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Vibration modes of a bubble close to a boundary
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Using the recently proposed bubble equation, we study the vibration characteristics of a bubble close to a solid
boundary. The results indicate that a rigid boundary has an important effect on large-amplitude bubble vibration. Whether
the bubble vibration is stable or unstable strongly depends on the distance between the initial bubble center and the solid
boundary. Furthermore, it also depends on both the amplitude and the frequency of the external perturbation. It is found
that the smaller the distance between the initial bubble center and the solid boundary, the larger the initial bubble radius
and the larger both the amplitude and frequency of the external perturbation, the more easily the bubble vibration becomes
unstable. It is shown that this unstable bubble vibration is possibly related to the production of a reentrant microjet for the
bubble, which suggests a potential method for estimating bubble size and the distance between the bubble center and the
solid boundary by exerting an external perturbation with controllable amplitude and frequency on the liquid. Furthermore,
the dependence of the natural frequency of the bubble on the external pressure for small-amplitude vibration can reveal the
bubble radius and the distance between the bubble center and the solid boundary. In addition, the vibration characteristics
of a bubble close to a solid boundary under a periodic external perturbation are revealed. Several bubble vibration modes
are identified; the strongest vibration modes are those with the natural frequency and the external vibration frequency.

Keywords: bubble dynamics, spectral analysis
PACS: 47.55.dd, 43.25.+y

DOI: 10.1088/1674-1056/adbd24 CSTR: 32038.14.CPB.adbd24

1. Introduction
Rayleigh first studied cavitation and proposed a dynami-

cal equation for bubbles[1]

RR̈+
3
2

Ṙ2 =
pi− p∞− 2σ

R −
4µ

R Ṙ
ρ

, (1)

where ρ represents the liquid density, pi is the pressure inside
the bubble, p∞ is the pressure in the liquid far away from the
bubble, σ represents the surface tension and µ is the coeffi-
cient of liquid viscosity. The equilibrium radius of the bubble,
denoted by R0, is given by R0 =

2σ

pi−p∞
when the values of pi

and p∞ are known, although this equilibrium state is unstable.
It is important to note that Eq. (1) is derived under the assump-
tions of an incompressible liquid and isothermal compression
of the gas within the bubble.

Two distinct approaches can be used to study bubbles:
the first involves a permanent gas within the bubble, while the
second involves the vapor of the surrounding liquid.[2,3] The
focus of this investigation is on the first case, where the gas
inside the bubble consists of a permanent gas.

Minnaert conducted a study on the linearized oscillations
of a permanent gas bubble in a liquid as early as 1933.[4] Sub-
sequent detailed investigations on this topic were conducted
by other researchers.[5,6] Assuming a polytropic law of gas
compression,[6,7] the natural frequency of the bubble can be
determined.

The radial motion of a spherical bubble in a compress-
ible liquid with no boundaries had already been investigated as
early as the 19th century,[8] with subsequent studies on similar
topics being conducted.[9,10] Keller and his colleagues derived
the equation describing the radial motion of a spherical bubble
in a compressible fluid as follows:[10,11]

(
1− Ṙ

c∞

)
RR̈+

3
2

(
1− Ṙ

3c∞

)
(Ṙ)2

=
1

ρ∞

(
1+

Ṙ
c∞

)
[pB− p∞− pv]+

R
ρ∞c∞

ṗB. (2)

The variable part of the pressure in the liquid at the location of
the bubble center, in the absence of the bubble, is denoted by
pv = pv(t + R

c∞
), while pB = pB(t) represents the pressure in-

side the bubble. Note that this equation is accurate to the first
order in the Mach number of the bubble–wall motion. In the
case where c∞→∞, this equation simplifies to the well-known
Rayleigh–Plesset equation for incompressible bubble dynam-
ics. The equation governing the radial motion of the bubble is
given by

RR̈+
3
2

Ṙ2 =
pi− p∞− pv

ρ∞

. (3)

In 1986, Prosperetti and Lezzi proposed a similar equa-
tion to Eq. (2) using the perturbation method with respect to
the bubble–wall Mach number.[12] The equation can be written
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as (
1− Ṙ

c∞

)
RR̈+

3
2

(
1− Ṙ

3c∞

)
(Ṙ)2

=

(
1+

Ṙ
c∞

+
R
c∞

d
dt

)
(hB−

p(t)− p∞

ρ∞

), (4)

where hB = pB−p∞

ρ∞
, p(t) is also the liquid pressure at the bub-

ble site in the absence of the bubble. It should be noted that
when pv(t + R

c∞
) ≈ pv +

R
c∞

d pv
dt , Eq. (4) reduces to Eq. (2).

Therefore, Eqs. (4) and (2) are almost equivalent.
Herring[8] and Trilling[13] also proposed similar equa-

tions, given as follows:(
1− 2Ṙ

c∞

)
RR̈+

3
2

(
1− 4Ṙ

3c∞

)
(Ṙ)2

=
1

ρ∞

[
pB(t)− p∞− pv

(
t +

R
c∞

)
+

R
c∞

d pB(t)
dt

]
. (5)

Mathematically speaking, Eqs. (2), (4) and (5) are equiv-
alent in the limiting case when (Ṙ/c∞)

2 is extremely small.
When subjected to external pressure, bubbles can ei-

ther expand or contract periodically.[14–18] Conversely, when
a bubble is in proximity to a solid boundary, certain parts of
the bubble will contract at a faster rate, potentially leading to
the formation of a reentrant jet capable of reaching speeds up
to hundreds of meters per second.[19–25] This high-velocity jet
poses a risk of damaging nearby solid surfaces.[26–31] Con-
sequently, numerous researchers have focused their attention
on understanding the dynamic characteristics of bubbles near
solid boundaries.[32–37] Furthermore, a significant number of
experimental studies have been conducted in this area.[38–46]

Additionally, the dynamic properties of cavitation bubbles
find various applications such as stone comminution in ultra-
sound lithotripsy,[47–49] surface cleaning,[50,51] ultrasonic con-
trast imaging,[52] drug delivery,[53–55] sonoporation in cells[56]

and, in certain conditions, the potential to cause severe damage
to target vessels.[57–60]

However, theoretical investigations into bubble vibration
as well as related phenomena such as the reentrant microjet
when a bubble is close to a solid boundary are still lacking in
the current literature. Recently, a bubble dynamical equation
was proposed to study this kind of problem.[61] This equation
provides insights into the influence of a nearby solid boundary
on a bubble’s behavior,

Based on this equation,[61] the vibration characteristics of
the bubble close to a solid boundary are studied in the present
paper. The results show that the solid boundary has an im-
portant effect on large-amplitude bubble vibration. Whether
the bubble vibration is stable or not strongly depends on the
distance from the initial bubble center to the solid boundary
(the initial bubble radius). It also depends on both the ampli-
tude and the frequency of the external perturbation. The de-
pendence of the stable region on the distance from the initial

bubble center to the solid boundary as well as both the ampli-
tude and the frequency of the external perturbation are shown
in the present paper. Because unstable bubble vibration may
result in a reentrant microjet for a bubble, a potential method
for estimating the bubble size and the distance between the
bubble center and the solid boundary is inferred. Therefore,
by exerting an external perturbation with controllable ampli-
tude and frequency on the liquid, and measuring the condition
of the unstable bubble vibration or the condition of producing
the reentrant microjet, we can estimate the bubble size and the
distance between the bubble center and the solid boundary.

2. Model
This paper aims to investigate the small-amplitude oscil-

lation of a bubble in the vicinity of a solid boundary under
the influence of disturbance from external vibrations. In or-
der to simplify the analysis and facilitate understanding, sev-
eral assumptions are made: the boundary is considered to be
an infinite plane and the liquid is assumed to be inviscid and
irrotational.[62–64] To establish the coordinate system, a spher-
ical coordinate (r,θ) is utilized, with the origin positioned at
the center of the bubble and the positive z axis aligned par-
allel to the normal vector of the plane. In the assumed two-
dimensional axisymmetric model, computational complexity
is significantly reduced, while the vibration behavior of bub-
bles under symmetric conditions is effectively simulated. Spe-
cific applications include simulating the vibration and behav-
ior of bubbles in a sound field, which is beneficial for de-
signing efficient ultrasonic cleaning devices and acoustically
driven microfluidic devices.[65,66] Additionally, this model can
be used in medical ultrasound to simulate the behavior of bub-
bles under the action of ultrasound, thereby aiding in the im-
provement of ultrasound contrast agents and ultrasound thera-
pies, among other applications.[67,68]

r0

R0

O

θ

z

Solid boundary

z/↩r0

↼r↪ θ, ϕ↽

Fig. 1. Schematic view of the coordinate systems used in the model.
The initial bubble radius is R0, the distance between bubble center and
the solid boundary is r0, the solid boundary equation is z =−r0.[61]

Then the bubble equation in dimensional form is as
follows:[61,69]

RR̈
{

1+δ

(
1− sinθ

r0
R′
)
− 2

c0
Ṙ
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+δ
2
[
−2cosθ +

sinθ

r0
R′(3cosθ −1)+

sin2
θ

r2
0

(R′)2
]}

+(Ṙ)2
{

3
2
+δ

(
2− sinθ

r0
R′
)
− 2

c0
Ṙ

+δ
2
[
−4cosθ +

sinθ

r0
R′(3cosθ −2)+

sin2
θ

2r2
0

(R′)2
]}

= hB−
pv

ρ0
+

1
c0

RḣB, (6)

where R = R(θ , t) is the bubble radius with R0 the initial value
at equilibrium, δ = R0/r0, where r0 represents the distance
between the initial bubble center and the solid boundary, c0 is
the acoustic speed of the liquid, hB = pB/ρ0, pB is the liquid
pressure close to the interface between liquid and the bubble,
ρ0 is the liquid density, Ṙ = ∂R/∂ t and R′ = ∂R/∂θ are the
derivatives of R with respect to t and θ , respectively, and θ is
the angle between the positive z direction and the vector from
the origin of the coordinate to the point of consideration (see
Fig. 1). In Eq. (6), pv = p∞ + p′v is the liquid pressure, where
p∞ is the liquid pressure when the distance between bubble
center to the point being considered is large enough, p′v rep-
resents the variable part of the pressure in the liquid at the
location of the bubble center in the absence of the bubble. The
equation for the solid boundary is given by z =−r0.

By neglecting the effect of the boundary, i.e., as δ ap-
proaches 0, Eq. (6) simplifies to

RR̈
(

1− 2
c0

Ṙ
)
+(Ṙ)2

(
3
2
− 2

c0
Ṙ
)
= hB−

pv

ρ0
+

1
c0

RḣB. (7)

Equation (7) is Eq. (5) in this limit case. It indicates that
Eq. (6) is reliable.

3. Oscillation of the bubble close to a solid
boundary under external harmonic vibration

3.1. Natural oscillation and frequency of the bubble

When the bubble is compressed by the inertia of the in-
rushing liquid due to the perturbed external pressure, both
the pressure and temperature of the gas inside the bubble
change rapidly. It is reasonable to assume that the gas inside
the bubble behaves adiabatically, represented by the equation
pgas0V γ

gas0 = pgasV
γ
gas, where pgas0 is the initial gas pressure,

γ = 1.4,[70] Vgas =
2
3
∫

π

0 sinθR(t,θ)dθ represents the bubble
volume and Vgas0 =

4π

3 R3
0 represents the initial bubble volume.

When external disturbances are present, the bubble will
either vibrate or collapse. The motion of the bubble is de-
scribed by Eq. (6). To determine the bubble’s natural oscil-
lation and its frequency, an approximate equation is now pre-
sented based on Eq. (6). The following equation is derived
under the limited conditions of linear approximation and a suf-
ficiently small value of δ :

R̈+
3
2

Ṙ2

R
+

pv− pB

ρ0R2 R = 0. (8)

Equation (8) provides an estimation of the natural frequency of
a bubble when the solid boundary is sufficiently distant from
the bubble as follows:

ωN =

(
pv− pB

ρ0R2

) 1
2
. (9)

In the following, we will estimate the natural frequency
of a bubble in water. Assuming a liquid pressure of pv =

1.1× 105 Pa and a bubble pressure of pB = 1.0× 105 Pa,
the natural frequency of a bubble is estimated to be ωN ∼
2.0× 105 rad/s, considering the surface tension coefficient of
water as σ = 0.073 N/m and the bubble radius as approxi-
mately R0 ≈ 1.46× 10−5 m. The equation pv = pB + 2σ

R is
used.
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Fig. 2. (a) Dependence of the bubble radius on time at θ = 0◦, 90◦

and 180◦. The three curves coincide due to the negligible boundary
effect, with the following parameter values: δ = 1.0× 10−7, R0 =
1.0× 10−4 m, pv = 1.1× 105 Pa, pB = 1.0× 105 Pa. (b) The Fourier
frequency analysis of the bubble vibration, corresponding to (a). Amp
is the amplitude of vibration.

To verify the accuracy of our estimation of the natural
frequency of a bubble, we numerically solve Eq. (6) with the
given initial conditions: δ = 1.0× 10−7, R0 = 1.0× 10−4 m,
pv = 1.1×105 Pa and pB = 1.0×105 Pa. The dependence of
the bubble radius at θ = 0◦, 90◦ and 180◦ on time is shown in
Fig. 2(a). Additionally, the Fourier frequency analysis of the
bubble’s vibration is presented in Fig. 2(b). Our findings indi-
cate that the relative deviation between the approximated ana-
lytical natural frequency of the bubble and the corresponding
numerical one is below 3%, indicating that both are in good
agreement.

However, there is a question regarding the accuracy of
the natural frequency of a bubble as calculated by Eq. (8)
when the bubble is close to the solid boundary. To address
this concern, numerical results obtained by solving Eq. (6)
are provided. Figure 3 shows the dependence of the analyt-
ical natural frequency on the parameter δ . Notice that the
natural frequency of a bubble decreases as the bubble cen-
ter becomes close to the solid boundary. The fitted result for
the bubble natural frequency from the numerical simulation is
fN = f∞δ−0.0043, where f∞ represents the natural frequency of
the bubble when the bubble is sufficiently far from the solid
boundary, f∞ ≈ 3.1×104 Hz, where the other parameters are
pv = 1.1×105 Pa, pB = 1.0×105 Pa and R0 = 1.0×10−4 m.

More numerical results demonstrate that the bubble vibra-
tion frequency also depends on other quantities such as r0, R0

054701-3
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and pv. In the following, we try to find the dependence of the
bubble vibration frequency on the parameters r0, R0 and pv.

0 0.2 0.4 0.6 0.8 1.0
31000

31500

32000

32500

33000

33500

f
(H

z
) 

δ (10-4 R0/r0)

Fig. 3. (a) Dependence of the natural frequency of a bubble on the pa-
rameter δ = R0/r0, where the other parameters are R0 = 1.0×10−4 m,
pv = 1.1×105 Pa and pB = 1.0×105 Pa.

The numerical results for the dependence of the natural
frequency of the bubble ( fN) on R0 and r0 when pv is fixed are
given in Fig. 4. The fitted result for Fig. 4 is as follows:

fN = 1.113×104−29.3r0−4.6×106R0 +4.4×10−2r2
0

−1799r0R0−6.48×109R2
0

−2.3×10−5r3
0−0.68r2

0R0

+1.8×106r0R2
0 +3.08×1012R3

0. (10)

Both Fig. 4 and Eq. (10) indicate that the natural fre-
quency of the bubble decreases as its radius increases, while it
exhibits almost no dependence on the parameter r0, although
it slightly increases with increasing r0.

0.2 0.4 0.6 0.8 1.0

0.2

0.4

0.6

0.8

1.0

R
0
 (

1
0

-
4
 m

)

0.32

1.1

1.8

2.6

3.3

r0 (m)

fN (105 Hz)

Fig. 4. Dependence of the natural frequency of a bubble on the parame-
ters of both R0 and r0, where the other parameters are pv = 1.1×105 Pa
and pB = 1.0×105 Pa.

Similarly, the numerical results for the dependence of the
natural frequency of the bubble ( fN) on R0 and pv when r0

is fixed are given in Fig. 5. The fitted result for Fig. 5 is as
follows:

fN = 1.135×105 +0.8511pv−1.081×10−9R0

−6.51×10−7 p2
v−2251pvR0 +2.417×1012R2

0

+2.389×10−13 p3
v +6.75×10−4 p2

vR0

−1.489×106 pvR2
0−1.5×1015R3

0. (11)

The numerical results indicate that the natural frequency
of the bubble increases as external pressure increases, while

it decreases as the bubble radius increases. However, the nat-
ural frequency is nearly independent of the distance between
the bubble center and the solid boundary, although it exhibits
a weak increase as this increases.

fN (105 Hz)

1.2 1.6 2.0 2.4 2.8

pv (10-5 Pa) 

0.32
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5.2

6.8

0.2
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0.8

1.0

R
0
 (

1
0

-
4
 m

)

Fig. 5. Dependence of the natural frequency of a bubble on the pa-
rameters R0 and pv, where the other parameters are r0 = 10 m and
pB = 1.0×105 Pa.

3.2. Bubble vibrations under external periodic perturba-
tions

In this section we aim to investigate the vibration char-
acteristics of a bubble subjected to external periodic perturba-
tions in a liquid. To achieve this, we assume that there are
external perturbations to the liquid pressure given by the fol-
lowing equation:

pv = p0 +a0 cos(2π f0t +φ), (12)

where p0 represents the pressure of the liquid in an infinite
space, a0 denotes the amplitude of the external pressure vi-
bration, f0 represents the frequency of the external pressure
vibration and φ denotes the initial phase.

Figure 6(a) show the numerical results obtained from
Eq. (6), which illustrate the variation of the bubble radius at
angles θ = 0◦, 90◦ and 180◦ with respect to time. The other
fixed parameters are f0 = 0.5 fN = 1.67×104 Hz, where fN =

3.3× 104 Hz, a0 = 1.0× 104 Pa, φ = 0, p0 = 1.0× 105 Pa,
pB = 1.0×105 Pa, δ = 1.0×10−7 and R0 = 1.0×10−4 m.

It is observed from Fig. 6(a) that the bubble exhibits
quasi-periodic vibration. Figure 6(b) shows the corresponding
Fourier frequency analysis, which reveals three frequencies
associated with the bubble’s vibration. These frequencies in-
clude the external perturbation frequency f0 = 1.67×104 Hz,
the bubble’s natural frequency fN = 3.3× 104 Hz and a third
frequency which is approximately the summation of two fre-
quencies 5×104 Hz.

To further investigate, we vary the external perturbation
frequency f0 in order to observe the bubble’s vibration charac-
teristics. For this purpose, we select f0 = 3.3×104 Hz, which
is approximately the analytical result of the bubble’s natural
frequency. However, the numerical result shows that the natu-
ral frequency of the bubble vibration is fN = 31146 Hz, which
slightly differs from the analytical result.
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The dependence of the bubble radius at θ = 0◦, 90◦ and
180◦ on time are shown in Fig. 6(c). The other parameters
are the same as those in Fig. 6(a). Figure 6(c) shows that
the bubble also exhibits quasi-periodic vibration. By analyz-

ing the Fourier frequency spectrum presented in Fig. 6(d), we
observe that the bubble vibration comprises six frequencies:
f1 = 2633 Hz, f2 = 32796 Hz, f3 = 64226 Hz, f4 = 97022 Hz,
f5 = 129819 Hz and f6 = 161249 Hz.
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Fig. 6. The fixed simulation parameters are as follows: fN = 3.3× 104 Hz (the natural frequency of the bubble), a0 = 1.0× 104 Pa, φ = 0,
p0 = pB = 1.0× 105 Pa, δ = 1.0× 10−7, R0 = 1.0× 10−4 m. (a) Dependence of the bubble radius at θ = 0◦, 90◦ and 180◦ on time, with
driving frequency f0 = 0.5 fN = 1.67×104 Hz. (b) Fourier frequency analysis of the bubble vibration, corresponding to (a). (c) Dependence of
the bubble radius at θ = 0◦, 90◦ and 180◦ on the time, but with f0 = fN = 3.3×104 Hz. (d) Fourier frequency analysis of the bubble vibration,
corresponding to (c). (e) Dependence of the bubble radius at θ = 0◦, 90◦ and 180◦ on time, but with f0 = 5.0×104 Hz. (f) Fourier frequency
analysis of the bubble vibration, corresponding to (e).

It is widely known that linear superposition of two distinct linear vibrations with different frequencies, amplitudes and
initial phases, denoted by x1 = A1 cos(2π fat +ϕ1) and x2 = A2 cos(2π fbt +ϕ2), yields new vibration as follows: x = x1 + x2 =

Acos(2π f t +ϕ), where

A =
√

A2
1 +A2

2 +2A1A2 cos [2π( fb− fa)t +ϕ2−ϕ1],

f =
A2

12π fa +A2
22π fb +A1A2 (2π fa +2π fb)cos [(2π fb−2π fa) t +(ϕ2−ϕ1)]

2π
(
A2

1 +A2
2 +2A1A2 cos(2π fb−2π fa) t +(ϕ2−ϕ1)

) , ϕ = arctan
A1 sinϕ1 +A2 sinϕ2

A1 cosϕ1 +A2 cosϕ2
.

For the special case A1 = A2,ϕ1 = ϕ2 = 0, fa = 31146 Hz
(the natural frequency of the bubble), fb = 33333 Hz (the
external disturbance frequency). The bubble vibration pro-
duces two frequencies. One frequency is the beat frequency
of 2187 Hz and the other frequency is 32239 Hz.

These six frequencies can be explained as follows: f1 rep-
resents the beat frequency produced by the combination of the
natural frequency and perturbation frequency. f2 corresponds
to the perturbation frequency. The remaining frequencies, f3,
f4, f5 and f6, are the harmonic frequencies of the bubble’s
natural frequency.

When the external perturbation frequency is f0 = 5.0×
104 Hz, Fig. 6(e) indicates that the bubble vibration is also
quasi-periodic. The Fourier frequency analysis in Fig. 6(f)

reveals the presence of three distinct vibration frequencies.
The first frequency corresponds to the external perturbation
frequency of f0 = 5.0× 104 Hz, the second frequency corre-
sponds to the natural frequency of fN = 3.33×104 Hz and the
third frequency is fH = 1.67× 104 Hz, which is exactly half
the natural frequency of the bubble.

The results indicate that the bubble exhibits different vi-
bration modes depending on the external disturbances, partic-
ularly their frequency. To gain a better understanding of how
external vibrations affect the characteristics of bubble vibra-
tion, Fig. 7 shows the variations of the bubble vibration fre-
quencies ( fan) with respect to the external perturbed frequency
( f0). Notice from Fig. 7 that multiple frequencies of bubble
vibration can be observed, including f1n, f2, f3, f4 and so on,
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where f1n = n fN. Here, fN represents the natural frequency of
the bubble, with n = 1,2,3, . . ..

f
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)
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f0/.fN

Fig. 7. Dependence of the bubble vibration frequency fan on the exter-
nal perturbation frequency f0, where the colors represent the strength
of the corresponding vibration mode, the other parameters are R0 =
1.0× 10−4 m, r0 = 100 m, p0 = 1.0× 105 Pa, pB = 1.0× 105 Pa,
a0 = 1.0×104 Pa and φ = 0.

First, it appears that there are multiple higher-order har-
monic frequencies of the bubble vibration. Additionally, the
fundamental frequency (n = 1) appears to be the dominant vi-
bration mode of the bubble. As the value of the parameter n
increases, its strength decreases.

Second, f2 is equivalent to fN and fN/2. This suggests
the existence of a bubble vibration mode with a frequency that
matches the natural frequency of the bubble. It is observed
that the strongest vibration modes occur when f0 ≈ fN and the
second strongest one is when f0 ≈ fN/2.

Third, f3 is equal to f0, which is the frequency of the ex-
ternal disturbance. This indicates the existence of a bubble

vibration mode that matches the frequency of the external dis-
turbance.

Fourth, f4 is equal to 2 f0. This suggests the presence of a
bubble vibration mode that exhibits a frequency approximately
twice that of the external disturbance.

Fifth, within the range 0≤ f0 ≤ fN, f5 = fN− f0. Within
the range fN ≤ f0 ≤ 2 fN, f5 = f0− fN.

Last, within the range 0≤ f0 ≤ fN, f6 = fN + f0.

Figure 7 shows the dependence of the bubble vibration
frequencies and their corresponding strengths on the exter-
nal perturbation frequency. For better understanding, the de-
pendence of the bubble vibration frequencies and their corre-
sponding strengths on the distance from the bubble center to
the solid boundary r0 is given in Fig. 8.

Figures 8(a)–8(d) show the dependence of the power am-
plitude of the bubble vibration on both the distance from the
bubble center to the solid boundary, r0, and the bubble vi-
bration frequency, fan, where the external perturbation fre-
quency f0 = 0.5 fN, fN, 1.5 fN and 2 fN, respectively, where
fN = 3.33× 104 Hz. The other parameters for these four fig-
ures are fixed (see Fig. 8). It is inferred from Fig. 8 that the
impact of the distance between the bubble center and the solid
boundary on bubble vibration is not apparent. However, the
external vibration frequency has a strong effect on the strength
or the amplitude of the bubble vibration.
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Fig. 8. Dependence of the power amplitude of the bubble vibration on the distance from the bubble center to the solid boundary (r0) and the
bubble vibration frequency ( fan). The fixed simulation parameters are as follows: R0 = 1.0×10−4 m, p0 = 1.0×105 Pa, pB = 1.0×105 Pa,
a0 = 1.0× 104 Pa and φ = 0. (a) The external perturbation frequency f0 is half the natural frequency of the bubble vibration fN, i.e., f0 =
0.5 fN = 1.67×104 Hz. (b) f0 = fN = 3.33×104 Hz. (c) f0 = 1.5 fN = 5×104 Hz. (d) f0 = 2 fN = 6.67×104 Hz.

3.3. Large-amplitude oscillation of the bubble

The numerical results show that the bubble vibration be-

comes asymmetric when either the initial bubble center is

close enough to the solid boundary or when the external per-

turbation amplitude is large enough. In this case, the bubble
radius depends not only on the time but also on the parameter
θ during its vibration when there is a solid boundary.

Figure 9(a) shows the bubble cross section shape at differ-
ent times t = 0 s, 4.5×10−5 s, 8.3×10−5 s and 1.3×10−4 s,
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respectively, where p0 = 1.0× 105 Pa, pB = 1.0× 105 Pa,
a0 = 104 Pa, ω = 3.3× 104 rad/s, φ = 0, R0 = 10−4 m,
r0 = 2.0×10−4 m and Ṙ0 = 0 m/s.

It should be noted that the bubble radius depends on both
time and the parameter θ . For further understanding, the cor-
responding variations of the bubble radius R(θ , t) with respect
to time t for different parameters of θ = 0◦, 90◦ and 180◦ are
shown in Fig. 9(b). It is observed from Fig. 9(b) that the bub-
ble radius at θ = 0◦ becomes much smaller than those at the
other regions. Figure 9(c) shows the dependence of the veloc-
ity of the bubble interface, Ṙ(θ , t), on time t for θ = 0◦, 90◦

and 180◦, respectively.
It is evident from Fig. 9(c) that the velocity of the bub-

ble interface, Ṙ(θ , t), depends on the parameter θ . Moreover,
Fig. 9(d) shows the dependence of ∆Ṙ = Ṙ(0◦, t)− Ṙ(180◦, t)
and ∆Ṙ = Ṙ(90◦, t)− Ṙ(180◦, t) on time t. It seems from
Fig. 9(d) that the difference in the velocity of the bubble in-
terface between θ = 0◦ and θ = 180◦ increases rapidly with
time.

It seems that as ∆Ṙ = Ṙ(0◦, t)− Ṙ(180◦, t) increases, the
bubble vibration become unstable. In this case, a liquid jet
can possibly be produced. Suppose that if ∆Ṙ = Ṙ(0◦, t)−
Ṙ(180◦, t) > vC the bubble vibration is unstable, which may
be related to the production of the liquid jet. The dependence
of vC on the system parameters may be a subject for our future
work.
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Fig. 9. (a) Bubble cross-section shape at time t = 0 s, 4.5× 10−5 s, 8.3× 10−5 s, 1.3× 10−4 s respectively, where p0 = 1.0× 105 Pa,
pB = 1.0× 105 Pa, a0 = 104 Pa, ω = 3.3× 104 rad/s, φ = 0, R0 = 10−4 m, r0 = 2.0× 10−4 m and Ṙ0 = 0 m/s. (b) The variation of the
bubble radius R(θ , t) with respect to time t for θ = 0◦, 90◦ and 180◦ respectively. (c) The variation of the velocity of the bubble interface,
Ṙ(θ , t), for θ = 0◦, 90◦ and 180◦, respectively. (d) The variation of the velocity differences of the bubble interface between two points:
∆Ṙ = Ṙ(0◦, t)− Ṙ(180◦, t) and ∆Ṙ = Ṙ(90◦, t)− Ṙ(180◦, t) with respect to time.

4. Conclusion

Based on the recently proposed bubble equation, we con-
ducted an investigation on the vibration characteristics of a
bubble close to a solid boundary. The results indicate that the
natural frequency of the bubble increases with increase in the
external pressure for small-amplitude vibration, while it de-
creases as the bubble radius increases. However, it shows that
there is only a weak increase in the natural frequency with in-
crease in the distance between the bubble center and the solid
boundary.

In addition, the vibration characteristics of a bubble close
to a solid boundary under a periodic external perturbation are
revealed. Several bubble vibration modes are identified, for
example, the higher-order harmonic natural frequencies of the

bubble vibration, the vibration mode with a frequency of ei-
ther the natural frequency of the bubble or half of the natural
frequency, a vibration mode with a frequency of either the ex-
ternal vibration frequency or twice the external vibration fre-
quency, as well as a vibration mode with a frequency of both
the sum and the difference of the external vibration frequency
and the natural frequency of the bubble. The stronger vibra-
tion modes are those with either the natural frequency or the
external vibration frequency.

The present paper found that the rigid boundary has an
important effect on the large-amplitude bubble vibration, es-
pecially on whether the bubble vibration is stable or unstable.
It is found that the bubble vibration is unstable if the amplitude
of the external perturbation is large enough or if the frequency
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of the external perturbation is large enough. Furthermore, the
bubble vibration is unstable if either the bubble radius is large
enough or if the distance between the bubble center and the
solid boundary is small enough. It is found that unstable bub-
ble vibration is possibly related to the production of a reentrant
microjet for a bubble.

These results offer potential applications in various fields,
such as ultrasound lithotripsy, ultrasonic cleaning and medi-
cal ultrasound therapies, where the control of bubble dynam-
ics is essential. By modulating external perturbations, it may
be possible to enhance energy transfer, improve cleaning effi-
ciency and optimize therapeutic outcomes. Additionally, the
proposed method of estimating bubble size and its distance
from a boundary through controlled perturbations provides a
novel approach for non-invasive diagnostics in fluid systems.
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