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The generalized a-model for anisotropic two-band superconductivity is consistently constructed with the consider-
ation of weak interband electron—electron interaction. Tailored from the two-band BCS theory, the developed framework
can be applied to investigate thermodynamic properties of intraband strong-coupling superconductors. Accordingly, we
perform a calculation on the temperature dependence of specific heat and obtain an analytic expression for specific heat
jump at the superconducting critical temperature. Meanwhile, we also compute the superfluid density and the spin suscep-
tibility with this formalism. Given the low-temperature superconducting gaps from experimental measurement, all of our
theoretical results can fit the experimental data of the layered two-band superconductor NbSe, well.
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1. Introduction

The hexagonal transition metal dichalcogenide NbSe;, as
a typical example of layered superconductors, has been exten-
sively studied since its discovery in the 1960s.[-*! This binary
compound exhibits an incommensurate charge-density wave
(CDW) order below 33.5 K3 and enters the superconduct-
ing state at T, = 7.2 K.1*l The high-resolution photoemission
and magnetotransport measurements show that both orderings
are driven by electron—phonon interaction and manifest an
anisotropic feature of the layered material.[>-%! It is indicated
from the scanning tunneling microscopy (STM) experiment
that the formation of CDW induces small-amplitude atomic
displacements and significantly alters the electron—phonon
coupling, placing NbSe, in the strong-coupling regime.!”!
Meanwhile, band structure calculations in NbSe, demonstrate
that the electronic states around the Fermi level are domi-
nated by two 4d orbitals of the Nb atoms, and the contribution
from the Se 4p pocket is only about 5%.8-19 Thereafter, the
gap spectra from STM measurements show strong evidence of
two-band superconductivity in NbSe,,!!'! and each supercon-
ducting gap function turns out to present an anisotropic distri-
bution with six-fold symmetry over the Fermi surface.!!>~14]

In principle, we should refer to the classical Eliashberg
theory to study the superconductivity with strong electron—
phonon interaction.!">! In 1973, Padamsee et al. proposed the
a-model to avoid the difficulties of solving complex Eliash-
berg equations and interpret the deviation of electronic heat
capacity data from the BCS prediction.!'®! The a-model as-
sumes that the normalized superconducting order parameter
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A(T)/A(0) is the same as that in the BCS theory, but the ra-
tio o = A(0)/kgT, is treated as an adjustable parameter based
on the experimental values.!!”! In order to extend this formal-
ism to multi-band superconductors, the usual procedure is a
straightforward application of this model to each band regard-
less of the interband interaction. In fact, this oversimplified
treatment is unsatisfactory since the smaller gap is highly de-
pendent on the interband coupling and the anomalous variation
of this gap with temperature will strongly affect the specific
heat behavior near T;.. There is no doubt that the problem will
become especially serious in anisotropic two-band supercon-
ductors.

In this paper, we will systematically develop a gener-
alized a-model for anisotropic two-band superconductivity
Based
on the normalized gap functions from the anisotropic two-

with weak interband electron—electron interaction.

band BCS theory, we introduce two o-parameters in this for-
malism and calculate the temperature dependence of specific
heat, superfluid density, and spin susceptibility for intraband
strong-coupling superconductors. We then apply the two-
band o-model to study thermodynamic properties of the lay-
ered chalcogenide superconductor NbSe;. Given the low-
temperature superconducting gaps from the experiment, our
theoretical results agree well with the experimental data of this
two-band material in a broad temperature range. Our theoret-
ical results give the specific heat jump at the critical temper-
ature as about 2.12, which is also consistent with the experi-
mental measurement. [1819]

The rest of this article is structured as follows. In the next
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section, we discuss the anisotropic two-band BCS theory and
derive the equations for normalized energy gaps in the pres-
ence of weak interband interaction. In Section 3, we construct
the generalized a-model and calculate the temperature depen-
dence of specific heat for intraband strong-coupling supercon-
ductors. In Sections 4 and 5, we also compute the superfluid
density and the spin susceptibility with this formalism. In Sec-
tion 6, we apply this approach to study thermodynamic prop-
erties of the anisotropic two-band superconductor NbSe,. In
Section 7, we generalize this framework to include the inter-
band pairing interaction. Finally, we conclude this article in
Section 8.

2. Anisotropic two-band BCS theory

Following the previous works on the multi-band
superconductivity,?->21 we can write the Hamiltonian of an
anisotropic two-band superconductor as

_ P
H= Z é’pcipo'clpc Z lel,PlclpT i— pL
ipo ipi'p’

—p/Citpit, (1)

where i,i’ = 1,2 are the band indices and ¢ =1, is the spin
index. & represents the single-particle Hamiltonian of the

normal metal with the wave vector p. Vs corresponds to

pi'p
the attractive interaction between electrons with momenta p
and p'.
We can introduce the gap function
vat’p’ Cir—p/ |Ciplt)) (2)
with the symbol ({(--
semble average, and transform the Hamiltonian Eq. (1) into

-)) representing the thermodynamic en-

the mean-field form

Hegr = Z &lpclp(yclp(i +Z { ip(

ipo

T)ch.cf +H.c.] NG

This effective Hamiltonian can be diagonalized by means of

the Bogoliubov transformation with b, and bjpc the annihi-

lation and creation operators of quasi-particle excitations

Cipt = Uipbipt = Viph! s (4)

Ci—p| = Uipbi—p| "‘Vzpb,m &)

As a result, the effective Hamiltonian can be rewritten as

Hegt = Eg + Z Ezpblpgbzpo" (6)
ipo

Here E, is the groundstate energy and Ej = 4/ I%D—i-Aizp
stands for the quasi-particle excitation. From Eq. (6), we can

= fip with fip = 1/[1 +exp (Eip/kT)]
the Fermi distribution function. Then plugging Eqgs. (4) and (5)

compute (b _bips))

ipo

into Eq. (2), we can transform the self-consistent gap equation
into the form

(T)
Zv,,,,,,,, 2, (1= 2rw) ™

Now we try to employ the separability ansatz to obtain
the general formulae formally exact for factorizable kernels in
the problem.?>-2%] We first assume that the pairing interaction
can be written as Vipry = g Xip Xirp Where Xip represents the
angular dependence of the anisotropic interaction. Then due

to the separable form of V, the order parameter can also

ipi'p»
be decomposed into the following form:

Aip(T) = 0i(T) Xip (8

with Q;(T) the temperature-dependent part of the supercon-

ducting gap function. We then substitute the factorizable

V,pllp/ and A;

momentum p to an integration on the (&;,6,¢) in three di-

p(T) into Eq. (7), and convert the summation over

mensions. This allows us to transfer the anisotropic gap equa-

tion (7) to

hop é.,
T)=Y AisQu(T) <x§p/ /0 (1=2frp) 2= > , 9

7 Eirp
where A;y = g;#Ny with Ny is the density of states at the Fermi
level for each band and @p is the Debye frequency. Noting
-) de-
notes the average over these two spherical angles on the Fermi

that x;p is a function of 6 and ¢, and the symbol (--

surface here. With some algebraic manipulations, we can also
transform Eq. (9) into the form

h ~ ~
<X12p/ (1-2f1p) gél > = A —Ax(T), (10)

Ip
h ~ ~
<x%pA wD(l—zf2p) dfj>:A]I—A«21/K(T) (11)

Here we define the gap ratio k(T) =

i 02(T)/Q1(T) and the
effective coupling constant Ay = A; /(11422 — A12421).

At T =0, we have the Fermi distribution function f;, = 0.
Then we can rewrite Eqgs. (10) and (11) as
Aoz — Aiak(0),  (12)
At — 221/K(0). (13)

From Egs. (12) and (13), we obtain the expression for the gap

(x3,In[2hap /01 (0)] — X3, Inx1p) =
(x3,In[2han/02(0)] — X2, In x2p) =

function Q; at zero temperature

2412k (0) — 245, — <7C12p lnxlzp>
0= 2(it,) |
P

02(0) = x(0)Q1(0), (14)
where x(0) is determined by the following condition:

;121 <%12p>
K(O)

2hop exp

—Ink(0)(xip) (X3p) — M2K(0){X3,)

- A0+ <x2plnx2p><X1p> <X12p1n112p><x22p> (15)
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with Ao = 11 (x3,) — A2 (43,,)- — _x(0) [1 ~ Qz(t)} | 0)

At T =T, we have the quasi-particle gap A = 0. 01(1)

Performing the integrations in Egs. (10) and (11), we can )
hop i ) 1 1-2fp gE
get [y P[(1—2fip) /Eip)d&; = In[2hwpe” /(nkgT.)] with y ~ Xap 0 5. > b &
0.58 the Euler constant. This result enables us to easily com- V &+ Zip P
pute the critical temperature o1 [ o} (t)] o)
2e? T oxk0) | 0]
ot = O a0

Here we define & = &/Q;(0) and Ej;, = E;p/Q;(0). The

1 ~ —
X eXp | ——s———5— ( A2 +4N 1A 2 2
P {2<X]2p> <Xzzp> \/ 0 1272 <7C1p><%2p ) Fermi distribution function for each band can also be written

= ~ as fip = 1/[1 +exp(a;E;p/t)]. It is straightforward to verif
—111<X12 >_122<X22 >) (16) fip /1 p( l.lp/ )] ‘ g . y
p p the convergence of the integrations after such technical treat-
and the gap ratio at critical temperature ment, as a result the upper limit of integrals has been extended

B 1 \//{2 i 5 ; X " to infinity iri Eqgs. (2~0) and (21). Given the weak interband
= m ( 0 T4A12421 <X1p><X2p> - 0) (17 coefficients M~2 and 121,~We can calculate the temperature de-
pendence of Q;(¢) and Q(¢) from Egs. (20) and (21), which
is the main result in this section.

K(Te)

from Egs. (10) and (11).

At this point, we would like to define the dimensionless
parameter o; = Q;(0)/kgT, in the frame of the BCS theory.
According to Egs. (14) and (16), we can represent ¢; as fol- 3. Generalized two-band o-model and specific

lows: heat calculations
0 i 0
o = %1 (T) ~ 1.76eM, o = %(T) =oak(0) (18) In this section, we will extend the anisotropic BCS theory
h Ble Ble to the so-called two-band o-model and derive specific heat
wit ) formulae based on this new formalism. In the o.-model, we
A = W first introduce new dimensionless parameter ¢ = Q5 (0) /kg T,
Jp 2P 5 5 5 5 with Qf(0) the zero-temperature gap obtained from the ex-
X [A0+2M2K(O)<X2p> - <X1p111%1p><?(2p> periment. In close analogy with the BCS theory, we as-
_ \/ Ag +4112121 < X12p>< %22p>]_ (19) sume that the excitations above the superconducting ground

state may still be treated as the well-defined fermions, but the

To obtain a system of equations that allows for the ) ) o 5 e .
direct calculation of the normalized gap function Q;(t) = quasi-particle energy is given by V éiﬁ+(AiP) with Af (1) =

0:(1)/0;(0) at a reduced temperature ¢ = T /T, we take 0%(0)0;(t) Xip- Meanwhile, we suppose that the temperature
the difference between the zero-temperature and finite-  dependence of Q1(r) and Qy(t) derived from the BCS the-
temperature forms of Egs. (10) and (11). Then these equations ~ ory Wwill still be applicable in the study of intraband strong-

can be transformed into the following form: coupling superconductors.
- In statistical mechanics, the free energy for this free
< xlzp / — ! — ! izf Ip d§|> fermion system can be computed from the partition function
0 \/ 512 +X12p Eip Z asl?7]

|
k:TC = —tInZ= —Zi"ZNiQf(O) </OW [tln (1 +exp (—afEip/t>>} d€i>. (22)

Here a rescaling & — [0;(0)/ 05(0)] & is performed in the integration and the factor of 2 is due to the spin degeneracy. Then, the

internal energy U of this system takes the form

U  ,dlnZ . ® em m
kBTC—t = —ZiLZN,Qi(O)</O a,.E,,,f,.pdg,> (23)

with the Fermi distribution function fj., = 1/[1 + exp(afE;p/t)]. According to the basic statistical relation F = U — T'S, the
entropy S can be expressed as

k U F T N _
S = TB (kBTc - kBT) = Xi:ZkBNiQ?(O) </0 {aﬁEipﬁ;/an (1 +exp (—aiEE,-p/t>)] d§i>. (24)
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From Eq. (24), we can calculate the specific heat Ces in the superconducting phase as

We can see from Eq. (25) that the heat capacity Ces is com-
posed of two parts, one is from the contribution of quasipar-
ticle energy and the other is from the change rate of energy
gaps with temperature. In the normal state, we have Q;(t)=0

and dQ?(¢)/dt = 0. In this case, we can perform the integra-

tion [o° f&, (1— f5,) E2,d& = % /[6(af)?]. It allows us to
obtain the well-known result for the specific heat of normal
metal
Can 2,
= - kg (N1 +MN))t. 26
Wl 3 B(N1 +MN2) (26)

Combining Egs. (25) and (26), the specific heat ratio Ces/Cen
can be written as

%_Z 6Ni(ag)’
Cen 752(N1+N2)
2

E; 2 d0? _

Based on Eq. (27), which is the first main result in this sec-
tion, we will plug in the parameter ¢ from the experiment
and numerically calculate the dependence of specific heat on
temperature in the superconducting state.

At this stage, we would also like to obtain an analytic
expression for the specific heat jump AC = Cgs — G, at the

superconducting critical temperature. At t = 1, we have

Jo i‘; (1 — iEp) dg,- =1/(2¢¢). Then from Egs. (26) and (27),
the heat capacity jump can be expressed as
AC 3Ni(of)? 2y 407 (1)
- _ . (28
Cen 1= Z"27172 (N +N2) < > dr - (28)

In order to compute dQ~,2 /dt, we need to take the derivative
of ¢ on both sides of Egs. (20) and (21). In terms of the in-
tegral [;”[tanh(&;)/&} —sech?(§)/&]d&; = 7¢(3) /7 where
C(3) is the Riemann zeta function of argument 3, the detailed
calculations will give us

7&(3):cjz<xi‘p> d%%t(t) K o,
ot

7<:<3>;§2<x§p> 0 G,
-wdnalenl,  ®

Ces S
e <at> =2i,4kBNi( </ fio (1= fip)

(25)

E2  Xip 403(t)
2t dt a5 ).

|
from Egs. (20) and (21), respectively. Based on Eqgs. (29) and

(30), we can obtain the first relation between dle /dt as

7¢3)0i (xip) 403 (1)

2

8n? dr ,:1+<Xl”>
2 N> Q5 (1) 7C3a22<X§p> do3(t) 2 }
- RORER  we a,, )]
€2V}

Meanwhile, the gap function close to the critical temperature
can be approximated as?!

A0 (1)
dr

OF(t)=(t—1) (32)

=1
From Eq. (32), we can derive the second relation between
dQ?/dt as

doi(r)
dr

. dO3(r)
dt

= 01(1): O3(t), (33)

t=1

=1
where the limit # — 1 is taken for the ratio of the two gap func-
tions and Q3(¢): 03(t) will be abbreviated as 0?: O3 hence-
forth. Solving Eqs. (31) and (33), we can get

d@2()| 87202 MiOi(xip) + N2k (0)03(23,)
dt|,_y 7CB)al MO (i) + Nkt (0) B3 (x3,)
(34)

Then plugging Eq. (34) into Eq. (28), the specific heat jump at
the superconducting phase transition can be expressed analyt-
ically as

| MO, N
Cen =1 NIQ?<X1P>+N2

003
(0)05(x3,)

12 of ii ,'p>
XY —— | L) 2P
;7C(3) (Oll) N+ N>

which is the second main result in this section.

<x2p>
vé
i (35

For the weak-coupling superconductor, we have o = ¢;.
Then we can simplify Eq. (35) and reduce the formula to the
form

ac| 12 [NMGad) Nk 0)83 ()

Cenlimy 783) (N1 +1N2) MO (i) + Mo (0003 (x40
(36)

which is consistent with previous results on isotropic (¥ip = 1)
BCS superconductors. >’ Noting that due to the Cauchy
inequality, the specific heat jump shown in Eq. (36) is al-
ways smaller than the single-band BCS prediction AC/Ce, =
12/7¢(3) ~ 1.43 att = 1.
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4. Superfluid density calculations in the «-
model

In this section, we will perform the calculations on the
superflid density based on the anisotropic two-band a-model.
According to Refs. [28,29], the supercurrent j(r) is related
locally to the vector potential A(r) through a tensor equation

j=R-A (37)

and the symmetric response tensor R takes the form

&2 vyvy/
Ry (T) = —— ?{ ds; [ +
ML( ) 473 ke i§2 FS Vi

dfip Eip

X 1+2/
Jaip OEip . /EéD—Al?p
2 wop!
= 763 Z v%. dSl VZ Vl
4m he 5, Jrs Vi

1 ~ o Ep )
X [1— <2kBT>/o cosh <2kBT> dcﬁ,} (38)

with pu, 1’ = a,b,c (a, b, and c are the crystal axes). Here

dE;

v; and vfl are the magnitude of Fermi velocity and its u-
component for each band. dS; is Fermi surface (FS) element
and S;/v; o< N;. Then we can map the form of the tensor R in
Eq. (38) to

2 wop!

e V. V.

Rypyt) = —— ds; -
Hu () A13he i:21,2 ES t .

Vi

o ” L (HEp\ iz
x [1— (Zt)/o cosh (2;) dé,} (39)

in the ot-model.

With the coordinate system defined by the principle axes
of Ry, we have from Eq. (37)

: c Ay (r)
]Il (7‘) = 2 ) (40)
47 A“ u
where the penetration depth is given by
Py —— (41)

HE 4Ry (1)

Then the normalized superfluid density can be obtained from

)= [’luu (0)]2 _ Ruu(1) '
Aup (1) Ruu (0)

In the case of two-dimensional (2D) cylindrical Fermi

Pu (1 (42)

surface, which can be employed as a simple approximation

for the NbSe; bulk sample, the detailed calculations give the

superfluid density in the a-direction as[*”!

Pu(t) = @pi1a(t) + (1 — @) paa(t) (43)

with
va%
) 2
val +N2V2

. EE N\ L
ia(r)—1—0?</0 cos2<pcosh—2<“f2f”’> d§i>. (45)

Similarly, we can also obtain the normalized superfluid

(44)

density in the b-direction

Py (1) = 0p1p () + (1 — @) pap () (46)

with
E /e EE N -
pib(t)=1—0?</ sin® g cosh ™2 (O‘zt”) dé,~>. (47)
0

Based on Egs. (43) and (46), we can calculate the tempera-
ture dependence of superfluid density in the ab-plane for the
superconducting state.

S. Spin susceptibility calculations in the «-
model

In this section, we will perform the calculations on
the spin susceptibility based on the anisotropic two-band «-
model. In the experiment, the Knight shift in the resonance
frequency will give a direct measure of the behavior of spin
susceptibility for the superconducting state.

When an external magnetic field H is applied to the two-
band superconductor, the Zeeman energy of the electron spin
system is given by

H,=ugH-G- Y ¢} Toocipo (48)
ipoo’
with up the Bohr magneton and 7 the Pauli matrices. We have
the Landé tensor G,;r = &y,78y for W, =a,b,c. According
to Refs. [30,31], in the absence of spin—orbit coupling, the spin
susceptibility tensor y,,, in the superconducting state can be
expressed as

1
—18u8w kT ) Tr[1,Gi (p, @n) 7y Gi (p, 1)
ipoy,

—F; (p, @) Ty F;' (P, )] (49)
with @, = (2n+ 1)wkgT (n € Z). The superconducting elec-
tron Green’s functions are defined by
_ l(l)n + glp

a)’% T Elzp 05

Xup =

Gi(p, wn) = (50)

A
lifz 31

F;'(pawn) = _F‘l} (paa)n) = (1)2+E2
n ip

with 7 the 2D identity matrix. Algebraic manipulations on
Eq. (49) will give x,,r = Xu6yuy» and the spin susceptibility
in the p-direction can be cast into the form

2
A

2
(a),% +Ei2p)

1 i@, +Ep)°
Xu = —58uMpksT ) ( I

2
POy (w,% +E12p)
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2 2
w;, 7Eip

1
= 38ukzksT ) (52)

—F
ipy (co,% + Ei,)

With the identity

ksTY

On (a),% +Ei2p)

2 2
wy — Eip

1 E;
— h—z p
27 4kgT <2kBT> 33

we can rewrite the spin susceptibility in Eq. (52) as

sh—2 (22’} > (54)

in the framework of the BCS theory.

*%%Zm

M= T &

Then we can map the form of spin susceptibility yx, in
Eq. (54) to

2,2 ' Er
_8uMB v\, E / o (%GEp\ ¢
X =g ;N,ai < A cosh o d& ) (55

in the @-model. At T = T;, we can perform the integration

with O; = 0 and get the spin susceptibility for the normal state
from Eq. (55)

1
Ty = Zgﬁﬂfzs (N1 +N2). (56)
Then the normalized spin susceptibility can be expressed as

X NiOCiE
x() = =) —I—
Yop =26 (Ni+N,)

w L (4 Eip z
><</0 cosh (2t )d§,>. (57)

Based on Eq. (57), we can calculate the temperature depen-

dence of spin susceptibility in the superconducting state.

6. Application to anisotropic two-band super-
conductor NbSe,

In this section, we will compute the temperature depen-
dence of specific heat, superfluid density and spin susceptibil-
ity for the layered chalcogenide superconductor NbSe,. The
2H polytype of niobium diselenide has a hexagonal crystal
structure with the space group P63/mmc. The primitive unit
cell of NbSe, contains two niobium and four selenium atoms,
and the electronic states around the Fermi level are dominated
by two 4d orbitals of the Nb atoms as shown in Fig. 1(a). The
Fermi surface of NbSe, is mainly determined by the bonding
and antibonding combinations of these two orbitals, leading
to double-walled barrel-shaped pockets around the I" and K
points of the hexagonal Brillouin zone, see Fig. 1(b).

For NbSe,, first-principle calculations give the elements
of the interaction matrix g;; = 0.60 eV, g2 = 0.30 eV, and
g12 = g21 = 0.056 eV, and the density of states at the Fermi

level Ny = 1.37 eV~ ! and N, = 0.84 eV—1.[3] Then accord-
ing to the definition of A;y = g;»Ny, we can obtain the effective
coupling constants 111 =4.04, 122 =1.24, 121 = 0.38, and
112 = 0.23. Since each Nb band of this compound exhibits
a gap function with six-fold symmetry, the superconducting
order parameter can be expressed as Af,(0) = Q7 (0)xip with
the angular distribution y;, = 1 + & cos(6¢).1">"14 We take
05(0) = 1.74 meV, Q5(0) = 0.57 meV, and the anisotropy pa-
rameters € = & = 0.41 to fit the angle-resolved photoemis-
sion data in Ref. [14]. From the inset of Fig. 2, we can see
that our fitting curves are in agreement with the experimental
gaps measured at 1 K. Now we try to compute the tempera-
ture dependence of the reduced gap function Q;() based on
the anisotropic BCS theory. With the effective interaction co-
efficient A;, we can first obtain x(0) = 0.27 from Eq. (15) and
a; = 1.61 and ap = 0.43 from Eq. (18). Then Qi as a function
of temperature can be numerically calculated with Egs. (20)
and (21). From Fig. 2, we can see that Qi decreases with the
increase of ¢ and eventually approaches to zero at the criti-
cal temperature. We can also observe that the behavior of the
small gap Q5 close to T, is strongly deviated from the stan-
dard BCS form, which manifests the crucial role played by the
interband interaction.

1.2

(a)
0.9}

0.6}
Pt

0.3k \| Nb

TN Y
—-0.3
r M K r
Fig. 1. (a) The band structure and (b) the Fermi surface of the NbSe; crystal.
Inner pockets (red) around I" and K points derive from one band, while the
outer pockets (blue) derive from the second band.['4!

(E—EF) (eV)

Fig. 2. The temperature dependence of normalized gap function Q; for
the NbSe; crystal. Inset: The angular dependence of anisotropic super-
conducting gap AiEp with @y = /3. The experimental points measured
at 1 K are extracted from Ref. [14].

Based on the discussions above, we first calculate the

temperature dependence of specific heat with the anisotropic
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two-band o-model. On account of ¢f = Q5(0)/kgT:, we can
get af = 2.80 and o = 0.92 from the A; (0) data. With the
normalized gap Q;(t) from the BCS theory, we can compute
the specific heat as a function of temperature with Eq. (27)
and plot the numerical results in Fig. 3. From Fig. 3, we can
see that our theoretical curve is in good agreement with the ex-
perimental points in the whole temperature range. Meanwhile,
we can read out O;: O, ~ 1.98 close to T, from the numeri-
cal data of the normalized gap function Q;(¢) in Fig. 2. Then
according to Eq. (35), the two-band ¢-model will give the spe-
cific heat jump AC/Cep ;=1 = 2.12 as shown in Fig. 3, which is
consistent with the experimental measurement and much bet-
ter than the two-band weak-coupling BCS value (< 1.43).

3.5

o Experimental data
3.0f — Anisotropic two-band
a-model

2.5
2.0
1.5

Ces/ Cen

1.0

0.5

00 0.2

0j4 056 018 110 1..2 1.4
t

Fig. 3. The temperature dependence of specific heat for the NbSe; crys-
tal. The experimental points are taken from Ref. [19].

Meanwhile, we calculate the temperature dependence
of superfluid density for NbSe,. From the first-principle
calculations,!” we can obtain the Fermi velocity as v; =
0.21 x 10% cm/s and v, = 0.19 x 10® cm/s. Given the above
parameters, we can compute the average superfluid density in
(pa+ pp) /2 from Egs. (43) and (46).

The numerical result is plotted in Fig. 4. From Fig. 4, we can

the basal plane p () =

see that our theoretical result can fit the experimental data very

well in a broad temperature range.

1.0

0.8

0.6
o Experimental data
in the ab-plane

p(t)

A+
0 — Anisotropic two-band
a-model
0.2+
0 1 1 1 1

0 0.2 0.4 0.6 0.8 1.0
t

Fig. 4. The temperature dependence of normalized superfluid density
for the NbSe; crystal. The experimental points are taken from Ref. [33].

Furthermore, we also calculate the temperature depen-

dence of spin susceptibility for the centrosymmetric NbSe;

crystal. From the tunneling spectroscopy data, we have the
Landé factor g, = g, = 1.67 and g. = 1.94 for NbSe,.[*¥]
Since the normalized gap function Q; as a function of tem-
perature can be numerically calculated from the anisotropic
two-band BCS theory, we can then compute the normalized
spin susceptibility x(¢) from Eq. (57). The numerical result
is plotted in Fig. 5. From Fig. 5, we can see that with the
increase of temperature the normalized spin susceptibility in-
creases gradually and then remains constant at ¢t > 1. Up to
now the experimental value of ) for NbSe, bulk sample to our
knowledge has not been reported yet, we thus hope that fu-
ture NMR measurements could serve to verify our theoretical

investigation.

1.2

— Anisotropic two-band
1.01 a-model

0.8}

0.6}

x(t)

0.4}

0.2}

0 02 04 06 08 1.0 1.2
t

Fig. 5. The temperature dependence of normalized spin susceptibility
for the NbSe; crystal.

7. Generalization to the interband pairing case

In this section, we examine the interplay between in-
traband and interband pairing and the generalization of our
anisotropic o.-model in this case. The full Hamiltonian which

describes all of these pairing interactions can be written as

_ S
H =Y SinCipsCipo
ipo
- Z VUP l,J/PlclpT ] picl

ijpi' j'p'

picipt (58)

Here i, j,i’,j' = 1,2 are the band indices and V;;;, 7 j,y corre-
sponds to the interband pairing interaction between electrons
with momenta p and p’. From the symmetric consideration,

we also have Vl]p i'jlpl = _V]lp ij'p = _Vt]p jlip = ‘/lljlpl ijp-
Now we can introduce the gap function
ljp Z UP l’j'p' Ct —p/icj/p'T>> . (59)

i/j'p

Then we can transform the Hamiltonian (58) into the mean-
field form

Her =Y éipcjpo—cipo' +y [Aijp (T

‘ ) )ijTCj'fpi —|—H.c.} . (60)
lpG yp

After setting A Ip= Alp, Azzp = Azp, and Alzp = Azlp = A3p,

we diagonalize the Hamiltonian (60) and get the quasi-particle
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excitations explicitly as
Eip=+/Ap£B, (61)
with

1
Ap = 5 (Ef,+E3,) + A3, (62)

B, — (E2 _E2 )2 4A2 &V (Ary + Agy )
p— Ip 2p + 3p |:(€1P 5217) +( Ip + 217) :
(63)

We can see that with the inclusion of the interband pairing,
the form of the quasi-particle energy E., is more complicated
— /g2 2
than Ejj, = pt Al-p.
With the definition of

Vitp.iip' = Vipip's Vorp2op = Vopop!s

Viip22p' = Vipap's (64)
2Viip 12 = Vipsp' = Vapip'
2Wap12p = Vapsp = Vapop's
2Viap12p = Vapap/; (65)

we try to employ the separability ansatz to simplify the self-
consistent gap equation (59). We first assume that the pair-
ing interaction can be written as Vi, i1y = §up XupXp'p' With
Xup the angular dependence of the anisotropic pairing inter-
action and u,u’ = 1,2,3. Then due to the separable form
of Vipu'p'>
Aup(T) = OQu(T) Xup with O, (T) the temperature-dependent
part of the superconducting gap function. Substituting the fac-
pu'p @nd Ay, (T) into Eq. (59), the de-

tailed calculations give the self-consistent equations for Oy, as

the order parameter can also be decomposed as

torizable forms of Vi

0u(1) = ¥ a0 (1) [ 2,z
0 5 up'Cu (2”)3 u'p
v i
“/ / IJI /
8 2E+pp, (1_2f+"')+2E,pp/ (1-21-p) |- (60)

Here we define the Fermi distribution function fi, =
1/[14exp(Exp/ksT)] and Yy, = 1+ Yup/Bp with 1y, =
Ef, —E3,+2A3,+2A3 Aoy /Ay, Yop = E5, — Ef, +245, +
2A32pA1P/A2P’ and y3p = (&1p — ‘521))2 +(A1p + A2p)2- Noting
that the three-dimensional integration over the momentum in
Eq. (66) will be confined in the first Brillouin zone. Given the
intraband and interband coefficients 8up'» WE can therefore nu-
merically calculate the temperature dependence of Q(¢) and
then Oy () = Qu(t)/Qu(0) from the two-band BCS theory.
Now we can extend our anisotropic two-band ¢-model
with the inclusion of the interband pairing interaction. In this
circumstance, we will introduce three dimensionless parame-
ters aﬁ = QE (0)/kp T with QE(O) the zero-temperature gap

function obtained from the fitting of angle-resolved experi-
mental measurements. In close analogy with the BCS the-
ory, we assume that the excitations above the superconducting
ground state may still be treated as the well-defined fermions,
but the quasi-particle energy E.p(Ayp) in Eq. (61) will be
substituted by E.ip (AEP) with AEP (t) = QE (0) Ou () Xup-
Meanwhile, we suppose that the temperature dependence of
QO () derived from the multi-band BCS theory will still be
applicable in the study of intraband strong-coupling supercon-
ductors. These two ingredients constitute the basic formalism
for the anisotropic two-band o-model in the presence of inter-
band pairing interaction.

8. Conclusion

In summary, we have proposed a generalized ¢-model for
anisotropic two-band superconductors with weak interband in-
teraction. Adapted from the two-band BCS theory, this model
provides a framework to investigate thermodynamic proper-
ties of intraband strong-coupling superconductors. With this
approach, we calculate the temperature dependence of spe-
cific heat and obtain an analytical formula for heat capacity
jump at the critical temperature. Meanwhile, we also com-
pute the superfluid density and the spin susceptibility with this
formalism. We then apply this approach to analyze thermody-
namic behaviors of the layered chalcogenide superconductor
NbSe;. Our theoretical results show good agreement with the
experimental data for this two-band material, and the specific
heat jump beyond the weak-coupling BCS limit can also be
naturally explained in this frame. We hope that our theoret-
ical work will inspire further research on better understand-
ing microscopic pairing mechanisms and physical properties

of multi-band strong-coupling superconductors.
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