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Thermal expansion is crucial for various industrial processes and is increasingly the focus of research endeavors aimed
at improving material performance. However, it is the continuous advancements in first-principles calculations that have
enabled researchers to understand the microscopic origins of thermal expansion. In this study, we propose a coefficient
of thermal expansion (CTE) calculation scheme based on self-consistent phonon theory, incorporating the fourth-order
anharmonicity. We selected four structures (Si, CaZrF6, SrTiO3, NaBr) to investigate high-order anharmonicity’s impact
on their CTEs, based on bonding types. The results indicate that our method goes beyond the second-order quasi-harmonic
approximation and the third-order perturbation theory, aligning closely with experimental data. Furthermore, we observed
that an increase in the ionicity of the structures leads to a more pronounced influence of high-order anharmonicity on
CTE, with this effect primarily manifesting in variations of the Grüneisen parameter. Our research provides a theoretical
foundation for accurately predicting and regulating the thermal expansion behavior of materials.
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1. Introduction
The thermal expansion of solids plays a vital role in de-

scribing various physical properties, such as thermodynamic
functions, volume-dependent phonon frequencies, and bulk
modulus. This makes it a key area of research in condensed
matter physics and materials science. Recent advances in first-
principles calculations based on density functional theory have
led to extensive studies of materials exhibiting negative and
zero thermal expansion, which have important applications
in precision engineering.[1–7] However, due to the complexity
of lattice anharmonicity, accurately predicting the coefficient
of thermal expansion (CTE) for complex materials remains
challenging. Therefore, overcoming the limitations of current
computational methods and gaining a deeper understanding of
the physical mechanisms behind thermal expansion is crucial
for refining research outcomes and designing new materials
with tailored properties.

The quasi-harmonic approximation (QHA) is the most
widely used method for studying thermal expansion, based on
the assumption that the potential energy surface is nearly har-
monic while neglecting all anharmonic effects except for the

volume dependence of phonon frequencies.[8] Due to its rel-
atively low computational cost and ability to provide thermal
expansion coefficients for a wide range of temperature, QHA
has been widely applied to explain experimental phenomena
and predict novel materials.[9–11] However, QHA overlooks
temperature induced changes in phonon frequencies, making
it less reliable at temperatures near the melting point or in ma-
terials that exhibit strong anharmonicity, as demonstrated in
the case of NaBr.[12] Furthermore, QHA cannot be applied to
systems with unstable phonon modes under harmonic approx-
imation, such as perovskites and certain thermoelectric mate-
rials.

Perturbation theory (PT), which assumes that the anhar-
monic terms of the potential energy surface are relatively small
compared to the harmonic terms, accounts for the contribu-
tion of cubic terms and is widely used to explain phonon
linewidths and calculate lattice thermal conductivity.[13–16] In
PT, the Grüneisen parameter, a key parameter of CTE, is de-
rived from harmonic and cubic force constants. The force con-
stant can be obtained through methods such as the supercell
finite displacement or temperature-dependent effective poten-
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tial (TDEP) method.[17–19] By combining PT and TDEP, re-
searchers have found that inorganic halide perovskites exhibit
larger CTE than oxide counterparts, attributed the deviations
between calculated and experimental results to the omission
of higher-order terms.[20] Furthermore, recent studies have re-
vealed that the fourth-order anharmonic interactions play a
significant role in thermal expansion, as demonstrated in ma-
terials such as ScF3, MgO, and NaCl. This highlights the
need to optimize computational models to improve predictive
accuracy.[21,22]

The self-consistent phonon (SCPH) theory, originally
developed by Hooton and further refined through many-
body theory, provides a nonperturbative approach capable
of addressing the anharmonic renormalization of phonon
frequencies.[23,24] Implementing SCPH requires the fourth-
order force constants, which can be extracted from DFT
calculations using the compressive sensing lattice dynamics
(CSLD) method, as proposed by Zhou Fei.[25,26] Due to its
ability to analyze strongly anharmonic systems, this method
has been widely applied to calculate renormalized phonon fre-
quencies and lattice thermal conductivity in materials such as
perovskites and anti-perovskites.[27,28]

In this study, we propose a scheme based on SCPH theory
that includes higher-order terms to calculate the CTE. First,
we obtain the anharmonically renormalized phonon frequen-
cies, or effective harmonic force constants, through the CSLD
method and SCPH theory. Next, we redefine the lattice heat
capacity and Grüneisen parameter by combining PT with the
solution of the SCPH equation. Finally, we calculate the vol-
umetric CTE of the material using Grüneisen’s law.[29] Since
bonding composition determines the properties of materials,
we selected four structures from the perspective of bond types:
covalent crystal Si, mixed-bonded CaZrF6 and SrTiO3, and
ionic crystal NaBr. We conducted an in-depth analysis of the
relationship between the impact of higher-order terms on ther-
mal expansion and bond types.

2. Methodology
We first express the potential energy of the crystal as a

Taylor series expansion with respect to the atomic displace-
ments:

U−U0 =U2 +U3 +U4 + · · · , (1)

Un =
1
n! ∑{l,κ,µ}Φµ1...µn (l1κ1; . . . ; lnκn)

×uµ1 (l1κ1) · · ·uµn (lnκn) . (2)

Here, uµ(lκ) is the displacement of atom κ in the l-th unit cell
along the (µ = x, y, z) direction and Φµ1...µn (l1κ1; . . . ; lnκn)

is the n-th-order derivative of the potential energy with respect
to displacement, commonly referred to as the interatomic force
constants (IFCs).

By utilizing harmonic and quartic IFCs, we can derive
the following self-consistent phonon equation to solve for the
renormalized phonon frequencies (self-consistent phonon fre-
quencies) Ω

scph
q .

Ω
2
𝑞 = w2

𝑞 +2Ω𝑞I𝑞, (3)

I𝑞 = ∑q1

h̄(𝑞;−𝑞;q1;−q1)

4Ω𝑞Ωq1

[
2nB

(
Ωq1

)
+1

]
2

, (4)

where w𝑞 represents the phonon frequency under the harmonic
approximation, q1 is the inner-loop iteration grid for the SCPH
equation, and h̄ and nB are respectively the reduced Planck
constant and the Bose–Einstein distribution function. The ex-
plicit temperature dependence of the distribution function al-
lows temperature-specific renormalized phonon frequencies to
be derived, directly generating finite-temperature phonon dis-
persion spectra.

Using Ω
scph
q , we redefine the mode heat capacity as

CSCPH
V,𝑞 j (T ) = h̄Ω𝑞 j

∂nB (Ω𝑞 j)

∂T
, (5)

where the index j labels the phonon modes for each crystal
momentum vector 𝑞 and T is the temperature. By combining
PT and Ω

scph
q , we redefine the mode Grüneisen parameter as

γ
SCPH
𝑞 j (T ) =−

∂ lnΩ𝑞 j

∂ lnV
=−

(
𝑒′∗𝑞 j

)T
δD′ (𝑞)𝑒′𝑞 j

6Ω 2
𝑞 j

, (6)

where D′ (𝑞) and 𝑒′q j are the dynamical matrix and eigenvec-
tor, respectively, constructed from the effective second-order
force constants at various temperatures.[28] δD(𝑞) is a change
in the dynamical matrix due to a volume change δV (see the
theoretical background in the supplement materials for more
details). Finally, according to Grüneisen’s law, the CTE incor-
porating higher-order anharmonicity is

α
SCPH
V (T ) =

∑𝑞 j CSCPH
V,𝑞 j γSCPH

𝑞 j

BV ×V
, (7)

where BV and V are the bulk modulus and volume, respec-
tively. For the cubic crystal system, its bulk modulus is given
by

BV =
C11 +2C12

3
, (8)

where Ci j represents the component in the i-th row and the j-th
column of the elasticity matrix.[30]

It is worth noting that our method differs from the QHA,
as it is based on the SCPH theory. The phonon frequencies and
Grüneisen parameters obtained are functions of temperature
rather than volume. Therefore, this method does not support
deriving BV by constructing a free energy function and taking
its derivatives. Instead, we have adopted the highly efficient
elastic matrix approach.
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3. Simulation details

The four structures involved in this study all belong to
the cubic crystal system, with space groups as follows: Fd3̄m
(No. 227) for Si, Fm3̄m (No. 225) for CaZrF6 and NaBr,
and Pm3̄m (No. 221) for SrTiO3. Ab initio density func-
tional theory (DFT) calculations were performed using the Vi-
enna Ab initio Simulation Package (VASP),[31,32] which im-
plements the projector augmented wave (PAW) method.[33,34]

A cutoff energy of 520 eV was used, and the Brillouin zone
was sampled using a Gamma k-point grid with a density of
2π × 0.03 Å−1. We employed the PBE exchange–correlation
function,[35] setting energy and force convergence criteria to
∆E = 10−8 eV and ∆F = 10−7 eV/Å, respectively. The self-
consistent phonon equation was solved using the numerical al-
gorithm from Ref. [28] within the ALAMODE package. The
𝑞 mesh for SCPH matched the supercell size, and the inner
q1 mesh was increased up to 14× 14× 14 to ensure conver-
gence of anharmonic phonon frequencies. The self-consistent
field loop was iterated until the total electronic energy change
between successive steps was smaller than 10−10 eV and we
consider the off-diagonal elements of the loop diagram in
the SCPH calculation. As temperature increases, we em-
ployed mixing parameters ranging from 0.1 to 0.5. Further-
more, for heat capacity and Grüneisen parameter calculations,
a 30× 30× 30 q-point grid was employed to ensure conver-
gence and accurate determination of the CTE. To assess the
impact of high-order anharmonic terms on CTE, we employed

the supercell finite displacement method and CSLD method
to extract harmonic and anharmonic IFCs,[36,37] with detailed
parameters provided in the supplement materials.

4. Result and discussion
4.1. Analysis of bonding composition

In Fig. 1, we present the crystal structures, electron local-
ization functions (ELF) including bonding planes, and the ex-
tremums of ELF along the bonding directions for Si, CaZrF6,
SrTiO3, and NaBr, respectively[38] (the one-dimensional ELF
curve among chemical bonds is shown in Fig. S1 in the sup-
plement materials). We find that the maximum ELF value be-
tween Si–Si bonds can reach 0.95, which is a typical char-
acteristic of covalent bonds. Regarding CaZrF6 and SrTiO3,
the ELF near each atom is large, with electrons concentrated
around them. However, the minimum ELF values between Zr–
F and Ti–O bonds are 0.2, indicating that they contain both
ionic and covalent components. In the NaBr, electrons are
mainly concentrated near Br, and the minimum ELF value ap-
proaches 0, which is typical of an ionic crystal. The middle
of Fig. 1 presents the volumetric CTEs of these four structures
at 300 K under the second-order QHA, the third-order PT, and
the fourth-order SCPH theory. It can be seen that QHA and PT
cannot accurately calculate the CTE for materials other than
Si, while our calculation results are basically consistent with
experimental values, demonstrating the significant contribu-
tion of higher-order anharmonicity to thermal expansion.
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Si O
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1
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-
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-
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2
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QHA (harmonic) 

PT (cubic) 
SCPH (quartic) 
Experiment

Fig. 1. (a) Si, (b) CaZrF6, (c) SrTiO3, and (d) NaBr: the unit cells of the four structures and their electron localization function (ELF) on planes
containing bonding. The bonding directions and extremums of ELF are also annotated. In the middle, the volumetric expansion coefficients of
these four structures at 300 K are calculated using the second-order QHA (green triangles), the third-order PT (blue squares), and the fourth-
order SCPH theory (red pentagons). Experimental data are shown within black circles.[39–42] Note that the CTE for CaZrF6 should be negative,
but here its absolute value is taken.

To quantitatively describe the bonding types of several

structures, as illustrated in Fig. 2, we have calculated the crys-

tal orbital bond indices (COBI) and their integrals (ICOBI)

for their chemical bonds. The ICOBI values range from 1 to

0, representing a decrease in covalency (and an increase in

ionicity).[43] In Fig. 2(a), the COBI curve for Si–Si bonds ex-

hibits large and continuous dispersion due to high sp orbital

hybridization, with a bond index ICOBI= 0.92 indicating co-

valent bonding. In Figs. 2(b) and 2(c), the COBI for Ca–F and

Sr–O bonds contains only one discrete interaction below the
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Fermi energy, with their ICOBI values close to 0, reflecting
strong ionicity due to electron transfer. The ICOBI values for
Zr–F and T–O bonds are 0.57 and 0.53, respectively, indicating
the simultaneous presence of ionic and covalent interactions.
In Fig. 2(d), the COBI for Na–Br bonds is an isolated energy

level with ICOBI= 0.09, proving that it is purely ionic bond-
ing. Below, we will analyze the different effects of higher-
order anharmonicity on the thermal expansion of these three
types of materials in terms of covalent bonds, mixed bonds,
and ionic bonds.

Covalency IonicityCovalency and ionicity

E
n
e
rg

y
 (

e
V

) 

Crystal orbital bond index

Si-Si

Zr-F

Ca-F

Ti-O

Sr-O Na-Br

(a) (b) (c) (d)

10

5

0

-10

-5

-0.2 0 0.2 -0.2 0 0.2 -0.1 0 0.1-1 0 1

Si-Si Ca-F

Zr-F

Si-O

Ti-O
Na-Br

ΙNa-Br

=0.09

ΙSr-O

=0.03

ΙTi-O

=0.53

ΙCa-F

=0.06
ΙSi-Si

=0.92
ΙZr-F

=0.57

Fig. 2. (a) Si, (b) CaZrF6, (c) SrTiO3, (d) NaBr: The relationship between the COBI and energy for the chemical bonds in these four structures,
along with their integrals ICOBI (denoted by the letter I). The blue, orange, and red curves represent covalent, ionic, and mixed bonds,
respectively.

4.2. Impact of high-order anharmonicity on CTE

Figure 3(a) displays the SCPH frequencies and mode den-
sities of the covalent crystal Si along high-symmetry paths in
the Brillouin zone at temperatures ranging from 0 K to 800 K.
The dispersion relations show no significant changes with in-
creasing temperature, indicating that higher-order terms have
a minor impact on the phonon energies of Si. Figure 3(b)

shows the linear CTE of Si calculated using the second-
order QHA,[44] the third-order PT, and the fourth-order SCPH
theory, respectively. We found that all these results are in
good agreement with experimental values,[39,45] suggesting
that higher-order terms are not necessary to accurately pre-
dict the CTE of Si. The strong covalent interactions limit the
weight of higher-order terms in the potential energy expan-
sion, making Si a nearly “harmonic” system.
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Fig. 3. Single-crystal Si at 0 K–800 K: (a) self-consistent phonon frequencies and mode densities, (b) linear thermal expansion coefficients
calculated using the second-order QHA (green triangles), the third-order PT (blue solid lines), and the fourth-order SCPH theory (red dashed
lines), with experimental data shown as black circles.[39,45]
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Fig. 4. Panels (a) and (c) show the self-consistent phonon frequencies and mode densities of CaZrF6 and SrTiO3, respectively, at temperatures
ranging from 0 K to 800 K. The green dashed lines indicate the presence of imaginary frequencies under the harmonic approximation. (b) The
outer graph depicts the mode Grüneisen parameters of CaZrF6 calculated using PT (blue circles) and SCP theory at different temperatures
(green triangles for 300 K and red rectangles for 600 K). The inner graph shows the ratios of total heat capacities CSCPH
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V (blue) and

total Grüneisen parameters γSCPH/γcubic (red). (d) The volumetric CTE of CaZrF6 at temperatures from 0 K to 800 K are calculated using the
QHA (green dashed line), PT (blue solid line), and SCPH (red solid line), with experimental data shown as black circles.[42] (e) The atomic
vibrations corresponding to the hard mode (mode 1) and soft mode (mode 2) at the Γ point in CaZrF6, (f) and the relationship between their
mode Grüneisen parameters and temperatures.

CaZrF6 belongs to the AIIBIVF6 material family, consist-
ing of alternating Ca–F and Zr–F octahedra.[46] Its negative
thermal expansion behavior offers numerous possibilities for
designing materials with controlled thermal expansion. Simi-
lar to ScF3, it retains its cubic phase below 10 K. This contrasts
with cubic CoZrF6, which only shows moderate negative ther-
mal expansion above its rhombohedral-to-cubic phase transi-
tion at approximately 270 K. The CTE calculated by Hancock
et al. using the QHA method deviates significantly from exper-
imental values,[47] prompting us to include the contributions
of higher-order terms in our calculations. The dispersion rela-
tions at temperatures from 0 K to 800 K are shown in Fig. 4(a),

revealing that as temperature increases, the high-frequency op-
tical branches soften while the low-frequency optical branches
harden, leading to a redistribution of phonon energies and
mode densities within the Brillouin zone. Equation (7) shows
that the modal heat capacity and modal Grüneisen parame-
ter are the decisive factors for CTE. To facilitate comparative
analysis of the impact of higher-order anharmonic terms on
them, the total heat capacity and total Grüneisen parameter
defined below are used here:

CV (T ) =
kB

Nq
∑𝑞 j

( x
shx

)2
; x =

h̄ω𝑞 j

2kBT
, (9)

γ (T ) =
∑𝑞 j CV,𝑞 jγ𝑞 j

CV (T )
. (10)
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The magnitude of the higher-order anharmonic effects is quan-
tified by examining the deviations of CSCPH

V /Charmonic
V and

γSCPH/γcubic from 1, figure 4(b) shows their relationship with
temperature and compares the modal Grüneisen parameters
under the PT and SCPH theories. Despite significant fluctua-
tions in phonon energy with temperature, the mutual constraint
between phonon number and energy across modes, combined
with averaging over mesh points for total heat capacity, keeps
CSCPH

V /Charmonic
V close to 1. The introduction of higher-order

terms appropriately corrects the negative mode Grüneisen pa-
rameters in the low-frequency region, causing them to con-
verge continuously as the temperature increases, which is
overlooked in the third-order PT method. The γSCPH value
is slightly lower than γcubic in the low-temperatures (around
4/5) and gradually decreases to 1/5 as the temperature rises.
This makes it a crucial parameter for accurately calculating
the CTE when considering higher-order terms. As shown in
Fig. 4(d), the CTE obtained from including higher-order terms
introduces the correct temperature dependence, correcting the
deviations in the QHA and PT methods and achieving good
agreement with experimental values.[42,48] Furthermore, we
conducted a visual analysis of the atomic vibrations of the
hard mode (mode 1) and soft mode (mode 2) at the Γ point.
As shown in Fig. 4(e), we found that the vibrations at the
hardening site correspond to the transverse vibrations of the
bridging atoms in the rigid unit model, which is an important
source of negative expansion. Therefore, mode 1 should have
a negative Grüneisen parameter and continuously decrease
with hardening (see Eq. (6)). On the other hand, the vibrations
at the softening site increase the octahedral interstitial space,
contributing to positive expansion, so mode 2 should have a
positive Grüneisen parameter and continuously increase with
softening. We extracted the modal Grüneisen parameters of
these two modes at different temperatures (Fig. 4(f)), and their
changes are consistent with the above analysis, verifying the
physical correctness of our method.

SrTiO3, a widely studied perovskite oxide, undergoes a
soft-mode phase transition from cubic to tetragonal structure
as the temperature decreases to 105 K. In this study, we inves-
tigate the thermal expansion behavior of its high-temperature
cubic phase. Due to its strong lattice anharmonicity, there are
imaginary frequencies in the phonon dispersion calculated un-
der the harmonic approximation. Mu et al. used the TDEP
method combined with the third-order PT to calculate a CTE
of 1.71×10−5 K−1 at 300 K and attributed the deviation from
the experimental result of 2.2× 10−5 K−1 to the neglect of
higher-order terms.[20,40] Therefore, in this study, we analyzed
the contribution of the fourth-order terms. Figure 4(b) shows
the phonon dispersion and mode density of SrTiO3 from 0 K–
800 K, where it can be seen that unstable phonon modes are
eliminated after SCPH correction, and the optical branches

undergo significant hardening as the temperature increases.
The changes in lattice heat capacity and Grüneisen parameter
after considering higher-order terms follow the same pattern
as in CaZrF6, which is shown in Fig. S2 in the supplement
materials. The calculated results of the CTEs are shown in
Fig. 5. It can be observed that our results accurately describe
the variation in the thermal expansion coefficient of SrTiO3

from 2.2×10−5 K−1 at room temperature to 3.23×10−5 K−1

at high temperatures, as observed in experiments. Our re-
search indicates that in negative expansion materials CaZrF6

and perovskite SrTiO3, which contain both ionic and covalent
bonding, the contribution of higher-order anharmonic terms to
thermal expansion cannot be overlooked. These terms must
be taken into account to accurately calculate the CTE of these
materials.
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Fig. 5. The volumetric CTE of SrTiO3 at temperatures from 100 K
to 800 K are calculated using the PT (blue solid line), SCPH (red
solid line), and TDEP method (green triangles), with experimental data
shown as black circles.

NaBr is an ionic crystal with a rock-salt structure. Its
phonon dispersion, as shown in Fig. 6(a), exhibits a signif-
icant hardening of the optical modes with increasing tem-
perature, which aligns well with Shen’s proposal that anhar-
monicity strongly influences the phonon self-energy of the
LO mode.[12] As illustrated in Fig. 6(b), after considering
fourth-order anharmonicity, the CTE of NaBr agrees well
with experimental results in the low-temperature range (below
200 K).[41,49] However, our method fails to provide the correct
trend when the temperature exceeds 200 K. Researchers have
demonstrated that volume-dependent anharmonicity leads to
giant thermal expansion in NaBr. Therefore, we obtained the
equilibrium volume through AIMD simulations under the NPT
ensemble and recalculated the CTE at 500 K and 700 K with
volume corrections taken into account. The comparison of
various physical quantities before and after the correction is
shown in Fig. 6(c) (For specific numerical values, please refer
to Tables S1 and S2 in the supplement materials). We found
that the softening of the lattice caused by temperature increase
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is the main source of the discrepancy (BV decreased dramati-
cally), while the Grüneisen parameter only increases slightly.
This results in a CTE after correction that still differs from the
experimental value. It indicates that in the high-temperature
range of ionic crystals, the Grüneisen parameter obtained ap-
proximately from Eq. (6) can no longer serve as an indicator of
anharmonicity. It is necessary to develop theories that directly
apply higher-order IFCs in the calculation of γq j to further en-
hance the coupling strength between theory and experiment.

Furthermore, it is important to note that the temperature
dependence of the bulk modulus must also be carefully consid-
ered. Although the QHA theory provides a method for calcu-
lating BV , the temperature-dependent bulk modulus may lead

to excessive softening and is potentially prone to divergence,
particularly in the low-temperature regime. This partly is at-
tributed to some modes may not be elegantly grouped in realis-
tic computation. Calculating self-consistent phonon frequen-
cies at different volumes and fitting the free energy function
that includes higher-order contributions is a promising direc-
tion. However, whether the QHA model remains valid un-
der these conditions, along with the high computational cost
of extracting higher-order force constants, presents significant
challenges. We look forward to further exploring this direc-
tion in future research to provide a more accurate theoretical
description and prediction of the thermal expansion behavior
of materials.
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values,[41] (c) ratios of relevant physical properties of NaBr before and after volume correction at 500 K and 700 K (from left to right: unit cell
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5. Conclusion
In summary, we propose a scheme for calculating ther-

mal expansion coefficients based on SCPH theory that in-
cludes fourth-order anharmonicity. Leveraging the efficiency
of the compressive sensing lattice dynamics method for ex-
tracting force constants, the fourth-order renormalized phonon
frequencies at different temperatures can be easily obtained.
By combining PT with the solution to the SCPH equa-
tion, we redefine the decisive factors for thermal expansion,
namely lattice heat capacity, and Grüneisen parameter, and use
Grüneisen’s law to calculate the CTE of materials. From the
perspective of crystal bonding types, we find that for the cova-
lent crystal Si, both the second-order QHA and the third-order
PT as well as the fourth-order SCPH method can yield accu-
rate results. The strong covalent interaction limits the weight
of higher-order terms in the potential energy series, making
Si exhibit nearly “harmonic” characteristics. For the mixed-
bonded negative thermal expansion material CaZrF6 and the
perovskite SrTiO3, higher-order anharmonic terms have a mi-
nor impact on lattice heat capacity, while the Grüneisen pa-
rameter undergoes dramatic changes with increasing tempera-
ture, making it the decisive parameter for considering higher-
order terms in calculating the CTE. Compared to the results of
the QHA and PT, our results closely align with experimental
data, demonstrating the necessity of considering higher-order

terms in mixed-bonded structures. For the ionic crystal NaBr,
we obtained good results below 200 K. However, in the high-
temperature range, γ obtained under PT cannot accurately re-
flect volume-depandent anharmonicity and cannot serve as an
indicator of anharmonic effects. More sophisticated theories
are required to explore the origin of the giant thermal expan-
sion in such rocksalt structures, such as directly calculating γ

through higher-order IFCs. Our study elucidates the signifi-
cant contributions of higher-order anharmonicity to different
bonding structures, paving the way for deeper investigations
into the thermal expansion of materials.
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