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Relativistic non-Fermi liquid fixed point in (2+1)-dimensional
birefringent Dirac fermions interacting with electromagnetic fields

Wan-Zi Sun(孙万梓)1,2, Kai Liu(刘恺)1,2, Wu-Ming Liu(刘伍明)1,2,3, and Cheng-Xi Li(李成蹊)1,2,†

1Beijing National Laboratory for Condensed Matter Physics and Institute of Physics, Chinese Academy of Sciences, Beijing 100190, China
2School of Physical Sciences, University of Chinese Academy of Sciences, Beijing 100190, China

3Songshan Lake Materials Laboratory, Dongguan 523808, China

(Received 30 December 2024; revised manuscript received 25 February 2025; accepted manuscript online 25 February 2025)

The system consisting of (2+1)-dimensional quasirelativistic birefringent Dirac fermions with Coulomb interactions
and retarded current–current interactions is described by a quantum field theory similar to reduced quantum electrodynam-
ics. We used the perturbative renormalization group method to study the low-energy behavior of the system and found
that it flows to a fixed point of the non-Fermi liquid composed of relativistic pseudospin-1/2 Dirac fermions in the deep
infrared limit. At the fixed point, the fermion Green function exhibits a finite anomalous dimension, and the residue of the
quasiparticle pole vanishes in a power-law fashion. Our research provides new theoretical perspectives for understanding
the origin of spin-1/2 fermions in the standard model.
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1. Introduction
In recent years, quantum critical phenomena have be-

come one of the most intriguing research topics in condensed
matter physics.[1–7] On the other hand, higher spin fermions
have been hypothesized as emergent quasiparticles in solid-
state systems near band-touching points, such as pseudospin-
3/2 fermions emerge near linear band-touching points, where
quasiparticles exhibit a birefringent spectrum with two dif-
ferent Fermi velocities, breaking Lorentz symmetry. These
fermions can be realized in systems such as tight-binding mod-
els on generalized π-flux square lattices.[8–12]

Reduced quantum electrodynamics (RQED), also known
as pseudoquantum electrodynamics (PQED), is the correct
approach for introducing U(1) gauge fields in planar mate-
rials. It is a mixed-dimensional quantum field theory that
describes 2+1 fermions interacting with a (3+1)-dimensional
electromagnetic field. RQED/PQED has gained increasing at-
tention in both theoretical[13–17] and numerical researches,[18]

PQED eliminates the logarithmic divergence of the Coulomb
potential in QED3, providing the correct Coulomb poten-
tial V (r) ∝ 1/r in the static limit and accurately describing
electron–electron interactions in two-dimensional (2D) ma-
terials. In the context of RQED, the renormalization of the
Fermi velocity has also been investigated.[19,20]

In this paper, we extend reduced quantum electrody-
namics to reduced quantum electrodynamics for birefringent
Dirac fermions, a theory describing the interaction between

(2+1)-dimensional birefringent Dirac fermions and a (3+1)-
dimensional electromagnetic field. Using the perturbative
renormalization group method, we investigate the low-energy
behavior of the system. In the deep infrared region, the quasi-
relativistic birefringent Dirac fermions degrade into two de-
coupled relativistic pseudospin-1/2 Dirac fermions and exhibit
non-Fermi liquid behavior. Our paper is organized as follows.
In Section 2, we propose an optical lattice experiment to real-
ize a tight-binding model that gives rise to birefringent Dirac
fermions in the low-energy limit. We also introduce the model
for the interaction between birefringent Dirac fermions and the
electromagnetic field. In Section 3, we calculate the one-loop
perturbative corrections to this model. In Section 4, we per-
form a renormalization group flow analysis and discuss the
two limits of our theory. At last we will give the summation of
our paper.

2. Model and experiment
The birefringent Dirac fermions arise from the low-

energy limit of the following tight-binding model:[8]

Ĥ = −J0 ∑
x,y

[(
1+β eπ ix

)
c†

x,y+1cx,y + h.c.
]

+
[(

β + eπ iy
)

c†
x+1,ycx,y + h.c.

]
. (1)

This Hamiltonian is obtained from the spin-independent hop-
ping of fermions on a generalized π-flux square lattice.[8] Here
J0 is the primary hopping amplitude, β is the dimensionless
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birefringent parameter, and c†
x,y (cx,y) creates (annihilates) an

electron at site (x,y). The phase factors eπ ix and eπ iy intro-
duce a staggered pattern in the hopping amplitudes.

Before we discuss in detail the birefringent fermions and
their interactions, let us propose an experimental scheme dif-
ferent from that in Ref. [8] to realize this tight-binding Hamil-
tonian.

A systematic scheme is presented for realizing time-
modulated tunneling of spinless fermions in optical lattices.
As shown in Fig. 1(a), our experimental apparatus consists
of a three-dimensional (3D) optical lattice created by three
mutually orthogonal standing waves with wavelengths λx,y =

767 nm and λz = 844 nm, yielding lattice constants di = λi/2.
To achieve an effective 2D system, we employ a deep lattice
potential (Vz = 30Erz) along the vertical direction to suppress
the inter-plane tunneling. Within the xy plane, we initially con-
figure the lattice with depths Vx = 5.0Er and Vy = 40Er, where
the latter effectively inhibits spontaneous tunneling along y.
The time-modulated tunneling is implemented using a mag-
netic field gradient B′ = 17.5 mGs/µm (1 Gs = 10−4 T) along
x and a pair of running-wave beams (λK = 2λy, ω = ∆/h̄,
V 0

K = 9.9ErK) to restore resonant tunneling. The tunneling
along y is controlled by periodic modulation of the lattice
depth.

B′x

a

a

B

Laser

J
0
↼β
↩
e
iπ
y
↽

J0↼⇁βeiπx↽

ω,λK

∆

J-

J+

E(a) (b)

Fig. 1. Schematic illustration of the experimental setup. (a) Three-
dimensional (3D) optical lattice formed by orthogonal standing waves
with wavelengths λx,y = 767 nm and λz = 844 nm, and lattice depths
are set to Vx = 5.0Er, Vy = 40Er. Time-modulated tunneling is im-
plemented using a magnetic field gradient B′ = 17.5 mGs/µm along x
and a pair of running-wave beams (λK = 2λy, ω = ∆/h̄, V 0

K = 9.9ErK)
to restore resonant tunneling. The tunneling along y is controlled by
periodic modulation of the lattice depth. (b) Near half-filling, the sys-
tem exhibits a single inequivalent Dirac point (in contrast to graphene’s
two), where two Dirac cones emerge with distinct Fermi velocities 2J+
and 2J−, where J± = J0 (1±β ) and β is the dimensionless birefringent
parameter. The low-energy physics is governed by gapless birefringent
Dirac fermion excitations characterized by these distinct velocities.

Under periodic modulation with period t0 of the laser field
along x direction, the system dynamics can be described by an
effective time-independent Hamiltonian.[8,21,22] The Hamilto-
nian takes the form Ĥ =−J0 ∑x,y[(1+β eπ ix)c†

x,y+1cx,y+(β +

eπ iy)c†
x+1,ycx,y + h.c. ], where J0 represents the primary hop-

ping amplitude determined by the bare tunneling rate, and β

is a dimensionless birefringent parameter that can be continu-
ously tuned through the modulation depth of the lattice poten-
tial. The operators c†

x,y and cx,y create and annihilate fermions
at site (x,y), respectively. The phase factors eπ ix and eπ iy

emerge from the interplay between the magnetic field gradient
and the running-wave beams, introducing a staggered pattern
in the hopping amplitudes. This spatial modulation of both the
magnitude and phase of the hopping terms distinguishes our
model from previous studies of particles in periodic magnetic
fields.

Let us return to the tight-binding Hamiltonian (1), in mo-
mentum space near half-filling, expanding around the Dirac
point and keeping terms up to linear order in momentum, the
low-energy effective Hamiltonian takes the form HBF(𝑘) =

v(Γ13k1 +Γ01k2)+βv(Γ10k1 +Γ31k2),[8] where v = 2J0a (with
a being the lattice constant),v > 0, and Γµν = σµ ⊗σν are the
gamma matrices with µ,ν = 0,1,2,3. Here σ0 is the 2× 2
unity matrix, and σ1,2,3 are the Pauli matrices, the eigenvalues
of this Hamiltonian are ±E±

BF(𝑘) and E±
BF(𝑘) = (1±β )v|𝑘|=

v±|𝑘|, here v± =(1±β )v represents the effective Fermi veloc-
ity, where β is the birefringent parameter, the energy spectrum
is shown in Fig. 1(b), when β = 0, the system corresponds
to two degenerate pseudospin-1/2 fermions, when β = 1/2,
it is equivalent to pseudospin-3/2 fermions, and when β = 1,
it corresponds to two flat bands and a Dirac cone, similar to
the Lieb lattice.[23] We restrict β to 0 ≤ β < 1, but later,
by defining w = βv, we can extend β to values greater than
1. Through a unitary transformation U†HBF(𝑘)U → HBF(𝑘),
with U = e i π

4 Γ23 e i π
4 Γ32 e−i π

4 Γ30 e i π
4 Γ20 e i π

4 Γ01Γ22
[24] the Hamil-

tonian can be transformed into a more symmetry form[25]

HBF(𝑘) = H1(𝑘)+βH2(𝑘)

= v(Γ10k1 +Γ20k2)+βv(Γ01k1 +Γ02k2), (2)

where H1(𝑘) = v(Γ10k1 +Γ20k2), H2(𝑘) = v(Γ01k1 +Γ02k2).

This transformation does not alter any properties of the bire-
fringent fermions, except that it makes the subsequent calcu-
lations more convenient. So far, we have considered the free
theory of birefringent Dirac fermions. Next, we introduce the
interactions between the birefringent Dirac fermions, consid-
ering both Coulomb interactions and retarded current–current
interactions (The case considering only Coulomb interactions
has already been studied in Ref. [25]).

We begin with the following imaginary-time action:

S =
∫

d2xdτ ℒBF +
∫

d3xdτ ℒEM, (3)

where ℒBF includes the free Lagrangian of the birefringent
fermions and the interaction Lagrangian between the birefrin-
gent fermions and the electromagnetic field, and ℒEM is the
electromagnetic field Lagrangian in 3D space,

ℒBF =Ψ
†
[
∂τ − ieA0 +HBF

(
𝑘→−i∇− e

c
𝐴
)]

Ψ ,

057102-2
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ℒEM =
1
4

Fµν Fµν +
1

2ξ
(∂µ Aµ)

2, (4)

where e is the electronic charge, and the speed of light c in
the material is related to its electromagnetic properties through
c = c0/

√
εµ , with c0 being the speed of light in a vacuum, and

ε and µ are the permittivity and permeability of the medium,

respectively. Here, Ψ † and Ψ are two independent Grass-
mann variables. Where µ,ν = 0,1,2,3 and ∂τ = c∂0, ω = ck0

and Fµν = ∂µ Aν − ∂ν Aµ is the electromagnetic field strength
tensor. ξ is the gauge fixing parameter. The dynamics of
birefringent Dirac fermions is set by the fermionic Green’s
function[24–26]

G(iω,𝑘) =
1

iω +HBF(𝑘)
=

[−iω +HBF(𝑘)][ω
2 +(1+β 2)v2|𝑘|2 −2βv2H1(𝑘)H2(𝑘)]

[ω2 +(1+β )2v2|𝑘|2][ω2 +(1−β )2v2|𝑘|2]
. (5)

The electromagnetic field propagator in (3+1) dimensions
is given by[27]

Dµν(iω,𝑘) =
1

εk2

[
δµν − (1−ξ )

kµ kν

k2

]
, (6)

where k2 = ω2/c2 +k2
1 +k2

2 +k2
3, here ω is the Matsubara fre-

quency, when µ = ν , δµν = 1, and when µ ̸= ν , δµν = 0. In
the reduced space where the fermions live, the reduced elec-
tromagnetic field propagator D̃µeνe(iω,𝑘e) is[20,28,29]

D̃µeνe(iω,𝑘e) =
∫

∞

−∞

dk3

2π
Dµeνe(iω,𝑘)

=
1

2ε
√

k2
e

[
δµeνe −

(1−ξ )

2
kµekνe

k2
e

]
, (7)

where µe, νe = 0,1,2 are the indices for the (2+1)-dimensional
birefringent Dirac fermions, k2

e = ω2/c2 + k2
1 + k2

2. In the one
loop perturbation calculation in the next section, for conve-
nience, we will ignore the fermion subscript e and use the

Feynman gauge ξ = 1. The interaction vertex between bire-
fringent Dirac fermions and photons is given by eγµ , where
µ = 0,1,2 and

γµ =
[

i,
v
c
(Γ10 +βΓ01),

v
c
(Γ20 +βΓ02)

]
. (8)

3. One loop perturbation calculation

The quantum corrections to the birefringent fermion
propagator can be systematically analyzed using dimensional
regularization in D = 2− 𝜖 dimensions and minimal subtrac-
tion renormalization scheme.[30] The Feynman diagram for the
birefringent fermion one-loop self-energy correction is shown
in Fig. 2(a). Following standard field-theoretical techniques
and after extensive algebraic manipulations, we obtain the
one-loop self-energy correction

Σ(iΩ ,𝑝) = e2
∫ dDk

(2π)D

∫ dω

2π
γµ G(iω,𝑘)γν D̃µν(iΩ − iω,𝑝− k)

=
3g2

16π2c

[
1
𝜖
+O(𝜖0)

]∫ 1

0
dx
∫ 1−x

0
dy

√
1− x− y
f (x,y)

{ 2β
v2

c2

3 f (x,y)

[
4β

v2

c2 (1+Γ33)− (Γ11 +Γ22)

]
(iΩ)

+

[
1+

2(1+β 2) v2

c2

3 f (x,y)

][
1−2(1+β

2)
v2

c2 −2β
v2

c2 (Γ11 +Γ22)

]
(iΩ)

−
[1−4β 2 v2

c2

3 f (x,y)
+

4(1−β 2) v2

c2

3 f 2(x,y)

]
v(Γ10 p1 +Γ20 p2)−

[ 1−4 v2

c2

3 f (x,y)
−

4(1−β 2) v2

c2

3 f 2(x,y)

]
vβ (Γ01 p1 +Γ02 p2)

}
. (9)

where f (x,y) = 1− x[1− (1+β )2v2/c2]− y[1− (1−β )2v2/c2], g2 ≡ e2/ε , the counterterm of the birefringent fermionic self-
energy can be written as

Σct(iΩ ,𝑝) =−(ZΨ −1)iΩ − (ZΨ Zv −1)v(Γ10 p1 +Γ20 p2)− (ZΨ ZvZβ −1)vβ (Γ01 p1 +Γ02 p2). (10)

According to the minimal subtraction renormalization scheme, we obtain the following renormalization constants:

ZΨ = 1+
3g2

16π2c
1
𝜖

∫ 1

0
dx
∫ 1−x

0
dy

√
1− x− y
f (x,y)

[
1−2(1+β

2)
v2

c2 +
2(1+β 2) v2

c2 −4(1+β 4) v4

c4

3 f (x,y)

]
, (11)

Zv = 1− 3g2

16π2c
1
𝜖

∫ 1

0
dx
∫ 1−x

0
dy

√
1− x− y
f (x,y)

[
1−2(1+β

2)
v2

c2 +
1+2(1−β 2) v2

c2 −4(1+β 4) v4

c4

3 f (x,y)
+

4(1−β 2) v2

c2

3 f 2(x,y)

]
, (12)

Zβ = 1+
3g2

16π2c
1
𝜖

∫ 1

0
dx
∫ 1−x

0
dy

√
1− x− y
f (x,y)

[
4(1−β 2) v2

c2

3 f (x,y)
+

8(1−β 2) v2

c2

3 f 2(x,y)

]
. (13)
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The calculation of the vertex correction [Fig. 2(b)] and
the proof of the Ward identity are placed in Appendix A. The
validity of the Ward identity leads to ZeZ1/2

A = 1, and ensures
that the fermion velocity renormalization constant Zv obtained
from the fermion self-energy diagram is equal to the one ob-
tained from the vertex correction.[19] It also guarantees that
the renormalization constant Zβ for the birefringent parame-
ter, calculated from both Feynman diagrams [Figs. 2(a) and
(b)], is the same. We then have the nice situation of deal-
ing with a nonrelativistic quantum field theory in which the
Fermi velocity of the electrons and the birefringent parameter
is renormalized exactly in the same way in the different terms
of the action.

p p

p↩k

(a)

p p

p⇁k p′⇁k

(b)

k p k

(c)

k k

Fig. 2. Leading-order (one-loop) Feynman diagrams, the solid lines with ar-
rows represent the propagator of the birefringent Dirac fermions, while the
wavy lines represent the photon propagator. (a) Self-energy correction for
birefringent Dirac fermions, (b) vertex correction, and (c) photon self-energy
correction.

Photon self-energy correction [see Fig. 2(c)] in (2+1) di-
mensions reads as

Πµν(iω,𝑘)

= −e2
∫ d2𝑝

(2π)2

∫
∞

−∞

dΩ

2π

×Tr
[
γµ G(iΩ ,𝑝)γν G(iΩ + iω,𝑝+𝑘)

]
. (14)

This integral is linearly divergent, and in dimensional reg-
ularization, the divergent part appears in the values of the
Gamma function at zero and negative integers. However,
the linear divergence corresponds to the Gamma function at
Γ (−1/2), which is a finite value. According to dimensional
analysis, both the two-loop correction and even higher-loop
corrections are linearly divergent. Therefore, in dimensional
regularization, the gauge field strength is not renormalized,
and ZA = 1. The same conclusion holds in other renormal-
ization methods.[19] Since ZeZ1/2

A = 1, the charge e is not
renormalized, and Ze = 1. Furthermore, the dielectric con-
stant and magnetic permeability are also not renormalized,
and of course, the speed of light is unaffected. This is dif-
ferent from the usual (3+1)-dimensional quantum electrody-
namics (QED), where the aforementioned physical quantities
are renormalized.[28,31–33] The reason for the difference is that
here, the birefringent Dirac fermions are confined to a (2+1)-
dimensional spacetime, while the electromagnetic field still
exists in (3+1)-dimensional spacetime.

Since Ze = 1 holds for all orders of perturbation theory,
the β -function for e is identically zero, which leads to a triv-
ial RG flow equation for coupling constant, contrasting with
standard QED.

4. Renormalization group analysis
The one-loop self-energy corrections lead to renormal-

ization constants that characterize how quantum fluctuations
modify the bare parameters of the theory. From these renor-
malization constants, we can derive the coupled differential
equations describing the energy scale dependence of the phys-
ical parameters:

µ
dv
dµ

= − g2v
16π2c

{[
3−6(1+β

2)
v2

c2

]
F1

+

[
1+2(1−β

2)
v2

c2 −4(1+β
4)

v4

c4

]
F2

+4(1−β
2)

v2

c2 F3

}
,

µ
dβ

dµ
=

g2β

16π2c
4(1−β

2)
v2

c2 [F2 +2F3], (15)

where the explicit expressions for F1(v,β ), F2(v,β ), and
F3(v,β ) are given in Appendix A. The coupled renormaliza-
tion group flow equations (15) can be solved numerically.
We analyze the flow behavior by considering different sets
of initial bare parameters: (0.3,0.5), (0.5,0.7), (0.8,0.7),
and (1.2,0.5) [Figs. 3(a)–3(d)]. As the scale parameter l in-
creases (energy scale decreases), we observe that the aver-
age Fermi velocity v increases monotonically and asymptot-
ically approaches the speed of light,[19,32] regardless of the
initial conditions. This demonstrates the robust emergence of
Lorentz symmetry under coarse graining. Furthermore, both
β and βv flow monotonically to zero as the energy scale de-
creases, indicating that in the deep infrared regime, the bire-
fringent pseudospin-3/2 Dirac fermions transform into two
degenerate pseudospin-1/2 Dirac fermions.[25,26] This trans-
formation highlights the special status of relativistic spin-1/2
Dirac fermions in low-energy field theories. Notably, while
some bare average Fermi velocities in our analysis exceed the
speed of light in the medium, the flow towards the speed of
light in the infrared limit underscores the robustness of this in-
frared fixed point. This result provides an indirect explanation
for the prevalence of spin-1/2 fermions in the standard model,
which is essentially a low-energy theory.

We now study the behavior of the fermion Green’s func-
tion at the fixed point and consider the Callan–Symanzik equa-
tion for the renormalized electron Green’s function[34](

∂

∂ ln µ
+

dv
d ln µ

∂

∂v
+

dβ

d ln µ

∂

∂β

+
dg

d ln µ

∂

∂g
+

d lnZΨ

d ln µ

)
G(iω,𝑘) = 0, (16)

where d lnZΨ/d ln µ = g2/12π2 ≡ η , η is the anomalous di-
mension of the birefringent Dirac fermion field. At the fixed
point of the renormalization group flow, the Callan–Symanzik
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equation becomes(
∂

∂ ln µ
+η

)
G*(iω,𝑘) = 0. (17)

To preserve the canonical dimension of the electron Green’s
function, [E]−1, the solution is[19,34,35]

G*(iω,0)∼ 1
ω1−η

. (18)

Therefore, the birefringent Dirac fermion field acquires a fi-
nite anomalous dimension η , and the quasiparticle residue
ZΨ ∼ µη . As the energy scale approaches zero, the quasipar-
ticle residue vanishes with a power law, this indicates that the
system exhibits non-Fermi liquid behavior at this fixed point.

(a) (b)

(c) (d)

Fig. 3. Renormalization group (RG) flow of the average Fermi velocity
(v), birefringence parameter (β ), and their product βv for (2+1)-dimensional
quasi-relativistic birefringent fermions in the presence of full electromag-
netic interactions. Initial conditions are (a) v0 = 0.3, β0 = 0.5; (b) v0 = 0.5,
β0 = 0.7; (c) v0 = 0.8, β0 = 0.7; (d) v0 = 1.2, β0 = 0.5. As the RG scale
l = 3g2

16π2 ln(Λ/µ) increases, the average Fermi velocity v approaches the
speed of light c, while both the birefringence parameter and the birefringence-
induced Fermi velocity difference βv asymptotically approach zero, where we
set c = 1.

The quasiparticle residue ZΨ can be defined alternatively
as [1 − ∂

∂ω
ReΣ R]−1,[36,37] where Σ R(ω,𝑘) is the retarded

Green’s function, which can be obtained by the analytic con-
tinuation of the imaginary-time Green’s function, Σ R(ω,𝑘) =

Σ(iω → ω + iδ , 𝑘), δ is a innitesimal positive quantity,[35,38]

it can be verified that this definition of the quasiparticle residue
is consistent with ZΨ [Eq. (11)] obtained as a counterterm at
the one-loop level

∂

∂ω
ReΣ

R

=
3g2

16π2c
1
𝜖

∫ 1

0
dx
∫ 1−x

0
dy

√
1− x− y
f (x,y)

×

[
1−2(1+β

2)
v2

c2 +
2(1+β 2) v2

c2 −4(1+β 4) v4

c4

3 f (x,y)

]
. (19)

Keep terms up to g2 order, [1− ∂

∂ω
ReΣ R]−1 = ZΨ .

4.1. No birefringent limit

To compare our work with Refs. [19,20,28], let us take
the limit β → 0 (c = 1)

lim
β→0

F1 = − 2
3(1− v2)

+
2

(1− v2)2 − 2v
(1− v2)5/2 arccosv,

lim
β→0

F2 = − 3
(1− v2)2 +

1+2v2

v(1− v2)5/2 arccosv,

lim
β→0

F3 =
1

2(1− v2)2 +
1

4v2(1− v2)2

+
(1/4)− v2

v3(1− v2)5/2 arccosv. (20)

Substituting these functions back into Eq. (15), we obtain

µ
dv
dµ

=− g2

8π2 v
[

1−4v2

1− v2 +
1
v

1−2v2 +4v4

(1− v2)3/2 arccosv
]
. (21)

This result is exactly the same as that in Refs. [19,20,28].

4.2. Non-relativistic limit

Next, we will perform the non-relativistic approximation
of the renormalization group flow equations. To better com-
pare our results with the non-relativistic approximation, we
define w = βv and study the flow of v and w. This approach
reflects the symmetry of the system, as the exchange of v and
w leaves the system invariant.

µ
dv
dµ

= − g2

16π2
v
c

{[
3−6

(
v2

c2 +
w2

c2

)]
F1

+

[
1+2

(
v2

c2 − w2

c2

)
−4
(

v4

c4 +
w4

c4

)]
F2

+4
(

v2

c2 − w2

c2

)
F3

}
,

µ
dw
dµ

= − g2

16π2
w
c

{[
3−6

(
v2

c2 +
w2

c2

)]
F1

+

[
1−2

(
v2

c2 − w2

c2

)
−4
(

v4

c4 +
w4

c4

)]
F2

−4
(

v2

c2 − w2

c2

)
F3

}
. (22)

In the non-relativistic limit, both the ratios of the Fermi
velocity to the speed of light v/c and w/c approach zero. Per-
form a small expansion on the right-hand side of the system of
equations, the above equation becomes

µ
dv
dµ

=− g2

16π
, µ

dw
dµ

= 0. (23)

The above equation is valid for v > w. If v < w, then the
equation becomes

µ
dv
dµ

= 0, µ
dw
dµ

=− g2

16π
. (24)

In the non-relativistic limit (c → ∞), the average Fermi
velocity v increases with the logarithm of the energy scale,
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while the birefringence parameter β decreases with the loga-
rithm of the energy scale, their product w remains invariant
under the renormalization scale changes. This result is the
same as that in Ref. [25]. Figure 4(a) is the renormalization
flow diagram in the non-relativistic limit, when v increases to
a value comparable to the speed of light, the non-relativistic
approximation breaks down, as shown in Fig. 4(b), w starts to
decrease, and eventually v reaches the speed of light while w
goes to zero. If the initial conditions of v and w are swapped,
their flows will also swap; in other words, the larger of v and
w will reach the speed of light, and the smaller will approach
zero. Eventually, the birefringent Dirac fermion transforms
into two decoupled relativistic pseudospin-1/2 Dirac fermions.
Notably, there are two fixed points in Fig. 4(b): v = 1,w = 0
and w = 1,v = 0. However, these represent the same fixed
point, as the cases v > w and v < w are physically equivalent,
different representations of the Dirac matrices are physically
equivalent.

vv

ww

w>v

v=w

ω>v

v=ω

Fig. 4. RG flow of the velocity v and birefringence parameter β under the
influence of long-range Coulomb interactions for (a) non-relativistic limit
(c → ∞) and (b) relativistic case (c = 1). The shaded regions indicate where
the birefringence parameter exceeds unity (β > 1). The flow diagram reveals
two infrared stable fixed points at (v,w) = (1,0) and (v,w) = (0,1), where
w = βv.

By analytically solving the double integral of the renor-
malization group β -function, we found that v = w, i.e., β = 1
causes the denominator of some expressions in the β -function
to vanish, a singularity appears in the renormalization group
flow equations, indicating that our theory cannot capture the
physics at β = 1. It is worth noting that when β = 1, the en-
ergy spectrum of the birefringent Dirac fermions is no longer
two nested Dirac cones, but rather one Dirac cone plus two
flat bands. It is possible that the β = 1 case can be captured
by considering k2 corrections in the derivation of the effective
Hamiltonian, and we leave this investigation for future work.

5. Discussion and conclusion

In this work, we have explored the low energy behav-
ior of interacting quasi-relativistic spin-3/2 birefringent Dirac
fermions, emphasizing the impact of long-range Coulomb
interactions and retarded current–current interactions among
fermions. Our principal finding is that at the infrared fixed
point of the renormalization group (RG) flow, the low-energy
dynamics of the system can be effectively characterized as
a non-Fermi liquid composed of relativistic pseudospin-1/2
Dirac fermions, where the fermion field exhibits a finite
anomalous dimension and the residue of the quasiparticle pole
vanishes in a power-law fashion. Our analysis can be gen-
eralized to encompass quasi-relativistic Dirac fermions with
higher odd spins and multiple refractive indices. This univer-
sality implies a more fundamental principle governing the low
energy behavior of fermionic systems with multiple character-
istic velocities. The emergence of pseudospin-1/2 fermions at
low energies has significant implications for particle physics,
particularly concerning the standard model, where all funda-
mental fermions possess spin-1/2 and are understood as a low-
energy effective theory relative to its cutoff scale. This sug-
gests a potential deeper connection between the emergence
of spin-1/2 fermions and fundamental symmetries in nature.
Looking ahead, a critical extension of our work would involve
examining the coupling between quasi-relativistic birefringent
Dirac fermions and their environment through explicit non-
Hermitian terms in the Hamiltonian operator. Specifically, it
remains to be determined whether the non-Fermi liquid behav-
ior persists in non-Hermitian birefringent Dirac semimetals, a
topic reserved for future investigation.

Appendix A: Vertex correction and Ward iden-
tity

In this appendix, we calculate the vertex correction Feyn-
man diagram for Fig. 2(b). We only compute the divergent
part of the Feynman diagram, and since the external momen-
tum is independent of the divergent part, we set the external
momentum to zero for convenience,[19] thereby omitting the
tedious algebraic calculations, the one-loop vertex correction
is (c = 1)

𝑉0 = e3
∫ d3k

(2π)3 γρ S(k)γ0S(k)γν D̃νρ(k)

=
ie3

2ε

∫ d3k
(2π)3

γρ [ik0 +H][k2
0 +(1+β 2)v2|𝑘|2 −2βv2H1H2][ik0 +H][k2

0 +(1+β 2)v2|𝑘|2 −2βv2H1H2]γρ

[k2
0 +(1+β )2v2|𝑘|2]2[k2

0 +(1−β )2v2|𝑘|2]2
√

k2
0 + k2

1 + k2
2

=
15ie3

64π2ε

[
1
𝜖
+O(𝜖0)

]∫ 1

0
dx
∫ 1−x

0
dy

xy√
1− x− y

1
f (x,y)
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×
{[

1+
2(1+β 2)v2

5 f
− 8(1−10β 2 +β 4)v4

15 f 2 − 16(1−β 2)(1−β 4)v6

5 f 3

][
1−2(1+β

2)v2 −2βv2(Γ11 +Γ22)
]

+

[
6βv2

5 f
+

16β (1+β 2)v4

15 f 2 − 16β (1−β 2)2v6

5 f 3

][
4βv2(1+Γ33)− (Γ11 +Γ22)

]}
, (A1)

𝑉 j = e3
∫ d3k

(2π)3 γρ S(k)γ jS(k)γν D̃νρ(k)

=
e3

2ε

∫ d3k
(2π)3

γρ [ik0 +H][k2
0 +(1+β 2)v2|𝑘|2 −2βv2H1H2]γ j[ik0 +H][k2

0 +(1+β 2)v2|𝑘|2 −2βv2H1H2]γρ

[k2
0 +(1+β )2v2|𝑘|2]2[k2

0 +(1−β )2v2|𝑘|2]2
√

k2
0 + k2

1 + k2
2

=
15e3

64π2ε

[
1
𝜖
+O(𝜖0)

]∫ 1

0
dx
∫ 1−x

0
dy

xy√
1− x− y

1
f (x,y)

×
{[

1−4β
2v2 +

4(1−β 2)v2

5 f
+

16(1−β 4)v4

15 f 2 − 8(1−β 2)2v4(1−4β 2v2)

15 f 2

]
vΓj0

+

[
1−4v2 − 4(1−β 2)v2

5 f
− 16(1−β 4)v4

15 f 2 − 8(1−β 2)2v4(1−4v2)

15 f 2

]
βvΓ0 j

}
, ( j = 1,2). (A2)

The Ward identity we aim to prove is the following relationship between the fermion self-energy correction and the vertex
correction:[28,39]

∂Σ(iΩ ,𝑝)

∂Ω
=−1

e
𝑉0,

∂Σ(iΩ ,𝑝)

∂ p j
=−c

e
𝑉 j, j = 1,2. (A3)

To prove the above equation, we combine Eq. (9) with Eqs. (A1) and (A2) and do a slight rearrangement, and then we can
obtain

∂Σ(iΩ ,𝑝)

∂Ω
+

𝑉0

e
=

3ie2

16π2ε

1
𝜖

[
H1(v,β )[1−2(1+β

2)v2 −2βv2(Γ11 +Γ22)]+H2(v,β )[4βv2(1+Γ33)− (Γ11 +Γ22)]
]
,

∂Σ(iΩ ,𝑝)

∂ p j
+

c
e
𝑉 j =− 3e2

16π2ε

1
𝜖

[
H3(v,β )vΓj0 +H4(v,β )βvΓ0 j

]
, j = 1,2. (A4)

By proving that the four functions H1(v,β ), H2(v,β ), H3(v,β ), and H4(v,β ) are identically zero, we can directly prove the
above Ward identity. The specific expressions of these four functions are as follows:

H1(v,β ) = F1 +
2
3
(1+β

2)v2F2 +
5
4

G1 +
1
2
(1+β

2)v2G2 −
2
3
(1−10β

2 +β
4)v4G3 −4(1−β

2)(1−β
4)v6G4,

H2(v,β ) =
2
3

βv2F2 +
3
2

βv2G2 +
4
3

β (1+β
2)v4G3 −4β (1−β

2)2v6G4,

H3(v,β ) =
1−4β 2v2

3
F2 +

4
3
(1−β

2)v2F3 −
(

5
4
−5β

2v2
)

G1 − (1−β
2)v2G2 −

4
3
(1−β

4)v4G3 +
2
3
(1−β

2)2v4(1−4β
2v2)G3,

H4(v,β ) =
1−4v2

3
F2 −

4
3
(1−β

2)v2F3 −
(

5
4
−5v2

)
G1 +(1−β

2)v2G2 +
4
3
(1−β

4)v4G3 +
2
3
(1−β

2)2v4(1−4v2)G3, (A5)

where

Fn(v,β ) =
∫ 1

0
dx
∫ 1−x

0
dy

√
1− x− y
f n(x,y)

, Gn(v,β ) =
∫ 1

0
dx
∫ 1−x

0
dy

xy
f n(x,y)

√
1− x− y

, (A6)

Fn and Gn can be integrated out. Define a = 1− (1+β )2v2, b = 1− (1−β )2v2. Below are the explicit expressions for F1, F2, F3,
G1, G2, G3, G4:

F1 =
4
3

1
ab

+
4
3

1
b−a

[
(1−b)

b

√
1−b

b
arctan

√
b

1−b
− (1−a)

a

√
1−a

a
arctan

√
a

1−a

]
,

F2 =−2
1
ab

−2
1

b−a

[
1
b

√
1−b

b
arctan

√
b

1−b
− 1

a

√
1−a

a
arctan

√
a

1−a

]
,

F3 =
1
2

1
ab

+
1
2

1
b−a

[
1

b(1−b)

√
1−b

b
arctan

√
b

1−b
− 1

a(1−a)

√
1−a

a
arctan

√
a

1−a

]
, (A7)
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G1 =
2

(b−a)3

[
2
3
(b−a)− 4

15
(b2 −a2)+(1−a)(1−b)

(
2

√
1−b

b
arctan

√
b

1−b
−2

√
1−a

a
arctan

√
a

1−a

)

+(a+b−2ab)

(
2
3b

− 2
3a

− 2(1−b)3/2

3b3/2 arctan

√
b

1−b
+

2(1−a)3/2

3a3/2 arctan
√

a
1−a

)

+ab

(
14

15b
− 14

15a
− 2

5b2 +
2

5a2 +
2(1−b)5/2

5b5/2 arctan

√
b

1−b
− 2(1−a)5/2

5a5/2 arctan
√

a
1−a

)]
,

G2 =
2

(b−a)3

[
4
3
(a−b)+

2b
3a

− 2a
3b

+

[
(a+b)

(
2
3b

+
4
3

)
−4
]√

1−b
b

arctan

√
b

1−b

−
[
(a+b)

(
2
3a

+
4
3

)
−4
]√

1−a
a

arctan
√

a
1−a

]
,

G3 =
1

(b−a)3

[
a
b
− b

a
+

5b−4b2 −a
b3/2(1−b)1/2 arctan

√
b

1−b
− 5a−4a2 −b

a3/2(1−a)1/2 arctan
√

a
1−a

]
,

G4 =
1

(b−a)3

[
(a−5b−2ab+6b2)

6b3/2(1−b)3/2 arctan

√
b

1−b
− (b−5a−2ab+6a2)

6a3/2(1−a)3/2 arctan
√

a
1−a

+
b−a

6b(1−b)
− a−b

6a(1−a)

]
. (A8)

Figure A1 shows the values of H1, H2, H3, H4 as functions of v and β . It can be seen that they are all zero. The singularities
at v = 0 and β = 1 arise because they cause certain denominators in the functions F1, F2, F3, G1, G2, G3, G4 to become zero, and
the numerical precision of the plot is limited.

β=0.4 β=0.4
β=0.4 β=0.4

v=0.3v=0.3
v=0.3

v=0.3

v v v v

βββ β

H
1
↼v
↪β
↽

H
2
↼v
↪β
↽

H
3
↼v
↪β
↽

H
4
↼v
↪β
↽

H
1
↼v
↪β
↽

H
2
↼v
↪β
↽

H
3
↼v
↪β
↽

H
4
↼v
↪β
↽

T10-6 T10-9 T10-6 T10-6

T10-10T10-10T10-10
T10-10

H2↼v↪β↽ with β=0.4
H1↼v↪β↽ with β=0.4 H3↼v↪β↽ with β=0.4 H4↼v↪β↽ with β=0.4

H2↼v↪β↽ with v=0.3
H1↼v↪β↽ with v=0.3

H3↼v↪β↽ with v=0.3 H4↼v↪β↽ with v=0.3

(b) (c) (d)

(h)(g)(f)(e)

(a)

Fig. A1. The functions H j(v,β ), j = 1, 2, 3, 4 as functions of v and β . (a) H1 as a function of v when β = 0.4, (b) H2 as a function of v when β = 0.4, (c) H3
as a function of v when β = 0.4, (d) H4 as a function of v when β = 0.4, (e) H1 as a function of β when v = 0.3, (f) H2 as a function of β when v = 0.3,
(g) H3 as a function of β when v = 0.3, (h) H4 as a function of β when v = 0.3.
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