotational terms must be included
due to the rotational perturbation. The rotational term is of the
well-known form, and the hyperfine consists of three parts: the
nuclear electric quadrupole interactions with the gradient of
the electric field produced by the electrons surrounding Hq =
—eYi12TP(0)- TPV
teraction Hy = CJ - I} + C»J - I, and the nuclear spin—spin in-
teraction Hgs = C311 - T - I, + C4l; - I,. Here, e is the charge of
an electron, Q; is the nuclear electric quadrupole moment and

E;), the nuclear spin—rotational in-

i =1 or 2 denotes the two atoms forming the molecule, VE;
is the gradient of the electric field produced by the electrons
at the nuclei, T (x) is the second-rank tensor, C; and C, are
the nuclear spin—rotation coupling constants, and C3 and Cy
are the nuclear spin—spin coupling tensor and scalar constants,
respectively.

The coupled basis is represented as |JI;GI,F'), where
J is the molecular total angular momentum excluding the nu-
clear spin, I and I are the respective nuclear spins of the two
atoms, G is the intermediate angular moment of J coupling
with the larger nuclear spin (I;) and F' is the molecular total
angular momentum of G coupling with I,. For the “°K3Rb
molecule, the nuclear spins of “°K and 3’Rb are 4 and 3/2, re-
spectively. The detailed Hamiltonian matrix of the hyperfine-
rotational structure can be found in Ref. [28] and deduced on
the basis of |JI}GI,F) as follows:

(J'.\1,,G',b,F'| Hy|J,1,G, I, F)
= B,J(J+1)=DyJ?(J+1)% (1)
(J'.1,,G I, F'|Hy |1.1,,G, I, F)
_ C1(—1)J+J’+I‘+12+F,+G+l[(2F+1)(2F’+1)(2G—|—1)]1/2
x[2J+1)(J+1)J2nL + 1) + 1))
{G’ F' 12}{1’ I G}
FGI1([(\LJ1
O (— 1)/ HIHRAFR2GH (0 F 4 1)(2G) +1)(2G + 1)]2
X [(2J+ 1)(J+ DI (2h + 1)L+ 1)b]?
’ >
AL eTHET) ®
J'11,G\L,F'|Hy|J,1,,G, I, F)
= C3(= 1) 302G+ 1) (26 +1) (27 +1)(20 +1)]2
< [2h + 1) (h+ )b (2L + 1)(I + D1 ]*

!
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where B, and D, are the rotational and centrifugal distortion
constants, eQg; represents the nuclear electric quadrupole con-
stant, and () and { } are the Wigner 3-j and 6-j symbols, re-
spectively.

The molecular pure hyperfine spectrum originates from
the magnetic dipole transition. The nuclear transition mo-
ments of the magnetic dipole on the basis of |JI|GL,F) are
expressed as follows:

dp, = g1un(—1)FF 2/ QF +1)(2F + 1)

JGFL[NhGJ
FFGé 11601

X (_1)]+G+11

x v/ (2G+1)2G + )L(L+1)(2L +1), (5)

de _ gZHN(_l)G+F+IZ+1

x /(2F + 1) 2F' + )b (L + 1)(2L 4 1)

L FG
X{F’Izl}’ (6)

where g; is the nuclear g-factor and uy is the nuclear mag-

neton. Therefore, the total transition magnetic moment is the
sum of the above two equations, and the spectral intensities
are proportional to its square. Thus, the pure hyperfine spec-
tral transition selection rule is AF = 1.

3. Results and discussion

3.1. Zeeman-hyperfine-rotational spectra of / =1 < 0 at
B=5459G
The presence of a magnetic field may destroy the conser-
vation of F, in which case only the total projection quantum
number MF is conserved. The Zeeman-hyperfine-rotational
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spectra of “°K8’Rb of the J = 1 < 0 transition within its vi-
bronic ground state (X'X, v = 0) are calculated on both the
coupled |JI;GI,FMp) and uncoupled basis set |[JM;M;M,),
where M;, My and M, are the projections of J, I} and I, onto
the Z-axis defined by the direction of the field. The connec-
tion of the quantum numbers between the coupled and uncou-
pled basis sets in the low-J case is as follows: G =1} + Mj,
F =G+ M, and Mp = M; + M; + M,. The molecular con-
stants adopted in the present study are from Ref. [24] and
listed in Table 1. The relative errors of the two methods are
within 1073 at an applied magnetic field of 545.9 G, as listed
in columns 6 and 7 of Table 2. However, the uncoupled one
achieves more accurate results due to the decoupling of the
molecular angular momenta as the magnetic field is increas-
ing. Therefore, the spectra at the applied magnetic field are
calculated on the uncoupled basis, while the field-free spectra
are calculated on the coupled basis in the next two subsec-

tions. The electric dipole transition is allowed between states
with opposite parity, while the magnetic dipole transition is
allowed between states with the same parity. The spectrum is
usually caused by either electric or magnetic dipole transition.
However, the electric and the magnetic dipole transitions may
occur simultaneously when a state is composed of states with
opposite parity due to the hyperfine-rotational perturbation.

Table 1. Molecular constants (in kHz) within the vibronic ground state
of “OK87Rb.

40K87Rb

B, 1113950(5)%)/1113952(1)°)
eQq 450>
eOq» —1410"

el —0.02419

G 0.42019

G —0.04829)

Cy —2.03049)

) Byt = By — 2Dy, P Ref. [27], © present study, dRef. [24].

Table 2. Spectral positions (in kHz) and intensities (in arb. units) of the Zeeman-hyperfine spectra in the J = 1 «— 0 transition within the vibronic

ground state (X'Z, v = 0) of *°K®"Rb.

Spectrum &Y
No. Experimental Intensity Original
(\J' My, My, Mb) I M .M, MY) Present
Uncoupled Coupled
1 [1,1,—4,1/2) |0,0,—4,1/2) 2227837(5) 0.0327 -2 3 1
2 [1,0,—4,1/2) |0,0,—4,1/2) 2228125(5) 0.0308 =5 3 -2
3 [1,-1,-4,1/2) |0,0,—4,1/2) 2227774(7) 0.0445 2 5 6
4 [1,0,—4,3/2) |0,0,—4,1/2) 2227009(2) 0.0039 0 50 4
5 [1,—-1,-4,3/2) |0,0,—4,1/2) 2227133(20) 0.0031 -5 -1 -1
6 [1,0,-3,1/2) |0,0,—4,1/2) 2228237(10) 0.0088 —12 6 -8
7 [1,1,-4,-1/2) |0,0,—4,1/2) 2228588(5) 0.0040 5 2 9
8 [1,0,—4,1/2) |0,0,—4,1/2) 2228804(1) 0.0042 1 —-17 5
9 [1,0,—4,3/2) |0,0,—4,3/2) 2227765(10) 0.0311 -3 48 1
10 [1,0,—3,1/2)P |0,0,—3,1/2) 2228109(16) 0.0157 —17 0 —13
c° 10.82 20.80 7.92

) Deviations from the experimental values: & = Vel — Vobs, Gorg adopting the original By of Ref. [27], Spres adopting the newly refitted By

b) Miss-assigned or mistyped as |1,0,—3,3/2) in Ref. [27]. )6 is the overall root-mean-square error.

To verify our computer program, the Zeeman-hyperfine-
rotational spectra are computed to compare them with the ex-
perimental ones!?’! (the 4th column and the errors in the brack-
ets are due to the uncertainty of the residual electric field,
as denoted in Ref. [27]), which are listed in Table 2. The
overall root-mean-square error of 10.82 kHz (< 10~9) proves
the effectiveness of our methods. Note that the spectrum of
|1,0,—3,1/2)-]0,0,—3,1/2) was miss-assigned or mistyped
as |1,0,—3,3/2)-0,0,—3,1/2) in Ref. [27]. The spectral in-
tensities (the Sth column) in Table 2, which are basically con-
sistent with those of Ref. [25], are calculated based on the
transition dipole moments, as expressed in Eqs. (1)—(7) of
Ref. [29]. The calculated results in the present study are ba-
sically consistent with the experimental values due to the use
of the latest molecular constants, and the errors (the 6th col-
umn) are listed in Table 2. After having gained insight into the

errors, we find that the predictions generally exhibit a nega-
tive deviation from the experimental results, as shown by the
blue line in Fig. 1. The overall shift should be attributable to
the imprecise rotational constant By. In addition, the rotational
centrifugal distortion constant Dy is typically 107 times that
of By, and thus, Dy is usually neglected at low-J. However,
due to the high precision of By achieved by Ye’s group,?] it
is found that Dy does affect the last digit of By in units of kHz.
Unfortunately, since only the experimental Zeeman-hyperfine-
spectra for the J = 1 < 0 transition were available, By and Dy
cannot be fitted simultaneously. Therefore, only the effective
rotational constant Beg can be achieved, where Bqgs = By — 2Dy
and is refitted as 1113952(1) kHz (appended to Table 1), and
thus, the spectra are recalculated. The blue and red lines in
Fig. 1 represent the mean values of the original (dorg) and the
present (Opres) deviations, respectively. The nearly 0 mean de-
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viation 5pres and the low root-mean-square (RMS) error Opres
suggest the accuracy of the present Beg. The new deviations
(the 8th column) and the RMS errors are also listed in Table 2.

.

uncoupled basis set and the experimental values. Blue and red lines,
—3.6 kHz and 0.2 kHz, respectively, represent the mean values of Jyrg
and épms. Heights of the blue and red shaded regions represent twice the
standard overall deviation Gorg and Gpres Of Gorg and Spres, respectively.

3.2. Hyperfine-rotational structures and perturbation

For closed-shell molecules ('X) with very weak in-
tramolecular interactions, the hyperfine splitting mainly de-
pends on the presence of nuclear electric quadrupole mo-
ments and/or nuclear spin magnetic moments. The electric
quadrupole interaction dominates the nuclear hyperfine inter-
action in the ' ¥ state except in the J = 0 rotational state where
it is basically 0 if we neglect the rotational perturbation. Al-
kali metal diatomic molecules with two non-zero nuclear spins
have very rich spin structure, which means that the nuclear
spins interact with one another and with the molecular rota-
tion, leading to the splitting of rotational levels. To analyze
the complex spectra of alkali metal diatomic molecules, we
need to determine the effective Hamiltonian (H = Hyot + Hpys =
Hyoy + Hy + Hgs + Hg), as shown in Eq. (2) of Ref. [30]. In the
field-free case, the relative error obtained on coupled and un-
coupled bases is within 109, and the total angular momentum

F is a good quantum number. Thus, we deduce the Hamil-
tonian matrices of KRb on the |JI;GI,F) basis employing
Wigner—Eckart theory, as expressed by Eqs. (1)—(4), and ex-
plore the influence of the perturbation within the same J on
the hyperfine levels.

The hyperfine matrix elements of the J = 1 hyperfine lev-
els (neglecting the rotational perturbation) are listed in Table 3,
and it is of Hermitian conjugate symmetry. The off-diagonal
elements represent the hyperfine perturbations. For example,
there is a perturbation between the |G, F) = |3,2.5) state and
the |4,2.5) state, causing |3,2.5) to shift from 2227847 kHz
to 2227971 kHz (absolute shift of 124 kHz and relative shift
about 6 x 107°) and [4,2.5) to shift from 2227783 kHz to
2227659 kHz. Meanwhile, the |3,3.5) state is co-perturbed by
the |4,3.5) and |5, 3.5), causing it to shift from 2227797 kHz to
2227606 kHz. Therefore, the pure hyperfine perturbation se-
lection rules can be summarized as AG = £1,+2 and AF = 0.
For the J = 1 hyperfine levels, they are not only affected by the
pure hyperfine perturbation but also by the rotational perturba-
tion of higher J. For the J = 0 hyperfine levels, they do not ful-
fill the hyperfine perturbation selection rules above, and so the
pure hyperfine perturbation is absent and only the rotational
perturbation works. Similarly, rotational perturbation selec-
tion rules can be obtained by studying the matrix including
higher Js. When AJ = £2 is satisfied, the hyperfine perturba-
tion selection rules of the rotational state are AG = 0,£1,42
and AF = 0. Therefore, the hyperfine perturbation selection
rules apply when AJ =0, AG = £1,£2 and AF =0, and when
AJ =742, AG=0,%£1,£2 and AF =0.

Similarly, the effects of electric quadrupole and magnetic
dipole moments on the hyperfine levels are discussed as well.
Table 4 lists the effects of electric quadrupole interactions,
nuclear spin—rotation interactions and nuclear spin—spin inter-
actions on the hyperfine levels of J = 0 and 1, respectively.
The scalar nuclear spin—spin interaction causes a frequency
shift of —12.2~15.2 kHz in the J = 0 and 1 rotational levels.
For the J = 0 rotational level, only the scalar nuclear spin—spin

Table 3. The matrix (in kHz) of the hyperfine levels of the J = 1 state in the vibronic ground state of KRb. The matrix is Hermitian, and so the

symmetric elements are omitted.

or G.F' 315 325 335 345 425 435 445 455 535 545 555 565
315 2207942 0 0 0 0 0 0 0 0 0 0 0
3,25 207847 0 0 153 0 0 0 0 0 0 0
3.35 207797 0 0 61 0 0 206 0 0 0
3,45 207874 0 0 —120 0 0 261 0 0
4,25 27783 0 0 0 0 0 0 0
4,35 208047 0 0 —214 0 0 0
4,45 28134 0 0 —69 0 0
4,55 207852 0 0 176 0
5.35 208013 0 0 0
5,4.5 2227823 0 0
5,55 27763 0
5.65 2227936
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Table 4. The contribution (in kHz) of various interactions to hyperfine
levels of **K®7Rb within its vibronic ground state (X'Z, v = 0).

Interaction J=0 J=1
. . shift 0 —0.9~0.8
Nuclear spin—rotation .
splitting 0 0.02~0.34
. . shift 0 —0.24~0.30
Tensor nuclear spin—spin .
splitting 0 0.006~0.14
. . shift —12.2~15.2 —12.2~15.2
Scalar nuclear spin—spin .
splitting 7.1~11.2 0.15~9.80
. shift —0.023 ~ —0.015 —313.7~360.8
Nuclear electric quadrupole . _3 3
splitting 2x 1072 ~4 x 107 2.8~279.8

interaction contributes to the hyperfine splitting, and no
quadrupole splitting takes place. However, due to the rota-
tional perturbation, the electric quadrupole interactions indi-
For the
hyperfine levels of J = 1, the electric quadrupole interactions
cause the hyperfine splitting at about —313.7~360.8 kHz. The
nuclear spin—rotation and tensor nuclear spin—spin interactions

rectly cause a frequency shift of about 0.02 kHz.

have the same order influence, both within 10~! kHz. Thus,
for the J = 1 rotational level, the electric quadrupole interac-
tions play a dominant role in the hyperfine structure.

3.3. Pure hyperfine spectra

The pure hyperfine spectral intensities are derived from
the nuclear magnetic dipole transitions. The pure hyperfine
spectra within the rovibronic ground state (XIZ, v=0,J=0)
of the “°K®Rb are plotted in Fig. 2, and the inset illustrates
the hyperfine levels. Note that the spectral natural linewidth is
much smaller due to the weak magnetic transition probability,
and thus, the simulated spectral linewidth is dominated by the
RF excitation source of about 7 Hz.

The hyperfine levels, as illustrated in the inset in Fig. 2,
can be expressed using the nuclear spins and the scalar nuclear
spin—spin interaction constant as

Eys=—(ih+5hL)xCs=—C4x15/2, 7
Eys=—(h—11+2h — 1) xCqy = —Cy x 4, (8)
Eys=—(h -2 +3L-3)xCy=C4x1/2, (9)

Ess =111, xCy =Cy4 x6. (10)

Thus, the pure hyperfine spectral positions are only deter-
mined by Cy4. Therefore, the scalar nuclear spin—spin interac-
tion constant C4 can be precisely determined by pure hyperfine
spectral investigation.

The pure hyperfine spectra within J = 1 in the vibronic
ground state (X'Z, v = 0) of the °K®’Rb are plotted in Fig. 3.
The transition selection rules are summarized as AG = 0 and
AF = 1. The (#) numbered spectra are too weak to observe and
not plotted, but are listed in supplementary Table 1. Although
the spectral positions are dominated by the nuclear electric

quadrupole interactions, they are also slightly shifted by the
scalar and tensor nuclear spin—spin interactions, as listed in
Table 4. Therefore, when the nuclear electric quadrupole in-
teraction constants are determined by the hyperfine-rotational
spectroscopy [’ and the scalar nuclear spin—spin interaction
constant is determined by the pure hyperfine spectroscopy
within the J = 0 state (as discussed in the above subsection),
the tensor nuclear spin—spin interaction constant can be pre-
cisely determined by the pure hyperfine spectroscopy within
the J = 1 state. This means that the scalar and tensor nuclear
spin—spin interaction constants can be determined by the pure
hyperfine spectroscopy.

G, F'—G", F" 4,3.5-4, 4.5
4,2.5-4, 3.5 4,4.5-4,5.5
e L2000

Value (kHz), F
15.2133, 2.5

8.1004, 3.5

—1.0387, 4.5

—12.1994, 5.5

It

T T T T T
7 8 9 10 11 12

Frequency (kHz)

Fig. 2. Simulated pure hyperfine spectra within the rovibronic ground
state (XIE, v=0,J=0) of 40K87Rb, and the inset illustrates the hy-
perfine levels. Quantum numbers of the two states of the pure hyperfine
spectra are labeled, and the colors correspond to the colors of the arrows
in the inset. Simulated spectral linewidth is dominated by the RF excita-
tion source of about 7 Hz.

G, F—G", F"

© 4,4.5-4, 3.5

@®3,3.5-3,4.5

® 5, 6.5-5, 5.5

@3,2.5-3,1.5

@ 4,3.5—4, 2.5

35, 5.5—5, 4.5

® 3,2.5—3, 3.5

@4,4.5-4,5.5

© 5, 3.5—5, 4.5

® @ ©®
1 @ ® N
O @ @
#1 #2 #3 #ats  H#e  #T  H#8
T T T T T T T T
0 40 280 320 360 400 640 680

Frequency (kHz)

Fig. 3. Simulated pure hyperfine spectra in J = 1 within the vibronic
ground state of “°K37Rb, and quantum numbers of the two states involved
are also labeled. Intensities of the spectra marked with letters (such as #1,
#2, #3,.. .) are about two orders of magnitude smaller than those of the
spectra marked with numbers (such as @, @, @,...). At the same sensi-
tivity, these weaker spectral lines are difficult to observe.

4. Conclusion

The Zeeman-hyperfine-rotational spectra of “°K3Rb in
its vibronic ground state are theoretically studied and are in
good agreement with the experimental ones, and the newly fit-
ted Begr = 1113952(1) kHz reduces the overall deviation from
10.82 kHz to 7.92 kHz. Thereafter, the pure hyperfine spec-
tra within the J = 0 and 1 rotational states are simulated, and
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the transition selection rules are summarized as AG = 0 and
AF = 1. The perturbations are discussed in detail to precisely
determine the spectral positions, and the perturbation selec-
tion rules are summarized as when AJ =0, AG = £1,+2 and
AF =0, and when AJ = £2, AG = 0,4+1,£2 and AF = 0.
For J = 0, the pure hyperfine spectral positions are only de-
termined by the scalar nuclear spin—spin interaction, while
for J = 1, the pure hyperfine spectral positions are also af-
There-
fore, the nuclear spin—spin interaction constants can be pre-

fected by the tensor nuclear spin—spin interaction.

cisely determined by the pure hyperfine spectroscopy. Fur-
thermore, the study of pure hyperfine spectroscopy provides
a certain possibility to realize quantum computation by RF
manipulation, 226!
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