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Full waveform inversion (FWI) is a complex data fitting process based on full wavefield modeling, aiming to quanti-
tatively reconstruct unknown model parameters from partial waveform data with high-resolution. However, this process is
highly nonlinear and ill-posed, therefore achieving high-resolution imaging of complex biological tissues within a limited
number of iterations remains challenging. We propose a multiscale frequency–domain full waveform inversion (FDFWI)
framework for ultrasound computed tomography (USCT) imaging of biological tissues, which innovatively incorporates
Sobolev space norm regularization for enhancement of prior information. Specifically, we investigate the effect of different
types of hyperparameter on the imaging quality, during which the regularization weight is dynamically adapted based on
the ratio of the regularization term to the data fidelity term. This strategy reduces reliance on predefined hyperparameters,
ensuring robust inversion performance. The inversion results from both numerical and experimental tests (i.e., numerical
breast, thigh, and ex vivo pork-belly tissue) demonstrate the effectiveness of our regularized FWI strategy. These findings
will contribute to the application of the FWI technique in quantitative imaging based on USCT and make USCT possible
to be another high-resolution imaging method after x-ray computed tomography and magnetic resonance imaging.

Keywords: full waveform inversion, Sobolev space norm regularization, ultrasound computed tomography
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1. Introduction
High-resolution images of biological tissues are of great

significance for clinical examination, diagnosis, and decision-
making in diseases such as breast cancer,[1] osteoporosis,
fracture,[2,3] Alzheimer’s disease, and head trauma.[4–7] The
primary techniques for tissue imaging include x-ray computed
tomography (X-CT), magnetic resonance imaging (MRI),
and ultrasound imaging. Among these, X-CT offers high-
resolution images by scanning the body layer by layer us-
ing x-ray beams and sensitive detectors, with image recon-
struction performed computationally.[1] However, it involves
harmful ionizing radiation, raising concerns about the induc-
tion of cancer.[5] So, X-CT demands a careful check of risk-
benefit balance in clinical practice. Alternatively, MRI gener-
ates both structural and functional images of the human body
with superior soft tissue contrast, involving no ionizing radi-
ations. However, patients often find the long and noisy ex-
aminations in a confined tubular space uncomfortable, though
“open” MRI designs could alleviate this. In addition, implants
or other immovable metallic objects in the body may pose
risks and prevent some patients from safely undergoing MRI
examinations.[8]

Ultrasound is a non-invasive, radiation-free, cost-effec-

tive, and versatile imaging technique, playing a crucial role in
biological tissue imaging.[9] It is especially favored in cases
requiring dynamic observation and real-time evaluation of the
human body.[10,11] As a widely used device, handheld pulse-
echo B-mode ultrasound typically uses linear or convex array
probes to generate structural images by capturing the back-
scattered reflection signals.[12] However, its spatial resolution
and field of view are limited, and image quality can be in-
fluenced by the operator’s skill and experience, often lacking
standardization in ultrasound imaging.[1,5,13]

Recently, ultrasound computed tomography (USCT) has
shown significant development potential. It utilizes a type of
surrounding ultrasound transducer array (e.g., circular array)
for full-azimuth acquisition to reveal the internal structures
and acoustic properties of the detection target.[1,2,4,5,14] USCT
collects vast amount of data, associated with various kinds of
waves such as transmission, reflection, diffraction, and scatter-
ing. This wealth of information makes USCT highly promis-
ing for high-resolution imaging of complex structures, in-
cluding the breast, limbs, and brain. There have been vari-
ous imaging methods developed for USCT, including the ray-
based methods, like delay-and-sum imaging (DAS)[15,16] and
time-of-flight tomography (TOFT),[17] as well as wave-based
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methods like diffraction tomography (DT).[18,19] In practical
imaging applications, ray-based methods typically rely on ray
assumptions and do not fully utilize all available ultrasound
data, leading to suboptimal levels of resolution.[1,20] DT meth-
ods based on Born or Rytov approximations achieve higher
resolution imaging compared to ray-based approaches. How-
ever, their validity relies on the assumption of weak scattering,
where the acoustic contrast is relatively low.[1,5]

To address these limitations, full waveform inversion
(FWI), which leverages full wave information and optimiza-
tion algorithms, has been increasingly incorporated into USCT
to achieve high-resolution imaging.[2,4,5,21–24] It minimizes the
difference between simulated and observed data through an it-
erative process, during which acoustic parameters (e.g., sound
speed, density, impedance) are reconstructed, leading to a
high-resolution quantitative model for the medium.[22–25] The
key elements of FWI include an efficient forward simulation
solver and a local optimization method, so that gradients and
Hessian operators can be efficiently estimated. However, FWI
is a highly nonlinear and ill-posed inverse problem, where
multiple models can fit the observed data.[22,26,27] In certain
conditions — such as when the initial model is far from the
true solution, there is a lack of low-frequency data, or the data
is noisy — FWI may fail to prevent the misfit function from
converging to an irrelevant local minimum value, resulting in
suboptimal solutions.

To alleviate this problem, the multiscale strategy is com-
monly employed in time-domain full waveform inversion
(TDFWI).[28] This approach incrementally introduces shorter
wavelength information into the parameter space by apply-
ing successive low-pass filters to the data. However, time-
domain methods require calculations at each time step, lead-
ing to significant demands on both computational resources
and time cost during the simulation step, especially when pro-
cessing long time series or large-scale models. To meet the re-
quirements of clinical applications, we focus our research on
frequency–domain full waveform inversion (FDFWI).[29,30]

For the frequency–domain method, wave propagation is
solved for individual frequency components, making FWI per-
form at specific frequency points. FDFWI offers two signif-
icant advantages: (i) it effectively utilizes the information re-
dundancy by selecting a finite set of frequency points;[31] (ii) it
naturally accommodates the multiscale inversion strategy, us-
ing the inversion result from low-frequency points as the initial
model for high-frequency points and progressively transition-
ing to higher frequency components.[2,25,26] This might miti-
gate the high computational overburden associated with time-
domain inversion.

Although the multiscale inversion strategy effectively
mitigates convergence to local minima, FWI remains chal-
lenged by the noise and underdetermined issues, especially

in regions with complex and strongly contrasting physical pa-
rameters. This can be improved by incorporating appropriate
regularization terms.[2,26,27,32] As a commonly used method,
Tikhonov regularization promotes smoothness in the model by
adding a smoothing term to the objective function, ensuring
continuity of the model during the inversion process.[27,32,33]

However, when aiming for high-resolution imaging, only us-
ing Tikhonov regularization may lead to undesirable effects
like excessive smoothing, causing a loss of resolution and fine
details. To overcome this problem, researchers have explored
various other regularization methods. For example, total vari-
ation (TV) regularization is introduced as a non-smooth con-
straint that enhances the sparsity of image gradients, making
it particularly suitable for models with significant contrast by
preserving distinct features like edges.[34–36] However, it may
exhibit the staircase effect when applied to regions with certain
slanted angles. Additionally, the hybrid scheme combining
Tikhonov and TV regularizations has also been investigated to
improve inversion performance particularly in scenarios fea-
turing smooth backgrounds and high-contrast edges.[2,37,38]

While this approach achieves a balance between smoothness
and edge preservation, its linear weighting scheme requires
careful tuning of the relative contributions of each term. More-
over, it lacks the flexibility to adjust the balance between
smoothness and edge enhancement at different regions of the
model, which may limit its adaptability in complex imaging
scenarios.

Sobolev space norm regularization offers a novel ap-
proach, that naturally combines the features of TV and
Tikhonov regularizations. This method aims to maintain a bal-
ance between low and high wavenumbers in the model, partic-
ularly during the early stages of inversion. Originally devel-
oped for salt-body (a typical high-impedance imaging target
in geophysics) inversion, it has been shown to effectively re-
cover the shape and contrast of salt bodies, even in cases where
the full velocity distribution is too complex to resolve.[32]

In this work, we propose to develop a multiscale frequen-
cy–domain FWI framework incorporating Sobolev space norm
regularization for USCT imaging of biological tissues. The
method adapts the regularization coefficient dynamically at
each inversion stage, based on the ratio between the regular-
ization term and the data fidelity term, reducing the reliance
on the predefined hyperparameter. This adaptive strategy en-
sures flexibility and enhances the applicability of the method
for complex imaging scenarios in the frequency domain. The
rest of this paper is organized as follows. Section 2 presents
the theoretical framework and specific technical details of the
proposed method. Section 3 outlines the setup of the models
and data. Section 4 demonstrates the imaging results of both
numerical and experimental tests to showcase the effectiveness
of our proposed approach. Finally, Section 5 provides an anal-
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ysis and discussion of the practical advantages and limitations,
as well as potential directions for future improvements.

2. Methods
In this section, we begin with a brief introduction for FWI

methodology for USCT. Specifically, the convergent Born
series (CBS) is utilized as the forward solver to solve the
Helmholtz equation. Additionally, we adopt the Sobolev space
norm regularization to improve the resolution and reliability of
biological tissue imaging inversion. In the last, error evalua-
tion metrics are introduced for a quantitatively assessment of
the inversion results.

2.1. Full waveform inversion

The FWI reconstructs the distribution of medium param-
eters (namely the model) based on the full wavefield informa-
tion. The process begins with an initial guess of the model,
which is used as input to a forward solver that simulates the
wavefield by solving the wave equation (i.e., the Helmholtz
equation in this work). A misfit function, typically char-
acterized by the L2 norm, is used to measure the discrep-
ancy between the simulated and actual observed wavefields
at receivers.[39,40] The gradient of this misfit function with re-
spect to the model parameters is then computed, and the model
is iteratively updated using local optimization algorithms (e.g.,
gradient decent and line search).[41,42] This iterative process
continues until the misfit function is minimized, yielding an
optimal parameter model that best explains the observed data.

In FDFWI, we adopt a multiscale strategy, where the in-
version is performed sequentially from low to high frequen-
cies, refining the model step by step. Each inversion iteration
focuses exclusively on a single frequency point, which sim-
plifies the problem and enhances stability. This hierarchical
approach leverages low-frequency data to reconstruct large-
scale features and progressively incorporates higher frequen-
cies to resolve finer details. The following outlines the specific
derivation process.

2.1.1. Misfit function

The misfit function Efwi of FWI in frequency–domain
reads

Efwi (𝑚) =
1
2 ∑

s

∥∥∥𝑅𝑢s[𝑚]−𝑑obs
s

∥∥∥2
, (1)

subject to (
ω

2m2(𝑥)+∇
2)us (𝑥) =− fs(𝑥), (2)

where 𝑑obs
s ∈ CNr×1 is the vector of observed data at the re-

ceiver positions 𝑥r. The superscript s denotes the s-th source.
𝑢s ∈ CNx×1 denotes the simulated wavefield associated with
the slowness model 𝑚 ∈ RNx×1 (i.e., the reverse of speed of

sound) and the angular frequency ω . Note that 𝑢s and 𝑚 are
the respective vector form of us and m, which both depend on
the spatial position 𝑥 ∈ CNx×1. Masking matrix 𝑅 ∈ RNr×Nx

is used for extracting the data at the receiver locations, effec-
tively converting the observed wavefield to the receiver po-
sitions (e.g., for a ring array in USCT). The right-hand side
of Eq. (2) defines the source term fs (𝑥) = δ (𝑥,𝑥s) Is, con-
sisting of source intensity Is and the source position vector
𝑥s ∈ CNs×1. Ns, Nr, and Nx represent the number of sources,
receivers, and spatial points, respectively.

In this part, we have defined the optimization problem
for FWI at a single frequency. To implement the multiscale
strategy, the optimization results from the lower frequency are
used as input for the inverse process at the higher frequency,
iterating over frequencies in sequence.

2.1.2. Model parameter update

We use the following equation to update the model pa-
rameters (i.e., slowness)

𝑚k+1 =𝑚k +αk𝐷k, (3)

where the subscript k represents the k-th iteration, and αk and
𝐷k denote the step size and decent direction of the iteration,
respectively. In this work, we perform the line search method
that satisfies the Wolf condition to determine the step size.[22]

The descent direction vector 𝐷k is expressed as

𝐷k =−𝐻 (𝑚k)∇𝑚k Efwi (𝑚k) , (4)

where 𝐻 (𝑚k) ∈ RNx×Nx is a preconditioner approximating
the inverse Hessian matrix, and ∇𝑚Efwi is the gradient of the
misfit function Efwi with respect to the model parameter 𝑚.
Note that the full Hessian matrix is prohibitively expensive to
compute in most of the scenarios such that approximation is
essential. The explicit expression and associated derivation
process are detailed in the next section.

2.1.3. Local optimization algorithm

We use the adjoint-state method[43] to compute the gradi-
ent ∇𝑚Efwi. Equation (2) can be simplified as follows:

𝐴𝑢s = 𝑓s, (5)

where 𝐴 ∈ RNx×Nx defines the impedance matrix associated
with ω2m2(𝑥)+∇2. By differentiating both sides of Eq. (5)
with respect to model parameter 𝑚, we obtain the Fréchet
derivative matrix, reading

∂𝑢s

∂𝑚
=−𝐴−1 ∂𝐴

∂𝑚
𝑢s. (6)

The partial derivative of misfit function with respect to param-
eter 𝑚 leads to

∇𝑚Efwi =
∂Efwi

∂𝑚
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= −∑
s

Re
[
𝑢†

s

(
∂𝐴

∂𝑚

)† (
𝐴−1)†

𝑅†

×
(
𝑅𝑢s −𝑑obs

s

)]
, (7)

where Re and † represent the real part and the transpose con-
jugate, respectively. The term 𝑅†

(
𝑅𝑢s −𝑑obs

s
)

maps the data
residual back to the observation boundaries, acting as the ad-
joint source 𝑔s ∈CNx×1 for backpropagation.[21,23,42] The col-
umn of 𝐴−1 is related to the Green’s functions for unit im-
pulse sources located at each grid of the model. Due to the
spatial reciprocity of the Green’s functions, 𝐴−1 is symmet-
ric. Therefore,

(
𝐴−1

)† can be replaced by 𝐴−1, and the prod-
uct 𝐴−1𝑔s leads to the back-propagated adjoint wave-field
which is denoted as 𝑞s =𝐴−1𝑔s =

(
𝐴−1

)†
𝑅†
(
𝑅𝑢s −𝑑obs

s
)
,

𝑞s ∈ CNx×1. This simplification is expressed as follows:

∇𝑚Efwi =
∂Efwi

∂𝑚
=−∑

s
Re

[
𝑢†

s

(
∂𝐴

∂𝑚

)†

𝑞s

]
, (8)

where ∂𝐴/∂𝑚 reads 2ω2diag(𝑚), denoting diagonal matrix
with the values of the slowness model m(𝑥) on the diagonal.
Given the derived gradient, the approximating inverse Hessian
𝐻 can be obtained by the L-BFGS method.

2.1.4. Forward solver

Instead of the commonly used direct approach (e.g., LU
decomposition associated with finite difference discretization)
for solving the frequency–domain wave equation, we employ
the iterative CBS method as the forward modeling kernel. This
choice offers an optimal balance among computational effi-
ciency, accuracy, scalability, and memory usage. A key ad-
vantage of the CBS method lies in its memory efficiency. Let
degree of freedom (DOF) represent the total number of grid
points in the computational domain. In the LU decomposi-
tion approach, memory requirements scale with the square of
DOF, even though the underlying matrix may be sparse. In
contrast, the memory requirement of the CBS method is al-
most linearly proportional to DOF. This significant memory
advantage makes the CBS method particularly well-suited for
large-scale wave-field simulations.

Specifically, CBS is an improved Born series (BS)
method by introducing a well-designed preconditioner. No-
tably, the CBS method is capable of accurately solving the
Helmholtz equations for structures of arbitrary size and with
high scattering potentials, ensuring convergence to precise so-
lutions. This iterative framework offers a robust approach for
complex wave-field computations. The core implementation
of the iterative process is

u(k+1)
s (𝑥) = u(k)s (𝑥)− i

𝜖
V (𝑥)

(
u(k)s (𝑥)−ℱ−1

×
[
g0 (𝑝)ℱ

[
V (𝑥)u(k)s (𝑥)+ fs(𝑥)

]])
, (9)

where V (𝑥)≡ ω2(m2 (𝑥)−m2
0)− i𝜖 with m0 the background

slowness value, i the imaginary unit, and 𝜖 an infinitesimally
small constant. ℱ and ℱ−1 are the forward and inverse Fourier
transforms, respectively. The Green’s function is defined as
g0 (𝑝) = 1/(|𝑝|2 −ω2m2

0 − i𝜖) with 𝑝 the wavenumber related
to 𝑥. The readers are referred to Osnabrugge et al.[44] for more
details.

2.2. Sobolev space norm regularization

Regularization is a widely used technique in solving in-
verse problems to control the smoothness or complexity of so-
lutions, preventing overfitting or instability. Common meth-
ods include Tikhonov regularization, which smooths models
to enhance numerical stability, and TV regularization, which
promotes sharp edge information. According to Ref. [32], a
generalized regularization approach, the Sobolev space norm
(also refered to as W 1

p ) was proposed, which blends TV and
Tikhonov regularizations by introducing an index to modulate
the spatial gradient of m(𝑥). In this work, we will choose
W 1

p as our regularization term Ereg, scaled by a hyperparame-
ter coefficient β . Consequently, the total misfit function E is
reformulated as

E (𝑚) = Efwi (𝑚)+βEreg (𝑚) , (10)

where Efwi and Ereg represent the data fidelity term and the
regularization term, respectively. The Ereg can be defined as

Ereg (𝑚) = Ereg (m) = ∫ (∇𝑥m ·∇𝑥m+ ε)p/2 d𝑥, (11)

where ε is a small positive constant added to avoid diver-
gence when calculating the gradient of the regularization
term, and the spatial gradient of m(𝑥) is given by ∇𝑥m =

[∂m/∂x,∂m/∂y]† assuming 𝑥=[x,y]† in two dimensions. For
simplicity, we express Eq. (11) in operator form rather than
matrix form. The gradient of Ereg with respect to 𝑚 is

∂Ereg

∂𝑚
=

∂Ereg

∂m(𝑥)

= − p∇𝑥 ·
∇𝑥m

(∇𝑥m ·∇𝑥m+ ε)1−p/2 . (12)

By substituting p = 1 into Eq. (11), we obtain

Ereg =
∫

(∇𝑥m ·∇𝑥m+ ε)1/2 d𝑥, (13)

which can be simplified as

Ereg =
∫

|∇𝑥m|d𝑥. (14)

This is precisely the definition form of TV regularization. By
substituting p = 2 into the formula, we obtain

Ereg =
∫

(∇𝑥m ·∇𝑥m+ ε) d𝑥, (15)
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which can be approximated as

Ereg =
∫

|∇𝑥m|2 d𝑥, (16)

transforming into Tikhonov regularization form. Figure 1
shows the dependence of W 1

p on the local parameter gradient
∇𝑥m and p.

↩ ↩   









p/.
p/.
p/.
p/.
p/.

∇xm

W
p1

Fig. 1. The variations of the W 1
p regularization at different values of p

and local parameter ∇𝑥m, with the parameter ε = 10−7.

Through the modification of p, W 1
p regularization can

flexibly switch between TV and Tikhonov regularization.
When p is between 1 and 2, W 1

p regularization combines the
characteristics of TV and Tikhonov regularization.

2.3. Error evaluation metrics

To quantitatively assess the inversion results, we calcu-
late three commonly used image quality metrics: peak signal-
to-noise ratio (PSNR), root mean square error (RMSE), and
structural similarity index (SSIM). These metrics are widely
applied in image compression, restoration, and reconstruction.
PSNR quantifies the difference between the ground truth and
reconstructed images using the formula

PSNR = 10 · log10

(
(max(𝑚true))

2

MSE

)
, (17)

where max(𝑚true) is the maximum possible pixel value in the
ground truth image or model. MSE is the mean squared error,
which is calculated as

MSE =
1

Nx
‖𝑚true −𝑚inv‖2

2 , (18)

where 𝑚inv is the reconstructed image or model. A higher
PSNR value indicates better quality (i.e., closer to the ground
truth). Alternatively, RMSE is calculated as

RMSE =
√

MSE. (19)

A smaller RMSE value indicates a smaller difference between
the reconstructed image and the ground truth, reflecting higher

model accuracy. SSIM is used to measure the structural sim-
ilarity between two images. It considers the luminance, con-
trast, and structural information of the images. The definition
of SSIM is given below:

SSIM(𝑚true,𝑚inv)

=
(2µtrueµinv +C1)(2σcross +C2)(

µ2
true +µ2

inv +C1
)(

σ2
true +σ2

inv +C2
) , (20)

where µtrue and µinv are the mean luminances of the images
𝑚true and 𝑚inv, respectively. σ2

true and σ2
inv are the vari-

ances of the images 𝑚true and 𝑚inv respectively, indicating
the contrast. σcross is the covariance between images 𝑚true

and 𝑚inv, representing the structural information. C1 = (γ1L)2

and C2 = (γ2L)2 are constants used to stabilize the division
with small values, where L is the dynamic range of the image,
and γ1 and γ2 are small constants. The range of SSIM val-
ues is in between [0,1]. When SSIM= 1, the two images are
completely identical without any noticeable distortion. When
SSIM= 0, these two images are completely different.[45]

3. Setup
This section details the generation of numerical observed

data for breast and thigh tissues and the collection of experi-
mental observed data for pork-belly tissue. All tests are related
to the ring-array based USCT system.

3.1. Numerical test I: Breast model setup

In order to set up the numerical model for breasts, we
use the clinical magnetic resonance angiography (MRA) op-
tical and acoustic breast phantom database approved by IRB
and collected by Washington University School of Medicine
in St. Louis. We select a coronal plane as the breast numerical
model, where each voxel value corresponds to a specific tissue
type: background 0, fibroglandular tissue 2, fat 3, skin 4, and
blood vessels 5. According to Ref. [46], we assign correspond-
ing sound speed values to different tissue types in the model.
Table 1 shows the sound speed distribution of the numerical
breast model. To generate the synthetic data as ground truth
observation, 512 array elements are uniformly distributed on
a circumference with a diameter of 22 cm (as shown by the
white dots in Fig. 2). The ground truth map of the real sound
speed model is also displayed in the Fig. 2. Each element
functions as both a source and a receiver. Data acquisition
is performed using full matrix capture (FMC) mode, where
each array element sequentially emits a pulse signal while all
elements participate in receiving. A Gaussian pulse with a
center frequency of 0.75 MHz is used as the wavelet for the
sound source. Figures 3(a) and 3(b) show the waveform dis-
tribution of the sound source in both the time and frequency
domains. For simplicity, the emission source in this study is
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modeled as an ideal point source in space. By using a time-
domain two-dimensional (2D) k-wave forward solver to sim-
ulate the acquisition procedure for constant-density acoustic
modeling,[47] we obtain a synthetic observed dataset of size
7788×512×512 (time samplings × transmitting numbers ×
receiving numbers), with a sampling interval of 27.3 ns over a
duration of 212 µs. The spatial domain consists of 1601×1601
grid points with a step size of 0.015 cm, covering a computa-
tional domain of 24 cm×24 cm.

Table 1. Sound speed for the ground truth of the numerical breast model.

Tissue type Sound speed range (m/s)

Background (water) 1500
Blood vessel 1584
Skin 1650
Fat 1470
Fibroglandular 1515

-10 -5 0 5 10

X (cm)

-10

-5

0

5

10

Y
 (

c
m

)

1480

1500

1520

1540

1560

1580

1600

1620

S
p
e
e
d
 (

m
/
s)

Fig. 2. The ground truth sound speed map of the numerical breast model
and the distribution of 512 sound sources (indicated by the white dots).
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Fig. 3. The source wavelet and its spectrum used in k-wave simula-
tions. (a) The time–domain source wavelet signal. (b) The spectrum of
the wavelet, with a central frequency of 0.75 MHz.

Figure 4(a) illustrates the observed data received by all
array elements when the 1st element acts as the transmitter.
Various wave types, including reflected, transmitted, and re-
fracted waves, can be clearly identified. Figure 4(b) illustrates
the frequency–domain data for all transmitting and receiving
elements at the frequency of 0.75 MHz. In order to evaluate
the robustness of the proposed algorithm under noisy condi-
tions, we add Gaussian white noise to the synthetic observed

data, with a signal-to-noise ratio (SNR) of 15 dB, to mimic the
practical environment. Figures 5(a) and 5(b) present the com-
parison of the signals emitted by the 1st element and received
by the 256th element under two conditions: without noise and
with noise.
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Fig. 4. Partial time–domain and frequency–domain observed data of
breast model. (a) Time–domain signals received by all array elements
after the transmitting of the 1st element. (b) Frequency–domain data
(the amplitude map) of each transmitting and receiving array element at
the 0.75-MHz frequency point.
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Fig. 5. The time–domain observed data of the numerical breast model:
(a) Noise-free signals received by the 256th element after the transmit-
ting of the 1st element. (b) Signals with added Gaussian white noise
under the same conditions.

3.2. Numerical test II: Thigh model setup

The tissue model for thigh is derived from the CT dataset
of the Visual Human Program at the National Library of
Medicine in the United States. A two-dimensional (2D) cross-
section is selected from this dataset with different tissue types
(e.g., skin, fat, muscle, and femur). These tissues are empiri-
cally mapped to specific sound speed values based on CT im-
ages to construct a ground truth reference, as shown in Fig. 6
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and Table 2. Then, for the simulation, the settings are consis-
tent with those of the breast model, with the only difference
being the center frequency of the emitting sound source. Here
we set this frequency as 0.6 MHz to ensure sufficient low-
frequency information and to account for the reduced pene-
tration capability of high-frequency ultrasound in bone tissue.

Table 2. Sound speed for the ground truth of the numerical thigh model.

Tissue type Sound speed range (m/s)

Background 1500

Skin ∼ 1600–1720

Fat ∼ 1382–1468

Muscle ∼ 1580–1596

Femur ∼ 2000–3121
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Fig. 6. The ground truth sound speed map of the numerical thigh model
and the distribution of 512 sound sources (indicated by the white dots).

The time–domain and frequency–domain waveforms of
the source are shown in Figs. 7(a) and 7(b), respectively.
The size of the synthetic observed dataset is 16041×512×512
(time samplings×transmitting numbers×receiving numbers),
with a sampling interval of 14.08 ns and a sampling duration
of 225.9 µs.

f (MHz)

t (ms)

0 0.5 1.0 1.5
0

0.5

1.0

A
m

p
li
tu

d
e

Source spectrum

(b)

-5 0 5
-1

0

1

A
m

p
li
tu

d
e

Source wavelet

(a)

Fig. 7. The source wavelet and its spectrum used in k-wave simula-
tions: (a) the time–domain source wavelet signal, (b) the spectrum of
the wavelet, with a central frequency of 0.6 MHz.

We also display the observed data after the transmitting
of the 1st element in Fig. 8(a), revealing more reflection data
compared to the breast model, owing to the bone tissue. Mean-
while, figure 8(b) presents the frequency–domain observed

data of each transmitting and receiving array element at the
0.6-MHz frequency point. For the robustness, similar to the
breast model, a signal-to-noise ratio (SNR) of 15 dB is also
involved.
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Fig. 8. Partial time–domain and frequency–domain observed data of
numerical thigh model: (a) time–domain signals received by all array
elements after the transmitting of the 1st element, (b) frequency–domain
data (the amplitude map) of each transmitting and receiving array ele-
ment at the 0.6-MHz frequency point.

Figures 9(a) and 9(b) compare the signals emitted by the
1st element and received by the 256th element under two con-
ditions: without noise and with noise.
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Fig. 9. The time–domain observed data of the numerical thigh model:
(a) noise-free signals received by the 256th element after the transmit-
ting of the 1st element, (b) signals with added Gaussian white noise
under the same conditions.

3.3. Ex vivo experimental test: Pork-belly tissue setup

In this section, we give the detailed physical experiment
setup. In the experimental test, we likewise acquire observed
data using an ultrasonic ring array. The USCT acquisition sys-
tem consists of a physical ring array of 512 piezoelectric trans-
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ducers and a series of modules responsible for signal transmis-
sion, acquisition, storage and display. The entire ring array
possesses an internal diameter of 22 cm. It consists of four
identical arc-shaped arrays, with a spacing of one element size
between them, approximately 1.2 mm. The schematic diagram
of the distribution of element positions in physical ring array is
shown by the red dots in Fig. 10(b). We select a segment of ex
vivo pork-belly tissue as our imaging subject, approximately
44 centimeters in length, 7 centimeters in width, and roughly
3 centimeters in thickness.
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Fig. 10. The relative position between the pork-belly and the ring array, as
well as the location of the array elements within the computational domain:
(a) the ultrasonic ring array and ex vivo pork-belly tissue, (b) the distribution
of 512 sound sources, represented by red dots, along with the size of the com-
putational domain.
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pork-belly tissue: (a) time–domain signals received by all array ele-
ments when the 1st element is transmitting, (b) frequency–domain data
of each transmitting and receiving array element at the 0.75-MHz fre-
quency point.

During the acquisition of observed data, we still employ
the FMC mode. Both the ring array and the imaging subject

are fixed and submerged in water, as depicted in Fig. 10(a).
We have set the transmission voltage to 75 V and selected
0.75 MHz as the central frequency of the emission pulse sig-
nal. The size of received data is 4955×512×512 (time sam-
plings × transmitting numbers × receiving numbers), with a
sampling interval of 40 ns and a sampling duration of 198 µs.

Figure 11(a) presents the observed data received by all
array elements after the transmitting of the 1st element and
figure 11(b) displays the frequency domain observed data of
each transmitting and receiving array element at the 0.75-MHz
frequency point. In Fig. 11(a), we can see obvious noise sig-
nals prior to the transmitted wave. These noises mainly come
from electronic crosstalk, multiplexer switching, inherent ther-
mal noise, quantization noise, etc. in the USCT system. To
mitigate these issues, after acquiring the raw time–domain ob-
served data, we apply a bandpass filter to remove the back-
ground noise. Subsequently, based on the time-of-arrival in-
formation and a one-sided Gaussian window, we eliminate
such noises before the transmitted wave.[24]

4. Result
4.1. Numerical test I: Breast model

During the inversion process of the breast model, we set
the frequency range from 0.25 MHz to 1.2 MHz, with a fre-
quency interval of 50 kHz at lower frequencies and 100 kHz
at higher frequencies. Each frequency point is iterated 5 times
in the inversion process. To mitigate the near-field effects, we
have excluded approximately 15% of the received data closest
to each source in whole study. More specifically, in the pro-
cess of using CBS for wavefield calculation, we set 601×601
grid points in the spatial domain, with a total computational
domain size of 24 cm×24 cm. Figures 12(a) and 13(a) show
the same inversion results without regularization (p = 0). The
skin edge and internal tissues (fat, fibroglandular, blood ves-
sels) of the breast model, are reconstructed, accurately captur-
ing the macroscopic morphology with minimal artifacts. How-
ever, compared to the ground truth model in Fig. 2, the over-
all image appears slightly blurred with lower resolution, more
pronounced background noise and artifacts near the inner side
of the skin. Furthermore, as shown in the line profile com-
parison in Fig. 14, when p = 0, the reconstructed sound speed
is generally underestimated, with a significant deviation in the
skin’s sound speed compared to the true values.

To refine these issues, we perform the inversion with
W 1

p regularization in the following. While in the regular-
ization term, the selection of hyperparameters including the
regularization coefficient β and the p-value, requires exten-
sive testing. Moreover, the appropriate hyperparameters will
change when the models are altered. Here, we will per-
form some trials to find the proper hyperparameters. In the
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inversion process, we set a specific value χ0 for the ratio
χ = β

∥∥∇mEreg
∥∥

2 /‖∇mEfwi‖2. While χ will vary due to the
updating of the model, we reset χ to χ0 at the beginning of
inversion for each frequency point by automatically adjusting
the regularization coefficient β . Specifically, we set χ0 to 10%

and 15%, and the corresponding results are shown in Figs. 12
and 13, respectively. Additionally, we test various values for
p (1.0, 1.2, 1.5, 1.8, and 2.0), and the corresponding inversion
results are shown in panels (b)–(f) of Figs. 12 and 13, respec-
tively.
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Fig. 12. The reconstruction results of sound speed in the breast model, with the ratio χ0 set to 10%, are shown in panels (a)–(f), corresponding
to the reconstruction results for p = 0, 1.0, 1.2, 1.5, 1.8, 2.0, respectively.
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Fig. 13. The reconstruction results of sound speed in the breast model, with the ratio χ0 set to 15%, are shown in panels (a)–(f), corresponding
to the reconstruction results for p = 0, 1.0, 1.2, 1.5, 1.8, 2.0, respectively.
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Fig. 14. The partial plots of the sound speed of a horizontal cutting line
located at Y = 0.2 cm: panels (a) represents the situations χ0 = 10%
and panel (b) represents the situations χ0 = 15%.

The results demonstrate that the introduction of W 1
p reg-

ularization term leads to varying degrees of improvement in
reconstruction quality. When the χ0 is set to 10%, the recon-
structed breast model with p = 1.2, p = 1.5, and p = 2.0 ex-
hibits significantly better visual quality, higher resolution, and
fewer artifacts near the skin, all within the same color scale
range. However, for p = 2.0, background noise outside the
model remains unmitigated. As shown in Table 3, quantita-
tive error evaluation indicators, including PSNR, SSIM, and
RMSE, further validate these results. While p= 2.0 yields rel-
atively higher PSNR and SSIM values, indicating better visual
quality, it also produces the highest RMSE among the tested
regularization terms. This suggests a larger overall numerical
discrepancy between the reconstructed sound speed model and
the ground truth, despite its improved visual appearance.
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Table 3. Error evaluation of the reconstructed breast model in the rectangular region of interest, with the ratio χ0 set to 10% and 15%, and for
different values of p. The PSNR, SSIM, and RMSE error values are compared between the reconstructed model and the true model.

Error evaluation FWI FWI+W 1
1.0 FWI+W 1

1.2 FWI+W 1
1.5 FWI+W 1

1.8 FWI+W 1
2.0

PSNR (dB) 10% 37.603 40.187 41.926 41.667 38.799 42.000
SSIM 10% 0.814 0.911 0.948 0.943 0.869 0.947
RMSE 10% 21.744 16.148 13.219 13.618 18.946 20.517

PSNR (dB) 15% 37.603 41.589 41.753 41.637 41.988 41.580
SSIM 15% 0.814 0.948 0.946 0.943 0.950 0.942
RMSE 15% 21.744 13.742 13.485 13.666 13.124 20.486

When χ0 = 15%, the results of all tested nonzero p show
significant improvements in reconstruction quality compared
to p = 0, which indicates that appropriately tuning the ratio
χ not only enhances reconstruction quality but also simpli-
fies the selection of the p-value. Among them, the result with
p = 1.8 shows the best performance with PSNR (41.988 dB),
SSIM (0.950), and RMSE (13.124). However, when p = 2.0,
the situation is similar to the case of p = 2.0 when χ0 = 10%,

where the RMSE is relatively higher even the visual quality is
decent.

4.2. Numerical test II: Thigh model

We apply the same inversion strategy to the case of the
numerical thigh, with the difference being that the frequency
range is set from 0.2 MHz to 1.0 MHz, and the number of it-
erations per frequency point is 8. Figures 15(a) and 16(a) show
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Fig. 15. The reconstruction results of sound speed in the thigh model, with the ratio χ0 set to 10%, are shown in panels (a)–(f), corresponding
to the reconstruction results for p = 0, 1.0, 1.2, 1.5, 1.8, 2.0, respectively.
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Fig. 16. The reconstruction results of sound speed in the thigh model, with the ratio χ0 set to 15%, are shown in panels (a)–(f), corresponding
to the reconstruction results for p = 0, 1.0, 1.2, 1.5, 1.8, 2.0, respectively.
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the same sound speed inversion results without regularization
(p= 0). From the figures, it can be seen that the skin, fat, mus-
cle, and bone of the thigh have been reconstructed. However,
compared to the true model, the details in the muscle region
are somewhat blurred, and the reconstruction of the cortical
bone is uneven, showing discrepancies with the true model, as
shown in the line profile comparison in Fig. 17.

Similarly, we perform the same regularization tests in the
inversion process. Overall, the results show varying degrees of
improvement in reconstruction quality. When χ0 = 10%, the
reconstructed thigh model with p = 1.5 shows significantly
better visual quality, higher resolution, and sound speed of
bone closer to the true model. These observations are sup-
ported by the profile comparison in Fig. 17 and the error eval-
uation indicators presented in Table 4. When χ0 = 15%, all
tested values of p (1.0, 1.2, 1.5, 1.8) almost have the consistent
improvement in reconstruction quality compared to p= 0. The
overall sound speed distribution improves, with clearer details

in the muscle and more uniform sound speed in the cortical
bone, making it more consistent with the true model. The line
profiles in Fig. 17 and the error indicators in Table 4 further
validate these inversion results.
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Fig. 17. The partial plots of the sound speed of a vertical cutting line
located at X = 1.2 cm, panel (a) represents the situations χ0 = 10% and
panel (b) represents the situations χ0 = 15%.

Table 4. Error evaluation of the reconstructed thigh model in the rectangular region of interest, with the ratio χ0 set to 10%, and 15%, and for
different values of p. The PSNR, SSIM, and RMSE error values are compared between the reconstructed model and the true model.

Error evaluation FWI FWI+W 1
1.0 FWI+W 1

1.2 FWI+W 1
1.5 FWI+W 1

1.8 FWI+W 1
2.0

PSNR (dB) 10% 35.944 38.719 39.373 39.889 37.003 39.021
SSIM 10% 0.933 0.968 0.974 0.979 0.950 0.971
RMSE 10% 50.959 37.025 34.340 32.361 45.111 35.761
PSNR (dB) 15% 35.944 40.384 39.609 40.833 41.066 37.833
SSIM 15% 0.933 0.982 0.979 0.982 0.983 0.960
RMSE 15% 50.959 30.565 33.419 29.027 28.259 41.000

4.3. Ex vivo test: Pork-belly tissue

For the inversion of pork-belly tissue observed data, we
employ the same inversion strategy as the numerical breast
model. Figures 18(a) and 19(a) display the same results of the
sound speed inversion without the regularization term. We can
distinctly observe the textures of various tissues (such as skin,

fat, and muscle), which correspond well with the actual struc-
tures of pork tissue. While, the overall resolution and contrast
are not high enough, and the reconstructed sound speed of the
skin is uneven. After implementing the regularization strat-
egy, the reconstruction results have been improved, especially
in the reconstruction of sound speed at the skin site, as shown
in panels (b)–(f) of Figs. 18 and 19.

S
p
e
e
d
 (

m
/
s)

S
p
e
e
d
 (

m
/
s)

S
p
e
e
d
 (

m
/
s)

S
p
e
e
d
 (

m
/
s)

S
p
e
e
d
 (

m
/
s)

S
p
e
e
d
 (

m
/
s)

Y
 (

c
m

)
Y
 (

c
m

)

X (cm) X (cm) X (cm)

reg p=0

(a)

-8 0 8

-8

0

8 1500

1550

1600

1650

1700
reg p=1.0

(b)

-8 0 8

-8

0

8 1500

1550

1600

1650

1700
reg p=1.2

(c)

-8 0 8

-8

0

8 1500

1550

1600

1650

1700

reg p=1.5

(d)

-8 0 8

-8

0

8 1500

1550

1600

1650

1700
reg p=1.8

(e)

-8 0 8

-8

0

8 1500

1550

1600

1650

1700
reg p=2.0

(f)

-8 0 8

-8

0

8 1500

1550

1600

1650

1700

Fig. 18. The reconstruction results of sound speed for ex vivo pork-belly tissue, with the ratio χ0 set to 10%, are shown in panels (a)–(f),
corresponding to the reconstruction results for p = 0, 1.0, 1.2, 1.5, 1.8, 2.0, respectively.
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Fig. 19. The reconstruction results of sound speed for ex vivo pork-belly tissue, with the ratio χ0 set to 15%, are shown in panels (a)–(f),
corresponding to the reconstruction results for p = 0, 1.0, 1.2, 1.5, 1.8, 2.0, respectively.
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Fig. 20. The partial plots of the sound speed of a vertical cutting line
located at X = 1.32 cm, panel (a) represents the situations χ0 = 10%
and panel (b) represents the situations χ0 = 15%.

We find that for both χ0 = 10% and χ0 = 15%, in addi-
tion to the increase in sound speed at the skin, the details of
muscles and fat are clearer, and the contrast is also improved
for all tested values of p (1.0, 1.2, 1.5, 1.8, 2.0). These re-
sults show consistent improvements in reconstruction quality
compared to p = 0. From the line profile plots in Fig. 20,
significant changes of the 10% and 15% ratios are observed
primarily in the sound speed of the skin region and areas with
substantial variations in internal sound speed. However, when
χ0 = 15%, additional artifacts appear, particularly on the outer
side of the skin even the internal details of the reconstructed
tissue become more refined. This suggests a trade-off between
enhancing detail resolution and controlling artifacts. Further
fine-tuning of the regularization parameters is required to fully
optimize the reconstruction quality across different tissue.

5. Discussion, conclusion, and perspectives
The FWI technique has been developed into a powerful

high-resolution quantitative imaging method in the field of ul-
trasound imaging. It breaks the limitations of conventional

pulse echo ultrasound and TOFT, with the potential to develop
a high-resolution quantitative imaging technique in a standard-
ized manner, similar to MRI and x-ray CT.

Considering computational efficiency, hardware require-
ments, and imaging resolution, this study explores the FDFWI
with Sobolev space norm regularization. The inverse prob-
lem for USCT-FWI is generally ill-posed and highly nonlinear
such that the introduction of appropriate prior information by
regularization is crucial to stabilize the inversion procedure.
However, the weight of regularization shall be carefully bal-
anced during the iterative process. Specifically, we investigate
the effect of different types of hyperparameter (i.e., regulariza-
tion ratio and p-value) on the imaging quality. Numerical and
experimental tests demonstrate that the inversion results can
be significantly improved under regularization with proper se-
lection of hyperparameters. The results of this study indicate
that the designed algorithm exhibits nice adaptability and ro-
bust features, even when applied to the experimental target.

Theoretically, increasing the number of iterations for each
frequency point allows the model to refine gradually, achiev-
ing the same precision even without regularization. This is
feasible under ideal conditions, such as low noise and high-
quality observed data. However, this approach significantly
increases computational costs and runtime. Given the non-
linear nature of FWI, excessive iterations can lead to overfit-
ting and oscillations, particularly in complex models or noisy
conditions, resulting in greater instability and error accumula-
tion. Regularization effectively promotes faster and more sta-
ble convergence, especially in scenarios with complex mod-
els or limited low-frequency information. This study demon-
strates that incorporating Sobolev norm regularization yields
better inversion results with a similar computational overbur-
den.

In the exploration of Sobolev norm regularization for
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FWI, selecting appropriate regularization coefficients and the
p-value requires extensive testing and fine-tuning. This chal-
lenge arises from the complexity of balancing data fidelity
with regularization to mitigate overfitting and stabilize the in-
version process. To address this issue, we test different ratios
of the regularization term relative to the data fidelity term, and
adaptively adjust the regularization coefficient to fix the ratio
at the beginning of the inversion process for each frequency
point. While when the ratio is too high, it may cause the reg-
ularization term to dominate the inversion process, leading to
over-enhancement of boundary information. Thus, we have
chosen it as 10% and 15% in this work. As for p-value, we
test it in the range [1.0, 2.0], and we find that different in-
version models may correspond to different optimal p-values.
However, when the regularization ratio is large, such as in this
study when the ratio is 15%, different p-values almost yield
similarly decent inversion results. Therefore, the selection of
the p-value can both depend on the model and the regulariza-
tion term ratio, which makes the inversion process more stable.

In solving the Helmholtz equation using the CBS method,
we simplify the medium by assuming uniform density, which
deviates from the medium’s actual characteristics. In real-
ity, acoustic wave propagation and observed data are influ-
enced by multiple parameters, including sound speed, den-
sity, impedance, attenuation, and elastic properties. Focusing
solely on sound speed inversion at low frequencies is reason-
able, as studies have shown that parameter coupling effects
are minimal in this range, with sound speed dominating the
inversion process. However, at higher frequencies, incorpo-
rating factors like density, attenuation, and elastic effects be-
comes essential to achieve finer imaging.[5] While this en-
hances accuracy, it also significantly increases computational
demands. Consequently, developing advanced Helmholtz
equation solvers that account for density, impedance, and other
factors, and exploring multi-parameter joint inversion strate-
gies for complex media, such as musculoskeletal tissues, re-
main critical challenges in FWI based medical imaging.
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