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We present a theoretical study of four-wave mixing (FWM) in a degenerate two-level atomic system subject to a
magnetic field whose Zeeman sublevels constitute a tripod-type atomic system, which is driven by a linearly polarized
field, and coupled and probed by two sets of left and right circularly polarized fields. The optical effects of coherent hole
burning (CHB) and electromagnetically induced transparency (EIT) are involved in the coherent system, among which the
CHB has much larger response for the FWM than the EITs. Three situations of CHB are involved, and they are the solitary
CHB, overlapped CHBs, and an overlap between CHB and EIT. The overlapped CHBs have the greatest magnitude of FWM
signal among the three situations. Whereas, for the overlapped CHB and EIT, it has the smallest FWM magnitude, which
is no more than one tenth of the former. While for the single CHB, the FWM magnitude is half of that of the overlapped
CHBs. It is noted that, in the overlap between CHB and EIT, dual EIAs can be obtained, whose FWM signal also has an
enhancement in comparison to no EIA.

Keywords: four-wave mixing, coherent hole burning, electromagnetically induced transparency, electromag-
netically induced absorption

PACS: 42.50.Gy, 32.80.QK, 42.65.–K
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1. Introduction
Four-wave mixing (FWM) is a third-order nonlinear op-

tical effect, which has extensive applications in the domains
of optics, laser technology, quantum information, communi-
cation, etc. In the optics domain, FWM can be utilized to
generate multiple femtosecond laser pulses with different cen-
tral wavelengths, and expand the application scope of laser
sources.[1–3] In the laser domain, FWM offers a new ap-
proach to the purification and stability of seed sources, and
promotes ultra-strong and ultra-short laser technologies.[4,5]

This is of great significance in applications requiring pow-
erful lasers, such as laser nuclear fusion and high-energy
physics research. In the domain of quantum information,
technology based on FWM can realize quantum squeezing
enhancement and quantum entangled states,[6–8] which has
significant potential application in fields such as quantum
computing,[9,10] quantum communication[11,12] and quantum
precision measurement.[13,14] However, the FWM signal is
generally weak and its occurrence is often accompanied by the
use of powerful light. Fortunately, highly efficient FWM can
be achieved with weak light under quantum coherence, which
is generated in multiple atom–light systems.

The interaction between multifield and multilevel systems
in a degenerate two-level system is a mixture of pure two-level
systems, three-level systems and even N-type four-level sys-

tems. The pure two-level system is linked to Mollow absorp-
tion and coherent hole burning (CHB).[15,16] The three-level
system is related to two-photon resonance, which can lead to
electromagnetically induced transparency (EIT),[17–19] coher-
ent population trapping (CPT)[20–22] and so on. The N-type
four-level system is not only associated with two-photon res-
onance, but also with electromagnetically induced absorption
(EIA).[23,24] The effect of CHB is related to coherent popula-
tion oscillation, which is induced by coupled and probe fields
in a pure two-level system.[25,26] Although CHB and EIT have
similar performance in the absorption spectra, the dip of the
CHB can be converted to emission from absorption, while EIT
cannot realize it. On the other hand, CHB and EIT both in-
volve the transfer of populations.[27] The population transfer
in EIT happens in at least three-level atomic systems.[28–30]

However, the population transfer in CHB mainly occurs in
two-level systems, where the populations coherently oscillate
between lower and upper levels.[29] This difference leads to
obvious differences in the nonlinear responses.

In the past decades, the nonlinear effects of EIT have been
extensively investigated[31–35] and the FWM response of CHB
has also been investigated.[24,36] A three-peaked FWM spec-
trum in a pure two-level system was achieved by Boyed et
al.[24] Subsequently, the multi-peaked structure of FWM was
obtained and explained as the resonant emission between ‘vir-
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tual states’ in the dressed picture by Sun et al.[36] However,
CHB–CHB and CHB–EIT interactions have seldom been ex-
plored. Indeed, these interactions could modify the magni-
tude of the FWM signal and they can be adjusted by the de-
tuned coupled fields. In this case, the CHB–CHB and CHB–
EIT interactions can be achieved in the degenerate two-level
system. It indicates that the enhanced FWM can be obtained
by means of the interaction between CHB. In this paper, we
present a theoretical study of the FWM spectra in a degenerate
two-level atomic system whose Zeeman sublevels construct a
tripod-type system under a magnetic field, which is driven by a
linearly polarized field and coupled and probed by two sets of
circularly polarized fields. With this multilevel system, the op-
tical effects of CHB, EIT and EIA are included in the complex
atom–light system. Among these effects, the CHB plays a crit-
ical role in the high quantum efficiency of FWM. The different
states for the CHB are obtained by the manipulation of coupled
detunings. The overlapped CHBs have the largest FWM re-
sponse of the FWM signal while the overlapped EIT and CHB
have the minimum response, about one tenth of the former,
and between them is the state of a single CHB whose FWM
magnitude is one half of the former. In the last case, double
EIAs with subnatural-linewidth absorptions can be achieved
in the state of overlapped EIT and CHB, whose FWM spectra
exhibit four peaks with their magnitudes being enhanced.

2. Model and density matrix equations
Consider the simplest degenerate two-level system with

the upper level Fe = 0 and the lower level Fg = 1. Under
an applied magnetic field, the upper level of the degenerate
two-level system remains, whereas the lower level splits into
three hyperfine levels, each separated by equal energy gaps,
which are related to the static magnetic field of strength B
and satisfy ω21 = ω32 = gµBB/h̄, where g is the Lande fac-
tor and µB is the Bohr magneton. The configuration of the
atomic system is shown in Fig. 1. The transition |2〉–|4〉 is
driven by a linearly polarized field ω2 with Rabi frequency
V2. The transitions |1〉–|4〉 and |3〉–|4〉 are coupled by two dif-
ferent circular polarized fields, ω1 and ω3 of σ±, with Rabi
frequencies V1 and V3, respectively. Meanwhile, the transi-
tions |1〉–|4〉 and |3〉–|4〉 are monitored by two probe fields
ωp1 and ωp2 , with Rabi frequencies Vp1 and Vp2 , respectively.
Here the decay of atomic energy levels caused by sponta-
neous emission and the exchange of population between the
ground state levels due to collisions are considered. The de-
tunings of the coupled field V1, driving field V2 and coupled
field V3 are ∆1, ∆2 and ∆3, respectively, which are defined by
∆1 = ω1−ω41, ∆2 = ω2−ω42 and ∆3 = ω3−ω43. All transi-
tions have dipole moments of the same magnitude but different
symbols, µ41 = µ43 =−µ42 = µ . This degenerate system can
be implemented in Sm,[37,38] Ne∗,[39] and 87Rb[40] atoms.

V1
V2

V3

Vp

Vp

∆ ∆ ∆

|1>
|2>

|3>

|4>

Fig. 1. Diagram of the levels for a degenerate two-level system Fe =
0↔ Fg = 1. It is driven by a linear polarized field with Rabi frequency
V2, coupled by two different circularly polarized fields with Rabi fre-
quencies V1 and V3, respectively, and monitored by two probe fields
with Rabi frequencies Vp1 and Vp2 , respectively. The detunings of the
coupled fields are ∆1 and ∆3, respectively.

Under the rotating-wave and dipole approximations, the
optical Bloch equations of the system are given by

˙ρ11 = −i (V1ρ14−ρ41V ∗1 )− (Γ12 +Γ13)ρ11

+Γ41ρ44 +Γ21ρ22 +Γ31ρ33, (1)

˙ρ22 = −i (V2ρ24−ρ42V ∗2 )− (Γ21 +Γ23)ρ22

+Γ42ρ44 +Γ12ρ11 +Γ32ρ33, (2)

˙ρ33 = −i (V3ρ34−ρ43V ∗3 )− (Γ32 +Γ31)ρ33

+Γ43ρ44 +Γ23ρ22 +Γ13ρ11, (3)

˙ρ44 = i (V1ρ14−ρ41V ∗1 )+ i (V3ρ34−ρ43V ∗3 )

+ i (V2ρ24−ρ42V ∗2 )− (Γ41 +Γ43 +Γ42)ρ44, (4)

˙ρ41 = −i[V1(ρ44−ρ11)−V3ρ31−V2ρ21]

−(iω41 + γ41)ρ41, (5)

˙ρ42 = −i[V2(ρ44−ρ22)−V1ρ12−V3ρ32]

−(iω42 + γ42)ρ42, (6)

˙ρ43 = −i[V3(ρ44−ρ33)−V1ρ13−V2ρ23]

−(iω43 + γ43)ρ43, (7)

˙ρ31 = −i (V1ρ34−ρ41V ∗3 )− (iω31 + γ31)ρ31, (8)

˙ρ32 = −i (V2ρ34−ρ42V ∗3 )− (iω32 + γ32)ρ32, (9)

˙ρ12 = −i (V2ρ14−ρ42V ∗1 )− (iω12 + γ12)ρ12. (10)

These equations are governed by ρi j = ρ∗ji and the closed con-
dition ρ44 + ρ33 + ρ22 + ρ11 = 1. The decay rates between
the three low energy levels are small and the same, Γi j = Γ0,
i, j = 1,2,3 (i 6= j). There are γ31 = γ32 = γ12 = γ0 = 2Γ0,
γ43 = γ41 = γ42 = γ = (3Γ +2Γ0)/2, and Γ43 = Γ41 = Γ42 = Γ .

We treat the driving and coupled fields to all orders in V1,
V2 and V3, and treat the probe fields to the first order in Vp1

and Vp2 . In the steady state, the elements of the density ma-
trix are expressed as the terms of Fourier amplitudes. Each
Fourier amplitude can be used to represent a photonic process.
For example, the first-order term ρ41(ωp1) represents the ab-
sorption spectrum and dispersion of the probe field ωp1 ; the
third-order term ρ41(2ω1−ωp1) means an FWM process from
the transition |1〉–|4〉, where the atom in the state |1〉 absorbs
an ω1 photon to |4〉 and simultaneously emits an ωp1 photon to
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the state |1〉 and absorbs an ω1 photon back to |4〉. Consider-
ing various photonic processes, we express ρi j in terms of the
Fourier amplitudes as follows:

ρii = ρ
dc
ii +ρii(ω1−ωp1)e−i(ω1−ωp1 )t

+ρii(ωp1 −ω1)e−i(ωp1−ω1)t

+ρii(ω3−ωp2)e−i(ω3−ωp2 )t

+ρii(ωp2 −ω3)e−i(ωp2−ω3)t (11)

with i = 1, 2, 3, 4;

ρ41 = ρ41(ω1)e−iω1t +ρ41(ωp1)e−iωp1 t

+ρ41(ω1 +ω3−ωp2)e−i(ω1+ω3−ωp2 )t

+ρ41(ω1 +ωp2 −ω3)e−i(ω1+ωp2−ω3)t

+ρ4i(2ω1−ωp1)e−i(2ω1−ωp1 )t , (12)

ρ42 = ρ42(ω2)e−iω2t +ρ42(ω2 +ω1−ωp1)e−i(ω2+ω1−ωp1 )t

+ρ42(ω2 +ωp1 −ω1)e−i(ω2+ωp1−ω1)t

+ρ42(ω2 +ω3−ωp2)e−i(ω2+ω3−ωp2 )t

+ρ42(ω2 +ωp2 −ω3)e−i(ω2+ωp2−ω3)t , (13)

ρ43 = ρ43(ω3)e−iω3t +ρ43(ωp2)e−iωp2 t

+ρ43(ω3 +ω1−ωp1)e−i(ω3+ω1−ωp1 )t

+ρ43(ω3 +ωp1 −ω1)e−i(ω3+ωp1−ω1)t

+ρ43(2ω3−ωp2)e−i(2ω3−ωp2 )t , (14)

ρ12 = ρ12(ω2−ω1)e−i(ω2−ω1)t +ρ12(ω2−ωp1)e−i(ω2−ωp1 )t

+ρ12(ω2−2ω1 +ωp1)e−i(ω2−2ω1+ωp1 )t

+ρ12(ω2−ω1 +ω3−ωp2)e−i(ω2−ω1+ω3−ωp2 )t

+ρ12(ω2−ω1 +ωp2 −ω3)e−i(ω2−ω1+ωp2−ω3)t , (15)

ρ32 = ρ32(ω2−ω3)e−i(ω2−ω3)t +ρ32(ω2−ωp2)e−i(ω2−ωp2 )t

+ρ32(ω2−2ω3 +ωp2)e−i(ω2−2ω3+ωp2 )t

+ρ32(ω2−ω3 +ω1−ωp1)e−i(ω2−ω3+ω1−ωp1 )t

+ρ32(ω2−ω3 +ωp1 −ω1)e−i(ω2−ω3+ωp1−ω1)t , (16)

ρ31 = ρ
dc
31 +ρ31(ω1−ω3)e−i(ω1−ω3)t

+ρ31(ω1−ωp2)e−i(ω1−ωp2 )t

+ρ31(ωp1 −ω3)e−i(ωp1−ω3)t

+ρ31(2ω1−ω3−ωp1)e−i(2ω1−ω3−ωp1 )t

+ρ31(ω1−2ω3 +ωp2)e−i(ω1−2ω3+ωp2 )t . (17)

The Fourier amplitudes are governed by the relation ρi j(ωk) =

ρ ji(−ωk)
∗. Inserting Eqs. (11)–(17) into Eqs. (1)–(10), we ob-

tain a set of equations for the Fourier amplitudes. In the first
stage, the system interacts only with the pump fields so that we
can obtain 15 equations in terms of Fourier amplitudes with-
out probe fields. For example, ρ41(ω1) and ρ43(ω3) have the
form

[i(ωi−ω4i)− γ4i]ρ4i(ωi)− iVi(ρ44−ρii)
dc

+iVjρ ji(ωi−ω j)+ iV2ρ2i(ωi−ω2) = 0 (18)

with i, j = 1,3 (i 6= j). In the second stage, the probe fields are
included in the first order and thus we can obtain 60 equations.
For example, ρ41(ωp1) and ρ43(ωp2) have the form

[i(ωp1 −ω41)− γ41]ρ41(ωp1)− iVp1(ρ44−ρ11)
dc

−iV1[ρ44(ωp1 −ω1)−ρ11(ωp1 −ω1)]

+iV3ρ31(ωp1 −ω3)+ iV2ρ21(ωp1 −ω2) = 0, (19)

[i(ωp2 −ω43)− γ43]ρ43(ωp2)− iVp2(ρ44−ρ33)
dc

−iV3[ρ44(ωp2 −ω3)−ρ33(ωp2 −ω3)]

+iV1ρ13(ωp2 −ω1)+ iV2ρ23(ωp2 −ω2) = 0. (20)

All involved equations can be numerically solved. The probe
absorption and refraction are proportional to the real and imag-
inary parts of the susceptibility, i.e., χ(ωp) ∝ [µ43ρ43(ωp2)+

µ41ρ41(ωp1)]/(Vp/γ). Since both transitions |3〉–|4〉 and |1〉–
|4〉 have the same dipole moment, χ(ωp) ∝ [ρ43(ωp2) +

ρ41(ωp1)]/(Vp/γ). The pump–probe detunings are δ1 = ωp1−
ω2 and δ2 = ωp2−ω2. The FWM spectra of the probe field are
proportional to [|ρ41(2ω1−ωp1)|+ |ρ43(2ω3−ωp2)|]/(Vp/γ).

3. Enhancement of FWM due to CHB
For the system with two probe fields, based on the

matches between the probe and pump fields, they are related
to a total of four sets of Λ-type level systems and two sets
of pump–probe two-level systems. In terms of the probe field
Vp1 , two sets of Λ-type systems |1〉–|4〉–|2〉 and |1〉–|4〉–|3〉, as
well as a set of |1〉–|4〉 pump–probe two-level system are in-
cluded. With regard to the probe field Vp2 , two sets of Λ-type
systems |3〉–|4〉–|2〉 and |3〉–|4〉–|1〉, as well as a set of |3〉–|4〉
pump-probe two-level system are included. The Λ-type sys-
tem coupled by a pump field and a probe field is associated
with two-photon resonance which can result in EIT, while the
pump–probe two-level system is related to the Mollow absorp-
tion or the CHB effect and even two-photon gain. The sites of
the transparency windows in the absorption spectra, whether
arising from EIT or CHB, are related to both the detunings of
the pump fields and the coordinate origin of the probe detun-
ing. In this paper, the coordinate origin of the two probe detun-
ings is the level |2〉, so their resonances are at the detuning of
δ = ω21 and δ = ω23, respectively. From the perspective of a
single field, each probe field is connected with three transpar-
ent windows, including two EITs and a hole burning. While
each coupled field is connected with two transparent windows,
including an EIT and a CHB.

To ensure that the theoretical results can be verified ex-
perimentally, the values of the parameters in the Bloch equa-
tions should be generally achievable. We define Γ = 1.0
and Γ0 = 0.01, referred to Ref. [41]. Here the Zeeman split-
ting ω31 between MFg = 3 and MFg = 1 is set to 10.0, so
that ω32 = ω21 = 5. To satisfy the probe Rabi frequencies
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2
∣∣Vp1

∣∣ and 2
∣∣Vp2

∣∣ are much smaller than the driving Rabi fre-
quency 2 |V2|, coupled Rabi frequencies 2 |V1| and 2 |V3|, we
set

∣∣Vp1

∣∣ = ∣∣Vp2

∣∣ = 0.001, and |Vi| ≥ 0.1, i = 1,2,3. In this
paper, considering the symmetry of absorption spectra, we al-
ways set the driving detuning ∆2 = 0.

Since the linear absorption spectra can reflect various op-
tical effects and their sites, to study the FWM we take the lin-
ear absorption spectra as a reference. In Figs. 2 and 3, the
detunings of the coupled fields is set as ∆1 = −5 and ∆3 = 5.
Figure 2 illustrates the linear response (including absorption
spectra and dispersion) and the corresponding FWM spectra
in two different coupled Rabi frequencies. In the absorption
spectra, as shown in Figs. 2(a) and 2(c), there are two sets
of EITs linked with the driving field whose transparent win-
dows are located at δ =±5, while the width of the transparent
window is as large as 2V2 = 10. There are also two sets of
EITs linked with two coupled fields whose dips are located at
δ =±10. The one at δ =−10 is the match between the probe
field Vp2 and the coupled field V1, while the other at δ = 10
is the match between the probe field Vp1 and the coupled field
V3. However, the dip at δ = 0 corresponds to two sets of over-
lapped CHBs. One comes from the match between the probe
field Vp1 and the coupled field V1, and the other comes from
the match between the probe field Vp2 and the coupled field
V3. In the FWM spectra illustrated in Figs. 2(b) and 2(d), there
is a single FWM signal at δ = 0, which shows a sharp peak at
V1 =V3 = 0.1 and an enhancement in magnitude and width at
V1 =V3 = 0.7. From the previous analysis, this isolated FWM
signal corresponds to a pair of overlapped CHBs. In contrast,
the FWM response of EITs at δ = ±10 can be neglected in
front of CHB.

 Absorption
 Refraction
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Fig. 2. Linear responses and the corresponding FWM spectra. (a) Lin-
ear absorption spectrum and dispersion with V1 = V3 = 0.1 and (b) the
corresponding FWM spectrum; (c) linear absorption spectrum and dis-
persion with V1 = V3 = 0.7 and (d) the corresponding FWM spectrum.
The common parameters are V2 = 5, ∆1 =−5 and ∆3 = 5.

In the following, on the contrary, the coupled Rabi fre-
quencies are fixed at V1 =V3 = 2.5, while the driving Rabi fre-
quency varies. Figure 3 illustrates the linear responses and the

corresponding FWM spectra in different driving Rabi frequen-
cies. Since the coupled detunings are maintained, the sites
of EITs and CHBs in the absorption spectra are the same as
those in Fig. 2. It is clear that the two FWM spectra exhibit
a multi-peak structure, where the three-peak FWM spectra at
the site δ = 0 correspond to the two overlapped CHBs. In the
three-peak FWM, the gap between the central peak and one
side peak is equivalent to the absolute value of the coupled
detunings. The magnitude of the central peak is greater than
those of the peaks on both sides owing to inherent characteris-
tics of CHB under the coupled detunings.[24] Since the small
driving Rabi frequency in the EIT corresponds to a large quan-
tum coherence, V2 = 0.1 can lead to a pronounced nonlinear
response. When V2 = 0.1, the EITs located at δ = ±5 corre-
spond to an FWM that is much larger than the FWM from the
EITs at δ = ±10, but still smaller than the FWM due to the
CHB at δ = 0, as shown in Fig. 3(b).
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Fig. 3. Linear responses and the corresponding FWM spectra. (a) Lin-
ear absorption spectrum and dispersion with V2 = 0.1 and (b) the corre-
sponding FWM spectrum; (c) linear absorption spectrum and dispersion
with V2 = 1 and (d) the corresponding FWM spectrum. The common
parameters are V1 =V3 = 2.5, ∆1 =−5 and ∆3 = 5.

However, the magnitude of FWM is enhanced with the in-
crease of the driving Rabi frequency. This enhancement is re-
lated to the dominant role of CHB. Due to the effect of pump-
ing, the increasing driving Rabi frequency results in the in-
creasing population on the levels |1〉 and |3〉, and thus strength-
ens the CHB effect. This figure also illustrates that the CHB
plays a key role in the FWM spectra.

Subsequently, in Figs. 4 and 5 the detunings of the cou-
pled fields are set as ∆1 = −2.5 and ∆3 = 2.5. Figure 4 il-
lustrates the linear responses and corresponding FWM spectra
in different coupled Rabi frequencies. As the coupled Rabi
frequencies V1 =V3 = 0.1, it can be inferred from the absorp-
tion spectrum that at δ =±5, there are two sets of EITs linked
with the driving field, which have wide transparent windows
due to V2 = 2.5. While, at δ =±7.5, there are also two sets of
EITs related to the coupled fields. The one at δ =−7.5 comes
from the match between the probe field Vp2 and the coupled

054203-4



Chin. Phys. B 34, 054203 (2025)

field V1, while the other at δ = 7.5 comes from the match be-
tween the probe field Vp1 and the coupled field V3. It is noted
that the dips at δ =±2.5 correspond to two sets of CHBs. One
builds from the match between the probe field Vp1 and the cou-
pled field V1, and the other builds from the match between the
probe field Vp2 and the coupled field V3. As the coupled Rabi
frequencies increase, the dips at δ = ±2.5 and δ = ±7.5 be-
come broadened and deeper, as shown in Fig. 4(c). The FWM
spectra are straight and simple, showing that there are two big
peaks at δ =±2.5, which correspond to two CHBs. There are
also two small dips at δ =±7.5 linked with EITs, but they can
be neglected compared with the two primary peaks.
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Fig. 4. Linear responses and the corresponding FWM spectra. (a) Lin-
ear absorption spectrum and dispersion with V1 = V3 = 0.3 and (b) the
corresponding FWM spectrum; (c) linear absorption spectrum and dis-
persion with V1 = V3 = 0.5 and (d) the corresponding FWM spectrum.
The common parameters are V2 = 2.5, ∆1 =−2.5 and ∆3 = 2.5.

Then the coupled Rabi frequencies are fixed while the
driving Rabi frequency varies. Figure 5 illustrates the lin-
ear responses and corresponding FWM spectra in different
driving Rabi frequencies under the coupled Rabi frequencies
V1 = V3 = 1. Since the detunings of the driving and coupled
fields are identical to Fig. 4, the sites of EITs and CHBs are
maintained in the absorption spectra, as illustrated in Fig. 5(a).
When the driving Rabi frequency increases to V2 = 5, the
transparent windows at δ = ±5 become broader, as shown in
Fig. 5(c). As far as the FWM signal is concerned, a CHB still
corresponds to an FWM spectrum with three-peak structure,
whose central peak is larger than the peaks on both sides. So
the largest FWM signal at δ = ±2.5 comes from the CHB,
while the peak at δ = 0 originates from the superposition of
two side peaks from either of three-peak probe FWM spectra,
as shown in Fig. 5(b). So in some cases the peak at δ = 0
can exceed the peaks at δ =±2.5 due to the superposition, as
shown in Fig. 5(d). In contrast, the FWM signal correspond-
ing to the EITs at δ =±5 and δ =±7.5 can still be neglected
in front of CHB. It can be seen that the FWM magnitudes at
δ = ±5 are covered by the three-peak constructure of FWM
spectra from CHBs. Additionally, it can be seen that the FWM

magnitude at V2 = 5 is smaller than the FWM magnitude at
V2 = 0.5. The reduction is relevant to the saturation effect,
where the levels |2〉 and |4〉 suffer from the Autler–Towns (A-
T) splitting, which takes the CHB effect to the saturated state,
thereby resulting in a reduction in the magnitude of FWM. It
is noted that, in the saturation state, FWM spectra with seven
or nine peaks can be obtained in terms of the dressed-state
theory.[36] In this figure, the FWM spectra with seven peaks is
achieved.
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Fig. 5. Linear responses and the corresponding FWM spectra. (a) Lin-
ear absorption spectrum and dispersion with V2 = 0.5 and (b) the corre-
sponding FWM spectrum; (c) linear absorption spectrum and dispersion
with V2 = 5 and (d) the corresponding FWM spectrum. The common
parameters are V1 =V3 = 1, ∆1 =−2.5 and ∆3 = 2.5.

In the above content, the FWM spectra corresponding to
the overlap of two CHBs and the single CHB are included.
Below, we analyze the FWM spectra in the state of overlapped
CHB and EIT. Figure 6 illustrates the linear responses and rel-
evant FWM spectra in different coupled Rabi frequencies. In
Figs. 6(a)–6(d), the coupled detunings are set as ∆1 = ∆3 = 5.
The transparent windows at δ = ±5 correspond to two sets
of EITS linked with the driving field. The dips at δ = 0 and
δ = 10 both correspond to overlapped CHB and EIT. Individ-
ually, the CHB at δ = 0 refers to the match between the probe
field Vp2 and the coupled field V3, and the EIT at δ = 0 refers
to the match between the probe field Vp2 and the coupled field
V1. While, the CHB at δ = 10 refers to the match between the
probe field Vp1 and the coupled field V1, and the EIT at δ = 10
refers to the match between the probe field Vp1 and the cou-
pled field V3. As V1 =V3 = 0.1, it is clear that two sharp FWM
peaks with equal magnitude emerge at δ = 0 and δ = 10, as
illustrated in Fig. 6(b). As V1 =V3 = 0.5, the dips in the linear
absorption spectrum at δ = 0 and δ = 10 become more pro-
nounced, as illustrated in Fig. 6(c). However, the magnitude
of the FWM signal becomes smaller while the single peak is
replaced by two peaks, as illustrated in Fig. 6(d). Here we at-
tribute the reduction of the magnitude of FWM signal to the
A-T splitting effect.
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Fig. 6. Linear responses and the corresponding FWM spectra. (a) Lin-
ear absorption spectrum and dispersion with V1 = V3 = 0.1 and (b) the
corresponding FWM spectrum; (c) linear absorption spectrum and dis-
persion with V1 = V3 = 0.5 and (d) the corresponding FWM spectrum;
their common parameters are V2 = 5, ∆1 = 5 and ∆3 = 5. (e) Lin-
ear absorption spectrum and dispersion with V1 = V3 = 0.1 and (f) the
corresponding FWM spectrum; (g) linear absorption spectrum and dis-
persion with V1 = V3 = 0.5 and (h) the corresponding FWM spectrum;
their common parameters are V2 = 2.5, ∆1 = 2.5 and ∆3 = 2.5.

In Figs. 6(e)–6(h), the coupled detunings become ∆1 =

∆3 = 2.5. Similarly, the transparent windows at δ = ±5 are
the EITs related to the driving field V2. The dips at δ = −2.5
and δ = 7.5 both correspond to overlapped CHB and EIT. In-
dividually, the CHB at δ = −2.5 refers to the match between
the probe field Vp2 and the coupled field V3, and the EIT at
δ = −2.5 refers to the match between the probe field Vp2 and
the coupled field V1. The CHB at δ = 7.5 refers to the match
between the probe field Vp1 and the coupled field V1, and the
EIT at δ = 7.5 refers to the match between the probe field
Vp1 and the coupled field V3. Therefore, under the same cou-
pled Rabi frequencies, their FWM spectra have exactly the
same performances compared with the previous example in
Figs. 6(a)–6(d). Compared with other states of CHB, the mag-
nitude of FWM in the state of overlapped CHB and EIT is
nearly one tenth of that in the state of two overlapped CHBs.
It indicates that both the EIT and A-T splitting weaken the
nonlinear response of the FWM and bring the magnitude of
the FWM down.

Similarly, the coupled detunings remain ∆1 = ∆3 = 2.5,
but the coupled Rabi frequencies are fixed at V1 = V3 = 0.5,
and the driving Rabi frequency V2 varies. The impact of the
driving field on FWM spectra is examined, as shown in Fig. 7.
Since the couple detunings remain, the sites of EITs and CHBs
in the absorption spectra are maintained with Figs. 6(e)–6(h).
At V2 = 0.1, it was observed that the FWM peaks appear at the
sites where the CHBs are occurring, as illustrated in Fig. 7(b).
At V2 = 2.5, either of the single peaks is split into double peaks
due to the A-T splitting developed from the EIT, as illustrated

in Fig. 7(d). At V2 = 5, owing to the interaction between EITs
and CHBs, a subnatural-linewidth FWM peak is formed, as
shown in Fig. 7(f). From a comparison of the three cases, it
can be seen that their FWM magnitudes scarcely change at all,
but they remain at a very low magnitude.
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Fig. 7. Linear responses and the corresponding FWM spectra. (a) Lin-
ear absorption spectrum and dispersion with V2 = 0.1 and (b) the cor-
responding FWM spectrum; (c) linear absorption spectrum and disper-
sion with V2 = 2.5 and (d) the corresponding FWM spectrum; (e) linear
absorption spectrum and dispersion with V2 = 5.0 and (f) the corre-
sponding FWM spectrum. The common parameters are V1 =V3 = 0.5,
∆1 = 2.5 and ∆3 = 2.5.

In the following, we analyze the EIAs and their corre-
sponding FWM spectra. Figure 8 illustrates the double EIAs
in an absorption spectrum and corresponding FWM spectra. In
this figure, since the coupled detunings are identical to those
in Fig. 7, the sites of EITs and CHBs in the absorption spectra
are similar to those in Fig. 7. However, with the increase of
the Rabi frequencies, owing to the interaction between EITs,
the subnatural-linewidth absorption of EIA comes into being
between the neighboring EITs. Individually, the origin of
the subnatural-linewidth absorption in positive probe detun-
ing comes from the interaction between two EITs (the one is
from the match of Vp1 and V2, and the other is from the match
of Vp1 and V3). While, the origin of the subnatural-linewidth
absorption in negative probe detuning comes from the interac-
tion between the other two EITs (the one is from the match
of Vp2 and V2, and the other is from the match of Vp2 and
V1). As V1 =V2 =V3 = 5, the absorption peak with subnatural
linewidth does not overlap with the normal absorption peak, so
the enhanced absorption does not arrive, as shown in Fig. 8(a).
While, as V1 = V2 = V3 = 5.7, the absorption peak with sub-
natural linewidth overlaps with the normal absorption peak,
and thus the two enhanced atomic absorption peaks (double
EIAs) come into being, as shown in Fig. 8(c). Under similar
parameters, the involvement of EIA makes the magnitude of
the FWM signal increase to a certain degree. However, owing
to the participation of the effect of A-T splitting, the magni-
tude of the FWM is still far smaller than that of single CHB or
the overlapped CHBs.
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Fig. 8. Linear responses and the corresponding FWM spectra. (a) Lin-
ear absorption spectrum and dispersion with V1 = V2 = V3 = 5 and
(b) the corresponding FWM spectrum; (c) linear absorption spectrum
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Fig. 9. The magnitude of FWM signal versus the coupled Rabi frequen-
cies (V1 =V3). The solid blue line (∆1 =−5, ∆3 = 5 and V2 = 5) corre-
sponds to the overlapped CHBs, while the dotted blue line (∆1 =−2.5,
∆3 = 2.5 and V2 = 2.5) corresponds to the single CHB, and the red lines
correspond to the overlapped EIT and CHB.

In this coherent system, the CHB has a significant effect
on the enhancement of FWM. In this paper, the three states
of CHB are involved and they are the overlapped CHBs, the
single CHB and the overlapped EIT and CHB. Figure 9 illus-
trates the FWM magnitude versus the coupled Rabi frequen-
cies. As the coupled detunings are ∆1 = −5 and ∆3 = 5, it
corresponds to the state of overlapped CHB. As the coupled
detunings are ∆1 = −2.5 and ∆3 = 2.5, it corresponds to the
state of a single CHB. However, as the coupled detunings are
∆1 = 5 and ∆3 = 5, or ∆1 = 2.5 and ∆3 = 2.5, it corresponds
to the state of overlapped CHB and EIT. From a comparison
between the three states, the state of overlapped CHBs corre-
sponds to the largest FWM magnitude, followed by the state
of a single CHB, whose FWM magnitude is about half of the
magnitude of the first state of CHB. The state of overlapped
CHB and EIT corresponds to the smallest FWM magnitude,
which is only no more than one tenth of the magnitude of the
first state of CHB. The FWM magnitude in the initial stage
exhibits growth for the first two states of CHB and shows a
reduction for the third state of CHB. The reduction in the state

of overlapped CHB and EIT is obviously related to the perfor-
mance of the A-T splitting developed from the EIT, because
the nonlinear response in a pure EIT system drops with the
increase of coupled Rabi frequency.

4. Conclusion
We have theoretically explored the FWM spectra of a spe-

cial degenerate two-level atomic system whose upper level has
Fe = 0 and lower level has Fg = 1. With a magnetic field, it
develops into a tripod-type four-level atomic system, to which
three pump and two probe fields are applied. According to the
match between the probe and pump fields, this atom–light sys-
tem can form four sets of EITs and two sets of CHBs. When
using detuned coupling fields, we can obtain diverse absorp-
tion spectra including double EIAs. According to the absorp-
tion spectra, the positions of EITs and CHBs in the absorption
spectrum can be marked. On this basis, we study the corre-
sponding FWM signal spectra. In the same parameters, we
have found that CHBs have far larger FWM responses than
EITs. There are three states for the CHB in the FWM spectra.
From the comparison among the three states, the overlapped
state of two CHBs corresponds to the largest FWM magni-
tude. For the state of a single CHB, the corresponding FWM
signal has decreased, whose FWM magnitude is about half of
the state of the overlapped CHBs. However, for the overlapped
state of a CHB and an EIT, the corresponding FWM signal
has a greater drop, whose magnitude is only no more than one
tenth that of the overlapped double CHBs. Finally, we have
examined the FWM response of double EIAs of the system
and found that the magnitude of FWM is enhanced with the
EIAs.
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