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Maximal steered coherence (MSC) is a noteworthy resource measure in the field of quantum information, and it is
defined under the framework of coherence measure and the formalism of quantum steering ellipsoids (QSEs). Here, we
explore the MSC of a two-qubit X state under the common influences of reservoir and noise. The results disclose that the
introduction of auxiliary qubits can give rise to enhancement of the MSC in both the strong and weak coupling regimes.
Moreover, more auxiliary qubits can decrease the oscillation period of the MSC, and also suppress the oscillation amplitude
of the MSC in the strong coupling regime. In contrast, the increases in auxiliary qubits result in the oscillation of the MSC
for the setting of the initially weak coupling regime. Of particular interest is that the improvement effects of more auxiliary
qubits on the MSC in the initially weak coupling regime are significantly stronger than that in the initially strong coupling
regime.
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1. Introduction

Quantum resource is an important topic and direction in
quantum information, and it expands our understanding of
non-classical phenomena in the quantum world. Quantum co-
herence is a promising quantum resource, and it can achieve
quantification for the coherence of quantum systems.[1–3]

Quantum coherence has found seminal applications in various
quantum information processing tasks, such as quantum chan-
nel discrimination,[4] quantum algorithms,[5] quantum phase
transitions,[6,7] quantum metrology,[8,9] quantum biology and
quantum thermodynamics.[10,11] One can use the l1 norm
of coherence,[1] the skew information of coherence,[12,13]

the robustness of coherence[14–16] and the relative entropy
of coherence[1] to measure quantum coherence of a quan-
tum state. On the basis of these avenues for quantify-
ing quantum coherence, some novel quantum non-localities
have been revealed, such as the nonlocal advantage of quan-
tum coherence.[17–23] Among these quantification methods for
quantum coherence, the l1 norm of coherence of a single-
qubit system has significant geometric properties, and it pro-
vides a nontrivial tool for intuitively ascertaining quantum
systems.[24]

If a visual description of a two-qubit system can be
achieved, it will provide a valuable approach for intuitively
exploring various quantum resources. However, this is not a
simple task. As an illustration, one must use 15 state parame-
ters to depict a two-qubit state, and this number of parameters

leads to enormous difficulties for visual display of a two-qubit
state. Of particular note is that the creative construction of a
quantum steering ellipsoid (QSE)[25] can act as an introduc-
tion to the visual investigations of two-qubit states and quan-
tum resources. More specifically, if one uses all possible local
operations to measure one qubit of a bipartite state, the QSE
(in the Bloch sphere) consists of all Bloch vectors of steered
states for the other qubit. A QSE provides a visual and faith-
ful formulation for an arbitrary two-qubit system. The theory
of QSEs has been gradually enriched and improved, including
the requirement for QSEs to describe a two-qubit state.[26] Us-
ing QSEs there have been many remarkable achievements in
visualizing quantum resources and quantum non-localities, for
instance entanglement,[25–27] discord,[25,28–30] quantum phase
transitions,[31] Einstein–Podolsky–Rosen steering[32–37] and
Bell nonlocality.[38]

Notably, Hu et al. proposed the fusion of a QSE and
quantum coherence, and introduced steered coherence and
maximum steered coherence (MSC).[39] The relevant obser-
vations concerning MSC were then implemented in different
systems.[40–44] A variety of environments or noises seriously
hinder the performance of various quantum information tasks
in different systems. A reservoir system is an important physi-
cal model for probing non-classical phenomena.[42,45–58] Nev-
ertheless, improvements in MSC under the common impacts
of reservoir and noise are still not apparent. Relevant inves-
tigations could shed new light on understanding quantum re-
sources, reservoirs and noise environments. Motivated by this,
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we ascertain the MSC of a two-qubit X state (because the
characterization of many physical contexts is for two-qubit X
states[23,44,59]) under the common influences of reservoir and
generalized amplitude damping (GAD) noise, and strengthen
MSC in both strong and weak coupling regimes by introduc-
ing auxiliary qubits to the reservoir. The purpose of simulta-
neously considering both reservoir and noise (the topic of this
paper) is as follows. There are two qubits, one belonging to
Alice and the other to Bob. Bob’s qubit is affected by GAD
noise; however, GAD noise cannot affect Alice’s qubit. To
protect the MSC, Alice’s qubit is coupled to a reservoir con-
taining many auxiliary qubits. This physical image can further
uncover the effectiveness and capability of auxiliary qubits in
the reservoir for improving MSC under additional noise.

The theoretical model and MSC are concisely introduced
in Section 2. In Section 3, our attention is directed to charac-
terize the QSE and MSC of a system, and investigate and aug-
ment the MSC under the common influences of reservoir and
GAD noise, including the strong and weak coupling regimes.
Finally, a summary of our results is provided in Section 4.

2. Theoretical model and MSC
There is a common zero-temperature reservoir, and a sys-

tem of N identical qubits (two-level atoms, with the N identical
qubits decoupled from each other) is immersed in the reser-
voir. The Hamiltonian of the system is (h̄ = 1)[42]

H =
N

∑
j=1

℘0σ
+
j σ
−
j +∑

k
χkd†

k dk

+
N

∑
j=1

∑
k
(ω j

k σ
+
j dk +ω

j
k
∗
σ
−
j d†

k ). (1)

The lowering (raising) operator of the jth qubit is σ
−
j (σ+

j ).
The coupling strength of the kth field mode (it has frequency
χk) and the jth atom is ω

j
k . ℘0 is the transition frequency be-

tween the excited state and the ground state. The annihilation
(creation) operator of the kth field mode is dk (d†

k ). One as-
sumes ω

j
k =ϒk/

√
N and defines

|Ψl〉=
1√
N

N−1

∑
m=0

exp
(

2iπml
N

)
|m+1〉 ,

(l = 0,1, . . . ,N−1). (2)

The total Hamiltonian is[42]

H =
N−1

∑
j=0

℘0
∣∣Ψj
〉〈

Ψj
∣∣+∑

k
χkd†

k dk

+∑
k
(ϒk |Ψ0〉〈0|dk +ϒ

∗
k |0〉〈Ψ0|d†

k ). (3)

Consider the initial state of a system of N two-level atoms,

|ψ(0)〉= c0(0)|0〉S|0〉E +
N−1

∑
j=0

Q j(0)
∣∣Ψj
〉

S|0〉E. (4)

|0〉S (|0〉E) is the ground state of the system (the vacuum state
of the field). The time-evolved state is[42]

|ψ(t)〉 = c0(t)|0〉S|0〉E +
N−1

∑
j=0

Q j(t)
∣∣Ψj
〉

S|0〉E

+∑
k

Rk(t)|0〉S|1k〉E. (5)

Rk(t) and Q j(t) are time-dependent coefficients. |1k〉E is the
state of the reservoir with single excitation in the kth field
mode

dQ0(t)
dt

=−i℘0Q0(t)− i ∑
k

ϒkRk(t), (6)

dRk(t)
dt

=−iχkRk(t)− iϒ ∗k Q0(t), (7)

dQ j(t)
dt

=−i℘0Q j, Q̃ j(t) = e i℘0tQ j(t),

R̃k(t) = e iχktRk(t),

dQ̃0(t)
dt

=−i ∑
k

ϒk e i(℘0−χk)t R̃k(t), (8)

dR̃k(t)
dt

=−iϒ ∗k e−i(℘0−χk)tQ̃0(t), (9)

and Q̃ j(t) = Q̃ j(0). Integrating Eq. (9) and substituting it into
Eq. (8), we get[42]

dQ̃0(t)
dt

=−
∫ t

0
f (t− t ′)Q̃0(t ′)dt ′ (10)

with

f (t− t ′) =
∫

∞

−∞

dχℵ(χ)e i(℘0−χ)(t−t ′) (11)

and

ℵ(χ) = ∑
k
|ϒk|2δ (χ−χk)

= N∑
k
|ωk|2δ (χ−χk) = NJ(χ) (12)

is the spectral density of the reservoir. Considering the
Lorentzian spectral density of the reservoir

J(χ) =
1

2π

γ0λ

(χ−χc)
2 +λ 2

. (13)

The spectral width is λ , the central frequency of the reser-
voir is χc, and the coupling strength is γ0. γ0 > λ/(2N) is
the strong coupling regime (the non-Markovian dynamic) and
γ0 < λ/(2N) is the weak coupling regime (the Markovian
dynamic).[60] If the qubits are in the exact resonance condi-
tion with the cavity field (χc =℘0), the exact solution of Q0(t)
is[42]

Q̃0(t) = e−λ t/2
[

cosh
(

Rt
2

)
+

λ

R
sinh

(
Rt
2

)]
Q̃0(0) (14)
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with R =
√

λ 2−2Nγ0λ . One can rewrite the |ψ(t)〉 of Eq. (5)
as[42]

|ψ(t)〉 = c0(t)|0〉S|0〉E +
N−1

∑
j=0

ξ j(t)| j+1〉S|0〉E

+∑
k

Rk(t)|0〉S|1k〉E (15)

with

ξ j(t) =
1√
N

N−1

∑
m=0

exp
(

2iπm j
N

)
Qm(t). (16)

Two qubits (two-level atoms) are collectively shared by
Alice (A) and Bob (B). Only Bob’s atom suffers from the lo-
cal environment, and the Alice’s atom does not interact with
the reservoir. Then, one adds some auxiliary atoms to the com-
mon reservoir. The first atom is deemed as the system of Bob
(it can be excited), and the remaining atoms are treated as the
auxiliary qubits (in their ground states). If the initial probabil-
ity amplitudes ξ1(0) = ξ2(0) = · · ·= ξN−1(0) = 0, the proba-
bility amplitude is ξ0(t) = X(t)ξ0(0) with[42]

X(t) = e−i℘0t
{

N−1
N

+
e−λ t/2

N

[
cosh

(
Rt
2

)
+

λ

R
sinh

(
Rt
2

)]}
. (17)

Bob’system is

ρ
B(t) =

(
ρB

00(0)+ρB
11(0)(1− p(t)) ρB

01(0)
√

p(t)
ρB

10(0)
√

p(t) ρB
11(0)p(t)

)
(18)

with p(t) = |X(t)|2.
Next, we aim to introduce the QSE and MSC. For a bipar-

tite state ρAB, if one uses all local measurements to measure
Alice’s qubit, Bob’s QSE (εB) is composed by the Bloch vec-
tors of Bob’s steered states. The center of εB is[25]

cB =
(𝑏−𝑇 T𝑎)

1−a2 , (19)

and ellipsoid matrix is

QB =
(𝑇 T−𝑏𝑎T)

1−a2 (𝐼+
𝑎𝑎T

1−a2 )(𝑇 −𝑎𝑏T). (20)

The orientations of the QSE axes correspond to the eigenvec-
tors of QB, and the squares of the QSE semiaxis lengths corre-
spond to the eigenvalues of QB. 𝑎 and 𝑏 are the Bloch vectors
of Alice and Bob, respectively. 𝑇 is the spin correlation matrix
of ρAB.

Assuming {|ϖi〉} are the eigenstates of ρB, if one imple-
ments a positive operator-valued measure (POVM) on Alice,
and obtains an outcome g (the measure operator is 𝐺), Bob’s
state is steered to ρG

B = trA(𝐺⊗𝐼ρAB)/tr(𝐺⊗𝐼ρAB). In the
basis {|ϖi〉}, the quantum coherence of ρG

B is

C(ρG
B ,{|ϖi〉}) =

1
tr(𝐺⊗𝐼ρAB)

×∑
i6= j

∣∣〈ϖi| trA(𝐺⊗𝐼ρAB)
∣∣ϖ j
〉∣∣. (21)

For all possible POVM operators 𝐺, the MSC is the maximum
of C(ρG

B ,{|ϖi〉})[39,44]

MSC(ρG
B ) = max

G∈POVM

[
1

tr(𝐺⊗𝐼ρAB)

×∑
i6= j

∣∣〈ϖi| trA(𝐺⊗𝐼ρAB)
∣∣ϖ j
〉∣∣]. (22)

{|ϖi〉} is not uniquely defined for a degenerate ρG
B , and thus

the MSC is

MSC(ρG
B ) = inf

{|ϖi〉}

{
max

G∈POVM

[
1

tr(𝐺⊗𝐼ρAB)

×∑
i6= j

∣∣〈ϖi| trA(𝐺⊗𝐼ρAB)
∣∣ϖ j
〉∣∣]}. (23)

More specifically, the MSC is the maximal perpendicular
distance from the surface of εB to the reference basis. For an
X state, if the direction of the reference basis is consistent with
an axis of εB (if the direction of the reference basis is not con-
sistent with the semiaxes of εB), then the MSC is the longest
semiaxis of the other two semiaxes (the MSC is the longest
semiaxis of εB).

3. Exploring the MSC under the common influ-
ences of reservoir and GAD noise
Here, Alice and Bob share a two-qubit X state

ρ
X
AB =

1
4

(
𝐼⊗𝐼+𝑟 ·𝜎⊗𝐼+𝐼⊗𝑠 ·𝜎+

3

∑
i=1

τiσi⊗σi

)
, (24)

τi = Tr(ρX
ABσi⊗σi), (i = 1,2,3) (25)

with 𝑠= (0,0,s), 𝑟 = (0,0,r), and σn = (σ1,σ2,σ3). We con-
sider the GAD channel[61] as noise, and the Kraus operators
are

ℜ1 =
√

q
(

1 0
0
√

1−m

)
, ℜ2 =

√
q
(

0
√

m
0 0

)
,

ℜ3 =
√

1−q
(√

1−m 0
0 1

)
, ℜ4 =

√
1−q

(
0 0√
m 0

)
. (26)

The decay strength m = 1− e−Γ t ′ is related to the storage time
t ′ of the atom and the relaxation rate Γ . The decay probability
q = 1/(1+ e−h̄ω/kBT ), with 0.5 ≤ q ≤ 1. In this paper, the
GAD noise only disturbs Bob’s atom, and the reservoir men-
tioned above (together with N − 1 auxiliary qubits) directly
affects Alice’s atom. In the following investigations, we fix
t (corresponding to the reservoir) and change m, and this ac-
tually corresponds to changing t ′.[61–64] N = 1 means the ab-
sence of an auxiliary qubit. The physical motivation for the

050304-3



Chin. Phys. B 34, 050304 (2025)

coupling between GAD noise and Bob’s atom is to achieve the
result that the information of system flows from the system to
the environment (namely, the coupling can accelerate the de-
generation of quantum resource). The physical purpose of the
coupling between N− 1 auxiliary qubits and Alice’s atom is
that auxiliary qubits can bring on the backflow of information
from the reservoir to the system. This scheme can effectively
improve quantum resource. Under the common impacts of
reservoir and noise, the final state is

ρfinal = ℵ11 |00〉〈00|+ℵ22 |01〉〈01|+ℵ33 |10〉〈10|

+ℵ44 |11〉〈11|+ℵ23 |01〉〈10|+ℵ32 |10〉〈01|

+ℵ14 |00〉〈11|+ℵ41 |11〉〈00| , (27)

ℵ11 =
1
4
{

m[4q−2−2s− p(τ3−1+2q+ r−2qr− s)]

+ p(τ3−1+ r− s)+2(1+ s)
}
, (28)

ℵ22 =
1
4
{

2−2s+ p(r+ s− τ3−1)

+m[2−4q+ p(τ3−1+2q+ r−2qr− s)+2s]
}
, (29)

ℵ33 =
1
4

p{τ3(m−1)− [1+m(2q−1)](r−1)+ s−ms]}, (30)

ℵ44 =
1
4

p{τ3(1−m)+ [m(2q−1)−1](r−1)− s+ms]}, (31)

ℵ23 = ℵ32 =
1
4
(τ1 + τ2)

√
p(1−m), (32)

ℵ14 = ℵ41 =
1
4
(τ1− τ2)

√
p(1−m). (33)

The QSE of Bob is

εB =


 0

0
℘B

+

ℑxx1
ℑyx2
ℑzx3

 |x≤ 1

 . (34)

The x, y and z semiaxis lengths of εB are

ℑx =
τ1
√

p(1−m)√
p(1− r)[2+ p(r−1)]

, (35)

ℑy =
τ2
√

p(1−m)√
p(1− r)[2+ p(r−1)]

, (36)

ℑz =
(m−1)(τ3− rs)

(r−1)[2+ p(r−1)]
. (37)

The ellipsoid’s center in the z axis is

℘B =
τ3(1−m)[1+ p(r−1)]+m(2q−1)[2+ p(r−1)](r−1)+(m−1)s[2+ p(r−1)− r]

(r−1)[2+ p(r−1)]
. (38)

In our paper, the eigenvector of ρB of the system (reference
basis) along the z-axis, and thus the MSC of the steered states
of Bob, is

MSC(ρM
B ) = Max{ℑx,ℑy}. (39)

To begin with, we focus our attention on investigating and
controlling the MSC in the situation when (λ = 5,γ0 = 30)
(i.e., we consider the initial scenario in which the system is in
the strong coupling regime in the absence of auxiliary qubits,
and it is treated as an initially strong coupling regime). In
order to investigate the MSC under the common impacts of
reservoir and noise, figure 1 reveals the dependence of MSC
on decay strength m. To ensure that the initial state is an en-
tangled state, we choose (r = 0.3,s = 0.2) or (r = −0.3,s =
−0.2), and also make τ1, τ2, and τ3 satisfy τ2 =−τ1τ3 (i.e., the
state preparation and measurement choice condition[65]) in all
figures. Our results reveal that MSC decreases with increas-
ing m. Of particular interest is that the MSC can be obviously
strengthened by coupling five auxiliary qubits (N = 6) with the
reservoir in Fig. 1(a). However, more auxiliary qubits (from
N = 6 to N = 26) cannot give rise to conspicuous enhance-
ment of the MSC, and one can only use five auxiliary qubits
to improve the MSC under the common impacts of reservoir
and noise. If one sets (r = −0.3,s = −0.2) in Fig. 1(b), the
improvement effects of five auxiliary qubits on the MSC in

Fig. 1(b) are significantly better than in Fig. 1(a). In com-
parison with five auxiliary qubits (N = 6), the increase in
MSC is not significant when 25 auxiliary qubits are introduced
(N = 26) in Fig. 1(b). It can be concluded that MSC is very
sensitive to auxiliary qubits, and only a few auxiliary qubits
can achieve conspicuous improvement in MSC in the strong
coupling regime of (λ = 5,γ0 = 30).

We now use Fig. 2 to ascertain the dependence of MSC
on decay probability q by adding auxiliary qubits in the strong
coupling regime. As seen from Fig. 2(a) the MSC is invari-
ant (namely, MSC is frozen at a fixed value) as q grows. By
coupling more auxiliary qubits (N = 6 or N = 26) with the
reservoir, the MSC can be frozen at a higher value in Fig. 2,
whether (r = 0.3,s = 0.2) or (r =−0.3,s =−0.2). Similarly,
in order to achieve a remarkable enhancement in the MSC,
one only needs a few auxiliary qubits (e.g., only five auxiliary
qubits are needed).

m m

0.8

0.6

0.4

0.2

0

M
S
C

0.8

0.6

0.4

0.2

0

M
S
C

0 0.2 0.4 0.6 0.8 1.0 0 0.2 0.4 0.6 0.8 1.0

N/

N/

N/

N/

N/

N/

(a) (b)

Fig. 1. MSC as a function of m: (a) r = 0.3 and s = 0.2, (b) r =−0.3 and
s = −0.2. For all plots, τ1 = 0.8, τ2 = −0.4, τ3 = 0.5, q = 0.6, t = 0.3,
λ = 5 and γ0 = 30.
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q
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In Fig. 3 we aim to reveal the influence of auxiliary qubits
on MSC under different values of t. In the absence of auxil-
iary qubits (N = 1), MSC speedily declines with increasing
t (as demonstrated in Fig. 3(a)). Thereafter, MSC is frozen
at a fixed value after a brief oscillation process. The intro-
duction of five auxiliary qubits is responsible for augmenta-
tion of the MSC, and also gives rise to a reduction of the os-
cillation period of the MSC. If one uses 50 auxiliary qubits
(N = 51) in the reservoir, the MSC can be immediately frozen

at a higher value, and 50 auxiliary qubits can also effectively
suppress the oscillation amplitude of the MSC. In the scenario
when r =−0.3 and s =−0.2 (Fig. 3(b)), the improvement ef-
fects of auxiliary qubits on the MSC are more effective than
in Fig. 3(a). It is worthwhile emphasizing that more auxil-
iary qubits can decrease the oscillation period of the MSC in
Fig. 3(b); however, the effect of auxiliary qubits in suppressing
the oscillation amplitude of the MSC is worse than in Fig. 3(a).
Even if 50 auxiliary qubits are introduced, the oscillation am-
plitude of the MSC in Fig. 3(b) is larger than that in Fig. 3(a)
(as the orange curves show in Fig. 3).

Finally, our attention is directed to improving MSC in the
case of λ = 30 and γ0 = 5 (namely, we consider the initial situ-
ation in which the system is in the weak coupling regime in the
absence of auxiliary qubits, and is deemed as an initially weak
coupling regime) via auxiliary qubits. It turns out that one can
use 5 or 25 auxiliary qubits to significantly lift the MSC in
Fig. 4, except for the setting of m→ 1. Compared with the
strong coupling regime in Fig. 1, the greater number of auxil-
iary qubits (N = 26) have a more conspicuous influence on the
enhancement of the MSC in Fig. 4. That is to say, the MSC is
more sensitive to auxiliary qubits under the case of an initially
weak coupling regime (λ = 30,γ0 = 5), especially for a large
number of auxiliary qubits.

As shown by Fig. 5, one can improve the MSC by intro-
ducing 5 or 25 auxiliary qubits both in (r = 0.3,s = 0.2) and
(r = −0.3,s = −0.2) under different values of q. It is worth-
while emphasizing that the improvement effects of more aux-
iliary qubits (N = 26) on the MSC in Fig. 5 are significantly
stronger than in the strong coupling regime in Fig. 2. Namely,
one can use 25 auxiliary qubits to realize a greater increase in
MSC for the scenario (λ = 30,γ0 = 5).

In Fig. 6, the obvious oscillation phenomenon of the MSC
disappears if we don’t add auxiliary qubits in the reservoir, and
the MSC monotonically decreases before it is frozen at a fixed
value. If one couples 5 auxiliary qubits with the reservoir, the
MSC can be sensibly augmented and can also be prematurely
frozen at a fixed value. One can see from Fig. 6 that the 5
auxiliary qubits are poor at strengthening the MSC at smaller
values of t. Of particular interest is that the introduction of 25
auxiliary qubits not only increases the MSC but also leads to
oscillation of the MSC at smaller t. These results are different
from those for the strong coupling regime in Fig. 3.

4. Conclusion
In summary, considering the strategy in which Alice and

Bob share a two-qubit X state and the reservoir only directly
disturbs Alice’s atom and the GAD noise only affects Bob’s
atom, the MSC is examined by coupling auxiliary qubits with
the reservoir. Our results reveal that auxiliary qubits can ef-
fectively enhance the MSC in the strong or weak coupling
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regimes under various values of m, except for the choice of
m→ 1. The MSC is frozen at a fixed value (namely, MSC is
invariant) with growing q, and one can augment the fixed value
of the MSC by coupling auxiliary qubits. The more auxiliary
qubits that are introduced to the reservoir, the larger the fixed
value obtained for the MSC. Under various values of t, the in-
troduction of auxiliary qubits is responsible for the obvious in-
creases in MSC in both the strong and weak coupling regimes,
except for t → 0. In the strong coupling regime, more auxil-
iary qubits can diminish the oscillation period of the MSC and
also suppress the oscillation amplitude of the MSC under vari-
ous values of t. In contrast, for the strategy of an initially weak
coupling regime, the introduction of more auxiliary qubits can
induce oscillation of the MSC in the case of t → 0. In com-
parison with (λ = 5,γ0 = 30), a greater number of auxiliary
qubits (such as N = 26) have a more conspicuous influence on
the enhancement of the MSC under (λ = 30,γ0 = 5).
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