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Exactly solvable models for non-Hermitian systems under
nonadiabatic quench dynamics
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Due to the nonunitary time evolution and possibly complex energy eigenvalues in non-Hermitian systems, it is still
under debate how to properly deal with the dynamics of time-dependent non-Hermitian Hamiltonian. Recently a quantum
metric framework has been proposed to study the dynamics of generated defects of a non-Hermitian system under linear
quench. Here, we provide an explicit expression for the endowed Hamiltonian under quantum metric for a general two-
level non-Hermitian system. Then we propose two exactly solvable models for the study of nonadiabatic dynamics of
non-Hermitian systems, and analyze the defect production using the metric method. We find that, in contrast to the direct
normalization method, the metric method can reproduce the symmetry of generated defects. The power-law scaling of
generated defects with respect to quench time is also obtained.
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1. Introduction
Going beyond the conventional Hermitian physics, non-

Hermitian physics has attracted enormous interests in diverse
areas such as electronic systems,[1–3] classical systems,[4–6]

and open quantum systems.[7,8] In non-Hermitian systems,
many intriguing physics and interesting phenomena have
been unveiled, such as exceptional points,[9–11] non-Hermitian
skin effect,[12,13] tachyonic physics,[14,15] and anomoulous
bulk-edge correspondence.[16–22] Recently, the research in
non-Hermitian physics has also been generalized to non-
equilibrium systems.[23–34]

In contrast to the Hermitian systems with real eigenval-
ues and orthogonal eigenstates, for a general non-Hermitian
Hamiltonian, the eigenvalues are not necessarily real and the
eigenstates are not orthogonal.[35] With time evolving, the am-
plitude of the wavefunction would be exponentially increasing
or decreasing depending on the sign of the imaginary part of
the eigenenergy. Nonorthogonality of eigenvectors also makes
invalid the conventional concepts of transition probability in
Hermitian quantum mechanics. Therefore, one has to reex-
amine the whole formalism of Hermitian quantum mechanics,
and develop a new theoretical framework for the dynamics of
non-hermitian systems.

Different approaches have been adopted to study the dy-
namics of non-Hermitian systems. The most direct way to
deal with the exponentially increasing amplitude of wavevec-
tor is to take the explicit normalization of the time-dependent
probabilities and observables. This approach has been fre-
quently applied in the open quantum systems,[36–41] but it fails

to capture some essential aspects of the physics. A second ap-
proach is the biorthogonal quantum mechanics, in which one
needs to define an associated state to reformulate the transition
probability.[42] This approach has been applied to the study
of biorthogonal dynamical quantum phase transition when
the non-Hermitian system undergoes a sudden quench.[43] A
third approach is provided by the quantum metric framework,
wherein the Hilbert space is non-stationary and endowed with
a nontrivial time-dependent metric.[44,45] This approach has
been shown to be able to recover fundamental theorems of
quantum information, and plays a vital role in the violation
of quantum adiabaticity when exceptional points are traversed
adiabatically. This approach preserves the norm of the wave-
function and thus keeps the notion of probability and the val-
ues of observables in a more physical way. However, in the
calculation based on the metric framework, the explicit form
of the Hamiltonian in the endowed Hilbert space is too com-
plicated, and the underling physics is obscured. More exactly
solvable models are needed to enable people to fully under-
stand the approach.

In this paper, we provide an explicit expression for the en-
dowed Hamiltonian under quantum metric for a general two-
level non-Hermitian system. The expression of the endowed
Hamiltonian has a clear physical meaning. We further propose
two exactly solvable models of time-dependent non-Hermitian
Hamiltonian, and study the nonadiabatic dynamics and the de-
fect production. Our exactly solvable models predict that the
symmetry of the generated defect is recovered, in contrast to
the normalization method in which the symmetry of the defect
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is broken. Moreover, we also obtain the power-law scaling of
generated defects with respect to quench time.

2. Metric framwork
We first review the quantum metric framework in the

study of non-Hermitian physics.[44,45] One starts from an
explicitly time-dependent Hamiltonian H(t), and the corre-
sponding Schrödinger equation

i
d
dt

|ψ(t)⟩= H(t)|ψ(t)⟩. (1)

The metric framework consists of a dynamical Hilbert space
Hρ endowed with a positive-definite operator ρ(t), which act
as a weight factor in the inner product of this Hilbert space as
⟨·, ·⟩ρ = ⟨·,ρ(t)·⟩. The dynamics of the Hilbert space Hρ(t) is
encoded in the time evolution of the metric ρ(t), given by

i∂tρ = H†(t)ρ(t)−ρ(t)H(t). (2)

After solving the time-dependent metric operator ρ(t),
we can map the system to a new Hilbert space H described
by the Hermitian Hamiltonian

h(t) = η(t)H(t)η(t)−1 + iη̇(t)η(t)−1, (3)

where we have introduced the square-root decomposition of
the metric, ρ(t) = η†(t)η(t).

In the new Hilber space H , the time-evolved state is
given by

i
d
dt

|Ψ(t)⟩= h(t)|Ψ(t)⟩. (4)

Here, the wavevector |Ψ(t)⟩ is related to |ψ(t)⟩ by |Ψ(t)⟩ =
η(t)|ψ(t)⟩. Note that the construction of ρ(t) guarantees that
h(t) is Hermitian, and therefore, the evolution of |Ψ(t)⟩ is
unitary at all times, i.e., ⟨Ψ(t)|Ψ(t)⟩= ⟨ψ(t)|ρ(t)|ψ(t)⟩= 1.
Moreover, this framework also provides a physically meaning-
ful time-dependent expectation value. For an operator ô in the
Hilbert space H , one can define a corresponding operator in
the Hilbert space Hρ(t) by Ô = η−1(t)ôη(t), and the expec-
tation value is given by

⟨O(t)⟩= ⟨Ψ(t)|ô|Ψ(t)⟩= ⟨ψ(t)|ρ(t)Ô|ψ(t)⟩. (5)

Note that the non-Hermitian Hamiltonian H(t) is not quasi-
Hermitian and therefore not observable according to tradi-
tional quantum mechanics. Instead, the operator

H̃(t) = η
−1(t)h(t)η(t) = H + ih̄η

−1(t)∂tη(t) (6)

is quasi-Hermitian and can be interpreted as the physical op-
erator that plays the role of the energy in the non-Hermitian
system.

The most important thing in the metric framework is to
determine the expression of h(t) and ρ(t). In this paper, we
provide a new and useful expression of h(t) for general two-
level non-Hermitian system. For this purpose, one needs to
first determine η(t) and ρ(t). The explicit derivation of met-
ric ρ(t) in different systems is still an going research.[46–49]

A natural choice of ρ(t) is that when the non-Hermitian con-
tribution to the Hamiltonian vanishes, ρ(t) reduces to identity
matrix. For a two-level system, the metric ρ(t) can always be
written in terms of Pauli matrices

ρ = ρ0σ0 +𝜌 ·𝜎, (7)

where 𝜌 = (ρ1,ρ2,ρ3), σ0 is the identity matric of dimension
2, and 𝜎 ≡ (σx,σy,σz) are three Pauli matrices.

We choose a Hermitian η , so that η†(t) = η(t). Now, one
has

η(t) =
θ(t)

2
I+ ∑

j=x,y,z

ρ j(t)
θ(t)

σ j, (8)

where θ(t) =
√

ρ0 + |𝜌|+
√

ρ0 −|𝜌|.
In this paper, we propose a new expression of h(t) con-

taining only the terms of ρ and not the terms of η , whose
expression is usually much more complex than ρ as shown in
Eq. (8). Using the properties of η , one can actually eliminate
the terms containing the time-derivative of η(t), and express
h(t) as

h =
1
2
(H +H†)+

1

4(ρ0 +
√

ρ2
0 −𝜌2)

[ρ,H −H†]. (9)

More details about Eq. (9) are provided in Appendix A. This
expression is new and has a clear physical meaning. The first
term is simply Hermitian. The non-Hermiticity comes only
from the second term, which is the commutation of metric ρ

with the non-Hermitian part of H.

3. Exactly solvable models
In this section, we consider two exactly solvable models

and show how the metric framework captures the physics of
non-Hermitan dynamics and produces the meaningful results
for the nonadiabatic excitation. We will first present the mod-
els and the dynamics calculated with the direct normalization
method, and then compare them with the metric method.

3.1. Linear quench model and results of normalization
method

We consider the following time-dependent two-level non-
Hermitian Hamiltonian

H = ∑
p

Hp, Hp = pσx +∆(t)σy + i∆(t)σz (10)

with ∆(t) = ∆0t/τ . Here, τ determines the quenching rate.
This model has been studied in Ref. [37] using the normal-
ization method and was denoted as the gapless quench. Here
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we will briefly review and confirm the results obtained in
Ref. [37]. The eigenenergies of Hamiltonian (10) are E = p
with instantaneous right eigenvector

|ψR
p ⟩=

1√
2
(1,1)T, (11)

and E =−p with the instantaneous right eigenvector

|ψR
−p⟩=

1√
2
(1,−1)T − 1√

2
i∆
p
(1,1)T. (12)

The instantaneous left eigenvectors are, respectively,

|ψL
p ⟩=

1√
2
(1,1)T +

1√
2

i∆
p
(−1,1)T, (13)

|ψL
−p⟩=

1√
2
(1,−1)T. (14)

We have the following biorthogonal relation and completeness
relations:

⟨ψL
p |ψR

p ⟩= ⟨ψL
−p|ψR

−p⟩= 1, (15)

⟨ψL
p |ψR

−p⟩= ⟨ψL
−p|ψR

p ⟩= 0, (16)

∑
j=p,−p

|ψR
j ⟩⟨ψL

j |= 1. (17)

Note that the eigenvector |ψR
−p⟩ is normalized according to

Eq. (15).
Now we want to solve the time-dependent Shcrödinger

equation with Hamiltonian (10). The wavefunction can be
written in terms of the two instantaneous eigenvectors

|ψ(t)⟩= c1(t)|ψR
p ⟩+ c2(t)|ψR

−p⟩. (18)

Inserting the above wavefunction into the Schrödinger equa-
tion, and acting the left eigenvectors ⟨ψL

p,−p| on the left side,
one obtains two equations for c1,2

i∂tc1 +
∆0

τ p
c2 = pc1, (19)

i∂tc2 =−pc2. (20)

To obtain the above two equations, one needs to use these two
identities ⟨ψL

p |i∂tψ
R
−p⟩= ∆0/τ p, and ⟨ψL

−p|i∂tψ
R
−p⟩= 0. The

solutions can be readily written down as

c2(t) = e i ptc2(0), (21)

c1(t) = i
∆0

p2τ
sin(pt)c2(0)+ e−i ptc1(0). (22)

Here, c1(0) and c2(0) are two parameters that are to be de-
termined by the initial conditions. If the system starts from
state |ψR

p (0)⟩ = 1√
2
(1,1)T (corresponding to the ground state

when p < 0 and ∆(t = 0) = 0), then c1(0) = 1, and c2(0) = 0.
The system would stay on the state |ψR

p ⟩ with just an time-
evolving phase factor e−i pt . However, if the system starts

from the state |ψR
p (0)⟩ = 1√

2
(1,−1)T (corresponding to the

ground state when p > 0 and ∆(t = 0) = 0), then

c2(t) = e i pt , c1(t) = i
∆0

p2τ
sin(pt), (23)

thus leading to

|ψ(t)⟩ =
e i pt
√

2

(
1
−1

)
− e i pt

√
2

i∆
p

(
1
1

)
+ i

∆0

p2τ

sin(pt)√
2

(
1
1

)
.

Figures 1(a) and 1(b) show the evolution of the state on the
Bloch sphere. For τ → ∞ and p ̸= 0, the last term vanishes and
|ψ(t)⟩ reduces to the instantaneous right eigenfunction (12)
and the adiabatic theorem seems to hold.

(a)

(c)

(b)

(d)

Fig. 1. The evolution of the mapped state |Ψ(t)⟩p = η(t)|ψ(t)⟩p (cyan line)

and normalized state |ψ(t)⟩p
⟨ψ(t)|ψ(t)⟩ (red line) . (a) The case of linear quench

when p < 0. Here p = −0.5 and τ = 30, the starting point (1,0,0) corre-
sponds to the ground state when p < 0: |Ψ(0)⟩ = |ψ(0)⟩ = 1√

2
(1,1)T and

the cyan point represents the ground state of h(τ) when p =−0.5. One can
see that the normalized state |ψ(t)⟩ stays at the ground state of H(t) for all
time. (b) The case of linear quench when p > 0. Here p = 0.5 and τ = 30,
the starting point for both state is (−1,0,0). The cyan point and the red point
correspond to the ground state of h(τ) and H(τ) for p = 0.5, respectively.
(c) The case of periodic quench when p < 0, here p = −0.75 and ω = 0.1.
States evolve from the north pole for both |ψ⟩ and |Ψ⟩, and the gorund state
at T is north pole too for both h and H. Note that |ψ(t)⟩ stays at the north
pole for all time. (d) The case of periodic quench when p > 0, here p = 0.75
and ω = 0.1.

Since the norm of the wavefunction is not conserved
when time evolution is driven by a non-Hermitian Hamilto-
nian, an additional prescription for performing measurements
in such states has to be given. When interpreting such dynam-
ics as a result of dissipation in the framework of a Lindblad
master equation with an additional continuous measurement,
expectation values of an operator 𝒪 have to be evaluated by
taking the normalization of wavefunction[50–52]

⟨𝒪⟩= ⟨ψ(t)|𝒪|ψ(t)⟩
⟨ψ(t)|ψ(t)⟩

. (24)

The spin expectation is thus given by

⟨σα(p)⟩norm =
⟨ψ(t)|σ̂α |ψ(t)⟩
⟨ψ(t)|ψ(t)⟩

. (25)
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One can explicitly calculate the value of ⟨σα(p)⟩norm for linear
drive model at time t = τ . These results are depicted in Fig. 2
and the explicit expression are presented in Appendix C. One
can see that ⟨σα(p)⟩norm displays no definite parity in the norm
computation scheme.

How to properly define the quantity of generated defect
is a tricky problem. In Hermitian system, one simply define
the probability in the excited states to be the defect after nona-
diabatic evolution. In Ref. [37], the authors use the devia-
tion of averaged value of spin operator from its equilibrium
value to define the defect, i.e., ⟨σ ex

α (p,τ)⟩ ≡ ⟨σα(p,τ)⟩norm −
⟨σα(p,τ)⟩eq. They then integrate the deviation ⟨σ ex

α (p,τ)⟩
over p to study the behavior of defect production under nona-
diabatic quench dynamics. Here, we also obtain the same scal-
ing behaviors with respect to quench time τ . Explicitly, we
obtain ⟨σ ex

x,y⟩ ∼ τ−2, and ⟨σ ex
z (τ)⟩norm ∼ τ−1. Here, the equi-

librium values are

⟨σx(p)⟩eq =
∆ 2

0 − p2

∆ 2
0 + p2 , ⟨σy(p)⟩eq =

−2p∆0

p2 +∆ 2
0
,

and ⟨σz(p)⟩eq = 0, which are calculated by substituting the
right eigenvector (12) into Eq. (25) for p > 0.

To study the scaling of defect production with respect to
quench time τ , one can also study the normalized excitation
probability, defined as

Pnorm(p) =
|c2(1)(t)|2

|c1(t)|2 + |c2(t)|2
, (26)

respectively, for p > 0 and p < 0. Actually, this defini-
tion is essentially derived from a biorthogonal basis, because
|c2(1)|2 represents the proportion of the excited state in the
time-evolved state, which is obtained by multiplying the left
eigenvector of the biorthogonal state in the time-evolved state.
Due to the non-unitary evolution of non-Hermitian system,
|c1|2 + |c2|2 ̸= 1, and in order to achieve what is called nor-
malization, all probabilities are divided by a normalized factor
|c1|2 + |c2|2. Explicit calculation shows that, Pnorm(p) = 0 for
p < 0 and

Pnorm(p,τ) = ∆
2
0/(∆

2
0 + p4

τ
2 csc2 pτ) (27)

for p > 0. The behavior of Pnorm(p) is shown in Fig. 3. One
can see that Pnorm(p) is also highly asymmetric with respect to
p. Integrating Pnorm(p,τ) over p, one obtains Pnorm ∼ τ−1/2.
This result has not been discussed previously.

p

(a) (b) (c)

(d) (e) (f)

1.0

0.5

-0.5

-1.0

0

<σx↪p>metric

<σx↪p>norm

<σx↪p>metric
<σx↪p>norm

<σy↪p>metric

<σy↪p>norm

<σy↪p>metric
<σy↪p>norm

<σz↪p>metric
<σz↪p>norm

<σz↪p>metric

<σz↪p>norm

-3 -2 -1 0 1 2 3

0

-0.2

-0.4

-0.6

-0.8

-0.5

-1.0

-1.0

0

0.5

1.0

0.4

0.2

0

-0.2

-0.4

p
-3 -2 -1 0 1 2 3

p
-3 -2 -1 0 1 2 3

p
-3 -2 -1 0 1 2 3

p
↩ ↩ ↩    

p
-3 -2 -1 0 1 2 3

1.0

0.5

-0.5

-1.0

0

1.0

0.5

-0.5

-1.0

0

Fig. 2. The expectation values of spin operators obtained from the normalization method and the quantum metric method for the linear quench
model [(a)–(c)] and for periodic quench model [(d)–(f)]. Parameters: τ = 10, ω = 0.3, and Γ0 = ∆0 = 1.

3.2. Periodic quench model and results of normalization
method

Now we introduce a second time-dependent non-
Hermitian model to further demonstrate this asymmetry and
verify this property. We consider the following Hamiltonian:

Hp(t) = pσz +Γ (t)σx + iΓ (t)σy, (28)

where Γ (t) =Γ0 sin(2ωt) with ω = π/T , and the Hamiltonian
evolves from t = 0 to t = T . This model has an advantage that,
after one quench cycle, the system returns to its original Her-
mitian Hamiltonian. Therefore, the excitation probability and

the expectation value of operators can be defined in the same
way as in Hermitian quantum mechanics.

Denoting ψ(t) = (a,b)T, the time-dependent Shcrödinger
equation can be explicitly written as

i∂ta = pa+2Γ0 sin2ωtb, (29)

i∂tb =−pb, (30)

which can be solved explicitly. The dynamics is still non-
trivial as Γ evolves with time even though the energy spectrum
is unchanged as E = ±|p|. Starting from the ground state at
t = 0, for p < 0 the wavefunction only picks up a phase factor
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as e−i pt(1,0)T. On the other hand, the p > 0 ground state at
t = 0 evolves to

|ψ(T )⟩=

(
2Γ0ω

p2−ω2 sin(pT )

e i pT

)
(31)

at t = T and it agrees with the ground state of final Hamilto-
nian σz when ω → 0. Figures 1(c)–1(d) show the evolution of
the state on the Bloch sphere.

Here, we leave the explicit expression in Appendix C, and
only discuss the scaling behaviors of the integrated values of
spin excitation. One obtains that, ⟨σ ex

x ⟩∼ T−2, ⟨σ ex
y,z⟩∼ T−1/2.

To study the scaling of excitation with respect to quench
time T , one can also study the normalized excitation probabil-
ity. Since the Hamiltonian reduces to Hermitian at final time.
The excitation for p > 0 at t = T is easily defined as

Pnorm(p,T ) =
⟨σz(p)⟩norm +1

2
(32)

=
4∆ 2

0 ω2

4∆ 2
0 ω2 +(p2 −ω2)2 csc2(pT )

. (33)

The excitation is also highly asymmetric with respect to p,
since for p < 0, Pnorm(p,T ) = 0. The behavior of Pnorm(p) is
shown in Fig. 3. Integrating Pnorm(p,T ) over p, one obtains
Pnorm ∼ T−1/2.

p

(a)

(b)

1.0

0.8

0.6

0.4

0.2

0

-1.0 -0.5  . .

Pnorm ↼p↪τ↽

Pmetric ↼p↪τ↽

Pnorm ↼p↪T↽

Pmetric ↼p↪T↽

p

1.0

0.8

0.6

0.4

0.2

0

-1.0 -0.5  . .

Fig. 3. The momentum-resolved excitation obtained from the normal-
ization method (red) and quantum metric method (blue) for the lin-
ear quench model (a) and for periodic quench model (b). Parameters:
τ = 30, ω = 0.1, and Γ0 = ∆0 = 1.

4. Quantum metric of exactly solvable models
In this section, we will present the results of quantum

metric method for the two exactly solvable models, and then
compare them with the direct normalization method. We will

see that the metric framework captures the physics of non-
Hermitan dynamics and produces the meaningful results for
the nonadiabatic excitation.

4.1. Linear quench model

We first consider the Hamiltonian (10) driven by ∆ =

∆0t/τ . To solve Eq. (2) for a general non-Hermitian Hamil-
tonian H(t) of a two-level system, we find two linearly inde-
pendent solutions to the time-dependent Schrödinger equation

i
d
dt

|φi(t)⟩= H†
p(t)|φi(t)⟩, (34)

which describes the dynamics under the Hermitian conjugate,
H†

p(t). The metric ρ(t) is then given by[53]

ρ(t) = ∑
i=1,2

|φi(t)⟩⟨φi(t)|, (35)

which satisfies Eq. (2) by construction. |φ1(t)⟩ and |φ2(t)⟩
starting from 1√

2
(1,1)T and 1√

2
(1,−1)T are

|φ1(t)⟩=
e−i pt
√

2

(
1
1

)
− e−i pt

√
2

i∆
p

(
1
−1

)
+ i

∆0

p2τ

sin(pt)√
2

(
1
−1

)
,

|φ2(t)⟩= e i pt
(

1
−1

)
. (36)

Such the choice of the initial condition of |φi(t)⟩ guarantees
that ρ(0) = I which is corresponding to the Hermitian starting
point.

The metric ρ(t) can be expressed in terms of Pauli matri-
ces

ρ(t) = ρ0(t)I+ ∑
j=x,y,z

ρ j(t)σ j (37)

with

ρ0(t) = 1+
∆ 2

0 (1+2p2t2 − cos2pt −2pt sin2pt)
4p4τ2 ,

ρ1(t) =−
∆ 2

0 (1+2p2t2 − cos2pt −2pt sin2pt)
4p4τ2 ,

ρ2(t) =
∆0(2pt − sin2pt)

2p2τ
,

ρ3(t) =−∆0 sin2 pt
p2τ

. (38)

Then one can obtain the spin expectation value under met-
ric framework:

⟨σα⟩metric = ⟨Ψ(t)|σ̂α |Ψ(t)⟩, (39)

which can be written explicitly as

⟨σx(p,τ)⟩metric =−
(

4
ρ0(τ)+1

−1
)

sgn(p), (40)

⟨σy(p,τ)⟩metric =− 2ρ2(τ)

ρ0(τ)+1
sgn(p), (41)
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⟨σz(p,τ)⟩metric =− 2ρ3(τ)

ρ0(τ)+1
sgn(p). (42)

Compared with highly asymmetric ⟨σα(p)⟩norm by using the
normalization method, ⟨σα⟩metric displays a definite parity as
shown in Fig. 2. This symmetry structure is a direct conse-
quence of the generalized symmetry discussed in Ref. [54].
In this paper we introduce another explanation as will be dis-
cussed later, the parity of ⟨σα⟩metric can be deduced by the
mapped Hermitian Hamiltonian h since the excitation after
metric is always symmetric.

Note that, ⟨σx(p,τ)⟩metric and ⟨σz(p,τ)⟩metric are both
odd functions of p, while ⟨σy(p,τ)⟩metric is an even function
of p, as illustrated in Fig. 2. Therefore, the averaged values of
spin operators

∫
⟨σx,z⟩d p are always equal to 0. In this case,

one can only calculate the scaling of ⟨σy(τ)⟩metric with respect
to τ . Numerically, one obtains a scaling ⟨σy(τ)⟩ex

metric ∼ τ−2.
Note that the equilibrium value

⟨σy(p,τ)⟩eq =− 4p∆0

4p2 +∆ 2
0

sgn(p)

needs to be subtracted when integrating ⟨σy(p,τ)⟩metric.
Using Eq. (9), we obtain the mapped Hamiltonian

hp = hx(t)σx +hy(t)σy

=

(
p− ρ2∆

ρ0 +1

)
σx +

2∆

ρ0 +1
σy. (43)

The time-dependent wavefunction, as defined in Eq. (4),
can be represented in the instantaneous eigenstates |Ψ(t)⟩p =

∑n=1,2 cn,p|n(t)⟩p. Here we use c1(t) to denote the coefficient
of the excited state and c2(t) to that of the ground state. Fig-
ures 1(a) and 1(b) show the evolution of the mapped state on
the Bloch sphere. Under metric framework, the excitation is
defined very well and reads simply

Pmetric(p,τ) = |c1(τ)|2

=
1
2
−

2p2(∆ 2
0 +4p2)τ2 +∆ 2

0 cos(2pτ)−∆ 2
0

2
√

f (p,τ)
, (44)

where f (p,τ) = ∆ 4
0 − 4∆ 4

0 p2τ2 + 16∆ 2
0 p4τ2 + 4∆ 4

0 p4τ4 +

32∆ 2
0 p6τ4 + 64p8τ4 − 2∆ 4

0 cos(2pτ) + 4∆ 4
0 p2τ2 cos(2pτ) −

16∆ 2
0 p4τ2 cos(2pτ)+∆ 4

0 cos(2pτ)2 is even in p. This result
is depicted in Fig. 3. Integrating Pmetric(p,τ) over p, one ob-
tains the scaling behavior of Pmetric ∼ τ−2.

4.2. Periodic quench model

Similarly, the same procedure can be applied to the peri-
odic quench model (28) and the metric operator is

ρ(t) = ∑
i=1,2

|φi(t)⟩⟨φi(t)|, (45)

where |φ1(t)⟩ and |φ2(t)⟩ starting form (1,0)T and (0,1)T are

|φ1(t)⟩= e−i pt

(
1

∆0(iω e2ipt−iω cos2ωt+psin2ωt)
p2−ω2

)
, (46)

|φ2(t)⟩= e i pt
(

0
1

)
. (47)

At the end of the evolution,

ρ0(T ) = 1+
2∆ 2

0 ω2

(p2 −ω2)2 sin2(pT ),

ρ1(T ) =− 2∆0ω

p2 −ω2 sin(pT )cos(pT ),

ρ2(T ) =− 2∆0ω

p2 −ω2 sin2(pT ),

ρ3(T ) =−
2∆ 2

0 ω2

p2 −ω2 sin2(pT ). (48)

Then one can obtain ⟨σα⟩metric = ⟨ψ(T )|ρ(T )σ̂α |ψ(T )⟩. Ex-
plicitly, one has

⟨σx(p,T )⟩metric =− 2ρ1(T )
ρ0(T )+1

sgn(p), (49)

⟨σy(p,T )⟩metric =− 2ρ2(T )
ρ0(T )+1

sgn(p), (50)

⟨σz(p,T )⟩metric =−
(

4
ρ0(T )+1

−1
)

sgn(p). (51)

One can see that σx(p,T ) is even while σy,z(p,T ) are odd with
p, as depicted in Fig. 2. From Eq. (9) we obtain

h(t) = Γ

(
1+

ρ3

2(ρ0 +1)

)
σx +

(
p− Γ ρ1

2(ρ0 +1)

)
σz. (52)

At final moment one obtains hp(T ) = Hp(T ) = pσz, then
the momentum resolved excitation is

Pmetric(p,T ) =
sgn(p)⟨σz(p,T )⟩metric +1

2
(53)

=
∆ 2

0 ω2

∆ 2
0 ω2 +(p2 −ω2)2 csc2(pπ/ω)

, (54)

which is even in p. Figures 1(c) and 1(d) show the evolution of
the mapped state on the Bloch sphere. We find that the quan-
tum metric restores the parity of ⟨σα⟩ and the symmetry of the
excitation as depicted in Fig. 3. Integrating Pmetric(p,T ) over
p, we obtain Pmetric(T )∼ T−1/2. All the scaling exponents are
summarized in Tables 1 and 2.

Table 1. Scaling exponents α of the averaged spin operators and num-
ber excitations which scale as τ−α with quench time for linear quench
model. The exponents are obtained numerically. ‘NaN’ denotes that
there is no scaling, since the quantity is always zero.

Method ⟨σx⟩ ⟨σy⟩ ⟨σz⟩ P (excitation)
Normalization 1.99 1.98 1.00 0.50
Metric NaN 1.95 NaN 1.99

Table 2. Scaling exponents α of the averaged spin operators and
number excitations which scale as T−α with quench time for periodic
quench model. The exponents are obtained numerically.

Method ⟨σx⟩ ⟨σy⟩ ⟨σz⟩ P (excitation)
Normalization 1.95 0.49 0.49 0.50
Metric 1.96 NaN NaN 0.50
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4.3. Symmetry analysis

From the mapped Hamiltonian (43), considering Eq. (38),
one can see that hx is odd in p while hy is even, which implies
the symmetry σyhpσy = h−p. The normalized time-evolved
state |Ψ(t)⟩p can be represented in the instantaneous eigen-
states |Ψ(t)⟩p =∑n=1,2 cn,p|n(t)⟩p. The afore-mentioned sym-
metry σyhpσy = h−p guarantees that the instantaneous eigen-
states satisfy

σy|n(t)⟩p ⇔ |n(t)⟩−p, (55)

which is similar to the consequence induced by unitary trans-
formation operator mentioned in Ref. [54]. To explain the
symmetry of the excitation with respect to p, we focus on the
evolution of the coefficient

i∂tcm,p + ∑
n=1,2

⟨mp|∂tn⟩p = cm,pem,p, (56)

i∂tcm,−p + ∑
n=1,2

⟨m−p|∂tn⟩−p = cm,−pem,−p, (57)

where we omit the time dependence for the ease of nota-
tion. Substituting expression (55) together with the even par-
ity of the spectrum ep = e−p into Eq. (57), and considering
the same initial condition for ±p, we can infer that the time-
dependent coefficients of the time-evolved state are even in p,
i.e., cn,p(t) = cn,−p(t) for all n at all time. The same results
can be obtained for h mapped from Eq. (28) through similar
process. So we can come to a conclusion that quantum met-
ric restores the symmetry structure of excitation. Thus, from
Eq. (44) one can infer that hα⟨σα⟩ must hold even parity in p,
then the parity of ⟨σα⟩metric has to be the same as hα .

5. Conclusion
In this paper based on two exactly sovable models, we

have compared the two approaches, the normalization method
and the quantum metric framework, and the different conse-
quences in the nonadiabatic dynamics of non-Hermitian sys-
tems. We find that the metric framework recovers the inherent
symmetry of spin excitations and number excitations, which
has been lost in the normalization method. Moreover, we have
further studied the scaling behavior of excitations obtained
from the two approaches, and the scaling exponents are the
same for most cases if the physical observables are defined
properly. Our work paves the way for future studies on the
nonadiabatic dynamics of non-Hermitian systems.

Appendix A: Derivtion of the explicit expression
of h

For a two-level system, the density matrix can be writ-
ten in terms of Pauli matrices in the following general form:
ρ = ρ0I+𝜌 ·𝜎, where 𝜌= (ρ1,ρ2,ρ3). Thus

η =
θ

2
− ρ0

θ
+

1
θ

ρ, η
−1 =

1
A

(
θ

2
+

ρ0

θ
− 1

θ
ρ

)
,

where

A = det(ρ̂) =
θ 2

4
− 𝜌2

θ 2 .

Since the Hamiltonian h is Hermitian, we can express h
as

h+h†

2
=

ηHη−1 +η−1Hη

2
+

[i∂tη ,η−1]

2
. (A1)

For the last term,

[i∂tη ,η−1]

=
1
A

[
i∂t

(
θ

2
− ρ0

θ

)
+

1
θ

i∂tρ − θ ′

θ 2 ρ,
θ

2
+

ρ0

θ
− 1

θ
ρ

]
=

1
Aθ 2 [i∂tρ,−ρ].

Substituting (2) into the above expression, we get

[i∂tη ,η−1] =
1

Aθ 2 (ρH†
ρ −ρ

2H −H†
ρ

2 +ρHρ). (A2)

Meanwhile, for the first term in Eq. (A1), one has

ηHη
−1 +η

−1H†
η

=

[
1
A

(
θ 2

4
−

ρ2
0

θ 2

)
H +

(
θ

2
+

ρ0

θ

)
1
θ

ρH − Hρ

θ

(
θ

2
− ρ0

θ

)
− 1

θ 2 ρHρ +

(
θ 2

4
−

ρ2
0

θ 2

)
H† +

(
θ

2
+

ρ0

θ

)
H†ρ

θ

− ρH†

θ

(
θ

2
− ρ0

θ

)
− 1

θ 2 ρH†
ρ]. (A3)

Therefore, totally one arrives at

h =
1
2
(H +H†)+

1

4(ρ0 +
√

ρ2
0 −𝜌2)

[ρ,H −H†]. (A4)

Appendix B: A Hermitian example
A Hermitian example of time-dependent system with

constant eigenenergies is given by

H(t) = ε cos(2β t)σx + ε sin(2β t)σy (B1)

with eigenenergies: E =±ε , and eigenvectors

|φ1⟩= |ψ+⟩=
1√
2
(e−iβ t , e iβ t)T, (B2)

|φ2⟩= |ψ−⟩=
1√
2
(e−iβ t ,−e iβ t)T. (B3)

Wave function is a combination of the two eigenstates

|ψ(t)⟩= c1(t)|ψ1⟩+ c2(t)|ψ2⟩, (B4)

with coefficients satisfying the following equations:

i∂tc1 = εc1 −βc2, (B5)

i∂tc2 =−βc1 − εc2. (B6)
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The solutions are(
c1(t)
c2(t)

)
= a1 e−iλ t

(
cos(θ/2)
−sin(θ/2)

)
+a2 e iλ t

(
sin(θ/2)
cos(θ/2)

)
(B7)

with λ =
√

ε2 +β 2, and tanθ =−β/ε .
If we start from |ψ2⟩, thus c2(0) = 1 and c1(0) = 0, we

have a1 =−sin(θ/2) and a2 = cos(θ/2), and

c1(t) = i sinθ sinλ t, (B8)

c2(t) = cosλ t + i cosθ sinλ t. (B9)

The excitation is proportional to |c1(t)|2, which, at the long
time limit and adiabatic limit (β → 0), scales with β 2/ε2.

Appendix C: Explicity results of expectation val-
ues of spin operators

For the linear quench model, explicit calculation based on
normalization method gives rise to the following expressions
for expectations of spin operators. For p < 0, ⟨σx⟩ = 1, and
⟨σy⟩= ⟨σz⟩= 0. For p > 0,

⟨σx(p)⟩norm = 1− 4p4τ2

g(p,τ)
,

⟨σy(p)⟩norm =
2p2τ∆0(sin(2pτ)−2pτ)

g(p,τ)
,

⟨σz(p)⟩norm =
4p2τ∆0 sin2(pτ)

g(p,τ)
(C1)

with g(p,τ) = ∆ 2
0 + 2p2τ2(p2 + ∆ 2

0 ) − ∆ 2
0 (cos(2pτ) +

2pτ sin(2pτ)).
For the periodic quench model, the expectation values

of spin operators at final time t = T under the normalization
method are as follows. For p < 0, ⟨σz⟩= 1, and ⟨σx⟩= ⟨σy⟩=
0. For p > 0,

⟨σx(p)⟩norm =
4∆0ω(p2 −ω2)

g2(p,T )
sin(pT )cos(pT ), (C2)

⟨σy(p)⟩norm =
4∆0ω(p2 −ω2)

g2(p,T )
sin2(pT ), (C3)

⟨σz(p)⟩norm =
4∆ 2

0 ω2 sin2(pT )+(p2 −ω2)2

4∆ 2
0 ω2 sin2(pT )− (p2 −ω2)2

. (C4)

Here, g2(p,T ) = p4 −2ω2(p2 −∆ 2
0 )+ω4 −∆ 2

0 ω2 cos(2pT ).
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[15] Liégeois B, Chitra R and Defenu N 2023 Phys. Rev. D 108 116014
[16] Lee T E 2016 Phys. Rev. Lett. 116 133903
[17] Yao S and Wang Z 2018 Phys. Rev. Lett. 121 086803
[18] Song F, Yao S and Wang Z 2019 Phys. Rev. Lett. 123 246801
[19] Kunst F K, Edvardsson E, Budich J C and Bergholtz E J 2018 Phys.

Rev. Lett. 121 026808
[20] Xiong Y 2018 J. Phys. Commun. 2 035043
[21] Jin L and Song Z 2019 Phys. Rev. B 99 081103
[22] Borgnia D S, Kruchkov A J and Slager R J 2020 Phys. Rev. Lett. 124

056802
[23] Xu Z and Chen S 2021 Phys. Rev. A 103 043325
[24] Pan L, Chen X, Chen Y and Zhai H 2020 Nat. Phys. 16 767
[25] Lin Z, Zhang L, Long X, Fan Y a, Li Y, Tang K, Li J, Nie X, Xin T, Liu

X J et al. 2022 npj Quantum Information 8 77
[26] Liu H, Yang X, Tang K, Che L, Nie X, Xin T, Li J and Lu D 2023 Phys.

Rev. A 107 062608
[27] Kawabata K, Numasawa T and Ryu S 2023 Phys. Rev. X 13 021007
[28] Yoshimura T, Bidzhiev K and Saleur H 2020 Phys. Rev. B 102 125124
[29] McDonald A, Hanai R and Clerk A A 2022 Phys. Rev. B 105 064302
[30] Zhai L J, Huang G Y and Yin S 2022 Phys. Rev. B 106 014204
[31] Das Agarwal K, Konar T K, Lakkaraju L G C and Sen (De) A 2024

Phys. Rev. A 110 012226
[32] Das Agarwal K, Konar T K, Lakkaraju L G C and Sen (De) A 2023

arXiv: 2305.08374v1 [quant-ph]
[33] Matsoukas-Roubeas A S, Roccati F, Cornelius J, Xu Z, Chenu A and

del Campo A 2023 J. High Energy Phys. 2023 1
[34] Dong X P, Feng Z B, Lu X J, Li M and Zhao Z Y 2023 Chin. Phys. B

32 034201
[35] Ashida Y, Gong Z and Ueda M 2020 Adv. Phys. 69 249
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