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It has been argued that the human brain, as an information-processing machine, operates near a phase transition
point in a non-equilibrium state, where it violates detailed balance leading to entropy production. Thus, the assessment
of irreversibility in brain networks can provide valuable insights into their non-equilibrium properties. In this study, we
utilized an open-source whole-brain functional magnetic resonance imaging (fMRI) dataset from both resting and task
states to evaluate the irreversibility of large-scale human brain networks. Our analysis revealed that the brain networks
exhibited significant irreversibility, violating detailed balance, and generating entropy. Notably, both physical and cognitive
tasks increased the extent of this violation compared to the resting state. Regardless of the state (rest or task), interactions
between pairs of brain regions were the primary contributors to this irreversibility. Moreover, we observed that as global
synchrony increased within brain networks, so did irreversibility. The first derivative of irreversibility with respect to
synchronization peaked near the phase transition point, characterized by the moderate mean synchronization and maximized
synchronization entropy of blood oxygenation level-dependent (BOLD) signals. These findings deepen our understanding
of the non-equilibrium dynamics of large-scale brain networks, particularly in relation to their phase transition behaviors,

and may have potential clinical applications for brain disorders.
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1. Introduction

Many physical, chemical, and biological processes oper-
ate far from thermodynamic equilibrium.!") From molecules
to organisms and machines, these non-equilibrium systems
maintain their states by exchanging matter and energy with
their environment. In contrast to equilibrium systems, whose
dynamics adhere to detailed balance where net fluxes of
transitions between different states vanish, non-equilibrium
systems exhibit net fluxes between states or configurations,
thereby breaking detailed balance.>*! This breaking of de-
tailed balance inherently leads to irreversible dynamics that
establish an arrow of time: by observing the system’s evo-
lution, one can distinguish whether time flows forward or
backward.*) Modern non-equilibrium statistical physics has
demonstrated that the rate of evidence accumulation for the
arrow of time equals the rate of entropy production in the
system’s environment.>~7 This concept has been applied to
detect signatures of irreversibility in various living systems
through experimental data analysis.[*3]

The human brain, which accounts for about 20% of the
body’s energy consumption despite representing only 2% of

10.11] relies on constant exchanges of energy and

its weight,!
matter to maintain its activity levels. The brain’s metabolic

and enzymatic activities drive various non-equilibrium pro-
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cesses at the microscale, such as neuronal firing, U2] molecular
cycles,ml and cellular maintenance.!'*! Given these facts, it
is unlikely that cognitive functions can be supported by neural
dynamics close to thermodynamic equilibrium. Consequently,
it can be inferred that the brain must inherently break detailed
balance at larger scales, leading to natural temporal asymme-
try in brain activity.!®! Emerging evidence increasingly sup-
ports the notion that brain dynamics operate outside thermo-
dynamic equilibrium, characterized by a strictly positive en-
tropy production rate, making neural activity time series tem-
porally irreversible.!'>] This temporal irreversibility not only
underscores the intricate complexity of the brain’s functional
architecture,!'®! but is also empirically associated with levels

5,917 cognitive performance, ®!318 and var-

19]

of consciousnes
ious mental disorders. !

Modern neuroscience is enhancing our understanding of
the structure and function of the human brain by employing
principles from network science./?%->!] The “critical brain” hy-
pothesis suggests that neural networks operate near a critical
or phase transition point between order and disorder, [*?! facil-
itating optimal information processing and adaptability.?3-26]
At the level of large-scale brain networks, critical dynam-
ics have been shown to maximize the diversity and flexibil-
ity of functional connectivity patterns,!?’ support the bal-
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ance between network segregation and integration, 33!l and
influence aspects of cognitive performance, such as fluid in-
telligence and working memory capacity.3>! However, previ-
ous studies on non-equilibrium phase transitions in the brain
have often approached them by analogizing them to equilib-
rium systems, such as using order parameters.3>33! Yet, this
approach overlooks the irreversible nature of the dynamics, as
well as its influence on phase transition properties. Entropy
production has been revealed as an important concept to ad-
dress this limitation, as it vanishes identically for equilibrium
systems and is positive for non-equilibrium cases.3*-3%! Fur-
thermore, it remains unclear whether high-order interactions
in brain networks contribute to orchestrating activity across
brain areas, or if pairwise interactions suffice.3”! The recently
developed irreversibility decomposition method may offer in-
sights from a thermodynamic perspective.!”! Also, while var-
ious methods for measuring irreversibility in neural data have
been proposed, they show significant inconsistency on the
same dataset, highlighting their inaccuracy. Thus, evaluating
the new method on the same dataset is crucial for confirming
its reliability.

In this study, we investigate the characterization of phase
transitions in large-scale human brain networks in terms of
their irreversibility. By analyzing open-source fMRI data
from resting and seven cognitive tasks of the Washington
University—University of Minnesota Consortium (WU-Minn)
Human Connectome Project (HCP),*8! we found that large-
scale brain networks violate detailed balance by exhibiting
significant irreversibility and generating positive entropy, with
these violations increasing alongside physical and cognitive
exertion. By decomposing irreversibility into independent and
interaction terms of different orders, we found that irreversibil-
ity in large-scale brain networks is primarily driven by interac-
tions among pairs of brain regions. Furthermore, we observed
that the entropy production rate in large-scale brain networks
exhibited significant non-equilibrium characteristics. For ex-
ample, the entropy production rate increased monotonically as
the networks became more synchronized, and the derivative
of entropy production with respect to synchronization among
regional BOLD signals was maximized at the phase transition
point.

2. Materials and methods
2.1. fMRI data acquisition and preprocessing

The fMRI data were obtained from the HCP 1200-subject
release. 8] Informed consent was obtained from all partici-
pants by the WU-Minn Consortium, and the research proce-
dures were approved by the Washington University Institu-
tional Review Board. This dataset includes fMRI scans for
both resting state and seven different task conditions: emo-
tional processing, working memory, social inference, language

processing, relational matching, gambling, and motor execu-
tion.

In this study, we used two sets of fMRI data (Fig. 1(a)).
The first dataset comprised eight cohorts: one cohort con-
sisted of resting-state fMRI (rfMRI) data from 270 subjects,
obtained from the resting-state fMRI 1 FIX-denoised pack-
age. The other seven cohorts included task fMRI (tftMRI) data
for these same subjects from the HCP task scans (dataset 1 in
Fig. 1(a)). To ensure consistency in data size across resting and
task states, only the first 176 time points (which correspond to
the scan length of the emotional processing task, the shortest
among all tasks) were used in the analysis. The second dataset
included rfMRI data from 801 subjects, drawn from the first
resting-state dataset, with both left-to-right and right-to-left
acquisitions (dataset 2 in Fig. 1(a)). For the second dataset,
all 1200 time points were included in the analysis.

The rfMRI data were processed using the HCP minimal
preprocessing pipeline!**4 and the denoising procedures, ']
while the tfMRI data underwent the same HCP minimal pre-
processing pipeline without filtering to retain potential high-
frequency information. Additionally, a general linear regres-
sion model was used to remove the average signal associated
with the tasks. Global brain signals were retained in this anal-
ysis due to the ongoing debate over their removal as a prepro-
cessing step.[*? After preprocessing, 100 regional BOLD sig-
nals were extracted by parcellating the cortex into 100 regions
using the Schaefer-100 atlas (Fig. 1(b)),!*’! with each region
mapped to one of the seven functional networks identified by
Yeo et al.!*4]

2.2. fMRI data analysis
2.2.1. Estimating the irreversibility of regional BOLD
signals

Measuring the deviation of a system from detailed bal-
ance is essential for quantifying irreversibility. In an irre-
versible system, fluxes from one state to another break detailed
balance. For such a system with joint transition probabilities,
the Kullback-Leibler divergence between its forward and re-
verse state transition probabilities can be calculated to quantify

irreversibility:

[=Y P(x—x)log 6}

x,x

{P(x—nc’)]’

where P(x — x') = Prob(x; = x, x41 = x') is the joint tran-
sition probability between states x and x’, and x; is the state
of the system at time ¢. If the system obeys detailed balance
(i.e., P(x = x') = P(xX’ — x) for all pairs of states x and x’),
the irreversibility vanishes. Conversely, any violation of de-
tailed balance (i.e., any flux of transitions such that P(x —
x') # P(x' — x)) results in increased irreversibility. Thus, cal-
culating the state transition probability P(x — x') is a critical
step in quantifying a system’s deviation from detailed balance.
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In this study, we employed the methods proposed by Lynn et
al. to estimate the joint transition probability P(x — x’) and
evaluate irreversibility in large-scale brain networks.®%3 No-
tably, if the states x and x’ encompass all microscopic degrees
of freedom in a system, then equation (1) represents the physi-
cal rate of entropy production.>#%1 However, for macroscopic
systems, equation (1) provides an information-theoretic mea-
sure of entropy production, serving as a lower bound on the
physical entropy production inferred from coarse-grained dy-
namics.

As shown in Fig. 1(c), the regional BOLD signal for each
brain region was extracted and normalized by subtracting its
mean and dividing by its standard deviation. A threshold of
1 standard deviation was then applied to transform the signal
into point processes by identifying threshold-crossing events
from below. Figure 1(d) illustrates the raster plot of these
threshold-crossing events in the resting-state brain of an arbi-
trarily chosen subject. For the analysis, we arbitrarily selected

only N regions. Including too many regions could compli-

(a) Resting Language
Emotional 176 time points/ - nogor
. Dataset 1
Soc1al Gambling
Relational
Dataset 2 1200 time points Resting

Working memory

cate the estimation of irreversibility (as discussed at the end
of this subsection). Subsequently, the state transition matrix
was constructed using a sliding window approach, similar to
prior work analyzing spike trains generated by neurons in the
salamander retina.'*’! Briefly, considering a window of length
AT sliding along the raster plots, a brain region transitions to
the active state when an event enters the front of the window
(Fig. 1(e), left window). Conversely, the region transitions to
the inactive state when an event exits the back of the win-
dow (Fig. 1(e), center window). Self-transitions occur when
a brain region is activated twice consecutively within the win-
dow (Fig. 1(e), right window). However, the all-silent state
{0,...,0} does not exhibit self-transitions, since no events en-
ter or exit the sliding window. Figure 1(f) shows an example
of a state transition probability matrix for three regions. Af-
ter calculating the state transition probability matrix for each
subject within each brain state, these matrices were summed
to provide a robust estimation of state transition probabilities
across different brain states.

(b)
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Fig. 1. The workflow to estimate the irreversibility from the regional BOLD signals.

(a) The two datasets involved in the study. (b) The

Schaefer-100 atlas that was used to parcellate the whole cortex into 100 regions. (c) An example demonstrated the conversion of normalized
BOLD signals into a point process using a threshold of 1 standard deviation by defining the threshold crossing events. (d) The raster plot
showed the events for an arbitrarily chosen subject. (e) State transitions were defined from the raster plots of events using a sliding window of
length AT. (f) An example illustrated the state transition probability matrix for three regions.
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Figure 2(a) illustrates the estimated irreversibility across
different brain states as a function of the sliding window
length. When the window is too short, random noise dom-
inates the estimates, reducing irreversibility. Conversely,
overly long windows tend to smooth out important state transi-
tions, leading to a nearly symmetric state transition matrix and
reduced irreversibility. Therefore, the optimal window length,
corresponding to the peak irreversibility, minimizes noise in-
fluence while capturing the system’s dynamic changes. More-
over, this peak also reflects the greatest asymmetry in the state
transition matrix, representing the most prominent directional
dynamics of the system. Based on this observation, we se-
lected AT = 4 s for irreversibility estimation in this study.
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Fig. 2. The strategies used to account for limited data effects. (a) The im-
pact of estimating different time window lengths AT on the calculation of
irreversibility. Based on the observation, AT =4 s was selected for further
analysis. (b) The irreversibility for the infinite-data (red dot) was estimated
by extrapolating from values of irreversibility for subsamples (black dots) to
the infinite-data limit. (c) The process in panel (b) was repeated 100 times
to obtain both the average (red dot) and standard deviation (vertical red line)
for the infinite-data estimates of the irreversibility. (d)—(e) The probability
distributions of irreversibility for randomized (d) and original data (e) across
brain region groups in different brain states. The vertical dashed line indi-
cates the 2 times standard deviation, which is the threshold for significance.
(f)—(g) Fraction of different states of the brain with significant irreversibility
as a function of the number of regions N for randomized (f) and original
data (g).

Given the long-term temporal dependencies inherent in
BOLD signals, it is crucial to correct for finite data effects
in order to accurately calculate irreversibility.[*”*1 To ad-

dress this issue, for each brain state, we considered 100
randomly selected N = 6 region groups and enumerated all

possible state transitions that could be observed within each
group. We then hierarchically subsampled the state transi-
tions (without replacement) for varying data fractions f, en-
suring that each subsample was a strict subset of the larger
dataset. Our analysis determined that the data fractions
{0.98,0.94,0.90,0.86,0.82,0.78,0.74} were sufficient for ro-
bust estimation. For each subsample, we calculated irre-
versibility (black dots in Fig. 2(b)) and extrapolated the results
to the infinite-data limit (red dot in Fig. 2(b)). This process
was repeated 100 times (black lines in Fig. 2(c)) to obtain the
average irreversibility estimate (red dot in Fig. 2(c)) and its
standard deviation (red vertical bar in Fig. 2(c)) at the infinite-
data limit. To control for inter-group variability across each
brain state, we standardized the distribution of irreversibil-
ity estimates for each brain state by dividing the mean irre-
versibility across all region groups by their standard devia-
tion. (Figs. 2(d) and 2(e)). Then we used two times the stan-
dard deviation as the threshold of significance (dashed verti-
cal lines). It was found that for the time-randomized data,
almost all brain region groups exhibit irreversibility distribu-
tions centered around zero, with only a few showing signif-
icant irreversibility, suggesting that time randomization dis-
rupts the temporal directionality of the brain across different
states (Fig. 2(d)). However, after correcting for the limited
data effects, most brain region groups demonstrate significant
irreversibility in the real data (Fig. 2(e)).

Theoretically, the calculated irreversibility should ap-
proach zero under conditions of infinite data constraints for
time-randomized data. However, our analysis revealed that
even for randomized data, the estimated irreversibility re-
mained effectively zero when the number of brain regions
in the brain region group was fewer than 7. In contrast,
it increased sharply when the number of regions exceeded
7 (Fig. 2(f)), underscoring the difficulty of fully accounting
for limited data effects in this context. For the original real
data, the proportion of region groups exhibiting significant ir-
reversibility increased from 10% at N =2 to 100% at N =9
(Fig. 2(g)). Based on these findings, N = 6 was determined as
the maximum number of regions within a brain region group
that could be selected to ensure reliable irreversibility esti-
mates.

2.2.2. Decomposing irreversibility in brain networks

The irreversibility of complex systems can often be de-
composed because they typically arise from different, inter-
acting subsystems or processes that contribute to the overall
direction of time’s “arrow” within that system. Lynn et al.
proposed that irreversibility could be decomposed into non-
negative contributions in terms of the interactions within com-
plex systems, specifically, from individual elements in the sys-
tem (f;q), interactions between pairs of elements (I'i(nzt)), inter-
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actions among triplets (I ), and so on:!743]

P=lpa 10 + 10+ B 2@

nt nt mnt ?

where the k-th-order interaction irreversibility I'i(nk[) =]% -
[%=1) > 0, and irreversibility /*) corresponds to the dynam-
ics of k elements (k < N), which can be estimated from the
marginal dynamics of the k elements. More details on the de-
composition of irreversibility can be found in Ref. [45].

2.2.3. Measuring the mean synchronization and syn-
chronization entropy among BOLD signals

For the second dataset which contains only the resting-
state BOLD signals, we would utilize the previously proposed
method to identify the phase transition point in the large-scale
human brain networks characterized by moderate mean syn-
chronization and maximized synchronization entropy among
regional BOLD signals. The mean synchronization and syn-
chronization entropy are calculated below.

For the obtained resting-state regional BOLD signals
Sq4(t) from the second dataset, the Hilbert transform was per-
formed to calculate the phase trace 6,(r) of the signal

H{[Sy ()]
Sq(t)

0, (1) = arctan ———~— 3)

Then instantaneous synchronization r(f) among all the
100 BOLD signals can be calculated as follows:

i6,(1)

“4)

where u = 100 represents the number of BOLD signals.

Then the mean synchronization among BOLD signals is
calculated as the Kuramoto order parameter by averaging the
instantaneous synchronization r () across time

1 1}
= L), )
=1

where / represents the total number of the time points.

Finally, through the distribution of r(¢), the synchroniza-
tion entropy which quantifies synchronization variability over
time can be calculated as

H(r) ==Y pilog;pi, (6)
=

where p; is the probability that r(¢) falls into a bin between
ri and riy1, and n = 30 is the number of bins that divides the
distribution of r (¢).

3. Results

In this section, we employed the approach outlined in
Section 2 to evaluate the extent of violation of detailed balance

in the brain network across both the resting state and seven dif-
ferent task states (Subsection 3.1). Next, we assessed the con-
tribution of various orders of brain dynamics to irreversibility
(Subsection 3.2). Subsequently, we used the moderate mean
and maximized variability of synchronization among regional
BOLD signals during the resting state to identify phase transi-
tions in the brain network and explore potential signatures of
critical points as reflected by irreversibility (Subsection 3.3).

3.1. The violation of detailed balance in brain networks

We employed the Schaefer-100 atlas to parcellate the
whole brain into 100 regions (Fig. 1(b)). From dataset 1, the
corresponding 100 regional BOLD signals were extracted for
each subject in each brain state (Fig. 1(a)). For all BOLD sig-
nals, a threshold of 1 standard deviation was used to convert
these signals into point processes (Fig. 1(c)). For each subject
and brain state, we randomly selected 100 region groups from
the temporal point processes. Each group consisted of N = 6
brain regions (Figs. 2(f) and 2(g)). A state transition prob-
ability matrix for each group was calculated using a sliding
window approach (Fig. 1(e)). To achieve a stable estimation
of irreversibility, the state transition probability matrices for all
subjects were summed to create averaged state transition prob-
ability matrices for each brain state. Next, a stable estimation
of irreversibility for the infinite-data limit was achieved by ex-
trapolating from the values of irreversibility estimated from
subsamples of finite data (Figs. 2(b) and 2(c)). Finally, the
irreversibility values of the groups showing significant irre-
versibility were averaged to calculate the irreversibility of the
brain in different states.

As shown in Fig. 3, across all tasks and at rest, brain dy-
namics exhibit irreversibility, suggesting that the brain gen-
erates entropy by breaking detailed balance at large scales.
Furthermore, brain dynamics exhibited greater irreversibility
during all physical and cognitive tasks compared to the rest-
ing state. Notably, the relative irreversibility for different
tasks measured by the method in our study closely mirrors
that assessed using the temporal evolution NETwork (TENET)

framework as reported by Deco et al.,!!]

except that the irre-
versibility assessed by the TENET framework is larger than
that measured in our study for relational tasks. It is also
noted that there are works employing other estimation meth-
ods on the same HCP data, such as estimates derived from
coarse-grained states through clustering neuroimaging data, [®!
or using the INSIDEOUT framework, which quantifies the
breaking of detailed balance based on the level of trajectory
asymmetry.!'®! Although the irreversibility for the resting state
estimated using these two methods was among the lowest, the
irreversibility for the physical and task states showed substan-
tial differences compared to the results in this study and those

obtained with the TENET method. This implies that differ-
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ent estimation methods for irreversibility from the fMRI data
of brains have inherent limitations in terms of accuracy. Fu-
ture studies should be mindful of these limitations when se-
lecting or interpreting methods to assess irreversibility. It is
also noted that although the BOLD signals were converted into
point processes in this study, which could potentially reduce
measurement accuracy, the results closely matched those from
the TENET method, known for its high accuracy due to uti-
lizing the full signals. This suggests that the point processes
may retain most of the information in the BOLD signals.>’]
Nonetheless, we can still argue that the degree to which the
brain breaks detailed balance depends critically on the specific

task being performed.
0.03+ * P<0.01 ** P<0.05 * x x P<0.001
o
N - B
= 0.02 —_—— I 1
= bog
§ 1
5 0.01F
e
0 F s & e
R IR R S S I
Q\’ &) XY “O\ @O &o 600 OO
@& R Oe@@? <
& & SR

Fig. 3. Irreversibility in the brain varies with physical and cognitive
demands. The stars indicate the level of significant difference with two-
sample t-tests.

3.2. Irreversibility of brain networks emerges primarily
from pairwise dynamics

Lynn et al. proposed that irreversibility can be decom-
posed into two components: an independent term reflecting
the dynamics of individual elements and an interaction term
driven by dependencies among elements. The interaction term
can further be divided into contributions from pairs, triplets,
and higher-order interactions among elements. !}

Using this decomposition method, we analyzed the brain
irreversibility in the resting state and across seven different
task states (Fig. 4(a)). Our findings revealed that the pair-
wise dynamics contributed significantly more to irreversibil-
ity than higher-order dynamics. Specifically, the pairwise in-
teractions contributed approximately 50% of the irreversibil-
ity in both resting and task states, which is comparable to
the combined contributions of the third-, fourth-, fifth-, and
sixth-order interactions. Notably, while the magnitude of the
irreversibility varied significantly across tasks, the proportion
of the irreversibility attributed to each order of dynamics re-
mained relatively consistent (Fig. 4(a)). Lynn et al. observed
that irreversibility in retinal neurons did not merely reflect the
irreversibility of the stimulus, but consistently arose from the
same combination of low-order dynamics, primarily driven by

S. [45

pairwise neuron interactions.[*>! Thus, it is conjectured that

pairwise interactions play a crucial role across various scales

of brain networks.
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Fig. 4. Decomposition of the brain network irreversibility. (a) The frac-
tion of different order interaction irreversibility, Il(nkt) , relative to the total
irreversibility, /, is presented as a function of the order (k) for the brain
in different states. Inset: enlargement for k = 2. (b) The increase in ir-
reversibility was observed during the task states compared to the resting
state. Different colored areas indicate the relative contribution of each
order of interaction irreversibility (k =2,3,...,6) to the increase in total
irreversibility.

Additionally, we quantified how different orders of in-
teraction dynamics contributed to the increase in brain irre-
versibility during task states compared to the resting state. The
histograms in Fig. 4(b) illustrate the increase in irreversibility
as brain networks transition from the resting state to various
task states. In each column, the differently colored areas rep-
resent the relative contributions of each order of interaction
dynamics to the overall increase in irreversibility. It is clear
that the second- and third-order dynamics are key drivers, sig-
nificantly enhancing brain irreversibility during the transition
from the resting state to various task states (Fig. 4(b)). This
result possibly suggested that the second- and third-order dy-
namics are enough to capture the main changes of the brain
networks during transition among different brain states.

3.3. Irreversibility as a signature of phase transition in
brain networks

Critical brain hypothesis suggests that, like other com-
plex systems, healthy brain dynamics operate at the brink of
a critical phase transition between order and disorder.?”! Pre-
vious studies have demonstrated that phase transitions in neu-

[51

ral networks,®! including large-scale brain networks, can be
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characterized by moderate mean synchronization among re-
gional BOLD signals and maximized synchronization entropy,
where scale-free avalanche activities would emerge.*?>?! In
this study, to investigate potential signatures of irreversibil-
ity during phase transitions in large-scale brain networks, we
used regional BOLD signals extracted from the rfMRI data of
the second dataset. First, we identified the phase transition by
examining the mean synchronization and synchronization en-
tropy of each subject’s brain. For each subject, we calculated
global mean synchronization and synchronization entropy us-
ing 100 regional BOLD signals. By plotting the values of 7
and H(r) for each subject on the mean synchronization ver-
sus synchronization entropy plane, we observed a significant
inverted U-shaped curve (Fig. 5(a)), consistent with previous

studies.3?!
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Fig. 5. The behavior of irreversibility during asynchronous—synchronous
phase transition of large-scale brain networks. (a) The inverted U-shaped re-
lationship between mean synchronization and synchronization entropy was
observed. Each black circle represents the values for mean synchronization
and synchronization entropy of one subject, measured through the BOLD sig-
nals from 100 regions for each subject. The red dashed line represents the
quadratic fitting of the data (R> = 0.5167). The maximum value of the fitted
data was at 7 = 0.52. (b) The irreversibility of brain networks is presented
as a function of mean synchronization among regional BOLD signals. Each
data point indicates the value of the irreversibility calculated from the group
of subjects with similar mean synchronization.

To obtain stable estimates of irreversibility in brain net-
works at varying levels of synchrony, we divided the sub-
jects into 12 groups based on their mean synchronization val-
ues (group means were 0.33, 0.36, 0.38, 0.41, 0.43, 0.45,
0.47, 0.50, 0.53, 0.56, 0.60, and 0.62). Each group com-
prised 260 subjects. The irreversibility for each group was
then calculated (Fig. 5(b)), revealing a monotonic increase in
irreversibility with the increase of the mean synchronization.
We note here that though many works have dedicated efforts to
investigating the nontrivial behavior of irreversibility (entropy

[36.531 3 recent work on the

production) during phase transition,
asymmetric Sherrington—Kirkpatrick model, which exhibits
order-disorder non-equilibrium phase transitions analogous
to the paramagnetic—ferromagnetic phase transitions in the
equilibrium Ising model, found that entropy production can
reach its highest values in low-temperature regimes (ordered
phases) with highly heterogeneous couplings, without neces-
sarily peaking at the critical point of the phase transition.?%]
Considering the substantial heterogeneity in both the struc-
tural connectivity and regional cyto-, myelo-, and chemoar-

chitecture of brain networks, >3 we argue that the high ir-

reversibility observed in the synchronized phase of brain net-
works reflects this inherent heterogeneity. Furthermore, this
result suggests that an increase in entropy production does
not necessarily indicate that the brain is approaching a criti-
cal state.

Previous studies on the critical behavior of the Ising
model driven by external field have shown that the first
derivative of entropy production with respect to the order pa-
rameter exhibits divergent behavior near the phase transition

[36.56] This is reflected in the peak of the first derivative

point.
of entropy production, which indicates the fastest increase in
the entropy generation rate close to the critical point. Moti-
vated by these findings, we computed the first-order derivative
of the irreversibility with respect to the mean synchronization
of regional BOLD signals. Due to significant fluctuations in
the estimated irreversibility relative to mean synchronization,
we employed three distinct approaches to calculate the deriva-
tive of the irreversibility with respect to mean synchroniza-
tion to validate the results. Our first approach directly cal-
culated the derivative of the irreversibility from the data on
the irreversibility versus mean synchronization curve shown
in Fig. 5(b) (also represented by the green dots in Fig. 6(a)).
This approach, however, resulted in high variability due to the
limited accuracy of the calculations (Fig. 6(b)). To address this
limitation, we employed alternative methods. First, we fitted
to the original the irreversibility versus mean synchronization
curve with a cubic function (red line in Fig. 6(a)). The fit-
ting process was performed using the least squares method.
The function was expressed as [ = p;7 + prF> + p3F + pa,
where pi, p2, p3, and p4 are the coefficients to be deter-
mined through the fitting procedure. The optimal values of
these coefficients were obtained as follows: p; = —2.1285,
p2 =3.1266, p3 = —1.3379, and ps = 0.1960 , yielding a co-
efficient of determination R?> = 0.9986, indicating an excellent
fit of the model to the data. Then we calculated the deriva-
tive of the irreversibility with respect to mean synchronization
from this fitted curve (Fig. 6(c)). Additionally, we utilized a
low-pass filtering method to eliminate high-frequency noise
and ensure the smoothness of the data (Fig. 6(a), blue dashed
line). Firstly, linear interpolation was applied to generate uni-
formly distributed new x-axis values, and corresponding y-axis
values were calculated. Then, a low-pass finite impulse re-
sponse filter was designed using the Hanning window method
to ensure the filter’s smoothness. Bidirectional filtering was
employed to maintain the phase of the data, involving both the
forward and reverse filtering processes. We then calculated
the derivative of the irreversibility with respect to mean syn-
chronization from the smoothed curve (Fig. 6(d)). As shown in
Figs. 6(b)-6(d), regardless of the approach used, the derivative
of the irreversibility consistently reached a maximum around
moderate mean synchronization, where synchronization en-
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tropy is also maximized. It is noted that the estimated max-
imal derivative of entropy production is in the range between
7= (0.45,0.47), whereas the estimated critical point is around
7 = 0.52. This difference is mainly due to significant calcu-
lation errors in the realistic fMRI data, which is an indirect,
low signal-to-noise measure of neural activity. Therefore, the
conclusion requires further testing on additional datasets, and
potentially a biologically realistic whole-brain model, to better
understand the underlying mechanisms of irreversibility.3>7]
Anyway, echoing the theoretical predictions that the derivative
of entropy production with respect to the order parameter ex-
hibits divergent behavior near the phase transition point, our
finding suggests that the derivative of entropy production may
serve as an indicator of phase transitions in large-scale brain

networks.
0.04,
o~ ?ata (b)
Z 0.03 it A
if - Filter 2 (@)
7 0.02
5
>
g 0.01
=

3 0.4 0.5 0.6

Mean synchronization 7

%.3 0.4 0.5 0.6
Mean synchronization 7

- -
Zz 0.15 =z 0.15

& c =

£ @] £ @
Z 010 z

3 5 0.10

£ 0.05 E

s s

£ 0 £ 0.05

2 £

a a

—0.03 0.4 0.5 0.6

Mean synchronization 7

0.3 0.4 0.5 0.6
Mean synchronization r

Fig. 6. The behavior of the first-order derivative of the irreversibility with
respect to the mean synchronization during phase transition. (a) The ir-
reversibility versus mean synchronization curve shown with original data
(green dots), its fitted curve (red line), and its low-pass filtered curve (dashed
blue line), respectively. (b) The first-order derivative of irreversibility was
estimated from the original irreversibility versus mean synchronization data
curve. The maximum value was at 7 = 0.47. (c) The same as panel (b) but
estimated from the fitted curve. The maximum value was at 7 = 0.48. (d) The
same as panel (b) but estimated from the filtered curve. The maximum value
was at 7 = 0.46.

4. Discussion and conclusion

In this study, we investigated the irreversibility of large-
scale human brain networks using open-source fMRI data
from the resting state and seven different task conditions. Our
findings show that the human brain violates detailed balance
by exhibiting significant irreversibility and producing entropy.
Across different task states, irreversibility was higher than that
observed in the resting state, suggesting that the degree to
which large-scale brain networks break detailed balance de-
pends critically on the specific task being performed.

We also explored the irreversibility of brain networks dur-
ing phase transitions. Using a recently proposed characteriza-
tion of phase transitions based on mean synchronization and
synchronization entropy among regional BOLD signals, we
found that irreversibility increased as global synchronization
among regional activities grew. However, the derivative of
irreversibility with respect to synchronization peaked around

the phase transition point, where synchronization entropy was
maximized. We argue that irreversibility could serve as a
systematic description of the non-equilibrium nature of large-
scale brain networks, including phase transitions.

Entropy production is often effective in describing how
a structure self-organizes within a non-equilibrium thermody-
namic system and in measuring the extent to which the system
dissipates energy.’®! By quantifying the irreversibility, i.e.,
entropy production, of large-scale brain networks during rest
and various task states, as well as during the phase transition
process, this work demonstrates that the violation of detailed
balance in large-scale brain networks supports more complex
brain functions. Though several other methods have been ap-
plied to the same HCP dataset to estimate the irreversibility of
brain networks during rest and task states, the method used in
this study yield results that are similar to those from the deep
learning-based TENET framework, (! suggesting the effec-
tiveness of this method in reliably estimating the irreversibility
of brain networks. By decomposing the irreversibility into in-
teraction terms with different orders, a previous study showed
that the dynamics of paired interactions among neurons play
a vital role at the level of neuronal networks.*! In this study,
we also reported that the irreversibility of large-scale brain net-
works consistently arises from pairwise dynamics, regardless
of the brain states (rest or different tasks). This result echoes
the previous findings that indicate the dominance of pairwise
interactions in organizing coordinated activities among differ-
ent brain areas to support various brain functions. 37"

Furthermore, we found that the irreversibility increased
monotonically as the brain networks became more synchro-
nized. However, the first-order derivative of entropy pro-
duction relative to the synchronization of brain networks was
maximized near the phase transition point. This implies that
combining the irreversibility and its derivative could serve as
an indicator of the brain networks approaching a critical point.
Given the clinically relevant roles of brain criticality,%%! this
finding could have potential clinical applications for brain dis-
orders.
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