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A meshless particle method based on the smoothed particle hydrodynamics (SPH) method is first proposed for the
numerical prediction of physical phenomena of nonlinear solitary wave propagation and complex phenomena arising from
the inelastic interactions of solitary waves. The method is a fully discrete implicit scheme. This method does not rely on a
grid, avoids the need to solve for derivatives of kernel functions, and makes the calculation more convenient. Additionally,
the unique solvability of the proposed implicit scheme is proved. To verify the effectiveness and flexibility of the proposed
method, we apply it to solving various time fractional nonlinear Schrödinger equations (TF-NLSE) on both regular and
irregular domains. This mainly includes general or coupled TF-NLSE with or without analytical solutions. Moreover,
the proposed method is compared with the existing methods. Through examples, it has been verified that this method
can effectively predict complex propagation phenomena generated by the collision of nonlinear solitary waves, such as
the collapse phenomenon of solitary waves with increasing fractional-order parameters. Research results indicate that this
method provides a new and effective meshless method for predicting the propagation of nonlinear solitary waves, which
can better simulate TF-NLSE in complex domains.
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regions
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1. Introduction
1.1. Overview of relevant work

In recent years, nonlinear science has become a research
hotspot in the field of natural science, and nonlinear phenom-
ena can be described by nonlinear differential equations. Non-
linear partial differential equations are widely used in fluid
mechanics, quantum mechanics, physics, and other fields un-
der the background of various disciplinary problems. There-
fore, it is necessary to study nonlinear partial differential equa-
tions numerically. However, fractional calculus[1] can be
used to describe and analyze some complex phenomena in
the natural sciences. Compared with integer-order differen-
tial equations,[2–5] fractional partial differential equations[6–9]

offer a closer approximation to the actual situation, when de-
scribing materials with memory and genetic properties. There-
fore, the study of efficient numerical algorithms for fractional
nonlinear partial differential equations has become an impor-
tant research hotspot in scientific circles. After conducting
a large number of studies, it has been found that the frac-
tional nonlinear Schrödinger equation in fractional quantum
mechanics[10–13] can describe most nonlinear physical phe-
nomena. Such phenomena as Bose–Einstein condensates,
plasma physics, nonlinear optics, nonlinear solitary wave
diffusion,[3] and the interaction process of solitary wavelets,
among others, are well described by fractional nonlinear par-

tial differential equations. For example, it can describe the
physical phenomena of modern optical soliton communication
transmission and propagation of optical pulses in nonlinear
media. Among them, solitons are also called solitary waves.

With the development of the times, fractional nonlin-
ear Schrödinger equations and coupled fractional nonlinear
Schrödinger systems influenced by fractional operators[14,15]

have received widespread attention from researchers. In par-
ticular, the time fractional nonlinear Schrödinger equation de-
scribes the profile of a single soliton wave under fractional
conditions and its propagation over time. To our knowledge,
most numerical studies on the fractional Schrödinger equa-
tion are conducted in regular domains, while there is rela-
tively few research on the fractional Schrödinger problem in
irregular domains.[16] The coupled time fractional nonlinear
Schrödinger equation is a two-component equation that mod-
els the formation and propagation of double isolated waves, as
well as the inelastic collision process between two interacting
solitary wavelets.[17,18] Due to the influence of the nonlinear
term and fractional order, obtaining an analytical solution[19]

for the fractional coupled Schrödinger equation is difficult.
Therefore, various numerical simulation methods of fractional
order have been widely used. Most of them are based on
grid-based methods, such as the finite difference method,[20,21]

the finite element method, the Galerkin method,[22] and the
homotopy perturbation method.[23] Nonetheless, these grid-
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based methods[24,25] can be complex and require significant
computation when dealing with non-uniform distributions or
irregular geometries. The coupled time fractional nonlinear
Schrödinger system can simulate two interacting nonlinear
wave packets in a discrete conservative system. This is dis-
tinct from the physical phenomena observed in integer order
cases, such as the collapse of isolated waves[26–28] under the
influence of fractional order. Although extensive research has
been conducted on integer-order systems,[29,30] to our knowl-
edge, there is relatively few research on fractional coupled
systems. The time fractional Schrödinger equation is an ex-
tension of one of the most important and fundamental equa-
tions in quantum mechanics, and it can be used to describe
many complex physical phenomena. This equation has been
widely used in quantum mechanics, physics, and other sci-
entific fields. Therefore, research on numerical methods for
solving the time fractional nonlinear Schrödinger equation is
necessary.

Currently, meshless methods have gradually attracted the
attention of researchers and are widely used in various PDEs
because they do not need to generate meshes, are easy to com-
pute, and have a greater advantage in dealing with irregu-
lar regions or inhomogeneous distributions. Common mesh-
less methods are conventional SPH, corrected SPH, modi-
fied SPH, moving least squares (MLS), radial basis function
(RBF), finite pointset method (FPM), and so on. Zhou et al.[31]

used operator splitting techniques to solve coupled nonlinear
Schrödinger equations, and compared it with the PML method
to verify the effectiveness of the method. Wei et al.[32] de-
veloped and analyze an implicit fully discrete local discontin-
uous Galerkin (LDG) finite element method for solving the
time fractional coupled Schrödinger system. Hu et al.[33] pre-
sented a two-grid finite element method with L1 scheme for
solving the two-dimensional (2D) time fractional nonlinear
Schrödinger equation. The classical L1 scheme is considered
in the time direction and the finite element method is used in
the space direction. It is verified both theoretically and numer-
ically that the accuracy is guaranteed even in extremely rough
spaces. Jiang et al.[34] proposed a local refinement hybrid
scheme to solve the 2D time fractional nonlinear Schrödinger
equation in regularly or irregularly shaped domains, and ex-
tends the scheme to predict the quantum mechanical proper-
ties governed by the time fractional Gross–Pitaevskii equation
with the rotating Bose–Einstein condensate. Abbaszadeh M
et al.[35] introduced a new type of numerical solution based
on Pascal’s polynomials and multiscale ideas. The advan-
tage of this technique is the construction of Pascal polyno-
mials from monomials. The Pascal polynomials will be used
to estimate the spatial derivatives of the SFPDEs on different
non-rectangular physical regions. Heydari et al.[36] proposed
an efficient moving least squares (MLS) meshfree approxima-
tion method to solve the nonlinear variable-order time frac-

tional 2D Ginzburg–Landau equation by replacing the con-
ventional derivative with the Atangana–Baleanu–Caputo frac-
tional derivative. Okposo et al.[37] used an efficient novel tech-
nique, namely, the q-homotopy analysis transform method, to
obtain analytical solutions for a system of time-fractional cou-
pled nonlinear Schrödinger equations, with the time-fractional
derivative taken in the Caputo sense. Jiang et al.[38] presented
for the first time an accelerated novel meshless coupling al-
gorithm for the numerical study of fractional-order nonlinear
Schrödinger or Gross–Pitaevskii equations (SFNLS/GPE) in
high dimensional spaces. Meanwhile, a parallel algorithm
based on the above approximation scheme is designed to re-
duce the computational cost of GPU cards based on CUDA
programs. Khayyer et al.[39] presented a new set of improve-
ments to increase the accuracy and stability of the updated
lagrangian SPH (ULSPH) used for structural modelling. Xu
et al.[40] presented an SPH method for modelling transient
viscoelastic fluid flows governed by the Phan Thien-Tanner
(PTT) constitutive equation. A hybrid symmetry correction
algorithm with kernel gradients is used to improve the compu-
tational accuracy of the SPH method. The tensile instability is
eliminated by adding an artificial stress model to the momen-
tum equation. In addition, the SPH solutions are compared
with those obtained by the finite volume method (FVM) and
the l2 paradigm errors of different SPH solutions to the FVM
solutions are analyzed to verify the validity and advantages of
the method. Hosseini et al.[41] considered the coupled non-
linear Schrödinger equations satisfying the Painlevé property,
and as a result, they derived their solitary waves formally using
a generalized method based on the technique of variable trans-
formation. Li et al.[42] proposed coupled pure meshless finite
pointset method to numerically predict the inelastic collision
process of solitary waves described with the time fractional
coupled nonlinear Schrödinger equation.

1.2. Major work in the present paper

Based on the above analysis, many meshless methods
have been widely used to simulate various fluid/solid mechan-
ics problems, but the modified SPH method adopted in this
paper as a pure meshless particle method, which has not been
applied to TF-NLSE, is mesh-independent and does not need
to compute the kernel function derivatives. Compared with
the conventional SPH, the modified SPH method used in this
paper has higher accuracy and stability and is easier to imple-
ment than other meshless methods. In this section, our main
work is presented. Firstly, a hybrid meshless particle method is
introduced for numerically predicting nonlinear solitary wave
propagation in fractional order of time. Specifically, our
method utilizes the L3 approximate scheme[43] for the Ca-
puto fractional derivative term and employs an improved SPH
method[44] to discretize the spatial derivative term. Secondly,
we extended the numerical method for solving the time frac-
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tional Schrödinger equation and proved the solvability of the
method presented in this paper. Meanwhile, compared to other
existing numerical methods, the numerical results presented in
this paper demonstrate smaller errors and better convergence
speed. As far as we know, the method proposed in this paper
has not been utilized to solve the time fractional Schrödinger
equation.

The aim of this paper is to combine the L3 scheme with
the improved SPH method, and apply it to study the physical
phenomena of solitary wave propagation in both regular and
irregular regions. The various sections of this paper are orga-
nized as follows. In Section 2, two forms of time fractional
nonlinear Schrödinger equations and their initial and bound-
ary conditions are presented. These equations can be used to
describe the propagation phenomena of time fractional non-
linear solitary waves. In Section 3, the discrete scheme for
the Caputo derivative of TF-NLSE and related lemmas are in-
troduced in detail. In Section 4, an improved SPH method
is described in detail. To avoid grid-based computations and
enhance the reliability of numerical predictions for solitary
wave propagation, we combine the L3 scheme with an im-
proved SPH method for the first time and apply it to the frac-
tional nonlinear Schrödinger equation. The derivation of the
numerical scheme and an overview of the specific algorith-
mic steps are given in Section 5. Additionally, the theorem
related to the implicit format presented in this paper and its
proof are also given. Numerical experiments on nonlinear soli-
tary waves with the same and different initial values, in regular
and irregular regions are studied in Section 6. The phenomena
generated by the inelastic collision process of solitary waves
in fractional-order were predicted through numerical experi-
ments. It is also verified that the proposed method can achieve
high numerical accuracy when dealing with the coupled time
fractional Schrödinger equation. In this section, the numeri-
cal simulation results obtained by the method in this paper are
compared with the analytical solution and other results in the
literature. Section 7 provides conclusions and prospects for
the future. This study enhances our understanding of the prop-
agation mechanism of time fractional nonlinear solitary waves
and illuminates some of the strange and complex phenomena
associated with their propagation.

2. Time fractional nonlinear Schrödinger equa-
tion
The propagation process of nonlinear solitary wave can be

described by fractional nonlinear Schrödinger equation. This
equation is a fundamental dynamic equation, and it can ex-
press many mathematical models of physical problems. The
time fractional nonlinear Schrödinger equation describes the
profile and propagation of fractional solitary wave over time.
The soliton height refers to the highest peak, the soliton width

is the overall width, and the peak distance is the separation
distance. The coupled time fractional nonlinear Schrödinger
equation is a two-component nonlinear fractional Schrödinger
equation. It can describe the formation and propagation of
double solitary waves, as well as the inelastic collision pro-
cess between two interacting solitary wave. The following two
forms of time fractional nonlinear Schrödinger equations were
studied.

(i) Time fractional nonlinear Schrödinger equation[13]
i C

0 Dα
t u(𝑥, t)+β∆u+V (𝑥)u

+λg(|u(𝑥, t)|2)u = f (𝑥, t),
u(𝑥,0) = u0(𝑥), 𝑥 ∈Ω ,

u(𝑥, t) = m(𝑥, t), 𝑥 ∈ ∂Ω , t ∈ [0,T ],

(1)

where u(𝑥, t) is the complex valued wave function, i =
√
−1

represents the imaginary part unit, β is a real value, ∆ is the
d-dimensional Laplace operator (d = 1,2), Ω is the simulated
smooth region, λ is the coefficient describing the interaction
strength of the nonlinear term g(|u|2)u, is a real constant, T is
a positive real constant. V (𝑥) is a real valued potential func-
tion, where the spatial variable 𝑥 = (x,y). ∂ α u(𝑥, t)/∂ tα is
the Caputo fractional differential operator of 0 < α < 1, the
time fractional Caputo derivative of 0 < α < 1 is defined as

C
0 Dα

t u(𝑥, t) =
1

Γ(1−α)

∫ t

0
(t− s)(−α) ∂u(𝑥,s)

∂ s
ds, (2)

where Γ(·) represents the usual gamma function.
(ii) Coupled time fractional nonlinear Schrödinger equa-

tion{
i C

0 Dα
t u(x, t)+σ∆u+λ1u+λ2v+η(|u|2 +ρ|v|2)u = f1,

i C
0 Dα

t v(x, t)+σ∆v+µ1u−µ2v+η(ρ|u|2 + |v|2)v = f2.
(3)

The initial value condition of the above equation is

u(𝑥,0) = u0(𝑥), x ∈Ω . (4)

The boundary conditions are typically either periodic
boundary conditions or Dirichlet boundary conditions. Where
i2 =−1 is an imaginary unit, parameter 0 < α < 1 is the am-
plitude of u, v complex valued wave or the envelope of two
wave packets, σ > 0 represents the group velocity dispersion,
η can describe the nonlinear interaction strength, ρ stands for
cross-phase modulation, function f1 and f2 are the source term
of the equation, where ∂Ω refers to the boundary of the do-
main Ω .

3. Discrete method of time fractional derivative
In recent years, several discrete schemes have been pro-

posed and widely used to approximate the Caputo fractional
derivative in solving fractional differential equations. Among
them, the L1 formula[48] with o(τ2−α)-order and L1 − 2
formula[49] with o(τ3−α)-order are more commonly used.
This article uses the L3 formula,[43] which has been proposed
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for a shorter period of time. This section proves the solvabil-
ity of the L3 scheme, and gives its related lemmas and theo-
rems. Here, Let M and N be positive integers, set time step to
τ = T/M, space step to ∆x = L/N. Then use 0 ≤ i ≤ N− 1
to define space node xi = i∆x , and use 0 ≤ j ≤M−1 to de-
fine time node t j = jτ , t j+1/2 = (t j + t j+1)/2. Therefore, the
corresponding L3 difference method for the Caputo fractional
derivative is as follows:[43]

C
0D

(α)
t uk ≈ τ−α

Γ(2−α)

[
ω

(α)
0 uk−

k−1

∑
j=1

(
ω

(α)
k− j−1−ω

(α)
k− j

)
u j

−ω
(α)
k−1u0

]
, (5)

where 0 ≤ j ≤ k− 1. When k = 1, ω
(α)
0 = 1; k = 2, ω

(α)
0 =

a(α)
0 +b(α)

0 , ω
(α)
1 = a(α)

1 −b(α)
0 ; k = 3,

ω
(α)
j =


a(α)

j +b(α)
j + γ

(α)
j , j = 0,

a(α)
j +b(α)

j −b(α)
j−1−2γ

(α)
j , j = 1,

a(α)
j −b(α)

j−1 + γ
(α)
j−2, j = 2,

(6)

for k ≥ 4,

ω
(α)
j =



a(α)
j +b(α)

j + γ
(α)
j , j = 0,

a(α)
j +b(α)

j −b(α)
j−1 + γ

(α)
j −2γ

(α)
j−1, j = 1,

a(α)
j +b(α)

j −b(α)
j−1 + γ

(α)
j −2γ

(α)
j−1 + γ

(α)
j−2, 2≤ j ≤ k−3,

a(α)
j +b(α)

j −b(α)
j−1−2γ

(α)
j−1 + γ

(α)
j−2, j = k−2,

a(α)
j −b(α)

j−1 + γ
(α)
j−2, j = k−1,

(7)

with a(α)
j = ( j+1)1−α − j1−α , 0≤ j ≤ k−1; b(α)

j = [( j+1)2−α − j2−α ]/(2−α)− [( j+1)1−α + j1−α ]/2, j ≥ 0;

β
(α)
j =−

(
1
6
(( j+1)1−α +2 j1−α)+

1
2−α

j2−α − 1
(2−α)(3−α)

(( j+1)3−α − j3−α)

)
, j ≥ 0.

Here, for k = 2, ω
(α)
0 ∈ (1,3/2); For k ≥ 3, ω

(α)
0 ∈ (1,11/6).

The properties of the coefficients a j, b j, c j, ω j can be found
in Ref. [43].

Lemma 1 For any α (0 < α < 1), and ω
(α)
j (2 ≤ j ≤

k−1, k≥ 4) is defined by Eqs. (6) and (7), we have (i) ω
(α)
0 ≥

|ω(α)
1 |; (ii) ω

(α)
j > 0, j 6= 1; (iii) ω

(α)
2 ≥ ω

(α)
3 ≥ ·· · ≥ ω

(α)
k−1;

(iv) ω
(α)
0 ≥ ω

(α)
2 ; (v) Σ

k−1
j=0ω

(α)
0 = k(1−α).

Proof See Ref. [43].
Lemma 2 Assuming f ∈ C4[0, tk]. For any α ,

C
0D

(α)
t u(t)|t=tk is defined as shown in Eq. (5). Here

|R(u(tk))|=C
0 D(α)

t u(t)|t=tk −C
0 D

(α)
t u(t)|t=tk . We have

|R( f (t1))|

≤ α

2Γ(3−α)
∆t2−α max

t0≤t≤t1
f
′′
(t),

|R( f (t2))|

≤ α

Γ(1−α)

(
1

12
max

t0≤t≤t1
| f ′′(t)|(t2− t1)

−α−1
∆t3

+
1

3(1−α)(2−α)

(
1
2
+

1
3−α

)
max

t0≤t≤t2
| f ′′′(t)|∆t3−α

)
,

|R( f (tk))|

≤ α

Γ(1−α)

(
12(tk− t1)−α−1 max

t0≤t≤t1
| f ′′(t)|∆t3

+
1
8
(tk− t2)−α−1 max

t0≤t≤t2
| f ′′′(t)|∆t4

+

(
1
2
+

1
12

27−10α +α2

∏
4
i=1(α− i)

)
max

t0≤t≤tk
| f (4)(t)|∆t4−α

)
,

k ≥ 3. (8)

Proof See Ref. [43].
Lemma 3 The following difference scheme (Eq. (10))

is uniquely solvable. Consider the following time fractional
Schrödinger problem

i C
0 Dα

t u(x, t) = uxx(x, t)+ f (x, t),
u(x,0) = u0(x),
u(0, t) = m(t),u(L, t) = n(t), x ∈ [0,L],

(9)

where α ∈ (0,1), f , m, u0 are known functions. The following
difference scheme is established:

i τ−α

Γ(2−α) [ω
(α)
0 uk

i −∑
k−1
j=1

(
ω

(α)
k− j−1−ω

(α)
k− j

)
u j

i −ω
(α)
k−1u0

i ]

= δ 2
x uk

i + f k
i ,

u0
i = u0(xi), 1≤ i≤M−1,

uk
0 = m(tk),uk

M = n(tk), 0≤ k ≤ N,

(10)

where the time fractional derivative is approximated by the L3
scheme, and the space derivative is discretized by the second-
order central difference quotient. Similar proof can be found
in Ref. [48].

Proof Here notate uk = (uk
0,u

k
1, . . . ,u

k
M), and since u0 is

known, and u1,u2, . . . ,uk−1 are uniquely determined, a linear
equation on uk can be obtained from Eq. (10). To prove its
unique solvability, it is necessary to show that the following

050202-4



Chin. Phys. B 34, 050202 (2025)

equation has only zero solutions:i
1

ταΓ (2−α)
uk

i = δ 2
x uk

i ,

uk
0 = uk

M = 0.
(11)

Suppose ‖u‖∞ = |uk
ik
|, ik ∈ 1,2, . . . ,M−2. Equation (11)

can be rewritten as

(1−2iµ)uk
i =−iµuk

i−1− iµuk
i+1. (12)

Let i = ik and take modulo | · | on both sides of the equa-
tion, and use trigonometric inequalities and boundary condi-
tions to obtain√

(1+4µ2)‖uk‖∞ ≤ 2µ‖uk‖∞, (13)

so ‖uk‖∞ = 0, where µ = ταΓ (2−α)
h2 . We can easily get uk = 0.

Lemma 4 Let us assume that the solution of Eq. (14) is
an analytic function on the interval Ω × [0,T ], where uk be-
longs to L2(Ω). Then, the scheme defined by Eq. (15) is un-
conditionally stable in L2(Ω). Therefore we study the unique
solvability of the time discretization scheme given in Eq. (15)

i C
0 Dα

t u(𝑥, t)+β∆u+V (𝑥)u = f (𝑥, t),
u(𝑥,0) = u0(𝑥), 𝑥 ∈Ω ,

u(𝑥, t) = m(𝑥, t), 𝑥 ∈ ∂Ω , t ∈ [0,T ].
(14)

The corresponding semi-discrete format is as follows:

ω
(α)
0 uk− ir[β∆uk +Vuk]

= −ir f k +
N

∑
j=1

(ω
(α)
k− j−1−ω

(α)
k− j)u

j +ω
(α)
k−1u0, (15)

with r = ταΓ (2−α).
Proof The error ek at the n-th level is denoted as ek =

uk−Uk. Here, uk and Uk are analytical solution and numeri-
cal solution, respectively.

ω
(α)
0 ek− ir[β∆ek +Vek]

=
N

∑
j=1

(ω
(α)
k− j−1−ω

(α)
k− j)e

j +ω
(α)
k−1e0. (16)

Multiplying Eq. (16) by ek and integrating it over the re-
gion Ω , we get

ω
(α)
0 〈e

k,ek〉− irβ 〈∆ek,ek〉− ir〈Vek,ek〉

=
N

∑
j=1

(ω
(α)
k− j−1−ω

(α)
k− j)〈e

j,ek〉+ω
(α)
k−1〈e

0,ek〉. (17)

Using ek ∈ L2
0(Ω) and Green’s formula, we have

ω
(α)
0 ‖e

k‖2
L2(Ω)− irβ‖∇ek‖2

L2(Ω)− ir〈Vek,ek〉

=
N

∑
j=1

(ω
(α)
k− j−1−ω

(α)
k− j)〈e

j,ek〉+ω
(α)
k−1〈e

0,ek〉. (18)

Here, L2
0(Ω) ∈ {u ∈ L2(Ω) : u |∂Ω=0}. In the above ex-

pression, based on the definition of the inner product, we can
conclude that V (x)〈ek,ek〉 is a real value. Next, we take the
absolute value of both sides of Eq. (18), using the definitions
of complex numbers and triangle inequality. Next, using the
Schwarz inequality, we can obtain

ω
(α)
0 ‖e

k‖2
L2(Ω) ≤

N

∑
j=1

(ω
(α)
k− j−1−ω

(α)
k− j)‖e

j‖L2(Ω)‖e
k‖L2(Ω)

+ω
(α)
k−1‖e

0‖L2(Ω)‖e
k‖L2(Ω)

=

[ N

∑
j=1

(ω
(α)
k− j−1−ω

(α)
k− j)‖e

j‖L2(Ω)

+ω
(α)
k−1‖e

0‖L2(Ω)

]
‖ek‖L2(Ω). (19)

Here, when k = 1, we have ‖e1‖L2(Ω) ≤ ‖e0‖L2(Ω). By
mathematical induction, we assume that the following equa-
tion also holds:

‖ e j ‖L2(Ω)≤ ‖e
0‖L2(Ω), j = 1,2, . . . ,k−1. (20)

Next, we only need to prove the following equation:

‖ ek ‖L2(Ω)≤ ‖e
0‖L2(Ω). (21)

By Eqs. (19) and (20), we have

ω
(α)
0 ‖e

k‖2
L2(Ω)

≤
[ N

∑
j=1

(ω
(α)
k− j−1−ω

(α)
k− j)‖e

j‖L2(Ω)

+ω
(α)
k−1‖e

0‖L2(Ω)

]
‖ek‖L2(Ω)

≤
[ N

∑
j=1

(ω
(α)
k− j−1−ω

(α)
k− j)+ω

(α)
k−1

]
‖e0‖L2(Ω), (22)

‖ek‖2
L2(Ω)

= (ω
(α)
0 )−1

[ N

∑
j=1

(ω
(α)
k− j−1−ω

(α)
k− j)+ω

(α)
k−1

]
‖e0‖L2(Ω)

≤ ‖e0‖L2(Ω). (23)

From the principle of mathematical induction, Lemma 4
is valid.

4. Spatial derivative approximation
4.1. Traditional smoothed particle hydrodynamics method

The traditional SPH method[50] includes two main steps:
kernel approximation and particle approximation. Each parti-
cle has its own volume, mass, and density. The integral ex-
pression of function u(𝑥) is as follows:[50]

u(𝑥) =
∫ +∞

−∞

u(𝑥′)δ (𝑥−𝑥′)d𝑥′, (24)

where δ is the Dirac function.
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The kernel approximation expression of the function u
and its partial derivatives ∇u is as follows:[50]

〈u(𝑥)〉= 1
hd

∫
Ω

u
(
𝑥′
)

W
(
𝑥−𝑥′

h

)
d𝑥′. (25)

If the smoothing kernel function possesses a continuous
spatial derivative of the corresponding order, then we can ob-
tain the kernel approximation expression of the spatial deriva-
tive of any order as follows:[50]〈

∂ nu(𝑥)
∂𝑥n

〉
=

1
hd

∫
Ω

u(𝑥′)
∂ nW (𝑥−𝑥

′
h )

∂𝑥n d𝑥′, (26)

where d represents the dimension of the function, the sym-
bol 〈·〉 represents the kernel approximation expression, Ω :
|𝑥−𝑥′| < κh is the domain affected by the kernel function,
κ is the constant dependent on the kernel function, and h is the
smoothing length.

In the process of particle approximation, the calcula-
tion region is discretized into a series of particles for particle
search. Particle volume is dx′ = ∆V = m/ρ , ρ is particle den-
sity, and m is particle mass. Then the particle approximation
expression is as follows:

〈u(𝑥)〉 ≈
N

∑
k=1

mk

ρk
u(𝑥k)W (𝑥−𝑥k,h) , (27)〈

∂ nu(𝑥)
∂𝑥n

〉
≈

N

∑
k=1

mk

ρk
u(𝑥k )

∂ n

∂𝑥n W (𝑥−𝑥k,h) , (28)

where N is the total number of discrete particles in the influ-
ence region, h is the smoothing length, and 𝑥k represents the
neighboring particles of the particle at 𝑥. The error in the pro-
cess of particle approximation is related to the choice of kernel
function W , particle spacing ∆𝑥 and kernel smoothing length
h. In addition, the symbol 〈·〉 in the above equation stands for
the smooth kernel function approximation operator.

4.2. An improved smoothed particle hydrodynamics
method

The Taylor series expansion of function u at 𝑥′, as shown
below:

u(𝑥′) = u(𝑥)+
d

∑
α=1

(x′α − xα)u′𝑥′α (𝑥)

+
d

∑
α,β=1

1
2
(x′α − xα)(x′β − xβ )u

′′
𝑥′α𝑥′

β

(𝑥)+ · · · . (29)

Both sides of Eq. (29) are multiplied by W ,
[(x′k− xk)/h]W and [(x′k− xk)h]/[(x′l− xl)/h]W , and then inte-
grated over the influence domain of the kernel function. This
leads to the corresponding particle approximation expressions
as follows:

〈u(𝑥)〉 = M0u(𝑥)+h
d

∑
α=1

Mα
1 u′𝑥α

+
h2

2

d

∑
α,β=1

Mαβ

2 u′′𝑥α𝑥β
+o(h3), (30)

〈
x′k− xk

h
u(𝑥)

〉
= Mk

1u(𝑥)+h
d

∑
α=1

Mαk
2 u′𝑥α

+
h2

2

d

∑
α,β=1

Mαβk
3 u′′𝑥α𝑥β

+o(h3), (31)〈(
x′k− xk

h
x′l− xl

h

)
u(𝑥)

〉
= Mkl

2 u(𝑥)+h
d

∑
α=1

Mαkl
3 u′𝑥α

+
h2

2

d

∑
α,β=1

Mαβkl
4 u′′𝑥α𝑥β

+o(h3), (32)

where

Mk1k2···kn
n

=
1
hd

∫
Ω

x′k1
− xk1

h

x′k2
− xk2

h
· · ·

x′kn
− xkn

h
W
(

x′− x
h

)
dx′,

Mn is the n-order moment of the kernel function and is inde-
pendent of the smooth length. α and β are related dummy
marks for the number of function independent variables. Spe-
cially, the symbol 〈·〉 in the above equation stands for the
smooth kernel function approximation operator.

For the high-dimensional case, we can obtain the first-
order derivative formula for the function u(𝑥)

u′𝑥α
(𝑥) =

〈
x′k−xk

h u(𝑥)
〉

hMαk
2

+o(h2). (33)

For the second-order derivative formula, we get the fol-
lowing expressions:

u′′
𝑥2

α

(𝑥) =
2
h2

[
Mααkk

4
]−1
[〈(

x′k− xk

h

)2

u(𝑥)
〉
−Mkk

2 u(𝑥)
]
+o(h2), (34)

u′′
x2

1
(𝑥)

u′′
x2

2
(𝑥)

...

u′′
x2

d
(𝑥)

=

(
h2

2
Mααkk

4

)−1

d×d


〈( x′1−x1

h )2u(𝑥)〉−Mx1x1
2 u(𝑥)

〈( x′2−x2
h )2u(𝑥)〉−Mx2x2

2 u(𝑥)
...

〈( x′d−xd
h )2u(𝑥)〉−Mxdxd

2 u(𝑥)

+o(h2). (35)
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Here, d represents the dimension of the function u. This
method’s calculation process does not necessitate the deriva-
tive of the kernel function, thus reducing the requirements for
the kernel function. Consequently, the optional kernel func-
tion range is wider and the calculation speed is accelerated.
We use the improved SPH method[44] in this section to numer-
ically study the propagation of fractional order solitary waves.
In addition, the selection of smooth kernel function W is cru-
cial for numerical accuracy and stability. To facilitate this, we
use the following kernel function.

Double-cosine kernel function[45]

W (x− x′,h)

=
α

(kh)d

4cos
(

π

k
𝑠

)
+ cos

(
2π

k
𝑠

)
+3, 0≤ 𝑠< k,

0, 𝑠≥ k.
(36)

In the one-dimensional (1D), two-dimensional (2D), and
three-dimensional (3D) cases, α takes the value of 1/6,
π/(3π2−16), and π/(4π2−30), respectively. The constant
k is used to adjust the non-negative region. In particular,
r = |x−x′|, s = r/h, r stands for the distance between points x
and x′.

5. Numerical implementation
The initial value-boundary problem for the time fractional

Schrödinger equation with Dirichlet or periodic boundary con-
ditions is studied in this paper. For the boundary, we directly
use the Dirichlet boundary conditions. By applying the given
boundary values to the boundary particle sets in both regular
and irregular regions, a fully discrete implicit scheme is further
obtained.

In order to predict the propagation of solitary waves, a
combined method is proposed in this paper, which utilizes
FDM to approximate Caputo time fractional derivatives and
employs an improved SPH method to discretize spatial deriva-
tives. This meshless method avoids solving the derivative of
kernel function and requires less computation. Specifically,
the discrete region Ωi, Therefore, the discrete format of TF-
NLSE can be written as

i C
0 Dα

t u(𝑥, tk)+β∆u(𝑥, tk)+V (𝑥)u(𝑥, tk)
+λg(|u(𝑥, tk−1)|2)u(𝑥, tk) = f (𝑥, tk),
u(𝑥,0) = u0(𝑥),

u(𝑥, tk) = m(𝑥, tk).

(37)

The L3 approximation at tk is used to approximate the
time fractional derivative defined in the Caputo sense, and the
spatial derivative discretisation has been carried out using the
improved SPH method. Therefore, the implicit scheme used
in this paper is specifically derived as follows:

i C
0 Dα

t u(𝑥, tk)

= −ε[β∆u(𝑥, tk)+V (𝑥)u(𝑥, tk)

+λg(|u(𝑥, tk−1)|2)u(𝑥, tk)]
−(1− ε)[β∆u(𝑥, tk−1)+V (𝑥)u(𝑥, tk−1)

+λg(|u(𝑥, tk−2)|2)u(𝑥, tk−1)]+ f (𝑥, tk). (38)

This article uses the well-known implicit scheme when
ε = 1,

i C
0 Dα

t u(𝑥, tk)

= −[β∆u(𝑥, tk)+V (𝑥)u(𝑥, tk)

+λg(|u(𝑥, tk−1)|2)u(𝑥, tk)]+ f (𝑥, tk). (39)

The implicit discrete scheme employed in this paper can
be summarized as follows:

iη [ω
(α)
0 uk−

k−1

∑
j=1

(ω
(α)
k− j−1−ω

(α)
k− j)u

j−ω
(α)
k−1u0]

= −[β (∆uk)improved SPH +V (𝑥)uk

+λg(|uk−1|2)uk]+ f k, (40)

iη
[

ω
(α)
0 uk

l −
k−1

∑
j=1

(ω
(α)
k− j−1−ω

(α)
k− j)u

j
l −ω

(α)
k−1u0

l

]

= −
[

2β
∑

N−2
l=1 (

m j
ρ j
(

x j−xl
h )2Wl j(uk

j−uk
l ))

h2M4

+Vuk
l +λg(|uk−1

l |2)uk
l

]
−β

[
m0

ρ0

(
x0− xl

h

)2

W0 juk
0

+
mN−1

ρN−1

(
xN−1− xl

h

)2

WN−1, juk
N−1

]
+ f k

l . (41)

Based on the above Eq. (41), we can obtain the following
formula:

AlMk = Nk
l , (42)

where

A11 = a+
N−2

∑
j=2

Ψ1 j +µ1,

A j j = a+
N−2

∑
j=1

Ψl j−Ψj j +µ j,

1≤ j ≤ N−2, 2≤ l ≤ N−2; Al j =−Ψl j, j 6= l.

M = (uk
1,u

k
2, . . . ,u

k
N−2),

Nl = (b1 + f k
1 ,b2 + f k

2 , . . . ,bN−2 + f k
N−2),

uk = u(𝑥, tk), η =
1

τα Γ(2−α)
,

a = iηω
(k,α)
0 , µl =Vl +λg(|uk−1

l |2),

bl = i
[ k−1

∑
j=1

(ω
(α)
k− j−1−ω

(α)
k− j)u

j
l +ω

(α)
k−1u0

l

]

− β

[
m0

ρ0

(
x0− xl

h

)2

W0 juk
0

+
mN−1

ρN−1

(
xN−1− xl

h

)2

WN−1, juk
N−1

]
,
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Ψl j =
2β

m j
ρ j

(
x j−xl

h

)2
Wl j

M4h2 .

The 1D numerical discretization scheme is described
above, and similarly, a high-dimensional discretization

scheme can be derived.

Theorem 1 The implicit format Eq. (42) is uniquely solv-

able.

Proof Here, matrix A is transformed as follows:

A = B+ iC, (43)

Al =



iηω
(k,α)
0 +∑

N−2
j=2 Φ1 j −Φ12 · · · −Φ1,N−2

−Φ21 iηω
(k,α)
0 +∑

N−2
j=1 Φ2 j−Φ22 · · · −Φ2,N−2

...
...

...
...

−ΦN−2,1 −ΦN−2,2 · · · iηω
(k,α)
0 +∑

N−3
j=1 ΦN−2, j



=



∑
N−2
j=2 Φ1l −Φ12 · · · −Φ1,N−2

−Φ21 ∑
N−2
j=1 Φ2 j−Φ22 · · · −Φ2,N−2

...
...

...
...

−ΦN−2,1 −ΦN−2,2 · · · ∑
N−3
j=1 ΦN−2, j


+



iηω
(k,α)
0

iηω
(k,α)
0

. . .

iηω
(k,α)
0


= Bl + iCl , (44)

where Al , Bl , Cl are the matrix related to l.

Φl j =
2 m j

ρ j

(
x j−xl

h

)2
Wl j

M4h2 .

In order to obtain the unique solvability of the implicit scheme,
we need to prove that the determinants of B and C mentioned
above are not 0. Two sets of column vectors are given as fol-
lows:

B1,B2, . . . ,BN−2; C1,C2, . . . ,CN−2.

According to Lemma 1, it can be inferred that ω
(k,α)
0 > 0.

Given that η > 0, and matrix C is a diagonal matrix, |C| > 0
is always holds. Assuming that the determinant of B is 0, the
column vector group B is linearly correlated. Therefore, there
are numbers that are not all zeros such that

x1B1 +X2B2 + · · ·+XN−2BN−2 = 0, (45)

x1

(N−2

∑
j=2

Φ1 j,−Φ21,−Φ31, · · · ,−ΦN−2,1

)

+x2

(
−Φ12,

N−2

∑
j=1

Φ2 j−Φ22, · · · ,−ΦN−2,2

)
+ · · ·

+xN−2(−Φ1,N−2,−Φ2,N−2, · · · ,
N−2

∑
j=1

ΦN−2, j−ΦN−2,N−2) = 0. (46)

We make |x j|> |xl |, and for l = 1,

x1

(N−2

∑
j=2

Φ1 j

)
+ x2(−Φ12)+ · · ·+ xN−2(−Φ1,N−2) = 0,

N−2

∑
j=2

Φ1 j(xl− x j) = 0. (47)

It is easy to see that Φl j > 0. If x1 > 0, then ∑
N−2
j=2 Φ1l(x j−

xl)> 0; If x1 < 0, then ∑
N−2
j=2 Φ1l(x j− xl)< 0; Therefore, this

contradicts Eq. (47) and the assumption does not hold. Let us
put it another way, |B| 6= 0.

For 2≤ l < N−2,

x1(−Φl j)+ x2(−Φl2)+ · · ·

+xl

(N−2

∑
j=1

Φl j−Φll

)
+ · · ·+ xN−2(−Φl,N−2) = 0,

l

∑
j=1

Φl j(x j− xl)−Φll = 0. (48)

For l = N−2,

N−2

∑
j=1

Φl j(x j− xl)−ΦN−2,N−2 = 0. (49)

Similarly, it can be proven that |B| 6= 0. For any j, |B| 6= 0,
|C| 6= 0, we can obtain |A| 6= 0, which means that the implicit
format given in this paper is uniquely solvable.
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Algorithm 1 Computing the numerical solution of TF-
NLSE (Eq. (1)) (0 < α < 1).

Input: Regular or irregular field Ωi, source term f , initial
condition and boundary condition.

Output: The discrete solution of the numerical solution of
TF-NLSE on random node (xi, tk) is obtained by this scheme.
To achieve this, follow these steps:

Step 1: Regional division.
Step 2: Apply the L3 scheme to the temporal fractional

derivative, and discretize the spatial derivative using the im-
proved SPH method.

Step 3: Use the initial condition to determine U0
i , and the

boundary condition to determine Uk
0 and Uk

M . To obtain the
numerical solution of the first time layer U1

i .
Step 4: Apply the format provided in this article

η [ω
(α)
0 u1−ω

(α)
0 u0] = i[β (∆u1)improved SPH

+V (𝑥)u1 +λg(|u0|2)u1]− i f 1, (50)

ηω
(α)
0 u1

l − i[2β
∑

N−2
l=1 (

m j
ρ j
(

x j−xl
h )2Wl j(u1

j −u1
l ))

h2M4

+Vu1
l +λg(|u0

l |2)u1
l ]

= ω
(α)
0 u0

l + iβ [
m0

ρ0
(

x0− xl

h
)2W0 ju1

0

+
mN−1

ρN−1

(
xN−1− xl

h

)2

WN−1, ju1
N−1]− i f 1

l . (51)

Then we can solve the following system of equations

AlM1 = N1
l . (52)

Step 5: Use the first time layer U1
i to obtain the numerical

format of the k time layer Uk
i (k ≥ 2).

Step 6: Repeat Step 5 until the discrete solution of TF-
NLSE is obtained for each discrete point (xi, tk).

The implicit discrete scheme for the coupled time frac-
tional Schrödinger equation can be obtained analogously.

6. Numerical experiments
In this section, the wide application of the implicit nu-

merical scheme (Eq. (41)) proposed in this paper in solving
the fractional nonlinear Schrödinger equation will be verified
by going through several numerical experiments. Firstly, we
have used the method to solve the coupled time fractional non-
linear Schrödinger equation to determine its feasibility, and
verified that the proposed method has a high numerical ac-
curacy for the coupled time fractional nonlinear Schrödinger
equation. Secondly, the proposed method is used to solve the
time fractional nonlinear Schrödinger equation numerically,
and is extended to the irregular region. Meanwhile, compared
with other existing numerical methods,[42,46] the effectiveness
and accuracy of the proposed method are further verified. We
choose the smooth length of the kernel function is selected
from 0.9dx to 1.2dx, where dx is the initial particle spacing.
The following error criteria are used in this section to com-
pare the difference between numerical results and analytical

solutions to measure their accuracy. In this paper, the L∞, L2,
root-mean-square (RMS) errors, and the convergence order Cr
are calculated as follows:[42,46]

Eφ
∞(∆x,τ) = max

1≤i≤N
|φ(uk

i )−φ(u(xi, tk))|,

Crφ
∞ = log2

Eφ (∆x,τ)
Eφ (∆x/2,τ)

, (53)

Eφ

RMS(∆x,τ) =

√
1
N

N

∑
i=1
|uk

i −u(xi, tk)|2,

Eφ

2 =

√
h

N−1

∑
i=0

∣∣uk
i −u(xi, tk)

∣∣2, (54)

where h = ∆x, u(xi, tk) is exact solution of u(x, t) at point
(xi, tk) and uk

i is numerical solution. Here, φ represents the
real, imaginary parts, and module of u, respectively.

(a) Ω1 (b) Ω2

(d) Ω4 (e) Ω5

(c) Ω3

Fig. 1. The simulation region of Ωi (i = 1, 2, 3, 4, 5) used in this article:
(a) Ω1, (b) Ω2, (c) Ω3, (d) Ω4, and (c) Ω5.

It is worth noting that figure 1 provides a schematic rep-
resentation of all the calculation areas employed in this article.

6.1. Solitary wave propagation with identical initial values

In this section, the time step is τ = 0.001.
Example 1 We consider the following coupled time frac-

tional Schrödinger equation with the same analytical solution:{
i C

0 Dα
t u(x, t)+ iux +uxx +2u+ v = f1(x, t),

i C
0 Dα

t v(x, t)− ivx + vxx +u−3v = f2(x, t),

the initial condition is

u(x,0) = v(x,0) = 0.

The source term is
f1(x, t) =

2t2−α

Γ(3−α)
e iπx + t2 e iπx(3−π−π

2),

f2(x, t) =
2t2−α

Γ(3−α)
e iπx +(π−π

2−2)t2 e iπx.

The analytical solution is

u(x, t) = t2 e iπx, v(x, t) = t2 e iπx.

050202-9



Chin. Phys. B 34, 050202 (2025)

Table 1. Comparison of L∞ error and convergence rate under different α at t = 1, x ∈ [0,1].

L∞ N Re(u) Cr Im(u) Cr |u| Cr

α = 0.9

21 1.2372×10−3 3.8754×10−3 4.0009×10−3

41 3.0942×10−4 1.999 9.6754×10−4 2.001 1.0014×10−3 1.998
81 7.7310×10−5 2.001 2.4182×10−4 2.000 2.4939×10−4 2.000

161 1.9330×10−5 2.000 6.0470×10−5 2.000 6.2570×10−5 2.000

α = 0.7

21 1.1433×10−3 3.8897×10−3 3.9894×10−3

41 2.8621×10−4 1.998 9.7109×10−4 2.001 9.9792×10−4 1.999
81 7.1510×10−5 2.001 2.4269×10−4 2.000 2.4939×10−4 2.001

161 1.7870×10−5 2.000 6.0680×10−5 2.000 6.2340×10−5 2.000

α = 0.4

21 1.0050×10−3 3.9212×10−3 3.9864×10−3

41 2.5063×10−4 2.004 9.7892×10−4 2.002 9.9623×10−4 2.001
81 6.2630×10−5 2.001 2.4465×10−4 2.001 2.4901×10−4 2.000

161 1.5660×10−5 2.000 6.1160×10−5 2.000 6.2250×10−5 2.000

The Dirichlet boundary condition can be obtained by the
above analytical solution.

In order to show the accuracy and convergence rate of
solving coupled time fractional Schrödinger problem using the
scheme proposed in this paper, the L∞ errors and convergence
rate of three different physical quantities of wave function u
are listed in Table 1.

From Table 1, it can be seen that (i) the error decreases
with the increase of particle number N, and has a faster conver-
gence rate; (ii) the proposed numerical method exhibits high
numerical accuracy in the simulation of the coupled time frac-
tional Schrödinger equation.

R
e
(u

)
Im

(u
)

t/

t/. t/.

t/.

Exact

x

x

t/

t/. t/.

t/.

Exact

(a) Re(u)

(b) Im(u)

Fig. 2. Comparison diagram between the exact and numerical solutions of the
wave function u: (a) Re(u), (b) Im(u).

Figure 2 simulates the changes of the real and imaginary
parts of the wave function u over time in the region Ω1. When
compared to the analytic solution, it becomes evident that the

numerical simulation results align closely with the analytical
predictions. The specific parameters utilized in this simula-
tion are as follows: α = 0.7, τ = 0.001, x ∈ [−5,5], t ∈ [0,1].
Obviously, we can see that the real part of the wave function
u shows a cosine trend, and the imaginary part shows a sine
trend.

Example 2 We consider the following non-homogeneous
coupled time fractional nonlinear Schrödinger equation in the
region Ω1:{

i C
0 Dα

t u(x, t)+ iux +uxx +u+ v+2(|u|2 + |v|2)u = f1(x, t),

i C
0 Dα

t v(x, t)− ivx + vxx +u− v+4(|u|2 + |v|2)v = f2(x, t).

The source term is

f1(x, t) =−
2t2−α

Γ(3−α)
sinx+4t6 cosx

+ i
(

2t2−α

Γ(3−α)
cosx+4t6 sinx

)
,

f2(x, t) =−
2t2−α

Γ(3−α)
sinx+8t6 cosx

+ i
(

2t2−α

Γ(3−α)
cosx+8t6 sinx

)
.

The analytical solutions are

u(x, t) = t2(cosx+ i sinx),

ν(x, t) = t2(cosx+ i sinx).

The above equations have the computing domain [0,2π], t ∈
[0,1]. The periodic boundary condition can be obtained by
the above analytical solution. Table 2 records the RMS error
of the present numerical method and other numerical meth-
ods. As can be seen from Table 2: by comparing the numer-
ical results of the proposed scheme with those of the exist-
ing numerical results,[42] it can be seen that the errors of the
proposed scheme when taking different particle numbers are
much smaller than those obtained by the method in Ref. [42].
Therefore, the reliability of the proposed method is verified by
comparisons. Table 3 shows the RMS error generated by the
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proposed method in Example 2 at different times, and com-
pares them with the numerical results of the two different
methods given in Ref. [42]. It demonstrates the variation of

the numerical error over time. Therefore, the proposed method
has a smaller error, and the reliability of the proposed method
is verified by comparisons.

Table 2. Comparative study of the RMS error in Example 2 at time t = 1.

α N
Re(u) Im(u) |u|

Ref. [42] Present Ref. [42] Present Ref. [42] Present

0.7

6 7.3616×10−2 8.7054×10−2 1.1401×10−1

11 2.4757×10−2 2.8011×10−2 3.7383×10−2

21 8.4311×10−3 5.0287×10−3 6.5213×10−3 6.0286×10−3 1.0681×10−2 7.8506×10−3

41 2.2924×10−3 9.5799×10−4 1.7690×10−3 8.2398×10−4 2.8955×10−3 1.2636×10−3

Table 3. Comparative study of RMS error at different values of times.

Time Ref. [42] uniform Ref. [42] local Present method

RMS

0.1 1.1916×10−5 1.1106×10−5 5.7132×10−6

0.3 2.1605×10−4 2.0310×10−4 1.0031×10−4

0.5 7.2793×10−4 7.0922×10−4 3.2462×10−4

0.8 1.3812×10−3 1.1512×10−3 3.9775×10−4

1.0 2.8955×10−3 2.5712×10−3 1.2636×10−3

Figure 3 simulates the evolution of the real and imagi-
nary parts of the wave function u in Example 2 at four differ-
ent times within the region Ω1, and compares it with the an-
alytical solution. It can be seen that the numerical simulation
results are consistent with the analytical solution, and the pa-
rameters used are as follows: α = 0.7, ∆x = 1/40, τ = 0.001,
x∈ [0,2π], t ∈ [0,1]. Obviously, the real part of the wave func-
tion u shows a cosine trend, and the imaginary part shows a
sine trend.

R
e
(u

)
Im

(u
)

x

x

(a) Re(u)

(b) Im(u)

t/

t/.

t/.

t/.

Exact

t/

t/.

t/.

t/.

Exact

Fig. 3. Simulation results of the curves Re(u) and Im(u) for Example 2 with
at different values of time.

6.2. Solitary wave propagation with different initial values

The coupled TF-NLSE equation with periodic boundary
without analytical solution is a typical problem in which sin-
gular and complex phenomena occur during the propagation
of solitary wave. Currently, this equation is often used to ver-
ify the reliability of the proposed algorithm to simulate the
propagation process of nonlinear solitary waves with periodic
boundary. To further demonstrate that the proposed meshless
method can accurately capture the complex wave phenomena
in the propagation of multi-component solitary waves, we con-
sider in this section the coupled time fractional Schrödinger
equation without analytical solution that can describe the in-
elastic collision process of solitons.

Example 3 We consider the time fractional coupled non-
linear Schrödinger equation without analytical solutions in the
region Ω1:{

i C
0 Dα

t u(x, t)+uxx +(|u|2 +5|v|2)u = f1(x, t),

i C
0 Dα

t v(x, t)+ vxx +(|v|2 +5|u|2)u = f2(x, t),

with the initial condition and the periodic boundary condition{
u(x,0) =

√
2e ix/4 sech(x+10),

v(x,0) =
√

2e−ix/4 sech(x−10),{
u(x, t) = u(x+80, t),

v(x, t) = v(x+80, t),

where x ∈ [−40,40], t ∈ [0,30], f1 = f2 = 0.
Figure 4 shows the numerical prediction results of the

solitary wave functions |u| and |v| under different α in re-
gion Ω1. Figure 4 is the numerical simulation results of the
proposed method when α=0.5, 0.6, 0.7, and 0.9, respectively.
The parameters used are as follows: x ∈ [−40,40], t = 30, the
time step τ = 0.1. Obviously, as can be seen from Fig. 4:
(i) In the fractional case, as parameter α increases, the peak
values of the solitary wave functions |u| and |v| decrease, and
the waves widen. (ii) The soliton height will collapse with
the increase of the parameter α , which is a complex propa-
gation phenomenon. (iii) At time t = 30, the simulation re-
sults align with the finite difference results, indicating a good
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agreement between the two. This consistency indicates that
the proposed method is reliable for numerically predicting the
complex propagation dynamics of nonlinear solitary waves
generated by inelastic collisions in fractional order systems.
Figure 5 shows the solitary wave propagation phenomenon of
coupled TF-NLSE, namely, the wave collapse phenomenon of
the fractional solitary wave generated by inelastic collisions,
which is similar to the phenomenon in Ref. [28] and more
complex than the general phenomenon. According to Figs. 4

and 5, it is further demonstrated that the particle method pro-
posed in this paper is reliable in capturing the strange and com-
plex phenomena in the propagation of nonlinear solitary wave.
In summary, the shape changes of nonlinear solitary waves in
fractional-order during propagation are more complex, includ-
ing multimodal structures. The propagation speed and atten-
uation rate of solitary waves are influenced by the order of
fractional derivatives and other parameters, which can lead to
different propagation behaviors and evolution patterns.

u
↪v


u
↪v


u
↪v


u
↪v


x x

x x

v present method

u FDM

v FDM
u present method

v present method

u FDM

v FDM
u present method

v present method

u FDM

v FDM
u present method

v present method

u FDM

v FDM
u present method(a) α=0.5 (b) α=0.6

(c) α=0.7 (d) α=0.9

Fig. 4. Comparisons of numerical results for solitary wave function |u| and |v| at t = 30: (a) α = 0.5, (b) α = 0.6, (c) α = 0.7, (d) α = 0.8.
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Fig. 5. Surface plots of solitary wave function |u| obtained by the proposed
method for different α: (a) α = 0.5, (b) α = 0.6, (c) α = 0.7, (d) α = 0.8.

6.3. Solitary wave propagation in regular and irregular re-
gions

In this section, to further demonstrate the advantages of
the proposed meshless method, we conducted research on both
regular and irregular regions. It highlights that the proposed
method in this article can also obtain more accurate numerical

solutions and simulation graphs when dealing with complex
computational domains. Meanwhile, we discussed examples
with and without analytical solutions, demonstrating the flexi-
bility of the proposed meshless method.

Example 4 We consider the time fractional nonlinear
Schrödinger equation in the regions Ω1:

i
∂ α u(x, t)

∂ tα
+

∂ 2u(x, t)
∂x2 + |u(x, t)|2 u(x, t) = f (x, t),

0≤ x≤ 1, 0≤ t ≤ T.

The initial condition, the Dirichlet boundary condition,
and the function f are

u(x,0) = 0, 0≤ x≤ 1;

u(0, t) = 0, u(1, t) = it2, 0≤ t ≤ T,

f (x, t)

= − 2t2−α

Γ(3−α)
x2−2t2 + t6x3(1− x)((1− x)2 + x2)

+ i
(

(2t2−α)

Γ(3−α)
(1− x)x+ t6x4

(
x2 +(1− x)2

)
+2t2

)
.
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The analytical solution is

u(x, t) = t2((1− x)x+ ix2).
In this example, we take the time step as τ = 0.001. For

Example 4, we have solved the problem using the proposed
method in this paper with various values of τ , where α = 0.1,
N = 41, and t = 1. Tables 4 and 5 compare the L∞ and L2

errors of our results with the existing numerical results,[46] re-
spectively. It can be observed that our method exhibits higher
accuracy in comparison with the method reported in Ref. [46].
Based on Tables 4 and 5, we can conclude that the proposed
method achieves better accuracy with only a small number of

particles. In addition, the accuracy of the present method is
superior to the existing numerical results,[46] thus validating
the validity and accuracy of the numerical method.

Figure 6 presents the numerical solutions for the real
and imaginary parts, along with the absolute error distribution
plots, respectively. Figure 7 compares the error distribution
plots between the present method and the method described
in Ref. [46], considering the parameters α = 0.1, ∆x = 1/40,
t = 1, and τ = 1/256. From this comparison, it is evident
that the present method exhibits smaller errors compared to
the method in Ref. [46], highlighting the superiority of the
proposed method.

Table 4. Comparative study on the L∞ error at ∆x = 1/40, α = 0.1, t = 1.

α τ
Ref. [46] Present method

Re(u) Im(u) Re(u) Im(u)

0.1

1/16 1.69582×10−2 1.64917×10−2 7.1346×10−4 3.1322×10−3

1/32 8.50622×10−3 8.22627×10−3 3.7785×10−4 1.6563×10−3

1/64 4.26873×10−3 4.11967×10−3 1.9457×10−4 8.5218×10−4

1/128 2.1514×10−3 2.07201×10−3 9.8744×10−5 4.3229×10−4

1/256 1.0934×10−3 1.05034×10−3 4.9744×10−5 2.1772×10−4

1/512 5.64571×10−4 5.40111×10−4 2.4966×10−5 1.0926×10−4

Table 5. Comparative study on the L2 error at ∆x = 1/40, α = 0.1, t = 1.

α τ
Ref. [46] Present method

Re(u) Im(u) Re(u) Im(u)

0.1

1/16 1.23434×10−2 6.1227×10−2 4.9027×10−4 2.1580×10−3

1/32 6.19172×10−3 6.09586×10−3 2.5961×10−4 1.1413×10−3

1/64 3.10742×10−3 3.0518×10−3 1.3367×10−4 5.8722×10−4

1/128 1.56613×10−3 1.5346×10−3 6.7837×10−5 2.9789×10−4

1/256 7.95972×10−4 7.77774×10−4 3.4173×10−5 1.5004×10−4

1/512 4.11009×10−4 3.99849×10−4 1.7151×10−5 7.5293×10−5
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Example 5 We consider the 2D time fractional nonlinear
Schrödinger equation in the irregular regions Ω3:

i C
0 Dα

t u(x,y, t)−uxx−uyy + |u|2u = f (x,y, t), t ≥ 0.

The initial condition, the Dirichlet boundary conditions
and the source term f are respectively given by

u(x,y,0) = 0, u(x,y, t) = m(x,y, t), (x,y) ∈ ∂Ω ,

f (x,y, t) = (1+ i)
[

2t2(y(1− y)+ x(1− x))

+ i(1− x)(1− y)xy
2t2−α

Γ(3−α)

+2t6(1− x)3(1− y)3x3y3
]
.

The analytical solution is u(x,y, t) = (1+ i)t2(1− x)(1−
y)xy. The function m(x,y, t) can be given by analytical solu-
tion. For Example 5, we take the time step of τ = 0.01. In
Table 6, the numerical results of the L∞ error generated by
the proposed method in the irregular region Ω3 at time t = 1.
As can be seen from Table 6: (i) The error of this method
decreases with the increase of particle number N. (ii) It can
be seen from the data that the error obtained by the present

method is relatively small. This indicates that the proposed
method is accurate and exhibits good agreement with the an-
alytical solution. The results also show that the proposed
method can be used to deal with the 2D nonlinear fractional
Schrödinger problem in the irregular region, and the applica-
bility of the proposed method is also verified.

Table 6. The L∞ error of the proposed method at t = 1 in Ω3.

α N
Present method

Re(u) Im(u) |u|

0.3

34 2.3655×10−2 2.3356×10−2 3.3241×10−2

102 1.1422×10−2 1.1369×10−2 1.6115×10−2

358 7.0579×10−3 7.0456×10−3 9.9727×10−3

1312 3.3100×10−3 3.3071×10−3 4.6790×10−3

5044 1.7928×10−3 1.7916×10−3 2.5345×10−3

Figure 8 shows the numerical simulation results obtained
by the method described in this paper at different moments,
with the parameters α = 0.3 and N = 5044. By comparing the
migration and diffusion processes of the solitary wave at time
instances t = 0.6, 0.8, 0.9, 1.5, it is evident from Fig. 8 that the
solitary wave gradually diffuses from the periphery towards
the center, with the wave peak continuously shifting.
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Fig. 8. Cloud diagram of the solitary wave function |u| obtained by the present method at different values of time: (a) t = 0.6, (b) t = 0.8,
(c) t = 0.9, and (d) t = 1.5.

Example 6 Consider the 2D time fractional nonlinear
Schrödinger equation in the regions Ω2 and Ω4:

i C
0 Dα

t u(x,y, t)+uxx +uyy + |u|2u = f (x,y, t).

The source term is

f (x, t) = t3α+3
(

1
64

sin2 (2πx)sin2 (πy)

+
1

144
sin2 (πx)sin2 (2πy)

)
×
(

1
8

sin(2πx)sin(πy)+
i

12
sin(πx)sin(2πy)

)
+ t
(

sin(2πx)sin(πy)
(

iΓ(α +2)
8

− 5π2tα

8

)
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− sin(πx)sin(2πy)
(

Γ(α +2)
12

− 5iπ2tα

12

))
. (55)

The analytical solution is

u(x,y, t) = tα+1 sin(2πx)sin(πy)

×
(

i
6

cos(πy)+
1
4

cos(πx)
)
.

The initial and boundary conditions of this numerical ex-
ample can all be given analytically through the analytical so-
lution. For Example 6, we take the time steps of τ = 0.01.

Table 7 records the L∞ error and convergence rate ob-
tained by the present method when different α values are se-

lected. The data shows that this method has high convergence
accuracy. As can be seen from Table 8: (i) The calculation er-
ror of the method decreases with the increase of particle num-
ber N. In other words, as the number of particles increases,
the precision of the numerical solution increases significantly.
(ii) By observing the above numerical results, it is evident that
the proposed scheme exhibits a small error for varying parti-
cle numbers, thereby confirming its reliability in addressing
the 2D time fractional nonlinear Schrödinger equation. Addi-
tionally, it shows the reliability of the numerical prediction of
the proposed scheme on the irregular region Ω4.

Table 7. The L∞ error and convergence rate of the proposed method for different α at t = 1 in Ω1.

α N
Present method

Re(u) Cr Im(u) Cr |u| Cr

0.3

36 1.4970×10−2 1.0071×10−2 1.5344×10−2

121 3.7070×10−3 2.014 2.4785×10−3 2.023 3.7364×10−3 2.038
441 9.4065×10−4 1.979 6.3435×10−4 1.966 9.4066×10−4 1.990

1681 2.1230×10−4 2.148 1.4872×10−4 2.093 2.1230×10−4 2.148

0.6

36 1.4990×10−2 1.0104×10−2 1.5342×10−2

121 3.7065×10−3 2.016 2.4782×10−3 2.028 3.7360×10−3 2.038
441 9.4057×10−4 1.978 6.3428×10−4 1.966 9.4057×10−4 1.990

1681 2.1231×10−4 2.147 1.4880×10−4 2.092 2.1231×10−4 2.147

0.9

36 1.5022×10−2 1.0154×10−2 1.5340×10−2

121 3.7062×10−3 2.019 2.4779×10−3 2.035 3.7358×10−3 2.038
441 9.4058×10−4 1.978 6.3426×10−4 1.966 9.4059×10−4 1.990

1681 2.1242×10−4 2.147 1.4894×10−4 2.090 2.1244×10−4 2.146

Table 8. The L∞ error of the proposed method for different α in Ω4.

α N
Present method

Re(u) Im(u) |u|

0.3

151 2.4265×10−3 2.7153×10−3 2.2753×10−3

508 1.3092×10−3 1.3956×10−3 1.4459×10−3

1809 5.9148×10−4 6.7798×10−4 7.1597×10−4

6777 3.2901×10−4 3.3268×10−4 3.3454×10−4

0.5

151 1.7597×10−3 1.9678×10−3 1.6531×10−3

508 9.4918×10−4 1.0110×10−3 1.0478×10−3

1809 4.2872×10−4 4.9130×10−4 5.1889×10−4

6777 2.3783×10−4 2.4106×10−4 2.5632×10−4

0.8

151 1.0876×10−3 1.2139×10−3 1.0250×10−3

508 5.8621×10−4 6.2307×10−4 6.4623×10−4

1809 2.6460×10−4 3.0306×10−4 3.2015×10−4

6777 1.4652×10−4 1.4875×10−4 1.6208×10−4

Figure 9 simulates the propagation cloud image of the
solitary wave |u| and its corresponding error in the region Ω4,
with the parameters set to t = 0.2 and N = 1809. Obviously,
as can be seen from Figure 9: (i) Figure 9(a) demonstrates
that, in the fractional order case, the solitary wave function
|u| attains its peak near the edge, with the lowest wave height
occurring at the center. Furthermore, the figure shows the evo-
lution of waves over time. (ii) Figure 9(b) demonstrates that
the error of the solitary wave function |u| obtained using the
format proposed in this paper is very small, up to 10−4. This
indicates that the meshless particle method proposed in this
paper is reliable and accurate for numerically predicting the

time fractional Schrödinger model in the irregular region Ω4.
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Fig. 9. Numerical solution and error cloud plots for |u| at α = 0.3 in
Example 6: (a) numerical solution of |u| and (b) error of |u|.

Table 9 gives the numerical results of the L∞ errors pro-
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duced by this method for the three physical quantities of u
when taking different numbers of particles in the irregular re-
gion Ω2 at t = 0.2. As can be seen from Table 9: (i) The errors
of the three physical quantities obtained using the method de-
scribed in this paper decrease as the number of particles N in-
creases. (ii) We found that the numerical results generated by
our method for different particle numbers have very small er-
rors in Ω2, reaching 10−5. This not only verifies the feasibility
of the proposed method for solving the 2D nonlinear fractional
Schrödinger equation over time but also demonstrates its relia-
bility for numerically predicting isolated wave experiments in
the irregular region Ω2.

Table 9. The L∞ error of the proposed method for different α in Ω2.

α N
Present method

Re(u) Im(u) |u|

0.3

24 1.9327×10−3 1.2051×10−3 1.9330×10−3

351 5.1797×10−4 3.3311×10−4 5.1797×10−4

1330 3.8426×10−4 2.5209×10−4 3.8426×10−4

5173 2.1965×10−4 1.4318×10−4 2.1965×10−4

0.5

24 1.3938×10−3 8.9762×10−4 1.3944×10−3

351 3.7541×10−4 2.4162×10−4 3.7541×10−4

1330 2.7849×10−4 1.8278×10−4 2.7849×10−4

5173 1.5917×10−4 1.0382×10−4 1.5917×10−4

0.8

24 8.4173×10−4 5.9803×10−4 8.4321×10−4

351 2.3164×10−4 1.4941×10−4 2.3164×10−4

1330 1.7179×10−4 1.1289×10−4 1.7179×10−4

5173 9.8182×10−5 6.4149×10−5 9.8182×10−5

u error ↼-4↽
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Fig. 10. The cloud diagram of numerical solution and error for |u| at
α = 0.3 in Example 6: (a) numerical solution of the isolated wave func-
tion |u|, (b) error of the isolated wave function |u|.

Figure 10 simulates the propagation cloud image of the
solitary wave |u| in Example 6 when t = 0.2 and N = 5173 as
the relevant parameters. It also illustrates the corresponding
error cloud image in the irregular region Ω2. Obviously, as can
be seen from Fig. 10: (i) Figure 10(a) shows that two symmet-
rical peaks are formed in the Ω2 region. In addition, the waves
spread around and the peaks gradually decrease. The center
presents a circular shape, and as it approaches the center, the
peak gradually decreases to form a trough of wave. (ii) Fig-
ure 10(b) shows that the error of the solitary wave function
|u| obtained using the method described in this paper is very
small, reaching 10−5 at α = 0.8. In summary, we can see from
Fig. 10 that the propagation and collision of solitary waves in
nonlinear media may lead to local concentration or diffusion
of energy. The nonlinear characteristics of solitary waves may
result in complex waveform transformations during collisions.
These nonlinear effects result in the formation of a symmetri-
cal ring at the center of the collision, as a result of nonlinear
interactions. The numerical results indicate that the proposed
method is effective and feasible for solving the time fractional
nonlinear Schrödinger equation in irregular regions.

Example 7 Consider the 2D time fractional nonlinear
Schrödinger equation in the region Ω5:

i C
0 Dα

t u(x,y, t)−uxx−uyy + |u|2u = f (x,y, t). (56)

The source term is

f (x, t) = i
2t2−α

Γ(3−α)
sin(x+ y)+2t2 sin(x+ y)

+ t2|t2 sin(x+ y)|2 sin(x+ y). (57)

The analytical solution is

u(x,y, t) = t2 sin(x+ y). (58)

The initial and boundary conditions of this numerical ex-
ample can all be given analytically through the analytical so-
lution. For Example 7, we take the time steps of τ = 0.01.

Table 10. The L∞ error of the proposed method for different α at t = 1 in Ω5.

α N
Present method

Re(u) Im(u) |u|

0.3

72 3.7263×10−2 2.7321×10−4 3.7262×10−2

248 2.3038×10−2 5.9822×10−5 2.3039×10−2

904 1.4029×10−2 3.1668×10−5 1.4029×10−2

3472 8.1244×10−3 2.6515×10−5 8.1244×10−3

13583 4.7873×10−3 2.5077×10−5 4.7874×10−3

0.8

72 3.7263×10−2 3.6874×10−4 3.7262×10−2

248 2.3039×10−2 7.5014×10−5 2.3039×10−2

904 1.4029×10−2 5.1939×10−5 1.4029×10−2

3472 8.1245×10−3 4.8227×10−5 8.1245×10−3

13583 4.7873×10−3 4.7895×10−5 4.7873×10−3
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Table 10 shows the numerical results of the L∞ error gen-
erated by the proposed method for different particle numbers
at t = 1 in the region Ω5. As can be seen from Table 10:
(i) The calculation error obtained by the method in this paper
decreases with the increase of particle number N. (ii) It can
be seen that the error of the proposed method is very small
when different particle numbers are taken. Consequently,
this demonstrates the reliability of the proposed scheme
for numerically predicting the time fractional nonlinear
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Fig. 11. Cloud diagram of |u| obtained by the present method for Example 7
with α = 0.8 at time t = 1: (a) analytical solution, (b) numerical solution.

Schrödinger model in the 2D irregular region Ω5.

Figure 11 compares the cloud diagram of the numerical
solution and the exact solution of the solitary wave |u| in the
irregular region Ω5 when α = 0.8, with the parameters set
to t = 1 and N = 3472. In addition, figure 11 shows that in
the Ω5 region, two centrally symmetric solitary wave peaks
with equal peak values appear. The wave pattern spreads to-
wards the center, forming a trough. It can also be observed
from Fig. 11 that the numerical solution for the solitary wave
function |u| obtained using the proposed scheme aligns well
with the exact solution depicted in the cloud diagram. This
indicates that the method introduced in this article is reliable
and accurate for the numerical prediction of the time fractional
Schrödinger equation in the irregular region Ω5. In summary,
solitary waves maintain their total energy during collisions.
Therefore, as shown in Fig. 11, the nonlinear characteristics
of solitary waves may result in complex waveform transfor-
mations during collisions. Due to nonlinear interactions, these
nonlinear effects result in the formation of complex features.

Example 8 Consider the 2D time fractional nonlinear
Schrödinger equation without analytical solution in the region
Ω1:

i C
0 Dα

t u(x,y, t)+uxx +uyy + |u|2u = 0. (59)

The initial and boundary conditions are as follows:

u(x,y,0) = sinxsiny+2sinx+ siny+2,

u(x,y, t) = u(x+2π,y+2π, t),

(x,y) ∈ [0,2π]× [0,2π], t ≥ 0. (60)
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Fig. 13. Simulation diagram of wave function |u| obtained for fractional
order: (a) the present method with α = 0.9 and (b) α = 0.9.

Setting τ = 0.01, we provide a simulation diagram of the
numerical solution in Fig. 12. Over time, nonlinear solitary
waves undergo merging, resulting in waveform changes and
an increase in peak values. Therefore, the phenomena gener-
ated by complex fluctuation processes were predicted. From
Fig. 13, as time increases, solitary waves begin to split and ex-
hibit dispersion phenomena. At t = 0.108, the singularity of
the solution at integer order (forming a distinct peak) can be
observed through Ref. [47], while this phenomenon is found
to diminish at fractional order through the simulations in this
paper. This predicts the nonlinear dispersion phenomenon that
occurs during the propagation of nonlinear solitary waves un-
der the influence of time memory, which is different from the
nonlinear phenomenon under integer order.[47] In summary,
the fractional parameter has a significant impact on the fluctu-
ation phenomenon of the TF-NLSE equation.

7. Conclusions and prospect
In this paper, a meshless particle method based on SPH

approximation is used to numerically solve the time fractional
nonlinear Schrödinger equation and study the complex phys-
ical phenomena generated by solitary wave propagation. In
numerical research and application, coupled TF-NLSE and
general TF-NLSE have been simulated and calculated on dif-
ferent domains. Through validation, the present method ex-
hibits small errors in both regular and irregular regions. In
particular, the method is able to achieve high numerical ac-
curacy within the regular region when dealing with time frac-
tional Schrödinger problems. In addition, to further validate

the superiority of the proposed method, we compared the nu-
merical results obtained using this method with the results in
Refs. [42,46], and it is evident that our method exhibits signif-
icantly smaller errors. The detailed comparison results have
been shown in Tables 2–5. Based on all numerical results, the
method proposed in this paper exhibits significantly smaller
errors, therefore effectively addressing solitary wave prob-
lems. This not only verifies the effectiveness of the method
but also analyzes its error and convergence speed, further high-
lighting its flexibility. To further validate the effectiveness of
our method in practical problems, we simulated and analyzed
the phenomenon of fractional solitary wave propagation, as
shown in Examples 3 and 8. Based on the above analysis,
the method proposed in this article can accurately predict the
propagation phenomenon of solitary waves and the complex
propagation process caused by inelastic collisions of solitary
waves under fractional conditions. In summary, compared
with other existing numerical methods, the proposed method
has smaller errors and is more accurate in solving the time
fractional Schrödinger equation. It provides an effective mesh-
less particle method for predicting complex physical phenom-
ena of fractional solitary wave propagation, with certain ad-
vantages, flexibility, and wide applicability.

The theoretical stability and convergence of the meshless
particle method proposed in this paper will be further studied
in the following work. Meanwhile, we will further investigate
the reliability of our method for higher dimensional mathemat-
ical models in the future.
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